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Abstract In the present paper, we study various ErdSs type geometric problems in the
setting of the integers modulo ¢, where ¢ = p' is an odd prime power. More precisely,
we prove certain results about the distribution of triangles and triangle areas among
the points of £ C Zfl.
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1 Introduction

The classical Erd6s distance problem asks for the number of distinct distances deter-
mined by #n points in R, In [6], Erdés conjectured that the minimum number of
distinct distances determined by n points in the Euclidean plane is C \/llfﬁ Several
results have been given in this direction and recently Guth and Katz [8] settled the
conjecture, up to a square root log factor showing that n points determine at least
C 7+ distances. We shall note here that in higher dimensions the distance problem is
still open with the best known results due to Solymosi and Vu [14].

A natural generalization of the distance problem is the distribution of k-simplices.
In this setting, for k = 2, two triangles are congruent if there is an orthogonal transfor-

mation followed by a translation which takes one to another. If the triangles are non
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degenerate, this happens if and only if they have the same side-lengths. We will denote
by T»(E) the set of congruence classes of triangles. In [7], for subsets E of R2, Green-
leaf, Tosevich, Liu and Palsson proved that if dimg (E) > %, then £3(T>(E)) > 0,
where £3(7»(E)) denotes the 3-dimensional Lebesgue measure of 75 (E).

A variant of the distance problem is the volume set problem. Given n points in the
plane one can easily see that the number of distinct triangle areas determined by the
points can be as large as (g) if the points are in general position. In 2008, [13], Pinchasi
settled a long standing conjecture of Erdds, Purdy and Straus proving that the number
of dilstinct areas of triangles determined by a non-collinear point set of size n is at least
L5 1.

2One can ask similar discrete questions in the context of vector spaces over finite
fields IFZ, or modules over finite cyclic rings Zg. Several problems have been studied
by various authors in the context of finite fields, see for example [1-4,9, 10, 12] and the
references therein. Indeed, the techniques and results for the problems in the context
of finite fields are an analogous version of those in Euclidean space.

ForG=F,orZ;,andx,y € G4, we can consider the following distance map

A y) > lx =yl = (o = y)? -+ (a — ya)*

This map does not induce a metric on G¢, but is a non-degenerate quadratic form
on G?. The Erdés-Falconer distance problem in G? asks for a threshold on the size
E C G4 so that the distance set of E,

A(E) :={llx =yl : x,y € E},

is about the size g.

In[11], Iosevich and Rudnev prove thatfor £ C IE‘Z if|[E| > Cq  fora sufficiently
large constant C, then A(E) = . Note that this result is in parallel to the Falconer
result for the subsets of R?.

We also define the d- dimensional non-zero volumes of (d + 1)-simplices whose
vertices are in E by

Vi(E) = {det (x" — x?T', ... x? —x¥*y . x/ e E}\ {0}

The distribution of triangle areas among the points of a subset E of Fé was studied
by losevich, Rudnev, and Zhai in [12]. The method uses a point-line incidence theory
and the result is the following. If £ C Fé with |E| > ¢, then |V2(E)| > ﬂ, and

the triangles giving at least % distinct areas can be chosen such that they share the
same base.

In this paper, we turn our attention to the Erds-Falconer type problems in modules
ZZ over the cyclic rings Z,, where ¢ = p!, pis an odd prime, and prove the following
results. Compared to configurations in vector spaces over finite fields, to overcome the
difficulties arising from the zero divisors in these cyclic rings, an extra arithmetical
machinery is developed.
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1.1 Statement of Main Results

SO0 (Zy) ={A € My(Zy) : AAT =1, det(A) = 1}

In this setting, two triangles (xl, x2, x3), (yl, y2, y3) in Zé are said to be congruent
if 30 € SO2(Z,) such that

x'—x/ =0 —y/) foralli, j.

Let 7> (E) denote the set of congruence classes of triangles determined by the points
of E C Zz. We then prove the following.

Theorem 1.1 Suppose E C Zé withq = p! and p = 3 mod4. If |E| > f/gpzl_%,
then |T2(E)| 2, q°.

In [5], Covert, losevich and Pakianathan prove an asymptotically sharp bound for the
distance set A(E) of E C Z‘; . More precisely, it is shown that if £ C Zg , Where

/ Ql—1d
g=p,and |E| > I+ 1)qg 2

] +%, then A(E) D Z;, where ZZ denotes the set
of unit elements of Z,. In Theorem 1.1 above, we study distribution of triangles for
subsets E of Zfl.

In Theorem 1.2, we modify a method used in [12] over finite fields, to prove a
sufficient condition on the size of E C Zfl so that the number of distinct triangle areas
determined by E is about the size g.

For E C Zé, let

Vo(E) = {det(x' —x3, x> = x%): x/ € E}\ {0}.

Theorem 1.2 Let E C Zé where g = p'. Suppose that |E| > pZI_%. Then |Va2(E)| >
q1+p

4 p
1.2 Fourier Analysis in Zg

Let f, g : Zg — C. The Fourier transform of f is defined as

Fomy =g~ > x(—x-m)f(x),

d
erq

where x (z) = exp(2miz/q).
We use the following properties:

_ 1,ifm=0 .
d _ L
q E x(x-m) = [ 0. otherwise (Orthogonality)
erg

Birkhauser



240 J Fourier Anal Appl (2016) 22:237-250

f) = Z x(x ~m)f(m) (Inversion)

d
meZq

S fmP =471 |f@)P.  (Plancherel)

d d
meZq erq

2 Proof of Theorem 1.1

For the proof of Theorem 1.1 we will need the following lemmas.
Let us first denote by

SO0x(Zy) ={A € My(Zy) : AAT =1, det(A) = 1}
= H:Z _abi| a4+ pt=1 modq]

the special orthogonal group.

Lemma 2.1 Let & = (§1,6) € Z?], where g = p' and p is an odd prime. If |€| =

512 + 522 # 0, then |Stab(£)| < p'~', where Stab is the stabilizer under the action of
the special orthogonal group.

Proof Leté = (x,y) € Z?I. Since ||€ ]| # 0, we can write ||£]| = x2 4+ y? = plu, 0 <
a b
—ba

5all]=1]

(a—Dx+by=0
—bx +(a—1)y=0.

i<l—1,uce Z;. Now if A = |: ] € §02(Zy) fixes &, then from the identity

we get

Multiplying the first equation by x, and the second equation by y, summing together
we have (a — 1)(x% 4+ y?) = 0. Similarly, multiplying the first equation by y, and the
second equation by —x, summing together we have b(x? + y?) = 0. Hence

(a— 1>+ y?) =0 mod p,
b(x*+ %) =0 mod p'. (2.1)

Putting x> + y> = p'u in (2.1), we have
a:pl_ik+1,0§k<pi, and b:pl_im,0§m<pi, 2.2)
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where
a>+b>=1mod p. (2.3)

Now to conclude the argument, we claim that for ag # a if by and b are satisfying
a(z) + b% =1 mod pl and a + b? =1 mod pl and condition (2.2), respectively, then
by # b. This will prove the lemma, for then the number of pairs (a, b) satisfying the
conditions (2.2) and (2.3) is at most the number of possibilities of b which is p’. This
is at most p'~! as the valuation of a nonzero element is at most / — 1.

It remains to prove the claim and We will prove its contrapositive here. Suppose
thatbo_banda0+b 1 mod p!, a® + b* = 1 mod p', sothata = g% mod p'.
Writing ag = l 'ko+1and a = l Tk + 1, It follows that

(P ko + 1)? = (p! 'k + 1)? mod p',
pHEIE +2p ko = pP 2K 4 2p! 7k mod p,

therefore,

PP (k3 — k) + 2p' (ko — k) = 0 mod p',
P ko — k) (p! " (ko + k) +2) = 0 mod p'.

Thusp | pl ’(ko —k)(pl ’(k0+k)+2) and since p { pl (ko + k) 42 as pis odd,
we must have p' | ko —k < p'. Hence we have kg — k = 0, i.e., kg = k and therefore
ap = a. a

Lemma 2.2 Let & € Zg \ (0,0), where g = p' and p = 3 mod 4. If ||€|| = O, then
|Stab(§)| < p'~.

For the proof of Lemma 2.2 we will use Hensel’s Lemma.

Lemma 2.3 (Hensel’s Lemma) Let f(x) € Z[x], f(r) = 0 mod p and f'(r) #
0 mod p so that r is a simple root of f modulo p. Then for any k > 2, there exists a
unique ¥ in Lk such that f ) = 0mod p* with# = r mod p.

Proof of Lemma 2.2 We first note that as p = 3 mod 4, for§ = (§1, &) € Zé \ (0, 0),
&l = 512 + 522 = 0 forces the p-adic norms [&1], = |I&]lp. Therefore, & =
&1,&) = (p"u, p™v) for some m > % and u,v € Z(’;. Now if A € S0>(Z,) fixes
& = (p™u, p™v), it can be readily shown that it also fixes n = (—p™v, p™u). Hence
A also fixes Span{§, n} = p" (L X L,1) = Zpi-m X Lpyi-n.

Since £ # (0,0), we have m < [ — 1. We shall note that sz_m X sz_m is
smallest, and hence the number of matrices A that fixes Z pl-m X Z i-m 1is largest,
when m = [ — 1. Therefore it is sufficient to consider the case m = [ — 1. In this case
Afixes p' MLy x L) = Ly x Zp.

We now write

A=D1+ B,
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where I, denotes the 2 x 2 identity matrix and B € M3(Z,). Then forany y € Zé we
have

Aplily — plfly + Bplily,

so that Bp!~!y = 0 as A fixes p'~!y. This implies that B = pB’ for some B’ €
M>(Z,), and

A=1DL+ pB, e NSOxZy).

where I'; denotes the matrices in M>(Z,) congruent to I, mod p.
It follows that

Smb(g):[[z _ab]:a,beZq, a>+b>=1modg, a=1mod p, b=0mod p}.

2.4)
Now we count the number of matrices in (2.4). We first fix b. Since b = 0 mod p, we
have p/~! choices for b. Then we consider the polynomial f(x) = x2—(1-bc€
Z[x]. Note that f(x) = x> —11in Zp as b = 0 mod p. Hence 1 is aroot of f(x) and
f'(1) =2 #0in Z, as p is odd. Hence by Hensel’s Lemma there exists a unique
a in Z, such that f(a) = a®> — (1 — b?) = 0 in Z, with a = Imodp. Therefore the
number matrices of the form in (2.4) is p'~!. This completes the proof. O

We make use of the following lemma from [1].

Lemma 2.4 For any finite space F, any function f : F — Rso, and any n > 2 we
have

0 IFI"  na—1), s I1£1\?
27 (z)lel( |F|) + =51 ZEZF(ﬂz _W) :

zeF

where || flli = 2. | f (@I, and || flloc = maxzer f(2).

Lastly, we state the following lemma from [5] and use Remark 2.6 for the proof of
Theorem 1.1.

Lemma 2.5 Letd > 2 and j € 7%, where q is odd. Set ||x|| = x12 +--- +x3. Denote
bySj={x¢€ Zg 2 ||x|| = j} the sphere of radius j. Then,

1S;1 = g7 (1 + o(1)).

Remark 2.6 Note that
a —b 2 2
SO02(Zy) = bal® +b° =1 mod ¢ 2.5)

and hence if we denote by S the sphere of radius 1 in 72, then [SO2(Zy)| = |S1] ~ q.
by Lemma 2.5.
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Proof of Theorem 1.1 We first recall that SO»(Z,) = {A € Ma(Z,) : AAT =
I, det(A) = 1} and define an equivalence relation on (Z§)3 as

(a,b,c)~ (d,b,¢c)

if 36 € S02(Zy) witha' = 6a, b' =6b, ¢’ =6c.
For E C Zg and a, b, ¢ € Zj, let

ula,b,c) = |{(x,y,2) € E3:3¢€ SO2(Zg) suchthat x —y =6a,y —z
=60b,x —z=20c.}|.

Note that w(fa, b, 6c) = u(a, b, c) for all & € SO2(Z,), so u can be viewed as
a function u (22)3/ ~— Z>0.
Then by the Cauchy—Schwarz inequality,

EI° = > uabo)| <ITE) > Wb,

(a,b,c)e(Z2)3/~ (a,b,c)e(Z2)3/~
where
IT2(E)| = [(a, b, ¢) € (Z3)*/ ~: pla, b, c) # 0},
which is equal to

{(a. b, c) € (Z7)*/ ~: 3(x.y.2) € E* and 6 € SO1(Z,) such that x — y
=60a,y—z=0b,x —z=20c}|.

We have,

n@,b,c) = [{(x,y,z,x',y, 7)) € E® 30,6, € SO2(Z,) such that
x—y=06ia, x' —y =6
y—z=01b, y/—Z/ZQZb
x—z="06c, x' —7 =6}
=|{(x,y,2,x",y,2) € ES: 36, 6: € SO2(Z,) such that
o' x = =6"(x"—y)=a
07 v —2=6,"(' - =b

' x—2) =6, (' =) =}
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so that

> wraboo) = {(x.y.z.x".y. 7)€ E®: 301, 0, € SO(Zy) such that
(@,b,0)e(Z2)} )~
o =y =6y (' =)
07 v -=0,'0'-2)
07— =61 = 2
= [{(x,y, 2%,y 2) € E®: 30 € SO2(Zy) such that
0=y =x"=y, 0y -2 =) -7, 0(x =) =x" =2}
= [{(x,y,2,x,y',2)) € E®: 30 € SO2(Zy) such that
¥ —0x =y —0y =7 —0z)|

For a fixed 6 € SO>(Zy), let
vo(t) = {(u,v) € EX E: u—0()=rt}. (2.6)
Then we have
Vi) = (e, y, 2. x, Y, ) e ES i x —0x =y —0y =7 — 0z =1},

and therefore

> daboys DL . 2.7
(@.b,0)e(ZF)3/~ 0eS02(Zy)
teZ?

By Lemma 2.4,

3 2
S 30 < 4 (”“;2”1) I (ve(t) - ””;2"1)

2 2
teZq teZq

where [lvglli = 3,72 vo (1) = |EI> and [[vplloc = sup:|ve(t)| < |E| as when we
first fix v in (2.6), u is uniquely determined.
It follows that

2
D Vi) <q HEP+3IE| Y (vm) - ||\;92||1)

2 2
teZq teZq

< ¢ ME|® +3¢%E| Z [D5(£)|? (by Plancherel Theorem)
£€Z2\(0.0)
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and thus
D ) < 1S02:ZlgHEIP +3¢7El D] We®)F
0€S02(Zy) 0€S02(Zy)
teZ? E€Z2\(0,0)
By Remark 2.6, [SO>(Z,)| ~ ¢ and hence
SO SqTIEL+32E >, me@)P 2.8)

0€S50,(Zy) 0€S02(Zy)
te7 E€Z2\(0,0)
Noting that
vo(t) = D EW)E(t + 0v)
veZé
= > E@x(-(t+0v)E(@)
v,ané
= > E@gx(t-0)E@)x(a-0v)
v,ané
= D> E@x(t-a) Y x(@-0v)E®)
ané vethl
= D> E@x(t-a) > xO" (@) - v)E®)
ané UEZ?[
=q¢* > E@x(t-0)E-0" (@),
ané
and

VoE) =q > D x(—t-E)vg(t)

€72
=g > x(—t-8)q* D E@x(t-a)E(—0" (@)
teZé ozeZ%]
= D E@E0"@) D x(t-(@—§)
an(ZI teZé

= ¢*E©)E(-07 (8)),

Birkhauser



246 J Fourier Anal Appl (2016) 22:237-250

we have

> m©P=q" > IEGPIE" @)

0€S02(Zyg) 0e€S02(Zg)

£€72\(0,0) £€72\(0,0)
=q" > |E®PIEOT @)

0€S02(Zy)

£€72\(0,0)

§q4( max |Stab(§)|) Z |E@)[? z |E)I?

2
§€25\0.0) ££(0.0) n£(0.0)
Imi=lél

Plugging this value in (2.8) and using (2.7) we get

> HWabos D w0

(a,b,c)E(Zczl)3/~ 0€S02(Zg)
teZ?

SqEP +3¢%EI|  max  |Stab(®)]
E€Z2\(0,0)

x D UIE@P D IEmP

§7£(0,0) 1n7(0.0)
Inl=ll

= ¢ |EI® +3¢°|ENI (2.9)

where

_ e
I_(sei’%%,m'&“b@') 2 IE@F > 1EMm)]

§7£(0.0) 1n7#(0.0)
Inli=lI€ 1

We first note that |Stab(§)| < pl_l for & # (0,0) by Lemma 2.1 and 2.2. Extending
the summation in 1 over all n and using Plancherel twice in I, we get

1< p' g EP.
Plugging this value in (2.9) gives

> wab.o) SqEIS 3¢ EFpT (2.10)
(@,b,0)(Z2) |~

Birkhduser



J Fourier Anal Appl (2016) 22:237-250 247

so that
ITo(E)] = L
ST G TER +3¢7 EP
EI° ¢
= 2¢73EF T 2
whenever |E| > /3 pzl_%, which completes the proof. O

3 Proof of Theorem 1.2

Now before giving the proof, let us introduce the necessary background.

Letg = p' and (a, b) € Z. Let ((a, b)) = {t(a, b): t € Z,} be the submodule of
Zé generated by (a, b), which gives the line through origin and the point (a, b) in Zé.
Now, consider the set

An={(a.b) € Z2 : p"la. b but (a.b) # (0,0) mod p"*'},

and denote |A,| = A, forn =0,1,...,1 — 1.

2(l—n) _ ,2(l—n— 1).

Lemma3.1 1, =p p

Proof Since p"|a, b in Z, we have p!~" choices for a and b each and hence p2(—"

choices for (a, b). Now we need to subtract p>!="~D cases where p"*! divides both
a and b to get the desired result. O

Lemma 3.2 Let £, = {{(a, b)) : (a,b) € A,} denote the set of lines generated by
the points of A,. Then |L,| = p'™" + p!="~1.

Proof For (a, b) € A,,note that ((a, b)) iscyclicand | {(a, b)) | = pl_". Hence there
exist ¢ (p!™") = p!~" — p!="~1 generators of the group which lies in A,,. So that for
each n, we have

2(l—n) _ ,2(I—n—1)

4 14 _ . I-n [—n—1
plfn _ plfnfl =p +p
many lines in £,, each containing p/~" points. O

We now conclude that the average number of points in a line in ZZ is

LY 4 pl
- Zﬁz_:lo pl—n 4 pl—n-1

P pl g p22 2
TP r2p T2 Tt 2p+ 1
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In what follows we will only consider Ly, i.e. the set of all lines of full length ¢ in
Z2.
q

Lemma 3.3 For any (a, b) € Zfi if (a,b) € A,, then (a, b) appears in p" distinct
lines in L.

Proof Say (a,b) € A, and p"T! { a. Then (a, b) belongs to the lines generated by

(%, ip" + %) fori =0, ..., p"—l.Notethatiopl_"+% = ilpl_”+% mod p'
would imply

ip = i} mod p"

which is not the case. Hence the given points are all distinct. Since % is a unit in Z,,
it follows that the lines determined by the given generators are all distinct. O

Lemma 3.4 Let R = {(x,y) € Z7 xZ; : x —y € N} and r; = |R;|, fori =
1,...,1—1. Thenr:=r1p+r2p2+---+r1,1pl_l§2p4l_1.

Proof Letx = (x1,x2),y = (y1, y2) in Zg. Nowifx —y = (x1 —y1,x2 — y2) € A;
then pi |x1 —y1 and x» — y; but pH'1 tx1—yrorxy—y. pi |x1 — yp gives pl_i choices
for x; — y1 in Zy, we have g choices for y; and y; determines x; uniquely. Hence we
have gp'~' choices for x| and y;. Same argument applies for x> and y,. Altogether
the condition p’|x; — y; and xo — y» gives gp'~qp!~" choices for x = (x1, x2),
y =1 y).

To exclude the cases where p”‘l divides both x; — y; and x; — y, we need to
subtract gp! =@+ gp! =+ cases of x and y. Hence,

ri = qpl—tqpl—l —qpl_l_lqpl_l_l.

Now summing r; pi’soveralli = 1,...,1 — 1 we get

1 2

—ap'2qp"Hp+ @' qp' ™ —ap' qp' )

-1

r=(p'"'qp'"”
xp 4+ (apap — 4>)p
_ qz(pZI—l +p21—2 _ l_pl—l)

p
<2¢°p" ' =2p

41—1

Proof of Theorem 1.2 Let L be a line in Ly and consider the sum set
E+L={+l:ecE, le€lL}
Since |L||E| > ¢

e1+ 11 =ey+ I forsome l] # I
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so that
h—1 =e —en. 3.1

Here we aim to average the solutions of the Eq. (3.1) over p! + p/~! lines in Lo. To
start with, we count the number of solutions of (3.1) over all lines in £ in two cases:

In the case e; = ey, there are |E| and q2 choices for e; = ey and [} = [,
respectively.

In the case e; # e, we can choose e] and e; in |E|(|E| — 1) different ways, and
once we fix them, we look at the difference e; — e;. At that point let S; = {(e1, e2) €
EXE:ej—e € Aj}ands; = |S;| fori =0,...,1 — 1. We know from Lemma
3.3 that if (e, ep) € §;, then e; — e; lies on pi lines in £y and when we fix the line,
I> — I can be written ¢ different ways on that line. In other words, for all s; pairs
(e1, er) € S;, 11,15 is chosen piq different ways over the lines in L.

So altogether we have

{(e1,er,11,h) € Ex E x L x L : (3.1) holds for some L € Ly}|
= |Elq* + s0q + s1pq + s2p°q + -+ 51219 'q
<|EPg+(so+sip+s2p*+-+s-1p g
< |EPq+ (EI* +9)q

where s = s1p + szp2 + -+ sl_lpl_l. Note that s < r < 2p4l_1 < 2|E|2 by
Lemma 3.4 and the assumption on the size of E.
Hence we get,

{(e1,e2,11,10) € E x E x L x L: (3.1) holds for some L € Ly}| < 4|E|2q
It follows that there exists a L € Ly such that

o
pl+pl—l
_pr
1+p

{(e1,ex,l1,l) e Ex Ex L x L: (3.1 holds}| < 4|E|2

= 4E]

If we let vy (n) denote the number of representations of n as e + [ for some
e € E, [ € L, then by the Cauchy—Schwarz inequality, for this particular L,

2
|E|2|L|2=( > v(n))

neE+L

<|E+LI D) vim
neE+L
= |E+ L||{(e1,e2,l1,b) € Ex E x L x L : (3.1) holds}|.
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Hence,

E4L|> |EPILI
~ {(e1,e2,l1,10) € Ex E x L x L: (3.1) holds}]

EPp? _q*1+p
TAERLE T 4 p

We conclude that there exist points of £ in at least %H’—p parallel lines. Here we shall
note that there are totally g parallel lines to L, including itself, and one of them must

contain two points of E with a unit distance in between. For otherwise, on each of these

parallel lines there would be at most p'~! points of E yielding |[E| < gp'~! = p?~!

which is not the case. Now if we take those two points of E with a unit distance in

between on one of the parallel lines to L as a base, then each point of £ on the remaining

%HT” — 1 parallel lines to L gives a different height, yielding at least %HT” — 1 many

distinct triangle areas. O
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