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Abstract In this paper we propose to develop harmonic analysis on the Poincaré
ball B}, a model of the n-dimensional real hyperbolic space. The Poincaré ball B}
is the open ball of the Euclidean n-space R" with radius ¢ > 0, centered at the
origin of R" and equipped with Mobius addition, thus forming a Mobius gyrogroup
where Mobius addition in the ball plays the role of vector addition in R”. For any
t > 0 and an arbitrary parameter o € R we study the (o, f)-translation, the (o, ¢)-
convolution, the eigenfunctions of the (o, f)-Laplace—Beltrami operator, the (o, f)-
Helgason Fourier transform, its inverse transform and the associated Plancherel’s
Theorem, which represent counterparts of standard tools, thus, enabling an effective
theory of hyperbolic harmonic analysis. Moreover, when ¢t — <00 the resulting
hyperbolic harmonic analysis on B} tends to the standard Euclidean harmonic analysis
on R", thus unifying hyperbolic and Euclidean harmonic analysis. As an application
we construct diffusive wavelets on B} .

Keywords Mobius gyrogroup - Helgason—Fourier transform - Spherical functions -
Hyperbolic convolution - Eigenfunctions of the Laplace—Beltrami-operator - Diffusive
wavelets

Communicated by Hans G. Feichtinger.

M. Ferreira ()
School of Technology and Management, Polytechnic Institute of Leiria, Leiria, Portugal
e-mail: milton.ferreira@ipleiria.pt

M. Ferreira

CIDMA - Center for Research and Development in Mathematics and Applications,
Department of Mathematics, University of Aveiro, Aveiro, Portugal

Birkhauser



282 J Fourier Anal Appl (2015) 21:281-317

Mathematics Subject Classification Primary 43A85 - 42B10 - Secondary 44A35 -
20F67

1 Introduction

Mobius addition, @, in the ball B} = {x € R" : |lx|| < ¢} plays a role analogous
to that of vector addition, +, in the Euclidean n-space R”, giving rise to the Mobius
gyrogroup (B}', @), which is analogous to the Euclidean group (R", +) [20,23,25].
Mobius gyrogroup turn out to be isomorphic, in the gyrovector sense, to corresponding
Einstein gyrogroup [23, Sect. 6.19].

The gyrogroup structure is a natural extension of the group structure, discovered
in 1988 by Ungar in the context of Einstein’s velocity addition law [18]. The term
gyrogroup was coined in 1991 [19, 23, Sect. 1.2], following which it has been exten-
sively studied by Ungar and others; see, for instance, [9,10,16,21,23,24,26,27], in
the context of abstract algebra, non-Euclidean geometry, mathematical physics, and
quantum information and computation.

Mobius addition in the open unit disc D = {z € C : |z| < 1} is the well-known
binary operation a @ z = (a + z)(1 + az)~!, a, z € I, given by a fractional linear
transformation. Mobius addition is neither commutative nor associative, but it is both
gyrocommutative and gyroassociative under gyrations defined by gyr [a, b] = (1 +
ab)/(1 4+ ab), a,b € D. The generalisation to higher dimensions of the Mobius
addition is done by considering M&bius transformations on the ball.

Mobius transformations in R” were studied by Vahlen in his seminal but almost
forgotten paper [29]. Their matricial representation and general properties were redis-
covered by Ahlfors [1,2] almost seventy years later, and independently by Hua [13].
Ahlfors noticed that changing the role of the variables in the Mobius transformation on
the ball gives the same Mdobius transformation up to a specific orthogonal transforma-
tion [1]. This orthogonal transformation (denoted by Ungar as Ahlfors rotation) plays
a central role in gyrogroup theory and hyperbolic geometry [22,23] and gives rise
to the gyration operator. Moreover, it can be regarded as an analogue of the Thomas
precession in the theory of special relativity for the Beltrami—Klein model of hyper-
bolic geometry governed by Einstein’s addition of velocities. By incorporating the
gyration operator gyr [a, b] in the algebraic structure, gyrogroup theory repairs the
breakdown of associativity and commutativity. In parallel to these advances, Clifford
algebras appear as an adequate tool for representation of Mobius transformations (see
e.g. [4,28]). For instance, using the Clifford algebra representation the gyration oper-
ator has an explicit spin representation in the case of the Mobius gyrogroup, which
in turn allows the construction of explicit factorisations of the ball with respect to
Mobius addition [8,9].

In this paper we propose to study hyperbolic gyroharmonic analysis on the Poincaré
ball B}. With this aim in mind we generalize the results obtained in [17]. The goal of
our study is two-fold: first, to understand how the gyration operator affects harmonic
analysis on the ball; second, to set the stage for an operator calculus in the framework of
wavelet analysis, Gabor analysis, and diffusive wavelets on the ball using the algebraic
structure of the Mobius gyrogroup.
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In our approach we consider a generalised Laplace—Beltrami operator on the ball
depending on the radius ¢ € R and on an additional parameter ¢ € R. This operator
is a variation of the common Laplace—Beltrami operator, or conformal Laplacian
on the unit ball, which plays an important role in scattering and potential theory. It
has connections with other equations like the Weinstein equation (see e.g. [17] and
references therein). Using the gyrolanguage we prove new theorems like a Young’s
inequality for the (o, t)-convolution (Theorem 1), the gyrotranslation invariance of
the (o, t)-convolution (Theorem 2), the gyroassociative law of the (o, ¢)-convolution
(Theorem 3), and the generalised convolution theorem with respect to the (o, f)-
Helgason Fourier transform (Theorem 5). Each of those theorems involves the gyration
operator in a natural way. In the context of the unit ball [17] and symmetric spaces
[11,12] Theorems 3 and 5 are known only in the radial case. In contrast, the gyrogroup
theoretic techniques used in this paper enable us to remove the radial condition. It is
interesting to explore the translation of these theorems to other models of hyperbolic
geometry as, for instance, the upper half space or the hyperboloid, and more generally,
Riemannian globally symmetric spaces of noncompact type, but we will not address
these problems here.

The paper is organised as follows. In Sect. 2 we present the M&bius addition in the
ball B} and its properties. Sections 3 and 4 are dedicated to the study of the (o, t)-
translation and the (o, t)-convolution. In Sect. 5 we construct the eigenfunctions of
the generalised Laplace—Beltrami operator and study the associated (o, f)-spherical
functions. In Sect. 6 we define the (o, #)-Helgason Fourier transform, which is the
relativistic counterpart of the Euclidean Fourier transform. In Sect. 7 we obtain the
inversion formula for the (o, #)-Helgason Fourier transform, the Plancherel’s Theo-
rem, and show that in the limit r — 400 we recover the inverse Fourier transform and
Plancherel’s Theorem in Euclidean harmonic analysis. Finally, in Sect. 8 we construct
diffusive wavelets on B} arising from the heat kernel associated to the generalised
Laplace—Beltrami operator A, ;. Two appendices, A and B, concerning all neces-
sary facts on spherical harmonics and Jacobi functions, are found at the end of the
article.

2 Mobius Addition in the Ball

The Poincaré ball model of n-dimensional hyperbolic geometry is the open ball B} =
{x e R": ||x|| <t} of R", endowed with the Poincaré metric

_dx12+~-~+dx,%
=——Q"
(1—"f2")

The Poincaré metric is normalised so that in the limit case + — +o00 one recovers the
Euclidean metric. The group M (B/") of all conformal orientation preserving transfor-
mations of B} is given by the mappings K ¢,, where K € SO(n) and ¢, are Mobius
transformations on B} given by (see [2,9])

ds>
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ax

-1
(pa(_x):(a +x) (1—[—2) (])
0+ t% (a,x) + tl2||x||2)a + (1 - [l2||a||2)x

1+ 3 (a, x) + Kllal?|x|?

2

where a, x € B}, (a, x) being the usual scalar product in R", and |x|| being the
Euclidean norm. Furthermore, ax stands for the Clifford multiplication which we now
recall. The Clifford algebra Cfp , over R" is the associative real algebra generated
by R" and R subject to the relation x2 = —|lx||?, for all x € R”. Therefore, given
an orthonormal basis {e;};_; of R" we have the multiplication rules: e;e; + exe; =

0,7 # k, and e? = —1,j =1,...,n. Any non-zero vector x € R" is invertible and
its inverse is given by x ™! = —m. The geometric product between two vectors is
given by

1 1
Xy =3 (xy + yx) + E(xy — yx)

involving the symmetric part % (xy + yx) = —(x, y) and the anti-symmetric part
%(xy — yx) = x Ay, also known as the outer product. The norm in R” can be
extended to (¢, and then, for two vectors we have ||xy| = |/x||||yll. This equality
is not true for general elements in the Clifford algebra. For more details about the
Clifford product and the Clifford norm see [5,9]. In order to endow the manifold B}
with an algebraic structure one defines the Mobius addition as

a®x:=g@.x), a,xeB 3)

In [9] we proved that (B?, @) is a gyrogroup, i.e., the following properties hold:

(P1) There is a left identity: 0 @ a = a, for all a € BY;
(P2) There is a left inverse: (©a) ® a = 0, for all a € BY;
(P3) Mobius addition is gyroassociative, that is, for any a, b, ¢ € B}

a®b®c)=(adb) ®gyrla,b]c. 4)
_ % _ ba
Here gyr [a, b]lc = J " — is the gyration operator [9], which

c

-] [1-%
corresponds to a spin rotation induced by an element of the group Spin(n) (double
covering group of SO(n));

(P4) The gyroautomorphism gyr [a, b] possesses the left loop property

gyr[a, b] = gyr[a @ b, b].
We remark that ©a = —a and Mobius addition (3) corresponds to a left gyrotrans-

lation as defined in [23]. In the limit # — 400, the ball B} expands to the whole of
the space R", Mobius addition reduces to vector addition in R” and, therefore, the
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gyrogroup (B?, @) reduces to the translation group (R”, +). The Mobius gyrogroup
is gyrocommutative since Mobius addition satisfies the property

a®b=gyrla,bl(b®a). )

Some useful gyrogroup identities ([23], pp. 48 and 68) that will be used in this article
are

& (a ®b) = (0a) @ (Ob) (6)
a® ((©a)@®b)=b )
(gyrla,b) ™" = gyr[b. d] (8)
gyrla ® b, ©al = gyr[a, b] ©)
gyr[©a, ©b] = gyr [a, b] (10)
gyrla,&al =1 (11)
gyra, blb @ (@@ c) =@ ®b) e (12)

Properties (8) and (9) are valid for general gyrogroups while properties (6) and (12)
are valid only for gyrocommutative gyrogroups. Combining formulas (9) and (12)
with (8) we obtain new identities

eyr[©a.a ® b] = gyr [b. ] (13)

b®(a®c)=gyrlb,al((a ®b) ®c). (14)

Mobius transformations (1) satisfy the following useful relations

(@+x) (1—‘;—;‘)_1 =(1—);—§Z)_1(a+x) (15)
and 5 (1 _ uauz) (1 _ uxnz)
| — Ilsoat(;c)ll _ ‘zz e ) (16)
-

In the special case when n = 1, the Mdbius gyrogroup becomes a group since
gyrations are trivial (a trivial map being the identity map). Forn > 2 the gyrosemidirect
product [23] of (B}, @) and Spin(n) gives a group B} X oy Spin(n) for the operation

1— as1bsy
_ 7
(a,s1)(b,s2) = | a & (s1b5)), ————=s152
1— aslfxl H
‘

We remark that this group is a realisation of the proper Lorentz group Spin™ (1, n)
(double covering group of SO (1, n)). In the limit# — oo the group B} Xy, Spin(n)
reduces to the Euclidean group E(n) = R” xSpin(n). The harmonic analysis presented

Birkhauser



286 J Fourier Anal Appl (2015) 21:281-317

in this paper is associated to the family of Laplace—Beltrami operators A, ; defined

by
[lx12 [lx 12 20 o
Aa,l:(l_ [2 )((1— [2 A—t—z(x,V)+t—2(2—n—a) s

o eR,t eRT.

These operators are considered in [17] for the case of the unit ball. The case 0 =2 —n
and r = 1 corresponds to the conformally invariant operator associated to the Poincaré
disk model. In the limit # — 400 the operator A, ; reduces to the Laplace operator
in R". Therefore, harmonic analysis associated to A, ; in B} provides a link between
hyperbolic harmonic analysis and the classic harmonic analysis in R”.

3 The (o, t)-Translation

Definition 1 For a function f defined on B and a € B} we define the (o, 1)-
translation t, f of f by

7o f(x) = f((—=a) ® x) ja(x) (17)
with
n+o—2 o —
o e\ | — laf 5
Ja) = | —— = : . (18)

2 2
1= 3(a, x) + el

H1+j‘—§ ;

The multiplicative factor j,(x) is a positive function and agrees with the Jacobian of
the transformation ¢_,(x) = (—a) @& x when 0 = n + 2. In the case 0 = 2 — n the
(o, t)-translation reduces to 7, f(x) = f((—a) & x). Moreover, for any o € R, we
obtaininthelimitz — oo the Euclidean translation operator 7, f (x) = f(—a+x) =

fx—a.

Lemma 1 Foranya,b,x,y € B} the following relations hold

(i) Jjoa(—x) = ja(x) (19)
(i) Jja(@)ja(0) =1 (20)
(i) Jja(x) = jx (@) ja(0)jx (x) 1)
(V) Ja@®x) = (jog(x) ™! (22)
V) Jcay@r(0) = jra—a)(0) = jr(@)ja(0) = ja(x) ) (0) (23)
Vi) Jayor (—a) ® x) = (o) jr(x) (24)
(ViD) Ty (X) = [T—ajx ()1jx () jy (0) (25)
(viil) T_gjqa(x) =1 (26)
(%) Tajy(X) = jagy(x) 27)
(X) Taf(x) = [ f(—gyr[x, ala)] ja(0) jx (x) (28)
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(xi) T f(x) = Tpea f (YT [a, D] x) (29)
(i) T-aTa f(x) = f(x) (30)
(xiii) 1p7a f(x) = [t-pTx f(—gyr [=b, x @ al gyr[x, ala)] ja(0) jx (x). (31)

Proof In the proof we use the following properties of the Clifford product:
a®> = —||la|* and |ab|l = |a|||b| foranya,b e B! C R".

Identities (19)-(21) can be easily verified by definition. Now we prove equality (22):

nto—2
2

1 — la)?
12

Jala ® x) = 2

-1
1+ 4@+n (1-%)

nto—2

| — lal?
t

2
1—”{‘—;‘+t%(a+x)H Hl—f—;‘

n+o—2
| —ax ’
ﬁ
= ________TT_
1 — Lo
= (joax) .

Equality (23) follows from (16):

n+o—2
nto—2 lla® Jlx |2
J—ay@x(0) = (1 — —ll(p_a(x)”z) o (1 B f_z) (1 2 )
—Ox Y = 2 - 2
! ‘ 149
= ja(x)jx(o)
= jx(a)ja(0).

Equality (24) follows from (20) and (23) since we have
Jeaor (—a) @ x) = Graax (0D = (Ga(x)jx ()" = Ga()) ™ e (x).

To prove equality (25) we note first that by (16) we can write j,(x) as

nto—2
| = lea@iZ\ 2
Ja(x) = BE (32)
1 - fT
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By definition we have
Tajy(X) = jy((=a) & x) ja(x) = jy(9—a(x)) ja(x).
Since

P—y(p—a(x)) = (—=y) ® ((—a) ®x)  (by (3))
=-(®@®e(—x)) (by(6)
= —gyr[y.al((a®y) @ (—x))  (by (14))
= —gyrly, algagy(=x)  (by (3))

then [|@_y(¢_q (X)) || = l@agy(—x)|l and by (32) and (16) we obtain

n+to—2

1 — leaey 012 2
. 2
Jy(p—a() = [ —————

2
1 — Lol

n+o—2

2 2 2
(1 — lagyl ) (1 — 1y )
B oy || llg—a (0112 59
Hl n xatzy (1 _ w_alzx )
nt+o—2

(=)= ) 0,

2 2 5
"1_7_; HH@‘ (1_ ||¢_(;§x>u)

Therefore, by (34) and (26) we obtain

Tajy(x) = jy(‘p—a(x))ja(x)
= Jx(@® y)j-a(y)Jjx(x)Jjy(0)
= [T—ajx (M)]1Jx (%) jy(0).

The proof of this identity can also be done using definition (18) with the Clifford
product. Equality (26) follows from (22):

T aja(¥) = ja(@®x)ja(x) = (j_a(x) "' jalx) = 1.
Equality (27) follows from (33) and (32):
Tajy () = jy(@-a (X)) ja(X) = Jagy(X).
To prove (28) we have the following identities:

[z f(=gyr [x, ala)]ja(0) jx (x) = f(=gyr [x, (=x) @ a] (=x) ® a)) jx(a) ja(0) jx(x)
= f(=gyrla, —x] ((—x) ® a)) ja(x) (by (13), (21))
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= f(=(a ® (—x))) ja(x) (by (5))
= f((—a) ® x) ja(x) (by (6))
=1, f(x).

Now we prove equality (29):

WTaf(x) = f((=a) ® (=D) ® X)) Tpja(x) (by (17))
= flgyrl=a, =bl(((=b) & (=) & X)) jpga(x) (by (14), (27))
= f(gyrla, b]((—(b @ a)) & x)) jpga(x) (by (10), (6))
= Tyea f(gyrla, blx) (by (17)).

Equality (30) follows from (29) considering b = —a since (—a) & a = 0 and
gyr [a, —a] = I by (11). Finally, we prove the last identity:

[T—pTx f(—gyr[—b, x ® al gyr [x, ala)] ja(0) jx (x) =
= [t_pf(=gyr[—b,x ® ((—x) D a))]gyr[x, (—x) D a] ((—x) @ a)) jx(a)]
X ja(0) jx (x) (by (17))
[f(—gyr[—=b,b®algyrx, (—x) ® (b D a)] ((—x) & (b D a)))
X (T—pjx(@)] ja(0) jx (x) (by (17), (7))
f(—gyrla,blgyr[b®a, —x] ((—x) ® (b @ a))) tpja(x) (by (13), (25))
f(=gyrla,b] (b ®a) ® (—x))) tpja(x) (by (5))
f(=(@® (bd(—x))) wja(x) (by (14))
f((=a) ® ((=b) ® x)) 1pju(x) (by (6))
T f((—a) ® x) ju(x) (by (17))
e f(x) (by (17)).

O

Corollary 1 Let f be a radial function defined on B}, i.e. f(x) = f(||lx|)), Vx € B}.
Then for any a, b, x € B} we have

O tafx) = [t f(@)]Ja(0) jx (x); (35)
() Taf(X) = Thga f (X); (36)
(i) T f(x) = [1-pTx f(@)] Ja(0) jx (x). (37

Before we prove that the generalised Laplace—Beltrami operator A, ; commutes
with (o, t)-translations we present a representation formula for the operator A, ; using
the Laplace operator in R”.

Proposition 1 For each f € C*(B") and a € B

c(2—n—o0)

(Ao )@ = (ja0) ' Alr—a )(0) + —Qa  J@ (38)
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Proof Let a € B} and denote by T1, ..., T, the coordinates of the mapping ¢, (x).
Then by the chain rule we have

n

A(t—q ))(0) = Z

] ax (a )Zaﬂw)—(owZ—(a)ZaaT;‘(m

aT; 0j_q
XJa(0)+2Z ()Z—"(O)’ (0)+f<)z 2(0)

Since
Tx llal? P lall*\ Qax — 4aidy.i)
7 O = (1 - —) S.i 8_?(0) = (1 - ) P
and Iy 5 )
’ 0 = a0+ 0 - 2)‘“ (%
9% j—a _(n+o—2((n+o)al — |al?)
= (0) = ja(0) 2 :
we obtain by putting p, = 1 — ‘“”2
2—n—
AT f)O) = ja(O)pta (MaAf(a) Z a—f wﬂm)
k=
2 —
o 2 D £ (@)ja(0)
2
— ju® ((Aa,ffxa) 2CD fa ))

Therefore, we get

2 —
(Aos (@) = (ja(0) " A(r_a /)(0) + Wﬂa»

Proposition 2 The operator A, ; commutes with (o, t)-translations, i.e.

Aor(tof) =w(Aoif) Y feCiBY), Vb e B

) Birkhduser
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Proof Using (38) we have

2 —
Aot (T f)(@) = (ja(0) " Alr_ap f)(0) + O(t—za)fbf(a)

= (Ja(O)'Af(=b) @ (@ ® ) T_ajb (X)) =0 +

2 —
+%f«—b) & a) j(a).

Now, since
(D)@ (@®x)=({(=b)Da)®gyr[—b,alx (by (4)

and

T_ajp(X) = j—ay@p(x)  (by (27))
= jre—a)(gyr[b, —alx)  (by (5), (8))
= jpo(—a)(gyr[—b,alx)  (by (10))

then together with the invariance of A under the group SO(#n), (23) and (19) we obtain

Noi( )@ = (ja(0) " Af(—b)®a)Dgyr [—b. alx) jbe(—a) (@Y [=b. alx)) [x=o

2 —
+Wf((—b) ® a) j(a)

%”)ﬂ(—b) ® a) j(a)

= (nwa ) jp(@ AT (—by@a) /) (©0)

2
— GO Ao HO) + 2

c(2—n—o) . .
Tf((—b) @ a)jp(a) = (Ao [)((=b) ® a) jy(a)
= 1(Ag f)(a).

m}

For studying some LZ2-properties of the invariant Laplace Ay and the (o, t)-
translation we consider the weighted Hilbert space L?(B", duy.,) with

o—2
[lx 12

dig,(x) = (1 - t_z) dx,

where dx stands for the Lebesgue measure in R”. For the special case 0 = 2 — n we
recover the invariant measure associated to the Mobius transformations ¢, (x).

Proposition 3 For f, g € Lz(IBB?, dis,t) and a € B} we have

/B Taf () 8(0) dpto s (x) = /B ) Tag () dto s (x). (39)
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Proof By definition we have
1= /B T f (1) 8() dpo(x) = /B (=) @ 0)ja () 8 dpos ().
t t
Making the change of variables (—a) & x = z, whichis equivalentby (7)tox = a®z,

the measure becomes

n

1 - w 2\ 0—2
dtoila®z) = | —— (1 _ ”CI?—QZ”) i
| 1-
= (j-a(2)? ditos(2) (by (16), (18)). “0)

Therefore, it follows
I = /}Bn F@jaa®z) ga®z)(j-u(2)? ditos(2)
= /IB" f (@) ga® 2)t—aja(2)j-a(2) dito,:(2)

= /Bn f(2) 1-ag(2) dio,i(z) (by (26)).

Corollary 2 For f, g € LZ(B;;’ due,) and a € B} we have

® /]B” Ta f (X) ditg (x) = /B" J ) j—a(x) dppoi(x); (41)

t

) o =2=nthen [ uf()dueio) = [ F0) ditouto)
B B
i) Nafllo = £l

From Corollary 2 we see that the (o, t)-translation 7, is an unitary operator in
Lz(Bf, dts,;) and the measure d i, ; is translation invariant only for the case o =
2—n.

An important property of the Laplace operator in R” is that it is a self-adjoint
operator. The same holds for the hyperbolic operator A, ; due to the representation
formula (38) (see [17] for the proof in the case t = 1).

4 The (o, t)-Convolution
In this section we define the (o, ¢)-convolution of two functions, we study its properties

and we establish the respective Young’s inequality and gyroassociative law. In the limit
t — 400 both definitions and properties tend to their Euclidean counterparts.
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Definition 2 The (o, t)-convolution of two measurable functions f and g is given by
(f*8)x) = /Bn FONTg(=y)jx(x) dino (y), x € By (42)
t

The (o, t)-convolution is commutative, i.e., f * g = g * f. This can be seen by
(39) and a change of variables z — —y. It is well defined only for o < 1 as the next
proposition shows.

Proposition4 Foro < 1l and f, g € Ll(IB%;’, dlig,y) the (o, t)-convolution is well
defined and satisfies the inequality

[If*glh < CollfIl1Iglh (43)
where g(r) = ess Supg g1 8(gyr [y, rélr&) for any r € [0, t[, and
yeBy
1 if o €]2 —n,0[

c, = | Ta/ra—o)
r(352)r(%52)

Proof Using (28), (20), (41), and (19) we have

if o €]—00,2—n]UI0, 1["

I = /Ias" 1Txg (=) Jjx (x) dpto,r (x)

= /B" ITyg(gyr [y, x1x)1jx (0) jy (V) jx (x) dho1 (x)

= /B” g (gyr [y, x10) | j—y (x) j—y (=) d 1o, (X)

o2

t 2
=An /0 (1—;—2) "t dr /S 18T Iy rEIr )y (rE) oy () do (6).

In the last equality we have used polar coordinates r&, with € [0, [ and £ € S" !,

and the normalised surface area do (§) = d§/A,,—1, with A,,_{ being the surface area

of S"~!. For each r € [0, t[ we consider g(r) = ess SUPg -1 g(gyr [y, r&lré) =
yeB}

€8S SUPg cgn1 g(ré€). By similar arguments as in ([17], Lemma é.12) we have

/S ey () joy(=y) do(€) = C,

forall y e B}, r € [0, ¢[, and o < 1. Therefore,
/IB%” [Tx8 (=) jx (%) dpo (x) < Collgll1-
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Finally,

d“’ﬂ',l‘(x)

1 * gl =/
By

= /IB” /IB” | f D) T g (=) Jjix (X) dito e (¥) dpto,e (x)

— [ 17 ( [, It duo,z(x)) 1t ()
< G I I IIEIh.

/]B" SO T8 (=) jx (%) dite 1 (y)

m}

In the special case when g is aradial function we obtain as a corollary that || fxg||; <
CslIf11llglli since g = g. We can also prove that for f € L*(B}, dus,) and
gelL! (B}, dus,:) we have the inequality

I1f * glloo = Co lIg111 11 f1loc- (44)

By (43), (44), and the Riesz—Thorin interpolation Theorem we further obtain for
feLP(B", dus,) and g € L'(B", duy.,) the inequality

I1f*gllp < Co lIglh 11 f11p-

To obtain a Young’s inequality for the (o, ¢)-convolution we consider only the case
o<2-—n.

Theorem 1 Let o0 < 2 —n,1 < p,q,r < 00, %+% = 1+%,s = 1—%,
feLlPB},due,)and g € L1(B}, dg,). Then
2—n—o  __ 1—s s
If gl =4 2 Igllg " Hglly I1Lf1lp (45)

where g(x) := ess supyepr §(yr [y, x1x), for any x € BY.

Proof First case: p = 1 and r = ¢. The following estimate is used in the proof:

S je () <4757 Va,y € B, Vo €] — 00,2 —nl. (46)
Then, considering K = || f * gl|; we have
q 1/q
K = (/ / SOt (=) jx (x) dpo,1 (¥) dua,z(x))
By | /B!

l/q
5/ If(y)l(/ Irxg(—y)jx(x)l"dun,t(x))
B! B!
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dug,r(y) (Minkowski’s inequality)

l/q
= /153" If(y)l(/Bn 1g(x @ (=) jx () jx ()9 dua,z(X)) dug,(y) (by (17))

1/q

= [ 1o ( [, eyt =31 @ s iy )l dua,toc)) d1io.s ()

(by (5), 21), (20))

1/q

= /B" [f I (/]B lg(eyr [y ® z, —y12) jy (v ® 2) jy M1 Gy (—2))* d,U«a,t(Z))

dug, (y)(change of variables z = (—y) @ x < x =y @ z, and (40))

1/q

:/IB” [f () (/B lg(eyr [y @ 2121 Gy (v @ 2 jy D)L jy (=2)jy () duo,z(z))

dug,: (y)(by (26))

1/q
<4¥%" /B nlf(y)l( /B lg(eyr [y, 212)/ dua,z(z)) diou(y) (by (9). (46))

2—n—o

47 |If1 11glg

Second case: r = oo and % + é = 1. Then,

[1f *gllooc < sup [ f (Nt g(=y)jx ()] d s, ()

xeB JBY

1/q
< sup ||f||p(/Bn lg(x & (—y))jx(y)jx(X)quua,z(y)) (Holder)

xeB}

1/q
= |[flp sup (/B |g(2)Jjx(x & (—Z))jx(x)l"(jx(Z))zdua,t(Z))

xeB}

(change of variables z = x @ (—y) <& y = x @ (—z), and (40))

1/q
= [[fllp sup (/B 18219 (jix (x ® (—2)) je ()T i (2) i (x) dﬂ(r,t(z))

xeB}

(by (46))
2-n

<471l llglly (by (26)).

General case: Let1 < g <ooand g € LY(B}, dui, ). Considering the linear operator
T defined by T, (f) = f * g we have by the previous cases

—n—

2 o .
ITe(Hllg <477 118l 11 fIh, e T:L'— L

and

2—n—o

ITe(Hlloo <42 llgllg 1 f1lp, ie. T:LP— L%
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with 1/p 4+ 1/g = 1. By the Riesz—Thorin interpolation theorem we obtain

2-n—o __ 1_
T (O <477 111, llglly 1111,

with 3+ 2 =1+ fands =12, O

Corollary 3 Letro <2 —n, 1 < p,q,r < 00, %+ % =1+ feLP®B! dusy)

and g € L1(B}, due,) a radial function. Then,

2—n—o

gl =42 Igllg 1Lf 1l p- (47)

Remark 1 For 0 = 2 — n and taking the limit # — +o00 in (45) we recover Young’s
inequality for the Euclidean convolution in R” since in the limit g = g.

Another important property of the Euclidean convolution is its translation invari-
ance. In the hyperbolic case the convolution is gyrotranslation invariant.

Theorem 2 The (o, t)-convolution is gyrotranslation invariant, i.e.,

ta(f* 8)(x) = (za f () * g(gyr [—a, x]-))(x). (48)

Proof By (17), (42), and (24) we have

ta(f % @) (x) = (f * ) ((=a) ® x) ja(x)
= /IB%" F D Ta@x8(=Y) jayex (=a) © x) ja(x) dite (y)

= /IB%” Tt —ay@x8(—=y) jx(xX) d o, ().
From (29) we can easily conclude that

Thga [ (X) = TpTa f(gyr [b, a]x) (49)

since gyr [a, blgyr [b, a] = I by (8). Therefore, applying (49) we obtain
Ta(f *8)(x) = /Bn T Tayexg(=y) jx (X) ditg,: (y)
= /Bn J W t-atxg(=gyr[—a, x1y) jx(x) dpio: (y)

= /B Ta f () 7eg(—gyr[=a. x1y) jx (x) dito.(y)  (by (39)

= (ta f () * g(gyr[—a, x]-))(x).
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In Theorem 2 if g is a radial function then we obtain the translation invariant
property 7, (f * g) = (t, f) * g. The next theorem shows that the (o, ¢)-convolution
is gyroassociative.

Theorem 3 If f, g, h € L' (B!, dji,,) then

(f *a (g #x (@) = (((f (x) *y glgyr[a, —(y & 0)]gyr [y, x]1x) () *a h()) (@)
(50)

Proof The result of the theorem is proved in the following chain of equations:
(f * (g*xh))(a) = /IB" J ) Ta(h* g)(=x)jala) djpo(x) (gxh =hx*g)
= /IB” J @) (h*g)(a @ (=x))ja(x)jala) dito s (x) (by (18))

- /IB%;’ T /Bf 7 Taw (08 (~Y)Jao(-0 (@ © (=) ja(¥) 1t (¥) Ja(@)

dft,s (x)(by (42))

= /IB%;‘ f(X)/B?h(y)rar_xg(—gyr [a, =x1y) jx (¥) d 1o, (¥) ja(@) djic, (x)
(by (19), (24), (49))

= /JB," f(X)/JB%;“ Tah(y)T—xg(=gyrla, —x1y) jx (x) Aot (¥) ja(@) i (x)
(by (39))

- /B St /m h(a ® y)j-a()g(=gyrla, —x](x ® y))j-x () j (x)
Ao (y) ja(@) dito,(x)(by (18))

= /B? f(X)/B;’ tah(=y)Txg(gyrla, —x1) jx (X) d o1 (y) ja(a) dptei(x)
(by change y = —y, (19), (17))

= / , ) /B , FOT8 @yl I jo () ditos () Jo @) o)

(Fubini)

= /B Tah(=Y) /w FTygegyrla, —(v & 0)lgyr [y, x1x)jy () d o (x) ja(a)

dus(y)(by (28), (20))
= (((f(x) *y g(gyrla, —(y ® x)]gyr [y, x1x) () *a h(¥))(@).

O

Corollary 4 If f, g, h € LI(IB%’}, diie,) and g is a radial function then the (o, t)-
convolution is associative. i.e.,

fx(gxh)=(f*g) *h.
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From Theorem 3 we see that the (o, #)-convolution is associative up to a gyration of
the argument of the function g. However, if g is aradial function then the corresponding
gyration is trivial (that is, it is the identity map) and therefore the (o, t)-convolution
becomes associative. Moreover, in the limit t — 400 gyrations reduce to the identity,
so that formula (50) becomes associative in the Euclidean case. If we denote by

(IB%, , dLs.1) the subspace of L! (B}, dug,;) consisting of radial functions then, for
oc<1,L! r B, dus,) is a commutative associative Banach algebra under the (o, ¢)-
convolutlon

5 Eigenfunctions of A, ;

We begin by defining the (o, t)-hyperbolic plane waves which are the relativistic
counterpart of the Euclidean plane waves and proceed with the study of its properties.

Definition 3 For A € C, £ € " !, and x € B} we define the functions e; ¢.; by

e (x) = PESETVR (5D
X 2 2

Proposition 5 The function e ¢, is an eigenfunction of As; with eigenvalue

2
_Uog? g2

Proof Since

-2
A _(q o o (12 KPPy e
e e1(x) ={(I—o+idt) (=1 —o +irr) (1 - 2 p”

2\ —1 . .

141t — 141Xt

—( -0 +ir) (1— ”x2” ) ( +21 ) — 1+ 1)
! ! ! e - )*

L L <xs
2 (Ao tirnm—1 +irn (1= 12 2
l‘2 O —+1 n 1 t2 ~ 2

and

2 x _§
Ve/\,s;z(X)=(—(1—a+iM)(l—ut—zn) —(n—14ir)——1 )q,g;;(x)
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then we have, by straightforward computations,

)12\ X112\ [ 20
Aa,te)»,é;l(x)z 1 - 2 Ae}»,s;t(x)'i‘ 1 - 12 —t—2<x,V€)\yg;l()€))

c2—n—o0)
+t—2€;\,g;z(X))

1— 2
=— ((t—f) + xz) e (X).

O
The (o, 1)-hyperbolic plane waves e, ¢:;(x) converge in the limit 7 — +o0 to the
Euclidean plane waves el where n = Xx¢ € R", for L € R. For x € R", choose
to > 0 such that x € B,’é. Then x € B} for all ¢ > fy and, moreover,
_ (n=1+irr) 2—n—o
e (x) = (12 + X2 21 (x, &) ) . (1 ||x||2) 2
&rX) = - -
22— x> 2= x? 12
_ (n—14irt) 2—n—o
_ t2+||x||2_g<y§) ooy

2 .
where y = ﬂ—th € R". Letting t — +00 we observe that y tends to x and

—ix
. : 20, m\ 7?2 _
1 . = 1 1-— — ellx.m) 32
z—>15-noo e)"é’t(x) t—g—noo |:( t ¢ ’ ( )
with n = A& € R". Moreover, the eigenvalues of A, ; converge to —12 = —|In|?,

which are the eigenvalues of the Laplace operator in R" associated to the eigen-
functions '™ In the Euclidean case given two eigenfunctions e'(*-*¢) and !*-7©) |
L.y € R, & w e S"! of the Laplace operator with eigenvalues —A” and —y? respec-
tively, the product of the two eigenfunctions is again an eigenfunction of the Laplace
operator with eigenvalue —(A2+ yz + 21y (€, w)). Indeed,

A(ei(x,ké)ei(x,yw)) — _||A.%—+yw||26i(x'AS+yw> — _()\’2_’_3/2_'_2)\’7/ <§’ w))ei(x,)»é-f-yw)'

Unfortunately, in the hyperbolic case this is no longer true in general. The only excep-
tion is the case n = 1 and o = 1 as the next proposition shows.

Proposition 6 Forn > 2 the product of two eigenfunctions of Ay ; is not an eigenfunc-

tion of Ao 1 and forn = 1 the product of two eigenfunctions of Ay ; is an eigenfunction
of Ag,; only in the case o = 1.
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Proof Forn > 1, f, g € CZ(IBS;’) the Leibniz rule for A, ; is given by

2
Aot (f8) = (Ao f)g + (Do) +2 (1 - u) (Vf.Veg)

o2—n-0) Ilx]1?

———77——(1—t2 fg. (53)
Considering e; ¢, and ey, ., two eigenfunctions of A ; with eigenvalues — @ —2?
and — (17—2“)2 — y? respectively, we obtain by (53) and Proposition 5

Agi(engr(X)ey o (X))

2(1—0)? 2
=[_% 22 y2+2((1—o+m)(1—a+1 t)u
2 1 lxl? =t {x, o)
+(1—o+irt)(n —14+iyt) (1 — = 5
X
A P

+(1 —o +iyt)(n — 1 +iAr)

(-5

||x||2 x> =1, o)

|- e T
|5 =l

. . ( llx ||2) 1

Hn =14 irn e — iy (1-=5-)

4

XMW—t@wﬁ—MLSH%N&w)
|5 —&]* % - 0|
c(2—n—o) [lx ]2

2 (1 - 2 )i| ek,é;t(x)ey,w;t(x)-

Therefore, for n > 2 and o € R, the product of two eigenfunctions of A ; is not an
eigenfunction of A, ;. For n = 1 the previous formula reduces to

o—1 x2
Z%Amgdﬂqwﬂﬂ)=[—ﬁ—wﬂ—2M%w+2( p (l_ﬂ

+Hiyxw + i)»xé) ) i| e g1(x)ey v (X).

For o = 1, which corresponds to the case 0 = 2 — n for n = 1, we further obtain

Dot (€31 (X)ey, 00 (0) = = (32 + 12 + 24760 €3 610 (0ey 000 (2).

Thus, only in the case n = 1 and 0 = 1 the product of two eigenfunctions of A, ; is
an eigenfunction of Ay ;.

O
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We remark that in the case when n = 1 and o = 1 the hyperbolic plane waves (51)
are independent of £ since they reduce to

145\
T
ex;t(x)=(1_£)

t

and, therefore, the exponential law is valid, i.e., €;;;(X)ey ./ (x) = exty; (X).

For the special case when o = 2 —n the (o, t)-hyperbolic plane waves (51) defined
on B become the hyperbolic plane waves defined on the hyperboloid H, of radius
t embedded in R"*! (see [3]). Considering the coordinates z = (z9,z) € Hn+ where
z0 = t cosh(a) and z = ¢ sinh(a)n, with @ € RT and n € S"~!, and the change of

. . 2 2 . . .
variables given by cosh(«) = % and sinh(a) = %, withx € B}, we obtain
the functions

n—1+irt

®; £ (z) = (cosh(a) — sinh(a) (n, &))" 2 (n=x/lxI)

Y,
_ (zo—-@,§>) 2
o f

These functions are also known as Shapiro functions and they form a complete orthog-
onal Dirac basis on the hyperboloid (see [3]), satisfying:

_— A A
/ D). £(2) Pu /(2) du(z) = @m)"' N (A1) (—é——é’) (54)
H; 2 2
where

régh [ (g )"—1
| \2)
(55)
Therefore, in the case 0 = 2 — n, since du(z) = 2"d s (x) under the change of
variables above, and §(A/2) = 2"§(A) by the scaling property of the §-function, it
is easy to see that the functions e, _¢.; form a complete orthogonal Dirac basis on B}
satisfying

di(z) = t"sinh" "(@)dadn and N® () =

/B Lenga () e g (6) dito (x) = Q)" N s (hg — XE).

t

In the Euclidean case the translation of the Euclidean plane waves ¢'™*¢) decom-
poses into the product of two plane waves one being a modulation. In the hyperbolic
case we have an analogous result for the (o, t)-translation of the (o, 1)-hyperbolic plane
waves but it appears a Mobius transformation acting on S~ ! as the next proposition
shows.
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Proposition 7 The (o, t)-translation of ey, g, admits the factorisation
Ta€y &t (x) = ja(0) ek‘é;t(_a) ek,a@é;t(x)- (56)
Proof By (16), (1) and (15) we have

Tae)»‘é;t(x) = ek,é;t((_a) @ x) ja(x)

l—o+iAt n+o—
1 — lg—a I 2 lal? 5=
. 12 1- 7
_a(xX) n—14iit ax
Hg — a0 1+ 4%
1—o+irt
2 2 -2 2
(=) (=) s ]

[l e (- s e T
i i 1 t 2
1 B Hfzuz n+g—2
Hl + 8
l—oHAt 1—oHAr

2 2.
)

= ||%_+‘t_lHn—1+iM

x> 2 nto=2
(1-1F) | llal?y
) e n—Hir \" T2
(¢ +§) (1—7) —7

= ek,é;t(_a) ek,a@é;t(x) Ja(0).

Remark 2 The fractional linear mappings a € = ¢,(§),a € B}, & € S"~! are given
by

o 2(+Ha) t+ (1- )
a@gz(éﬁ)(l_%) = 1+%<a,é>+(|a2|2 )

t

and map S"~! onto itself for any # > 0 and a € B". In the limit # — +oo they reduce
to the identity mapping on S"~!. Therefore, formula (56) converges in the limit to the
well-known formula in the Euclidean case

ei<fa+x,)»§) — €i(7a’)\§) ei()C,)ui"), a, x, )\’E c Rn

Now we study the radial eigenfunctions of A, ;, which are called (o, )-spherical
functions.
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Definition 4 For each A € C, we define the elementary (o, ¢)-spherical function ¢,
by

%széwfmﬂmddﬁ,XEW- (57)

Using (81) in Appendix 1 and then (83) in Appendix 1 we can write ¢,.; as

Lo tins
2\ 2 n—14ir 14+ir n |x|?
G (x) = (1 - 2 F , . 2

2 2 2
1—o0—iit
_(, Ix12\ 2 F n—1—ix 1—ixt n_|x|? 58)
- 2 2 2 2 2 2 )

Therefore, ¢;.; is a radial function that satisfies ¢,.;, = ¢_y.; i.e., ¢y.; is an even
function of A € C. Putting ||x|| = ttanhs, with s € R*, and applying (84) in
Appendix 1 we have the following relation between ¢,., and the Jacobi functions
(87):

— =ik on—14ik
., (¢ tanh 5) = (cosh s)" 247, 7y (2 W nZ LML Gnh?(s)
’ 2 2 2
5
t

= (cosh sy~ 2+ (37137 (). (59)

The following theorem characterises all (o, #)-spherical functions.

Theorem 4 The function ¢,.; is a (o,t)-spherical function with eigenvalue

—_ 2 . . . .
—% — A% Moreover, if we normalize (o, t)-spherical functions Pyt such that

@5::(0) = 1, then all (o, t)-spherical functions are given by ¢;..;.

Proof By Proposition 5 it is easy to see that ¢,.; is an eigenfunction of A, ; with
2
eigenvalue —(17—2‘7) — 2. Moreover, ¢,.:(0) = 1. For the second part let f be a
(1-0)® _
12

spherical function with eigenvalue — A% and consider

ﬂw_(kjuwyﬁwF(wW)
- 12 12

with F a function defined on B?. Putting | x||> = r? and writing A, in polar coordi-
nates

rz 2*(7 -
N Gt Y AR N A W e R N
ot rn=l1 ar 2) or 12 12
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we see, by straightforward computations, that F satisfies the following hypergeometric

equation:
i O D o Y Oy L P T
— —_— — — —_—— — 1 —
12 12 12 2 2 12
1+irt (n—1+in 2
B +1 n +1 F r —o.
2 2 12

The smooth solutions at 0 of the last equation are multiples of » F

(]+ikl‘ n—14iAt .
2 2

)

5 “’;2”2) . Therefore, by (58) f is a constant multiple of ¢;..;. O

Now we study the asymptotic behavior of ¢;.; at infinity. The resulting c-function is
very important for the inversion of the (o, t)-Helgason Fourier transform.

Lemma 2 For Im()) < 0 we have

s—ljlfoo ¢y (¢ tanh s) e THMFI=S — (1)

where c(\t) is the Harish-Chandra c-function given by

21=0=1M P (0 /2)T (iA1)

r (=L T (1)

c(M) = (60)

Proof Considering (59), (90) in Appendix 2, (89) in Appendix 2 and the limit
liril ¢’/ cosh(s) = 2 we obtain
§—> 100

lim (¢ tanh s) €TI0 = fim G105 (cogh syn=2+o (371570 (g
§—>—+00 §—>00
(7i)\.l+n71).¥
22 "en_yn (1)
2‘*0*'“r(n/2)r(m)
T (n—l;m) T (1+2m> ‘ 61)
O
Finally, we prove the addition formula for the (o, #)-spherical functions.
Proposition 8 Forevery . € C,t € RT, andx,y € B!
TaPp;e(X) = ja(O)/S , epg:6(a) e g (x) do(§)
=i [ enen@ e ) dot@) (©)

Birkhduser



J Fourier Anal Appl (2015) 21:281-317 305

Proof By (56) we have

wbiaD) = [ a0 do ©

— e [ exeul=0) erapa(r) do(©)

Making the change of variables a @ & = &' < & = (—a) @ &’ the measure becomes

B w n—1
do(§) = | —L— do(§).
E/
I+ 412
Therefore,
laj2 \ "
) -
TaPr; (X) = ja(0) /}H e (—aype (—a) e, g1 (x) —aéz do(§).
S 11+ =
Since
n—1 1— a+1M
| lap? ( )
er(~ayeg i (—a) e = o n— 1
- a
i+ |28y (1428) 4
n—1
- Lo
11+ %212
1—o+iAt
2\ — 5
(1 — loJ )
= I —(n—1+irr) o\ n—1+it
J1+F (1-1%)
—1 l1-o—irm
e\ ()
P
) b

SN

)

we have
TaPr;r (X) = ja(0) /SH ey eri(a) e g (x) do(&).
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The second equality follows from the fact that ¢;., is an even function of A, i.e.,
¢A;l = ¢—A;t~ O

6 The (o, t)-Helgason Fourier Transform

Definition 5 For f € C°(B}), A € Cand & € S"~! we define the (o, )-Helgason
Fourier transform of f as

o~

fO, 81 = /IB” J ) en g (x) dpo,i (x). (63)

Remark 3 1f fisaradial functioni.e., f(x) = f(|lx||), then f(k, &; t) is independent
of £ and reduces by (57) to the so called (o, t)-spherical Fourier transform defined by

foin = /B SO G () dptons (). (64)

Moreover, by (52) we recover in the Euclidean limit the Fourier transform in R”".

Since A4 is a self-adjoint operator and by Proposition 5 we obtain the following
result.

Proposition 9 If f € C°(BY) then

— (1—0)? 2\ =~
An,tf(k,é;t)=—(t—2+)» )f(?»,é;t)~ (65)

Now we study the hyperbolic convolution theorem with respect to the (o, f)-
Helgason Fourier transform. We begin with the following lemma.

Lemma 3 Fora € B} and f € Ci°(B})

Tf 0610 = ja(0) ey (@) F O (—a) ®E): D). (66)

Proof By (39), (56) we have

T f g5 = /B T f () e (¥) dito (x)

t

= | F00 T () ditas ()
= Ja(0) e—x,s;z(a)/Bn F(xX) ey, (—ayme;r (X) ditg,: (x)

= ja(0) e_ e.(a) Fr, (—a) ®E; 1).
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Theorem 5 (Generalised Hyperbolic Convolution Theorem) Let f, g € C3°(B}).
Then

Frg0.8) = /B FO) gt B0 (-3 ®ED duos () (67)

where gy(x) = g(gyr [y, x]x).
Proof Let I = m(k, &). We have

I = /Bn (/]B SO teg(=y) jx(x) d,ua,t(y))ek,égl(x) dite, (x)
= /Bn f» (/B T 8(—=y) e_j g1 (x) jx(x)dﬂa,t(x)) dits,(y) (Fubini)
= /Bn ) (/B Tyg(gyr[x, ylx) e_j £ (x) jy(y) dua,t(x)) dire, ()

(by (28), (20))
= /B O TBH0LED () dias ()

= /IB" FO) enga () By (=) ®E: 1) dpuos(y)  (by (66), (20)).

O
Corollary 5 Let f, g € C;°(BY) and g radial. Then
Frg &0 =F0&DE0:0). (68)

Since in the limit ¥ — +o0 gyrations reduce to the identity and (—y) @£ reduces to &,
formula (67) converges in the Euclidean limit to the well-know convolution Theorem:

Fre=T %
Next proposition shows that the Fourier coefficients of a given function f €
Cg°(B}) can be related with the (o, £)-convolution.

Proposition 10 For f € C;°(BY) and A € C,

Frbae = [ Fou&0 enpu) dot@) (©9)

Proof By (62), (20), Fubini’s Theorem, and the fact that ¢, , is a radial function we
have

fxou(x) = /IB%" SO T () jx (X) dine,: (y)

- /B ) ( /S e ) en g () Jx(0) () dc(é)) A1t (7)
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= /Sn—l ( - F) e—k,%‘;t(y) dU«a,t()’)) ek,é;t(X) do (&)

= - FLE ) e g (x) do(E).

7 Inversion of the (o, t)-Helgason Fourier Transform and Plancherel’s Theorem

We obtain first an inversion formula for the radial case, that is, for the (o, )-spherical
Fourier transform and then we will derive a general inversion formula for the (o, #)-
Helgason Fourier transform.

Lemma 4 The (o, t)-spherical Fourier transform H can be written as
H=J1_11-10M,s

where \7%_1’%_1 is the Jacobi transform (86 in Appendix 2) with parameters o« = 8 =
5 — land
(Mg f)(s) := 222" A,_11" (cosh $)>7"7° f(t tanh s). (70)

Proof Integrating (64) in polar coordinates x = r& and making the change of variables
r = t tanh s we obtain

t 2\ 0—2
FOs0) = A /0 F0) $0(r) (1—;—2) " dr

+00
=A,_1 f(ttanhs) ¢_;., (¢ tanhs) (cosh $)72°H42 (tanhs)" ! 1" ds.
0
Applying (59) yields
= e (5-1.5-1) 1 1
fOut) =A, f(ttanhs)g, > > 7(s) (sinhs)""" (coshs) ~7 1" ds
0
2-2 oo 2 (5-15-1)
=2 "A,,_l/o t"(coshs)= 77" f(rtanhs)g,” * 7 (s)
x(2sinh s)" "' (2 coshs)" ! ds
oo (5-1.5-1) - 1 1
:/ (Mo f)(s)g;,; % “(s)(2sinhs)" (2coshs)"™ " ds
0
= (J1_1,2-10 My f)(10).
O

In the sequel C§% (B}) denotes the space of all radial C> functions on By with
1

2—1+2atn—lnAn_l :

compact support and C, ; o =
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Theorem 6 Forall | € COO?R (B}) we have the inversion formula

+00

f@x) =Cnio ; FOs1) e () cOt)| 2 £ d. (71)

Proof Applying the formula (88) (in Appendix 2) for the Jacobi transform and
Lemma 4 we obtain

L N e 2
Mo f(s) = 5— fst) @ (8)|cn_yn y(AD)|  tdA
2 0 2 2
! oo 2—n—o |C()‘t)|_2
= E A f()\,, [) (COShS) ¢);L;;(x) m tdi.

In the last equality we use (59) and (61). By the definition (70) of M, f we obtain
+oo )
f(ttanhs) = Cy 10 FOG 1) e (x) [cR)| " dA.
0
Since t tanh s = r we obtain the desired result. ]

Remark 4 The inversion formula (71) can be written as

Cn,t,a

fx)=—

/IR TG 1) i (x) [e(Ar)| 72 dan (72)

since the integrand is an even function of A € R. Note that f is radial and therefore
f(&; t) is an even function of A, ¢y.; = ¢d_y.s, and [c(—At)| = [c(At)| = |c(rt)], for
reR.

Finally, we state our main results, the inversion formula for the (o, ¢)-Helgason
Fourier transform and the Plancherel’s Theorem.

Theorem 7 If f € C3°(B}) then

+00 R
fx) = Cn,t,a/ i FOLE D) ez () [cON| 2 do () dh.  (73)
0 =
Proof Given f € Cg°(B}) and x, y € B} we consider the radial function
Fx(y) =/ Tx-1. f(=KY) jx(x) dK,
SO(n)

where K € SO(n) and dK is the normalised Haar measure on SO(n). Applying the
inversion formula (71) we get
oo 5
fx) =Chio Fx s 1) @t (p) leAD)[77 dA. (74)
0

Birkhauser



310 J Fourier Anal Appl (2015) 21:281-317

By (64), Fubini’s Theorem, and the change of variables Ky > z we have
Feun) = / (/ Tg-1, J (=KY) jx(x) dK) G5t (¥) dito: (y)
B \JSO)
= / ( F&x @ (=Ky) jr-1x() jx(x) p—:r (¥) dua,t(y))dK
SO(n) \ /B

=/ ( f(x@(_z))jx(z)jx(x)¢A;t(z)dﬂa,t(z))dK
som) \ /B!

_ /B T (2) b (D) () dpt 1 (2)

t

= (f % drn) (). (75)
Since f(x) = fx(0) it follows from (74), (75), and (69) that
+o00 >
F) = Crro /0 7205 8) B 0) 1|2 d

+o0

— Coro /O (f * ) (@) O] 2 dA
“+o00 e

= Cura [ [ T €00 G do @) i

O

Remark 5 Applying the inversion formula (72) in the proof of Theorem 7 we can write
the inversion formula (73) as

fo = / / FOED erea () e 2 do@) dr. (T6)
R Jsi-1

Theorem 8 (Plancherel’s Theorem) The (o, t)-Helgason Fourier transform extends
to an isometry from LZ(B;’, dis.s) onto L2(Rt x s" 1, Cn,,,g|c()nt)|_2d)»do), ie.,

+00 .
/B F@P o (x) = Curo /0 é FOEDP 1G0T do €) di. (T7)

Proof For f, g € C3°(B}') we obtain Parseval’s relation by the inversion formula (73)
and Fubini’s Theorem:

+00 . -
Crto /0 o T EDEOED €001 do(®) di

+00 . -
= Cuso /0 /S  Fougn /E 800 et (0) dpt (1) [e)| 7 do (§) di
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+o0 N -
-/ [c | Fosn e con do dx} 80 dity 1 (x)
=/Bn f(x) g(x) dpg(x).

By taking f = g we obtain (77) for f € C3°(B}) and the result can be extended
to LZ(B;‘, dus,) since Cg°(BY) is dense in LZ(B?, dts,). It remains to prove the
surjectivity of the (o, ¢)-Helgason Fourier transform. This can be done in a similar
way as in [17, Theorem 6.14] and therefore we omit the details. O

Having obtained the main results we now study the limit # — 400 of the previous
results. It is anticipated that in the Euclidean limit we recover the usual inversion
formula for the Fourier transform and Parseval’s Theorem on R”. To see that this is
indeed the case, we begin by noting that from the relation

1
Fr (z + 5) =212 /7T (22)

the c-function (60) simplifies to

270y T (%)
con == (5) T (=)

Therefore, we have

2 : 2
L 27 [P+ )] 4 A-? DO+ 5 o
2= 2 ir - -1 iA ’
<GoP ()| T (%) o r (%)
. s - .
with A, = m being the surface area of S"~'. Finally, using (78) the (o, f)-
2
Helgason inverse Fourier transform (73) simplifies to
Ay [T g +3f
J(x) e /0 i FOL &) e g (x) r ()
1 A\ !
(%)
1 +0oo e )\‘nfl
= AEST . ——— d& di 79
Qm)r /o -1 FO- &0 e’\’g"(x)N(")()»t) : 79

with N® (ir) given by (55). Some particular values are NOG) =1, NOr) =
02 coth(”T“)

coth (%t) s NG = 1, and N(4)()‘t) = T+(a)2

.Since lim N®™ () = 1, for
f——+00
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anyn € Nand A € R* (see [3]), we see that in the Euclidean limit the (o, ¢)-Helgason
inverse Fourier transform (79) converges to the usual inverse Fourier transform in R”
written in polar coordinates:

+o0 )
fx) = / Frg) ™ an=lge gy, x, 1 e R,
0 sn-t

2m)"

Finally, Plancherel’s Theorem (77) can be written as

) _ 1 /+00/ - ' ) )»"_1
/]37 Lf(OI" dpe,i(x) = a0 Jo - lf (2, &5 0)] NG ds dir  (80)

and, therefore, we have an isometry between the spaces L>(B”, d Mo,t) and L2(RT* x

st W_&,)Md}» d&). Applying the limit# — o0 to (80) we recover Plancherel’s

Theorem in R” :

1 +o0 —~
/ 1P dx = — / / | FOE) A" dE dh.
R# @2m)" Jo n-1

8 Diffusive Wavelets on the Ball

The idea of diffusive wavelets is to construct wavelets by a diffusion process. For an
overview of diffusive wavelets on groups and homogeneous spaces we refer to [6,7].

Definition 6 (Diffusive wavelets on a Lie group) Let p, be a diffusive approximate
identity and a(p) > 0 a given weight function. A family v, € L?(G) is called
diffusive wavelet family if it satisfies the admissibility condition

Pt 2/0 &p*wp a(p) dp,

where 1/ufp(g) =Y,(g™h).

We want to construct a diffusive wavelet family from the heat kernel on B} . Let’s
consider the heat equation associated to Ay ; :

Oru(x, 1) = Aa,tu(xv 7) n +
u(x, 0) = f(x) e Bk
where f € C°(B}), T > 0 is the time evolution parameter and u is assumed to
be a C*° function and compactly supported in the spatial variable. Using the (o, t)-
Helgason Fourier transform in the spatial variable and by (65) we obtain

a-0?% ;2
12 )\

m,s,r;t)=e_( )fm,g;[).
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Therefore, by (68) and applying the inverse (o, #)-Helgason Fourier transform, the
solution of the heat equation is given as convolution u(x, 7; t) = (p * f)(x), where
the heat kernel p; ; is given by

(=0)? 2

B R e
D) =e and Pri(x) = ‘7:H €

with ]—';1[-] being the inverse of the (o, f)-Helgason Fourier transform. A closed
formula for the heat kernel in the unit ball was obtained in [17, Thm. 7.3].

Given a weight function «(p) > 0 the heat wavelet family on B} is given on the
Fourier side by (see [6])

1 [ =02
Va(p) 12

In the limit #+ — 400 this wavelet family coincide with the classical heat wavelet
family in R". For f € LZ(IB%;‘) we can define a wavelet transform on the ball by

-2 52
Rt

Vpa (M) =

Wy f(p.bi1) = (f % ¥p.)(b) = /B @) T (=) b (B) dptor (x)

where ¥, (x) = ¥, (—x).
The wavelet transform W : LB}, djio) — L*(Ry x B, a(p)dp diio. (b)) is
a unitary operator and it can be inverted on its range by

+00
fx) =/0 Wy £)p. )% Yp alp)dp  Vf € L*B)).
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Appendix 1: Spherical Harmonics

A spherical harmonic of degree k > 0 denoted by Y} is the restriction to S"~! of a
homogeneous harmonic polynomial in R”. The set of all spherical harmonics of degree
k is denoted by H;(S"~1). This space is a finite dimensional subspace of L(S"~!)
and we have the direct sum decomposition

LZ(Sn—l) — @Hk(Sn_l)-

k=0

The following integrals are obtained from the generalisation of Lemma 2.4 in [17].
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Lemma5 [17] Letv € C,k € Ny, t € RY, and Yy, € Hy(S"™ ). Then

Yi(8) (o nooon IxP) xf
_/Sn—l —”% _E”zv dU(s)— (n/2)k 2 F (k“r‘\), U_E—'—l’ k+§, t_z) t—kYk()C)

where x € B, x' = lxl~'x, (v)x denotes the Pochammer symbol, and do is the

normalised surface measure on S"~'. In particular, when k = 0, we have

1 n n x|
—Udcr(é):zFl (v,v——+1;—; ) (81)
/Sn—l ||)t_c _ 5H2 2 27 2

The Gauss Hypergeometric function ; F is an analytic function for |z| < 1 defined
by

N @b
2Fi(a,b;c;z) = g —(C)k o

with ¢ ¢ —Ny. If Re(c —a — b) > 0 and ¢ ¢ —Ny then exists the limit
lim 5 Fi(a, b; c; t) and equals
t—1—

I'e)l'(c—a—D>b)

Fi(a,b;c;1) = . 82
2F1(a, b;c; 1) Fe —aTc—b) (82)
Some useful properties of this function are
2Fi(a,bic;2) = (1 =) PaFi(c—a,c—bic;2) (83)
2F1(a,b;c;2) = (1 —z2) %2 F) (a,c—b;c; Ll) (84)
7 —
d ab

EzFl(a,b;C;z)=72F1(a+1,b+1;c+l;z)- (85)

Appendix 2: Jacobi Functions

The classical theory of Jacobi functions involves the parameters o, 8, 1 € C (see
[14,15]). Here we introduce the additional parameter ¢ € R since we develop our
hyperbolic harmonic analysis on a ball of arbitrary radius 7. For«, 8,2 € C, t € RT,

and @ # —1, =2, ..., we define the Jacobi transform as
oo @p)
Japg(At) = /o g(r)p,," (r) we,p(r) dr (86)
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for all functions g defined on R for which the integral (86) is well defined. The
weight function wy, g is given by

wa,p(r) = (25inh(r))?** ! (2 cosh(r))?# !

and the function wi‘;”s )(r) denotes the Jacobi function which is defined as the even
C®® function on R that equals 1 at 0 and satisfies the Jacobi differential equation

2
(d—2 4+ (2o + 1) coth(r) + 28+ 1) tanh(r))i + ()»t)2 +(x+ B+ 1)2)
dr dr

0P (r) = 0.

The function goi‘;"ﬂ )(r) can be expressed as an hypergeometric function

a+B4+1+ikt a+B+1—ir
2 ’ 2

" () =2k ( ta 1 - sinh%r)) . ®7)

Since (pi(f’ﬁ ) are even functions of At € C then Ja,p8 (A1) is an even function of

At. Payley-Wiener Theorem and some inversion formulas for the Jacobi transform are
found in [15]. We denote by C(‘)’f’R (R) the space of even C*°-functions with compact
support on R and £ the space of even and entire functions g for which there are positive
constants Ag and Cg ,,n =0, 1,2, ..., suchthatforallA € Candalln =0, 1,2, ...

1g(X)] < Con(1+|A]) 7" eAeltm®)]

where Im()) denotes the imaginary part of A.

Theorem 9 ([15, p. 8]) (Payley—Wiener Theorem) For all a, B € C with a #
—1, =2, ... the Jacobi transform is bijective from COO?R (R) onto .

The Jacobi transform can be inverted under some conditions [15]. Here we only
refer to the case which is used in this paper.

Theorem 10 ([15, p. 9]) Let o, B € R such that o > —1,a £ g+ 1 > 0. Then for
every g € Cgp(R) we have

_ Lo @p) )
g(r) = a (Ja.p8) (A1) @, (r) [ca,p(A)| "7 1 dA, (83)

where ¢y g(At) is the Harish-Chandra c-function associated to Jy g(At) given by

ReFBHIZM P (o + 1T (irr)

a+B+1+irt a—f+14irt)
G D G )

Ca,p(Al) = (89)
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This theorem provides a generalisation of Theorem 2.3 in [15] for arbitrary r € R™.
From[15] and considering ¢ € R arbitrary we have the following asymptotic behavior
of gb;lt’ﬂ for Im(A) < O :

lim P (rye et — ¢ o). (90)

r——+00
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