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1 Introduction

For a 2w -periodic function f(x), x = (x1, ..., xg), of d variables in the space L,
0 < p < +o00, equipped with the standard norm denoted by || - ||, and for a natural
number m we introduce a new modulus of smoothness by (§ > 0)
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where

m 1y -1
Om = (22 (u2) (szv)) (1.2)
v=1

and ej, j = 1,...,d, are the unit vectors in direction of the coordinates of the
d-dimensional torus T¢. In analogy to the classical one-dimensional modulus of
smoothness we call the operators given by ([ is the identity operator)

d m
) . ) 2
Th( D f(x) = %Z Z (vz) (m _"TU|)f(x+vhej), (1.3)
j=l v=—m

v#0

d d
A = pmd (1.4)

translation operator and difference operator, respectively. It will be shown in Sect. 2
that at least on the set 7 of real-valued trigonometric polynomials the identities

APy = DT 00 g+ ) = D Opalhk) g (k)™ (15)
veZd keZd

hold true. Here g” (k), k € Z¢, are the Fourier coefficients of g and the generator Om.d
of modulus (1.1) is defined by

d
1
bna®) = 2 D On(E). & = (1. &) € R, (1.6)
j=1
&t
On (&) = ym// (sinzm(r/Z) —am)drdt, & eR, (1.7)
0 0
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where «,, is the mean value of the function sin?”(t /2) on [0, 27 ] and y;, is chosen

such that the condition 6,,(0) = —1 is satisfied, i. e.,
m —1 -1
__n—2m 2m _ _9"2m 2m—1 (_1)V 2m
m =2 (m),y_2 =2 (Z;—V2 . . (1.8)
V=

Relations (1.8) follow from the well-known formula

sin?"(7/2) = 21—2’"2 (=1 (mzf‘v) cosvt 4 27" (2;1”) (1.9)
v=1

in combination with (1.2).
By Taylor’s formula applied to the function sinx we obtain from (1.6)—(1.7) for
E—> 0

ma() =~ g2 g Im2 Zsz“"*” +o(252<’““))
" 2d dQ2m +1)2m + 2) P
(1.10)
where | £ |2 = 512 + -+ 55. Taking into account that
- 3’g .
Ag) = D~ = = D [kPg et (1.11)
j=1 xj keZd

for sufficiently smooth functions g, in particular for g in 7, in view of (1.5) and (1.10)
we get

2d (R |
A = lim %
Um¥Ym h—+0 h2

(1.12)

in L ,-sense atleaston the set 7 of real-valued trigonometric polynomials. The operator
relation (1.12) shows that all moduli w,, 4(f, ), are related to the Laplace-operator
independently on m.

Some special cases of construction (1.1) are well-known. For example, the mod-
ulus 2wy,1(f, 8)p coincides with the classical modulus smoothness of second order
w2(f, 8)p. In the d-dimensional case (d > 1) one has

wra(f,8), = Q) &(f,8),, feLy §>0 (1.13)

for each 0 < p < 400, where

o(f,8)p, = sup (1.14)

0<h<$§

d
2 fx+hep) + f(x —hej)) —2d f(x)

p
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is the modulus introduced and studied by Z. Ditzian for 1 < p < 400 in [2]. In
particular, it has been shown thatfor 1 < p < +oo the modulus &(f, §), isequivalent
to the K-functional related to the Laplace-operator which is defined by

Ka(f:8)p = inf {1 —glp+ 820 Agly). feL, 620, (L13)
ge

where C? is the space of twice continuously differentiable 27 -periodic functions.
Clearly, this result is an extension of the well-known one-dimensional result of Johnen
with respect to the equivalence of the classical modulus of smoothness and J. Peetre’s
K -functional (see e. g. [1], Ch. 6) to the multivariate case.

The above result is not true for 0 < p <I1. It has been proved in [3,6] that in this
case K -functionals with classical derivatives are identically equal to 0. For this reason
the concept of a polynomial K -functional given by

KD, = it {17 =gl +808g1,), FeLy 5>0 (16
TeTys

where (¢ is a complex conjugate to ¢)

Te = {T(x): Z cpet™ c,kzﬁ}, o >0, 1.17)

k| <o

has been introduced in [6]. Note that in (1.15) the infimum is taken over the infinitely
dimensional space C2, whereas in (1.16) C? is replaced by the finite dimensional
space 715 of real-valued trigonometric polynomials of (spherical) order at most 1/8.
Functionals (1.15) and (1.16) are shown to be equivalent if I < p < 400 in [4].

Moreover, it follows from [6] that in the case 0 < p < 1,d = 1 the polynomial
K -functional given by (1.16) is equivalent to the classical modulus of smoothness of
second order. In the multivariate case (d > 1) and if 0 < p < 1 modulus (1.14) has
been systematically studied in [S]. In particular, it is proved that in this case modulus
(1.14) and polynomial K -functional (1.16) are equivalent if and only if d/(d + 2) <
p < +o0. The occurence of the critical value d/(d + 2) can be explained as follows.
Analysing the proof given in [5] one observes that the equivalence problem can be
reduced to the behavior of the Fourier transform of the second item of expansion (1.10)
with m = 1 divided by the generator of the Laplace-operator. The Fourier transform
of the function

d
1172 (D g ] n®.
j=1

where 7 is an infinitely differentiable function with compact support satisfying n(0) #
0 (test-function), belongs to L, (Rd ) ifand only if p > d/(d +2). This follows from
(Theorem 4.1, [10]) where it has been proved that the Fourier transform of v for an
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infinitely differentiable (defined on R?\ {0}) homogeneous function ¥ of order a > 0,
which is not polynomial, belongs to the space L p(Rd )ifand only if p > d/(d + @).

In the general case the order of homogeneity of the second item in (1.10) divided
by the generator of the Laplace-operator becomes 2m. Taking into account the above
arguments one can expect thatin the multivariate case (d > 1) the modulus wy, 4 (f, §)

will be equivalent to K (AP) (f, 8)p atleastfor p > d/(d+2m). It means that in contrast
to the modulus of Z. Ditzian the collection of moduli (1.1) “covers” the range of all
admissible parameters 0 < p < +o0 in the sense that for each p there exists a natural
number m such that the moduli (1.14) and functionals (1.16) are equivalent in L.
The confirmation of this hypothesis is one of our main goals and will be done in
Theorem 4.3. Moreover, in the present paper we essentially improve and simplify the
research scheme given in [5]. In future work it will enable us to introduce and study
general moduli of smoothness generated by arbitrary periodic functions satisfying
some natural conditions.

Let us mention that there exists an universal modulus of smoothness related to the
Laplace-operator which is relevant for all 0 < p < +o0 in the sense of its equivalence
to a correponding polynomial K -functional in L, for all admissible p. As it follows
from the results below, in order to construct such a modulus it is enough to choose
the Fourier coefficients of a certain 2z -periodic infinitely differentiable function 6
satisfying ¥ (£) = —|£|* near the point & = 0 as coefficients of values f(x + vh),
veZzd However, such a construction is of theoretical interst only, since in contrast
to (1.1) the Fourier coefficients of such a function can not be presented in an explicit
form.

The paper is organized as follows. Section 1 provides necessary definitions, nota-
tions and preliminaries. The basic properties of moduli (1.1) are studied in Sect. 2.
Section 3 is devoted to the proof of a Jackson-type estimate. The equivalence of moduli
(1.1) and polynomial K -functionals related to the Laplace-operator is studied in Sect.
4. Some applications, in particular, the description of the quality of approximation by
families of linear polynomial operators generated by Bochner—Riesz kernels in terms
of 6,, 4-moduli are given in Sect. 5. In this sense our paper is a continuation of [12].

2 Notations, Preliminaries and Auxiliary Results
2.1 Notational Agreements

By the symbols N, Ng, Z, R, C, 74, Zi, R4 we denote the sets of natural, non-negative
integer, integer, real, complex numbers and d-dimensional vectors with integer, non-
negative integer and real components, respectively. The symbol T is reserved for the
d-dimensional torus [0, 27r)d. We shall also use the notations xy = xyy;+---+x4Vd,
|x| = (x12+-~- +x§)1/2, [x|1 = |x1|+---+|xq4]| for the scalar product as well
as for 2- and 1-norms of x = (xy, ..., x4) . We denote by

Br={xeR:|x|<r}, B, ={x eR?:|x| <r}
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the open and closed ball of radius r, respectively. Unimportant positive constants
denoted by ¢ (with subscripts and superscripts) may have different values in different
formulas (but not in the same formula). By A < B we denote the relation A < ¢B,
where c is a positive constant independent of f (function) and n or § (approxima-
tion methods, K-functionals and moduli may depend on). The symbol x indicates
equivalence which means that A < B and B < A simultaneously.

2.2 Spaces L,

Asusual, L, = LP(TI‘d), where 0 < p < 400, is the space of measurable real-valued
2m-periodic with respect variable functions f(x), x = (x1, ..., X4), such that

1/
171, = ([ 17e0r )" < oc.
Td

Moreover C = C(T¢) (p = +00) is the space of real-valued 2 -periodic continuous
functions equipped with the Chebyshev norm

[ flloo = I fllc = max | f(x)].
xeTd

Spaces L, of non-periodic functions defined on R will be denoted L P (R?). The
functional || - ||, is anorm if and only if 1 < p < 4+00. For 0 < p < 1 itis a quasi-
norm and the “triangle” inequality is valid for its pth power. If we put p = min(1, p),
the inequality

If +glp < IflIp+lglh, f.g €Ly, 2.1)
holds for all 0 < p < +o00. Such a form of the “triangle” inequality is convenient

because both cases can be treated uniformly. Moreover, for the sake of simplicity we
shall use the notation “norm” also in the case 0 < p < 1.

2.3 Best Approximation and Jackson Type Estimate

We define, as usual, the best approximation of f by trigonometric polynomials of
order o in L, by

Es(f)p =T1£7f, If=Tlp, o=0. 2.2

Here 7, is given by (1.17). As it has been shown in [5] the Jackson type estimate

d
Es(f)p <y ol (f.e+D7")

j=1

[7’ f € pr o 2 0’ (23)
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where the positive constant ¢ is independent of f and o, holds for all k € N and
0 < p < +00.1In (2.3) we used the notations

§>0,(2.4)

ol (£.5) = sup H Z( Nas (ﬁ)f(X—i-vhej)—

0<h<$

for the partial modulus of smoothness of order & in direction e;.

2.4 Spaces I,

Asusual, [, =1, (Z%), where 0 < g < +00, is the space of complex-valued sequences
(a(v)),cza defined on 74 and satisfying

lal, = (> |a(v)|q)1/q e

veZd

The convolution of elements a, b in [, is given by

axb(v) = Z a(Hbw —j), vezd (2.5)
jezd

If0 < g <1andifa, b € l; then we have a * b € I; and, moreover,
la % bli, < llall, 1B, - 2.6)

This follows from (2.5) and the elementary inequality
NE .
S| =3l 0<g=1.
J J

2.5 Fourier Transform and Fourier Coefficients
The Fourier transform of g € L (R?) is defined pointwise by
80 = [ e e a5, xR, @7
Rd

For convenience we shall sometimes use also the notation F g in place of f
The Fourier coefficients of g € L are defined by

¢ ) = (2n)—d/g(§)e—"“¥dg, v ezl (2.8)

’I[‘d
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To denote the sequence of Fourier coefficients of g we use shall the symbol g”, that
is, g = {g"(v)},ez4. It holds the equality

(g1-8)" =g *g, g.8 €L (2.9)

Indeed, for trigonometric polynomials formula (2.9) can be proved by direct calcula-
tion applying (2.5). The extension to arbirary functions in L; is based on a density
argument.

Henceforth, the symbol ck , k € N, stands for the space of 2w -periodic k-times
continuously differentiable functions of d variables.

Lemma 2.1 Let0 < g < 400 and let g € C4UV/4HD_ Then g” belongs to lg.

Proof Weput k =[1/q]+ 1 and

8nkg

., axk HC

n

M = max H z
I<ji<-<jan=d 8le,

Since nk < d([1/q] + 1), the number M is finite. For any v = (vq, ..., vg) € Z¢
we choose the indices 1 < j; < --- < j, < d, forwhichv; #0,r =1,...,n
Integration by parts yields

"
lg" ()| = 2m)~ dnlwrl —k ’/%k g(é) ’”fdg

< Mij,rk = MHWV;%
r=1 r=I1

(2.10)

where ¥ (v) isequal to |v | =% if v € Z\{0} and ¥ (0) = 1. By means of (2.10) and
taking into account that kg > 1 we obtain

lg™If <M Y H(w(v,»q MH Z W ;)1

VGZd] 1 4 j= 111]—700
§M(1+Z|v|_k") < +00.
v7#0

Thus, the function g”(v), v € Z¢, belongs to l4. The proof of Lemma 1.1 is complete.
O

2.6 Operators and Inequalities of Fourier Multiplier-Type

Let X (¢), & € R?, be real- or complex-valued satisfying X'(—§) = A'(§) foré& € RY.
It generates the family of operators {A, (X')}s~0 putting

Ae(X) = XOI; Ae(N)T(0) =D X(S)TA(k)eikx, TeT, (211
kezd
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which is well-defined at least on the space 7 of real-valued trigonometric polynomials.
Let 0 < p < +o00. We consider the inequality

[Ac (T llp < c(p, u, N AT Nlp, T €75, 0 >0. (2.12)
Inequality (2.12) is said to be valid in L, for some 0 < p < +o0 if it holds in the

L,-norm forall T € 7, and for all o > 0 with a certain positive constant independent
of T and o. Suppose that v(§) # O for & # 0. Then inequality

AT < ¢(po st ) - [Ty T €Ty o >0, 2.13)
where
x@e) =8 ¢ ey, (2.14)
NG)

is associated with (2.12). Clearly, (2.13) is of the same type, but the operator on the
right-hand side is the identity /. Let (A) and (B) be inequalities of type (2.12). We
say that inequality (A) implies inequality (B) for some p if the validity of (A) for p
implies the validity of (B) for p. We also say that (A) implies (B) if this is the case for
all0 < p < +o0.

Recall that p = min(1, p). The following properties hold.

Proposition 2.2 (i) If 1(0) = v(0) = 0 then (2.13) implies (2.12) independently

of the value X (0).

(ii) Let w(0) = v(0) = 0. If X is continuous on RY and if i’\n € L;(Rd)
for a certain infinitely differentiable function n with compact support satisfying
n(&) =1 for & € By, then inequality (2.12) is valid in L.

(iii) Let X be continuous on R? and let n be an infinitely differentiable function
with support contained the unit ball By. If (2.12) is valid for a certain parameter
0 < p < +oo, then /'/\f\n € Lp*(Rd), where p* = p for0 < p < 2 and
p*=p/(p—1 for 2 < p < +o0.

The continuity of X on R? means that there exists limg .0 X' (). Proofs of (i)—(iii)

can be found in [10] (Theorems 3.1 and 3.2) and [11]. For (ii) we also refer to [13],
pp- 150-151.

2.7 Homogeneous Functions

Let s > 0. By H; we denote the class of functions  satisfying the properties

(1) ¥ is a complex-valued function defined on R? and v (—&) = ¥ (£) for& € R?;
(2) ¢ is continuous;

(3) ¥ is infinitely differentiable on R¥\ {0};

(4) ¢ is homogeneous of order s, i.e. ¥ (t§) = t* ¢ (&) fort > 0,& € Rd\{O};
(5) ¥ (§) # 0 for & € RY\{0}.
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Let 7 be an infinitely differentiable function defined on R¢ satisfying n(&) = 1 for
[€] < p1 and n(§) =0 for |&| > po, where 0 < p; < pp < +00. The following
properties hold.

Proposition 2.3 (i) If ¥i € Hy;, i = 1,2, then Y12 € Hy 4y, .
(ii))If vy € Hg,s > 1,and j=1,...,d, then 0y/d&; € Hy .
(iii) If W € Hy then there exists a positive constant c| such that

)| < er (jx]+1)7 (2.15)

holds for all x € R?.
(iv) If W € Hy is not a polynomial, then there exist ro > 0, ug € S9=1 where
S4=1 is the d-dimensional sphere, and 0 < 0y < 7 /2 such that

~ —(d+:
lyn()| = ea(lx] +1) @ x € @ = Q0. uo. o), (2.16)

where
Q={xe€ RY: x = ru,r >rg, u € Sd_l, (u,ug) > 1—6p} (2.17)

and where the positive constant c¢; is independent of x .
(v) If ¥ € Hy is not a polynomial then the Fourier transform of yn belongs to
L,,(Rd) ifand only if p > d/(d + s).

Statements (i)—(ii) are obvious. The proofs of (iii) and (iv) can be found in [10] (for-
mulae (4.6) and (4.7)). Part (v) is a consequence of (iii) and (iv).

3 Basic Properties of the Moduli @,, 4(f, 8)p

Some elementary properties of modulus (1.1) are collected in the following.
Lemma 3.1 Letm,d €N, 0 < p < +00 and let p = min(1, p).

(i) The operators Th(m’d) and Aglm’d) given by (1.3) and (1.4), respectively, are
linear and uniformly bounded in L ,.

(ii) Modulus (1.1) is well-defined in L, (convergence in L)) and there exists a
constant ¢ such that

oma(f,8)p =cllfllp < oo, (3.1

foreach f € L, and § > 0. The function wy, 4(f, -) is increasing on [0, +00)
and it holds wy, 4(f, 0) = 0.
(i) If f1, f2 € Ly and § > O then

oma(fi + f2.90 < Oma(fi. )0 + oma(fr. L. (3.2)
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(iv) Let Ay and 6,4 be given by (2.11) and (1.6)—(1.8), respectively. Then it
holds

AP = Ayt On.a) (3.3)

for each h > 0 at least on the space T of real-valued trigonometric polynomials.

Proof The linearity of translation and difference operator follows immediately from
(1.3) and (1.4). Their uniform boundedness follows from the estimate

d m
d) o7 4 )
I p <c D D If&+vheply < 2mdc| f1I}.
j:lu:—m

v#0

which can be derived from (1.3) and (2.1) for f € L, and & > 0. Here the constant

_ _ (Om P 2m P
e=cm.d) = ()" (m - |v|)

is independent of f and . Part (i) is proved. Inequality (3.1) is a direct consequence
of part (i) and the definition (1.1) of the modulus. The other statements of part (ii)
immediately follow from (1.1). Inequality (3.2) follows from (1.1) in combination
with (2.1).

It remains to prove part (iv). In view of (2.11) we have

A1 On )T ) = D" O a(WOT" (k)™

keZd ‘ |
— Z TA(k)elkX( Z 60 4(v) ezvkh)
keZd veZd
- Z 972,,1(1))( Z T/\(k)eik(X+vh)) (3.4)
vezd keZd
= D> 0 4T (x +vh)
veZd

foreach T € 7 and i > 0. Applying formula (1.9) in combination with (1.2) and
(1.6)—(1.8) we find the representation

—1 , v=0
(=D% o (2m v=vie;, 0<|vi|<m
A - — ATA jl = m,
em,d(v)_ dvjz m—|v]| ’ ]: 1,,d (35)
0 , otherwise

for the Fourier coefficients of the generator 6,, ;. Now (3.3) follows from (3.4) and
(3.5) by means of (1.3) and (1.4). This completes the proof. O

Birkhauser



460 J Fourier Anal Appl (2015) 21:449-471

4 Jackson-Type Estimate

In this section we prove a Jackson-type estimate for modulus (1.1). Our approach is

based on the comparison of w,, ¢ (f, 8), and the partial moduli a),((j ) (f, ), introduced
in (2.4).

Lemma 4.1 Let m, d € N.

(1) The generator 6y, 4 given by (1.6)—(1.8) is analytic on R4,
(i1) We have 6, 4(§) < O for & € RA\27Z¢, where 21 7% = {27v, v € Z4).
(iii) The function 1/6,, 4 is analytic on RAN\277Z¢.

Proof Part (i) follows immediately from (1.6)—(1.8). In view of (1.6) it is enough to
prove part (ii) for d = 1. We consider the function

t

(p(t)z/ (sin®™(t/2) — ap)dz, teR. 4.1
0

Using (1.8) and (1.9) we obtain

V m—v

o) = 217" D’ ( 2m ) sin vt. (4.2)
v=I1

By (4.2) the function ¢ is a 2 -periodic, odd and satisfies ¢ (;r) = 0. Using (4.1) and
the properties of the function sin(t/2) it is easy to see that ¢ is decreasing on [0, &p]
and increasing on [&p, 7], where &y € (0, 7) satisfies sin?” (&0/2) = a;,. According
to these properties the function (see also 1.7, 1.8)

E 1t
y,;‘em(g)=//(sian(z/z)—am)drdr, £eR,
00

is 2 -periodic and even. It decreases on [0, 7] and it increases on [, 27 ]. Therefore,
y,,jl On(€) <0, & eR\27Z. 4.3)

Combining (4.3) and (3.5) we get

2

vl ==y 100 0) = —@2n)! /y,;l@m(g)ds > 0. (4.4)
0

Now the statement of part (ii) immediately follows from (4.3) and (4.4). Part (iii) is a
direct consequence of parts (i) and (ii). This completes the proof. O
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Theorem 4.2 (Jackson-type estimate) Let m,d € N, and let 0 < p < oo. Then
forany A > 0

Eo(f)p <= cpMWomal(f 2o+ 1)*1)[,, feL, o>0, 4.5)
where c, (L) is a positive constant independent of f and o.
Proof We put
k= 20W/PHEDH L g(1/p1+ 1) + 1. (4.6)
Let j € {l,...,d}. By Lemma 4.1 the function

1 — i&j\k
0,6) =~ @7

is analytic on RY\27Z%. Let v = (v, ..., vg) € Z4 such that [v|; < d([1/p]+ D).
Applying standard differentiation formulas and taking into account (1.9) and (4.6) we
find

|$]|k—vj k |U| 2|v\1+l
—vli—
= 1 B < < clel,

' 21"10,;(®)
98]", ..., dE}

for | £ | < 1. In particular, it follows

916, &)
m PP TE———T =
£>09&,7,...,08,

Thus, the function ® ; belongs to the space cAM/pI+D), By Lemma 2.1 the sequence
(@f(v))U <74 of its Fourier coefficients belongs to the space /5. Taking into account
formula (3.4) with ®; in place of 6, 4 we can extend the operator A;,-1(®;), h > 0,
which is initially defined on 7, to the space L, by the formula

Ap1(®)) f(x) = Z @f(v)f(x + vh). (4.8)

veZd

Using (4.8) we get

[ A @pf@ 7= D [0 If e+ vl =[O 21715

veZd

foreach f € L. Thisimplies that the series on the right-hand side of (4.8) converges
in L, and, moreover,

[Ap-1@©p], = sup [A1©DF) |, < [0}, <+o0. (49
P 1= ¢ ’
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Taking into account that the coefficients in (2.4) are the Fourier coefficients of the
function 0;(§) = —(1 — €)% and applying (3.4) with 6; in place of 6, 4 we can
rewrite the definition of the partial modulus of smoothness of order k defined in (2.4)
as

o (f, 3),,: sup. HAh O)f, feLys=0. (4.10)

In view of (2.11), (3.3) and (4.7) we have
Ap-16]) = Ap-1(0;) 0 Ayt Om.a) = Ap-1(©) 0 ALY 4.11)

in L, for each 4 > 0. Combining (4.9) and (4.11) we obtain

|ap-1@pFD |, < ap-1©p], 1A Fol,

(4.12)
< ey, 12y rl,

for f € L, and h > 0. Combining (1.1), (1.3), (1.4), (4.10), and (4.12) we get the
estimate

o (f,8)) < coma(f,8)p, feLp >0, (4.13)

where the positive constant ¢ is independent of f and §.
Recall that the inequality

o (f,18), < A+ 0P (f,8),, feLpt,8>0, (4.14)

holds for the classical moduli of smoothness (see e. g. [1]). Combining (2.3), (4.13),
and (4.14) we find the estimates

E(f>p<cZw(”f(a+1) <clzw“)fx(o+1> N,
Jj=1 j=1
< c2oma(fr@+D7),

for f € Lp,0 > 0and A > 0, where the positive constants ¢, ¢; and ¢, are independent
of f and o. The proof is complete. O

5 Equivalence of w,, 4(f, §), and Kgp)(f, d)p

In order prove the main result of this paper on the equivalence of moduli (1.1) and
functionals (1.16) we need some auxiliary results.

Lemma 5.1 Let s, d € N and assume s, d > 1. The polynomial Ps(§) = 5125
-+ & isdivisible by |£|*> =& +--- + &2 ifand only if d =2 and s is an odd

number.
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Proof Sufficiency Let d =2 and let s = 2k + 1, k € N. Then

s—1
€2 D (D TV =g 4 (1R = Pe).

v=0

Necessity Suppose that Pg(£) is divisible by | £ |2. Then the function

SRR )
x)=—°% x=1(x1,...,x9) € RY,
0u() = e (X1 x0)

is a polynomial as well. In particular, lim,_, .o Qy(x) exists forany x° € R?. Let first
d = 2. We put X0 = (1, —1). Since x| + x» tends to O for x — x9 the sum x] +x3
should also tend to 0. It yields that 1 + (—1)* = 0 and that s is an odd number. Let
now d > 3.If x0 = (1,1,-2,0,...,0) then x; + --- + x4 tends to 0. Therefore,
x] +---+xj also tends to 0. It implies 1+ 14 (—2)* = 0. Hence, s should be equal
to 1. The proof of Lemma 5.1 is complete. O

Let v and w be continuous functions defined on R andlet 0 < p < +o0. In the

following we write v(-) (Q w(+), if there exists a function 7 infinitely differentiable
on R4, satisfying n(§) = 1 for |&| < p; and n(§) = 0 for |[£| > po, where
0 < p1 < po < 400, such that F((nv)/w) belongs to Lp(Rd). The notation

v() (Q w(-) indicates equivalence. It means that v(-) (i) w(-) and w(-) (Q v(+)

hold simultaneously.
For d, m € N we introduce the number as

0 , d=1
d
_ ——, d=2,m=2k,keN
Pmd = 1d +dZ(m +1) . (5.1
, otherwise
d+2m

Lemma 5.2 Let m,d € N andlet 0 < p < +o0.
@ Irholds | - 2L 6y a() for p> pma.
@) Ifd > 1 and 0 < p < pm.a, then both relations | - |2 (-1;) Om.a(-) and
Om.a(-) (Q | - |2 are false.

Proof First we consider the most general case d >3 or d =2,m =2k — 1,k € N.

Combining (1.6), (1.7), (1.9) and using the power series representation of cos x we
see that

—+00
€177 0m.a(®) = "D + 3 @ DYaurny (§), & €RY, (5.2)
v=0

Birkhauser



464 J Fourier Anal Appl (2015) 21:449-471

where
d
Vo @ =1E172 D &P, seN (5.3)
=1

Clearly, the series on the right-hand side of (5.2) converges absolutely and uniformly
on each compact set K C Rd\{O} and it holds Yr(s—1) € Hy—1) for s > 1.
By means of (5.2) and (5.3) we obtain

1E1720,.a(E) n(E) =at™ d>n(§>+a‘”’ D Yy (€) 1(E)

+( Z oD Y €)) m(E)
(5.4)

+( Z & Y (€)) 0E)
= lIJl(é’) + Wa(£) + W3 (&) + Wa(), & eRY,

where N = [d/2] + 3 is chosen. Since the function W is infinitely differentiable on
R? we get

W1 ] < e (|x ]+ D7Dy e R (5.5)
In view of (2.15) (Proposition 2.3, part (iii)) we have

| Wa(x) | < ca(Jx |+ 1)~ @+m (5.6)

[d/2]+1
(W3) | < ¢ D0 (x| 4+ D7D <oy x|+ 1)7@HROHD (57

v=1
for x € R . Because of Proposition 2.3, part (ii), and taking into account that
2m+v) —(d+2m+2) =2 2(m+[d/2] +3)—(d+2m+2) > 1
for v > N we conclude that
glJh W3 (&)
im ———— =
§=0 g ... 9E)

foreach j € Zi satisfying | j |1 < d + 2(m + 1). It means that the function W3 has
continuous derivatives on R? up to the order d + 2(m + 1). In view of elementary
properties of the Fourier transform this observation implies that

| Wa(x) | < cq (x| 4 1)@ 0y e Rd, (5.8)
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Applying (5.4)—(5.8) we obtain

dx
| F( - 172 6maOnO) |7 < c(1+ / W—Mm))

|x|>1
+00

, dr
C 1+ m < 400

1

for p(d+2m)—d+ 1> 1.Thus,inthecase d >3 ord =2,m =2k —1(k € N)
the estimate

Oma) B2 (5.9)

follows for p > pm 4.
Now, assume 0 < p < p,, 4. Note that a(m ) # 0. Moreover, the function ¥,

is not a polynomial by Lemma 5.1. Hence, using Proposition 2.3, part (iv), as well as
formulae (1.7), (1.8), (1.10) we get
| Tp(x) | = co(Jx|+1)"@2m  xeq, (5.10)

where the positive constant cg is independent of x and where Q2 = Q(rg, ug, 6p) is
given by (2.17). We put

ri = max{ro, (2(c1 +c3+ca)/co)'/?}. (5.11)

Combining (5.4), (5.5), (5.7), (5.8) with (5.10) and (5.11) we obtain

[ F( 172 0maOnO) @) [ = [T20) | = D (W) |
j=134
> co (| x|+ D~@+2m (5.12)

—(c1+ ez +cg) (|| + D7D
> (co/2) (|x [ + D~ @+2m

for x € Q1 = Q(r1, up, o). By means of (5.12) we get

+00 d
24 s _ r _
|| f( |~ m d()n() | > C/ | x |p(d+2m) =c / pp @+2m)y—d+1 +00

r

for 0 < p < pm.q. Thus, for such p relation (5.9) is false.
Next we prove that in the case under consideration (d > 3 or d =2, m = 2k — 1,
k € N) the inverse relation, i. e.

2 (17)

|- Om.a(-) (5.13)
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also holds if and only if p > p,, 4. We put

~+00 (m,d)

Una®) = D S Vo @), § €RY. (5.14)
v=0

Since limg_, ¢ W, 4(§) = 0 there exists pp > 0 such that
| Wma€)| < 1/2, &€ By, (5.15)

Using the Taylor expansion of the function (x + 1)~! at the point 0 we get

ne)

ama € (0na®) 0® = ;5=

+o00 '
= D (=1 (W a(®)) n(EX5.16)
im0

by (5.2), (5.14) and (5.15) for each & < R?. Here n is an infinitely differentiable
function satisfying n(§) = 1 for & € Epp where 0 < p; < po, and n(§) = 0
for & ¢ Bj,. In view of (5.5) the series on the right-hand side of (5.16) converges
absolutely and uniformly on each compact set K C R?. Note that

J (m,d)

. +00 +00 al
Wna®) = 2 2 [] Jtogy V2 ©). 6 € R,

n=0  1g=0 i=I

for j € N. Combining (5.14) and (5.16) and applying Propsition 2.3, part (i), we
obtain

2 -1 “(()m'd)
A 1§17 (Om,a () (&) =n&) + o) Yo (§) n(&)

= (5.17)
(2 A" faman ©) 6)
v=1

for & € R4, where $2(m+v) € Hognsvy, v € N. Formula (5.17) is similar to repre-
sentation (5.4). Now the further proof of (5.13) follows the arguments above to prove
(5.9).

Now let us consider the other remaining cases. For d = 1 the functions
|- 17260,,()n() and | - |? (em(-))*‘n(-) are infinitely differentiable by (5.2), (5.3),
(5.17). Therefore, relations (5.9) and (5.13) are valid for all 0 < p < +o00.Ifd =2,
m = 2k (k € N) then the function v, is a polynomial by Lemma 5.1. To study
relation (5.9) in this case we modify representation (5.4) as follows
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1E1720ma(E) n(E) = («™D nE) + o™ Y (§) 1(E))
0" DY 1y (E) n(E)

Ni—1
+( > " DY) €)) 0(E) 518)

+00
(X @ v @) n®)

v=N]
= 01(6) + ©2(6) + O3(6) + O4(5), £ e R,

where Ny = [d/2] + 4 is chosen. Similarly to (5.5)—(5.8) and (5.10) we obtain

1010 | < e (|x |+ 1)~ @F2mD) 0y e RY (5.19)
1©2(x) | < e (x| 4 1)~@R2mED) -y e RY, (5.20)
| W3(x) | < c3(|x |+ 1)~ @22 0 e Re, (5.21)
1©4(x) | < cq (x| 4 1)"@H20m4D) 0 e RY (5.22)
| Wa(x) | = co(|x |+ 1)~y e Q(ro, ug, bo). (5.23)

The further proofs of the statements connected with (5.9) coincide with the proofs
given above for the first case with obvious modifications. In order to study relation
(5.13) ford = 2, m = 2k, k € N we modify representation (5.17) similarly to (5.18)
and apply the arguments given for (5.9).

The proof of Lemma 5.2 is complete. O

Theorem 5.3 (Equivalence Theorem) Let m, d € N. Then it holds

oma(f,8), =< KD (£,8),, felL, 8>0, (5.24)
ifand only if p > pm.a4-
Proof It follows from Proposition 2.2, Lemma 4.1 and Lemma 5.2 that the inequalities

I Ayt O )T Iy < clApr(l - DT lp, T eTpr, h=>0, (525)
IA (- DTNy < el Ay Gua)T llpy T €Tyr, h=0, (5.26)

are valid if and only if p > py,.4.
Sufficiency Let p > ppu.q. We have A, -1 (Op.a) = A;lm’d) by part (iv) of Lemma
3.1and Aj,-1(] - |%) = —h2A . Hence, the equivalence

1A DT, < W AT |p. T € Tymr, h 20, (5.27)
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follows from (5.25) and (5.26). Applying (1.1)—(1.4), (3.1), (3.2) (parts (ii) and (iii)
of Lemma 3.1), and (5.27) we obtain

Omd(f. 8 < wma(f —T.8p + @ua(T, ) < clf=TI}

d 3 p
+ osup [ATID < e (I f=TIh + 827 AT |5)
0<h<$

<ca(lf=Tlp+ 82 AT |,)?

for each T € 7Tg-1. This implies the upper estimate in (5.24). To prove the lower
estimate we consider the polynomial T* € 75-1 of best approximation of f in L,
by trigonometric polynomials of order §~!. Using the Jackson-type inequality from
Theorem 4.2 with A = 1 and taking into account that (871 + 1)~ < § we get

If=T"llp, = Es-1(f)p < comalf. 67"+ 1)71)1, < coma(f,8)p. (5.28)
With the help of Lemma 3.1 (part (1)), (5.27), and (5.28) we obtain

3 P d P d 2 d P
P AT*Ih < c | AYOT*15 < c (NAY" D (f =T 15 + 1AV f1h)
<ca((If=T15 + oma(f.0)p) < cromalf.d)h.
(5.29)

As a consequence of (5.28) and (5.29) we finally get

KPP0, < c(If =T, + 81 AT* ) < c1oma(f,8)p.

Necessity Suppose that (5.24) holds. Then one has

d _

IAY DT, < ona(T ), < KT ), < ch™2| AT,

for each T € 7;,-1 . This means that (5.25) holds and therefore p > p,, 4 follows.
The proof of Theorem 5.3 is complete. O

As it was already mentioned in the Introduction, Theorem 5.3 contains some known
results as special cases. If d = 1, m =1 and 1 < p < 400 then the equivalence
(5.24) is the well-known result of Johnen (see e. g. [1], Ch. 6, §2, Theorem 2.4) for the
classical modulus of smoothness of second order w>(f, §), and Peetre’s K -functional
related to the derivative of the second order. The equivalence of w>(f, ), and the
corresponding polynomial K -functional related to the second derivative in the case
0 < p < 1 is proved in [6]. The multivariate case for m = 1 is studied in [5].

6 Applications
Combining Theorem 5.3 and the properties of polynomial K -functionals described in

[9] we immediately obtain corresponding results for moduli of smoothness defined in
(1.1). Recall that p = min(1, p).
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Theorem 6.1 Let m, d € N and let p;, g < p < +00. Then there exists a positive
constant ¢ such that

omalf.18), = ¢ max (119VPV2) 0, 4(f.8), (6.1)

holds forall f € L, and§, t>0.

Theorem 6.2 (Bernstein-type estimate) Let m, d € N and let p,, 0 < p < +00.
Then there exists a positive constant ¢ such that

NP
om.a(f,8)p < cmin(s?, 1)( > <v+1>251Ev<f>,'3) (6.2)

O<v<1/8

holds forall f € L, and § > 0.

Obviously the definition in (5.1) implies that p,;, ¢ < pp,.a for m > mg. Hence,
the following equivalence result follows from Theorem 5.3.

Theorem 6.3 (Equivalence of moduli (1) for different m) Let mg, d € N and let
Dmg,d < p < +00. Then we have

wm,d(f, 8)[7 = wmo,d(fs 8)p9 f € va 8 2 O (63)

for m > my.

Finally we describe the quality of approximation by families of linear polyno-
mial operators generated by Bochner—Riesz kernels in terms of moduli of smoothness
wm,a(f,8)p. LetA, x € R? and let n € Ny. We put (see also [12])

2n
BY (fix)=Cn+ D" f (10 +2) B (x — 12 —2). (6.4)
v=0

Here we used the notations

2n 2n

2 2n
t,:zzn—_:l,veZd; ZEZZ,

v=0 v1=0 vg=0

(@) (@) KPP\ i d
B (h) =1, By = > (1—n—2)e . neN heR' (65)

l[kl<n

The functions B,(,a) are the well-known Bochner—Riesz kernels with parameter « > 0.
It has been proved in ([7] Theorem 4.1 and Section 5) that in the super-critical case
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a > (d —1)/2 this family converges in L, if and only if p > 2d/(d + 2« + 1). More
precisely this means that

1/p
nf—aﬂuﬂu:wmﬂ””(/nf—&ﬁuw&n) — 0(n — 00) (6.6)
Td

if and only if 2d/(d + 20 4+ 1) < p < 400 and that

If = BAH lig = max || f = B5(Dllc = 06 — 00) ©6.7)

inthe case p = +o0. In this sense the family of operators B,(,O‘) acting from L (T%) into
L, (T? x T9) can be considered as a constructive approximation method, in particular
in the case 0 < p < 1. More information can be found in [7] and [8]. We have proved
in [12], Theorems 2 and 3, that

If =B () g = KL (f1/n)p. feLpneN 6.8)

if « >(d—1)/2 and p > 2d/(d + 2« + 1) (see also [8] Theorems 6.1 and 7.3 for a
more general approach). Combining Theorem 5.3 and (6.8) we obtain the following
equivalence theorem.

Theorem 6.4 (Quality of approximation by Bochner—Riesz families) Suppose
that my, d € N and a > (d — 1)/2. It holds

ILf =B (Pllp = oma(f.)7") . feLlypnel, 6.9)

[]’
for p > max(pm.q, 2d/(d + 200 + 1)), where py, 4 is given by (5.1).

Of peculiar interest is the case 0 < p < 1 and d > 2. Theorem 6.4 extends
the result of Theorem 5 in [12] which corresponds to the case m = 1 and which is

restricted to p > d/(d + 2). Note that p,, 4 — 0if m — oo. Hence, we are now able

o

to characterize the approximation error || f — B,(z, i\( f) |l by an appropriate modulus

of smoothness wm,d(f, (n)’l)p for a given p > 0 by choosing m large enough.
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