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Abstract The purpose of the paper is to prove a sharp form of Hardy-type inequality,
conjectured by Kanjin, for Hermite expansions of functions in the Hardy space H'(R),

that is, Zi‘;l n_%lan(f)l < Allfllg1w) forall f € H'(R), where A is a constant
independent of f.
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1 Introduction and Result

The Hermite polynomials H, (x) (n > 0) are defined by the orthogonal relation (cf.
[15,16])

* —x2 Lon
e H,(x)H,(x)dx = m122"n!8,,,

—00

and the Hermite functions are given by
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1

1 -7 x2
H,p(x) = (7‘(72"71!) T Hy(x), n=0,1,2,...,

which are orthonormal over (—oo, 0o) associated with the Lebesgue measure.
For f € L(R), its Hermite expansion is

[~ D an(HHL (), an(f) = / f O Hy (x)dx.
n=0 %

The Hardy type inequality for Hermite expansions of functions in the Hardy space
H'(R) has been studied in several works. The first step was done by Kanjin [5] who
proved the inequality

o]

> 0 Han(H < Alf I @y f € H'®), (1)

n=1

where A > 0 is aconstant independent of /. Balasubramanian and Radha [2] extended
Kanjin’s result to H?(R), 0 < p < 1. Radha and Thangavelu [10] (cf [17] also)
obtained inequalities of Hardy type for d-dimensional Hermite and special Hermite
expansions for d > 2, where the constant they determined, in place of %, is

() ()

for HP (Rd ), 0 < p < 1. In comparison with the case of d-dimension (d > 2), the
Hardy inequality for one-dimensional Hermite expansions should be the one as (1)

but with % instead of %. However the method in [10] does not work for d = 1. An

improved form of (1) with % + € for € > 0 in place of % was obtained by Kanjin [6].

Moreover Kanjin [6] proved his inequality for all f € L'(R), that s,

> T (N = Al .

n=1

This again leads Kanjin to conjecture that the possible form of the Hardy inequality
for Hermite expansions would be

(0.¢]
_3
D i an (O < Al wy- 3)
n=1
We shall give a positive answer to this conjecture in the present paper. Kanjin [6] also
showed that there exists a function fy € L'(R) such that
ad 3
> n7w an(fo) = oo,

n=1
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so the Hardy space norm is required in (3).

The proofs of (1) and (2) in [5,6] were based on the pointwise estimate of the
Hermite functions as follows: for given t > 0, there exist positive constants A, n and
& such that

1

1
. 1\ 7
Ha(ol < A (1x]+ Vi) 7= (1x] = v20] +n76) 0,00 )
holds for all x € R and n > 1, where

1, for 0 < |x| < +/2n;
U, (x) = 1 exp g—nn%||x| - «/2n|3/2) , for 2n <|x| < (1 +1)vV2n; (5)
e, for (14 1)v/2n < |x|.

A separate description of (4) is givenin [ 1] due to Skovgaard. The unified and simplified
form as (4) is stated in [7], in virtue of the relation [16, (1.1.52),(1.1.53)] of Hermite
polynomials and Laguerre polynomials and a unified description [9, (2.2)] of Laguerre
polynomials based on [8] and the table in [1, p.699].

A direct consequence of (4) and (5) is

Ha ()] < An™ 12,

and H, (x) attains this bound near the point x = +/2n. But for most x it has a much

smaller bound as a multiple of n~i. It is a very hard work to apply such a non-
proportional property of the Hermite functions as Kanjin did in [5,6], and certainly, it
is also difficult to achieve the best result for related problems. However, if for d > 2,
we denote by &, o € N, the d-dimensional Hermite functions, namely,

Dy (x1, .o xg) = He (x1) - - Hoy (xa), o= (a1, ...,aq),

then there exists a constant A > 0 independent of n and (x, ..., xg) such that (see
[16, Lemma 3.2.2])

d
D 1Pu(x1s . xa))F < A+ D2 (6)

let]=n

Obviously this is not true for d = 1. The bound in (6) has been used in research of
various problems for d > 2, as in [16] for example; it is also the key in the proof of the
inequalities of Hardy type in [10] for d-dimensional Hermite expansions for d > 2.

In order to prove the Hardy inequality (3), we shall follow a different approach,
by evaluating the square integration of the Poisson integral associated to Hermite
expansions of functions in H'!(R).

Indeed, we shall work with the generalized Hermite expansions of functions in
H'(R). If A > —1/2, the generalized Hermite polynomials H,f)‘) (x) (n > 0) are
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defined by (see [3])

o) k! Y2 o1, o
Hoi <x>=(m) Le 7m0, @
k—1)! 172
H3l 1) = (F(k(-l—k——i—)l/Z)) L, ®

where Lﬁ,a)(x) (¢ > —1, n > 0) are the Laguerre polynomials determined by the
orthogonal relation (see [15,16])

mn-

© F'n+a+1
/0 e_xx“L,(f‘)(x)Lfg)(x)dx = %8

The system {H,g” (x)} is orthonormal over (—oo, +00) with respect to the weight

|x|2)‘e_x2, and H,(x) = H,§°) (x) (n = 0) are the usual Hermite polynomials (up to
constants).

The generalized Hermite functions H,(f) (x) (n = 0) are given by

XZ
HP @) = e 7 x"HP (x),

which are orthonormal over (—o00, 00) associated with Lebesgue measure. For a func-
tion f € L(R), its generalized Hermite expansion is

f~ D aP (HHP ), al (f) = / " ronP war. ©)
n=0 %

In what follows we assume that A > 0. Our main result is stated as follows.

Theorem 1.1 Let A > 0. Then there exists a constant A > 0 such that for all | €
H'(R),

e¢]

> i HaP (N1 = Al ey "

n=1

The generalized Hermite polynomials Hnm (x) (n = 0) were used in a Bose-like
oscillator calculus in [11]; their further generalizations to the Dunkl setting in several
variables can be found in [13] and those in the A;_ case are eigenfunctions of the
Hamiltonian of the linear quantum Calogero-Moser-Sutherland model (with some
modification) in R? (see [13] and references therein). It would be interesting to extend
various results on the usual Hermite expansions such as in [ 10] and others to orthogonal
expansions associated to these generalizations. We remark that in [4], the Hermite
functions were used in a description of Feichtinger’s space Sp.
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Throughout the paper, U < V means that U < ¢V for some positive constant ¢
independent of variables, functions, 7, k, etc., but possibly dependent of the parameter
A

2 Some Facts on the Poisson kernel

The Poisson kernel of the generalized Hermite polynomials H,S)‘) (x) (n > 0) is, for
0<r<l,

o0

POwsx.y) = 3 I HP @ HP ).
n=0

If we write P (r; x, y) into two parts, one being the summation for even n and the
other for odd n, then from (7), (8), and by [15] or [16, (1.1.47)], we have

(11— 1*2)_A_1/2 r2 2rxy
PO (- — __ - 24y E :
(rix,y) rari2) P 2 ) B\ 2

where E) (z) is the one-dimensional Dunkl kernel

E;(2) = ja—12(2) + -—— Ja+1,2(i2),

2)L+1

and j,(z) is the normalized Bessel function

a —nr 22n

If L =0, Eg(z) = €%, and for A > 0, a Laplace-type representation of E; (z) is (cf.
[12, Lemma 2.1])

,  TG+1/2)

1
— 2t _ 4 2\A—-1
E(2) —C,\/ile A+ —=Hldr, o = TrL2) (11)

By (9), the Poisson kernel PY(r; x, y) = ZZ‘;O r”H,(f) (x)Hf,)”)(y) of the gener-
alized Hermite functions Hf,A) (n > 0) can be written as

_ 2\—A—1)2 1 2 2 2 2
. — ey =Y A XYY g (2
P (r,x,)’) |x)’| 1—,()\'_‘_1/2) eXp 1—}"2 2 A 1—"2 '

The Poisson integral of the generalized Hermite expansion of a function f € L' (R)
is defined by

filr; x) = / PP (s x, y) f(y)dy. (12)
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For» = 0, PO (r; x, y) is consistent with the Poisson kernel of the usual Hermite
functions H,, (n > 0) (see [16])

1

(- (_2r(x — 0P+ A=)+ yz))
JT P 21— 12) '

In order to give some necessary estimates of the Poisson kernel P™*)(r; x, y) we
rewrite it into

Prix,y) =

(1— r2)—k—1/2
T(A+1/2)

X

2
PP (rix,y) = ey (e Y E, (£ ), s=1_’—r2, (13)

where

1+ r2x2 ~|—y2 2r|xy|
1—r2 2 1—-r2)°

Yrx (y) =exp (_

We shall need several preliminary lemmas.
Lemma 2.1 Fory # 0,

@) |e"®E €| < A +1EyD 7

i) |4 (7 1E )] <TI0+ ey

Proof If . = 0, both (i) and (ii) are trivial. In what follows we assume that A > 0.
From (11) we have

1 1
‘eﬂsy\Ek(gy)’ 5263/ e*léy\(lflt\)(l_tz)kfldts/ e IEN=0 (1 _ il gy
—1 0

£y
= Iéylfx/ e s ds,
0

which is bounded by a multiple of (14|&y|)~*, since fOA e S lds < (A/(A + )™
Furthermore, from (11) we have

9 1
% (e*'fy'Ek(gy)) - —c;g/ eI 4+ 021 =) dr for &y > 0;
—1

1
= C;VS/ es)’(l_t)(l + t))n—l(l _ t))»+1dt fOr Sy < 0
-1
In the both cases we split the integral into two parts as f_ll = fi) 1+ fol’ to get

) 1
- (e_lgy‘E;L(Sy)) < |&| P +/ eI _ pnrar
dy 0

1€yl
= |€] [e—fﬂ + gy ! / e-sskds}
0
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which implies the desired estimate in part (ii), since fOA eSshds < (AJ(A+ D) L.
o

Lemma 2.2 (i) ForO <r <1,

_ 2 1— 2+ 2
Yra(y) = exp (—%)exp(—lﬁ)‘ 2 ); (14)

(i) for 0 < r < 3, Yrx(y) S exp(—e1(x® +y9), and for 3 <1 < 1 Yra(3) S
N2
exp (—cz W) where c1, c2 > 0 are independent of x, y and r.

Part (i) is obvious and implies part (ii) immediately.

Lemma 2.3 Forx,y € (—oo,00) andr € [0, 1),

—_ 2 —
A=r) Pl o I = Il
L—r+xyl ™~ (1—=r)1/2

Indeed, for |y| < |x|/2 the left hand side is bounded by |x|/(1 — r)!/? <
2|x| = [yll /(1 =)'/, and for |y| > |x|/2, by |x|/ (2lxy|'/?) < 1.

Proposition 2.4 (i) If0 <r < %, then for y # 0,

0 .
‘B—P%; x, y)‘ S PP (3 eyl + 52) exp (—e1 (62 4+ 3D)) 5
y
(1)
(ii) zf% <r <1, then fory # 0,

1— ) 12 xy Pt
(I =7+ JxyD*

Yre () + (1= 1) (1)
(16)

‘iP(*)(r;x,y)' <
dy

Proof For y # 0, from (13) we have

(1- r2)—}»—1/2

a
M) (4 —
8)77) (r,x»)’)— F()L+1/2) (Ul(-xay)+U2(-xvy))v

where
Ui, y) = 2Py (Ve e E @) |
Ustx, ) = oyl (Ve &1 Es 69)
y
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For 0 < r < %, it follows from Lemmas 2.1(i) and 2.2(ii) that (1 —
r2)7*=12U  (x, y) is bounded by a multiple of A|x|*|y|*~! exp (—c1 (x? + y?)), and

for 3 <r < 1, by a multiple of

(A=) Py A=~y
7 Vra () S 2 y
(1 +[EyD) (1 —r+lxyD

Yrx ().

In order to verify that (1 — r2)=*=12U,(x, y) has the desired estimates as in (15)
and (16), we shall show that for 0 < r < l,

‘(wr,x(we—'fy'Ex(sy));' S Uxl+hbexp (- +3D): an

andfor% <r<l,

’(wr,x(we@'a@y))/ '
y
2
¢ Y bbbl Aol ]
- A= bt A+ o

Indeed, since from (14),

(b B E0)

~ [2r(lx] = IyD(sgn y)—(1—r)2y
- 1—r2

(1w ED) + (e&"EA(sy))j Ve (),

by Lemma 2.1 we have

, _ 2
e x| — Iyl + (1 — )%y &| }

e E < .
'(‘”""(” “S”)y‘ ~ [ T—na -+ at ]
Thus (17) and (18) follow immediately.

ForO0<r < %, from (17) it is obvious that
(1= 712050, )| S eyl + D exp (=i 4+ 3D)
and for% <r < 1, from (18) we have
- 1— )12
1 — =12y ’ ) < Yrx (V) [ lIx] = [yl 1 — 132 ( .
=) 200 0| S5 iyt T

By Lemma 2.3, it is easy to see that the expression in the brackets above is bounded
by a multiple of ¥, (y)~!/2, and so |(1 — r2) 12U, (x, y)| S Y W2 /(1 =1).
The proof of the proposition is finished. O
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3 Proof of the Main Result
The following theorem is crucial in the proof of Theorem 1.1.
Theorem 3.1 Assume that . > 0. There is a positive constant A such that for all
feH\®),
1
1 3 oo ) 2
La=n i ([ ineinra) dr < aifine, (19)
—00

where f,(r;y) is the Poisson integral (12) associated to the generalized Hermite
expansion of f.

The proof of Theorem 3.1 is based upon some norm estimates stated below.

Lemma 3.2 (i) IfA =0o0rA > 1, thenfory,y € (—00, 00),

1
o0 2 2 -y
(/ PO @ix, ) = PP v, ) dx) <2 e
o0 (1=

(i) If0 < A <1, then for y,y € (—00, 00),

1
” N el
A) (5 W)y, <
(/_OO‘P rix.y) = PO rix. 5) dx) S aonea \tashe )

Proof For . > 1 and y > y we have

HPW(r;-, y) — PP (r; ,y)‘

L2(R) 0z

Y9
/ —PM(r; ., 2)dz
y

L2(R)
Y 8
< / H—P()‘)(r; - 2) dz.
y aZ LZ(R)
IfO <r <1 thenby | 2 PP s - . < 1, so that

ly — ¥

@) ®) _5
HP (rs-y) =P - y) @ S Sy yIN(l_r)3/4~

Since for A > 1 and % <r < 1, by Lemma 2.3 we have

’

=12 ] 12 _ 1
A=y A= ] ] 4 el =¥y & Y2
A—=r+xyD*  ~— 1—r+xyl Y 1-r 1—=r)1/2 1—r

) Birkhduser



276 J Fourier Anal Appl (2015) 21:267-280

inserting this into (16) yields that ‘%PO‘) (r; x, y)‘ <a- r)~! wr,x(y)% and hence

ly — ¥l

HP(M(” -3 =PI ’y)‘ ey @S T

H Vrx @)?

LZ(R)

This proves part (i) for A > 1.
If A = 0, by Proposition 2.4 ‘%P(O) (r; x, y)‘ is bounded by a multiple of (|x| +

|y|)e’”1<x2+y2) for0 < r < %, and (1 — r)’lwr,x(y)% for % < r < 1. Hence the
above process still works for A = 0. This completes the proof of part (i).
Now we turn to the proof of part (ii). For0 < A < 1 and y > y, we write

PP ix, y) = PP x, 3)
U / T Usr 2z + PO — [592 0)e ™ B )
T +1/2) L ’ h

y

y ’
+ / (51 = 12 (W e 5 Es 62)) dz]
y 2

where U (x, z) is defined as the same as in the proof of Proposition 2.4. There we
have shown that (for all A > 0) (1 — r2)~*~1/2U,(x, z) is bounded by a multiple of
Ixz|* (x| + |z]) exp (—c1(x? 4+ 2%)) for 0 < r < 1/2, and of Y.« (2)!/?/(1 — r) for
1/2 < r < 1. From the proof of part (i) above it follows that

ly — ¥

L®) Nm + Vi+ V,, 21

HPW(;’; Ly = PP )_’)‘

where

1/2

— Vv A o0 5
h= % (/ [P0 e B (6) dX) ,
ly — y|}‘ /)’ (/oo

Vo= T
2 (1 —r)*+1/2 5 -

fo<r< %, then by Lemmas 2.1(i) and 2.2(ii),

00 1/2
Visly =3I ( / x? exp (217 7)) dx)
—00

SIA
-y |y—)’| .
S |y _yl S (l —r)(2)”+1)/4’ (22)

2 1/2
[ (wr,x(z)e—'EZ'Ek(sz))z‘ dx) dz.

) Birkhduser
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and from (17),
y /oo 1/2
Va5 ly —W/_ (/ [x[? (x| + 12 exp (=201 (62 4 22)) dx) dz
y —00
S|A+1
— A+ ly — ¥l
Shy=y s (= e (23)

If + <7 < 1, then by Lemmas 2.1(i), 2.2(ii) and 2.3,
Y ~ 2 1/2
Vi < ly ylz / dx
~a-nY 0
_ 1/2
ly — I /°° x| = Iy (x| = [y)?
< 2 L 1+ — —20——7 )4
~ (1 _ r)()n-‘rl)/Z . + (1 — r)1/2 eXp c2 1—r X

ly—y*
~ (1— r)(2k+1)/4 ’ 24)

Jx[*

Yrx ()’)m

and by (18), Lemmas 2.2(ii) and 2.3,

ly=351 2 o[ a=mxN (xl -z 5
< . 1A\~ J—
Va S (1—")(”2)/2/; (/_oo |:(1_r+|le) ((1—r)1/2+(1 r)2|z|)

172

1= 12\
+ ((1_:—:_|xlz|l) 1pr,x (Z)2dx dz
ly — 3I* v [ Xl = 1zl 11x] = Izl
S (1_,,)(A+2)/2/§ (/_OO |:(17L (1—r)1/2) ((1 EYTE +(1—r)2|z|)
1/2

x| =zl ) 5
{1+ = )1/2 wr,x(z) dx dz

ly — yI* 1/2
<m/ (/ 1//rx(z)dx) dz

ly — y+*!

S (A= @a (25)

Collecting the estimates of (22), (23), (24) and (25) into (21), we finish the proof of
part (ii) of the lemma. O

Now we come to the proof of Theorem 3.1.
Let us first recall the atom characterization of the Hardy space H L(R) (cf.[14,18)).
An H' atom is a measurable function a on R satisfying

(i) suppa C I for some interval I/ C R;

) Birkhduser
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(i) |lallz~ < [I|~', || denoting the length of I;
(i) [, a(x)dx = 0.

For a function f € H!(R), there are a sequence {ax} of H! atoms and a sequence
{Ar} of complex numbers satisfying > |Ax| < 0o, such that f = > 72| Arax and

Al fla @ < DIl < A2l f gy

where A1, A, are positive constants independent of f.
In order to prove Theorem 3.1, it suffices to verify the inequality (19) for each H'
atom f = a, namely, there exists a absolute constant A > 0, such that

1 3
/0 (1= 1) (s gydr < A (26)

holds for all H' atoms a satisfying (i), (ii) and (iii) above, where a; (r; y) is the Poisson
integral (12) of a associated to its generalized Hermite expansion.
By Parseval’s inequality, from (i) and (ii) we have

_1
laa(rs 2wy < lallzgwy < 172, (27
(27) is useful for atoms with larger supports, but we also need a more accurate estimate
for atoms with smaller supports.
For an atom a satisfying (i), (ii) and (iii), let y be the left endpoint of the interval

1. Applying the cancelation property (iii) and Minkowski’s inequality, we have

1

00 2 2
llax (r; ->||L2<R>=( / [ /, (P“)(r;x,y)—P“kr;x,y))a(y)dy} dx)
S ’ 1/2
s/|a<y>|(/ PO x ) = PP x, 9)| dx) dy.
1 —00

By means of Lemma 3.2 we obtain

) A+l
lan(rs M) S g 7l a .
PR~ 34 (1 — r)@HD/A T (1 — p)@rt3)/4

(28)

If A =0or A > 1, the first term on the right hand side appears only.
If |I| > 1, from (27) it is trivial that

1
3
/ (1= 1) ar(r: Ml 2dr < 41117F < 4
0
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J Fourier Anal Appl (2015) 21:267-280 279

and if |7] < 1, we split the integral into two parts, over [1 — [I|?, 1) and [0, 1 — |I|*]
respectively, and apply (27) and (28) to obtain

1 1
/ (1= 1) a2y 5/ =V =)~ ar
0 1—|1]2

1—|1? | |I|)L |[|A+l p
T \a—omtaopeer tayeer)

It is easy to see that the values of the two integrals above are independent of |/| < 1.
This proves (26), and hence Theorem 3.1.

Proof of Theorem 1.1 By Holder’s inequality one has

oo o0 12 / 1/2
D P Hr < D > rMaP (HP
n=0 n=0 n=0

IA

e N AR TE

Multiplying (1 — )~'/# on both sides and taking integration over [0, 1) respectively,
then by Theorem 3.1 we get

D BQn+1.3/9)lal ()] < Allf .

n=0

where B(«, ) denotes the beta function. Finally, the Hardy inequality (10) follows
from the fact that B(2n + 1,3/4) ~ (n + 1)73/4. The proof of Theorem 1.1 is
completed. O
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