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Abstract We prove that for an ergodic rotation R and square integrable function f on
a compact abelian group, the ergodic process X = (f o R"), 7 is uniquely determined
by its two-dimensional laws if the same holds for the process Y = (ho f o R"),¢7, for
some real bounded function %, such that all Fourier-Stieltjes coefficients of & o f are
non null. Applied to the one or two dimensional torus, this result gives a large class of
such processes, for instance any process given by non constant monotone continuous
function, or having a discontinuity at an irrational point, on the unit interval, is in the
corresponding class. We also prove that all Fourier coefficients of such a monotone
function are non null.

Keywords Ergodic processes - Group rotation - Finite dimensional laws -
Fourier-Stieltjes coefficients
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1 Introduction

According to Kolmogorov theorem, the law of a stochastic process is determined
by its family of all compatible finite dimensional distributions. It is natural to ask
about the role of some fixed family of finite dimensional distributions in the complete
determination of the law of that process. Here, we consider only discrete time stationary
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processes which are ergodic. The law p of such a process X = (X;,), ez, 1S, in general,
completely determined by the family of the laws of all vectors (Xo, X1, ..., Xy),
for all n > 1. For a given natural number p > 1, the family of p-dimensional
distributions (or laws) of the process X = (X,), 7, is the family of distributions of
all vectors (X,,, ..., an) for all integers n1 < np < ... < np. LetY = (Yy)pez
be a stationary process. We say that the two processes X and Y have the same p-
dimensional laws (or p-dimensional marginals) if, for allny < ny < ... < np, the
two vectors (X, ..., X,,p) and (Y, ..., an) have the same law.

We are concerned with the family of p-dimensional laws, so that the question above
can be formulated as:

When is it true that the law u of an ergodic process X = (X)), ez, is determined
by its family of p-dimensional laws in the sense that if Y = (Y;),e7z is an ergodic
process, with law v, and if X and Y have the same p-dimensional laws, then we must
have v = ©? (In this case we will say then that X is p-dimensionally determined).

A more general question is: under what conditions the equalities [ ¥y, ... Y, ,dv =
[ Xn, - - Xp,dp, foralln; < ... <np, willimply u = v? (In this case we will say
then that X is p-spectrally determined).

A p-spectrally determined process is p-dimensionally determined.

Examples of pairwise independent non independent processes, hence not 2-
dimensionally determined, are given in [7,13]. Ergodic examples are in [1,3-5,8,16].

More general examples of non 2-dimensionally determined ergodic processes are
in [3,4].

Examples of ergodic processes which are not p-dimensionally determined for any
p, arein [8,11,12].

In the continuous time case, examples of processes which are not p-dimensionally
determined, for any p are in [10].

In [9] it is shown that if (2, A, m, T) is an ergodic dynamical system and f €
L?(m) is such that its spectral measure is continuous and concentrated on a Kronecker
set of the circle, then the process (f o T"),c7 is 2-spectrally determined. This result
is generalized in [15] to the case of independent Helson set in place of Kronecker set,
where also more general group actions are considered.

In [11] itis proved that if R, is an ergodic rotation on a compact abelian group and
f € L°°(m) has non null Fourier-Stieltjes coefficients, m being the Haar measure,
then the process (f o R) is 3-spectrally determined and not necessarily 2-spectrally
determined.

In [6] two classes of two-valued 2-dimensionally determined processes are given.

In the present paper we prove, (Theorem 1, Sect. 2), that in the group rotation case,
the process (f o R)}) is 2-dimensionally determined if, for some real bounded function
h, suchthat h o f € L*(m) and has non null Fourier-Stieltjes coefficients, the process
(h o f o R})is 2-dimensionally determined.

This result enables us to prove (Proposition 1, Sect. 2), in the circle case, that for a
large class C; of functions f, the process (f o R};) is 2-dimensionally determined. This
class Cy contains, for example the set M of all non constant monotone continuous
functions on the unit interval, or having a discontinuity at an irrational point.

In the two dimensional torus, we establish a lemma (Lemma 2, Sect. 2) which
implies (Corollary 1) that if A is a square with irrational length side less than one
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half, then the process (14 o R}) is 2-dimensionally determined. With the help of
this Corollary, the previous result shows (Proposition 1, Sect. 2) that the class C, of
functions f such that the process ( f o R?) is 2-dimensionally determined, is large too,
since C, contains, for example, any function f which satisfies f(A) N f(A°) = @, for
some such square A.

In Sect. 3, we prove (Theorem 2) that, if f € M, then all Fourier coefficients of f
are non null.

2 Two-Dimensionaly Determined Processes

In this section we prove that, for an ergodic rotation R on a compact abelian group and
a large class of functions f, the process (f o R"),c7 is 2-dimensionally determined
and give applications to the one or two dimensional torus.

We first recall some definitions and results which will be needed [2,17,18].

Let G be a locally compact abelian group. A continuous character ¢ of G is a
continuous group homomorphism from G into the multiplicative group T = {z €
C :| z |= 1} of complex numbers with modulus one. The character group G (the dual
group) of G is the set of all continuous characters of G. If m is Haar measure on G, and
f e L(m), the Fourier-Stieltjes coefficients of f are f(qb) = f fx)p(x)dm(x),
forall ¢ € G. More generally, if ;1 is a measure on G, then its Fourier-Stieltjes trans-
forms fi, is defined by [fi(¢) = fG d(x)du(x). If f, g € L'(m), their convolution

f *gisdefined by f * g(y) = [ f(x)g(yx~Hdm(x) [17].

Also, f < g means f(x) < g(x) for m-almost all x € G, and in particular, for
measurable subsets A, Bof G, A C Bmeans 14 < 1p whichmeansthenm(ANB¢) =
0, where B¢ denotes the complement of B in G, and more particularly A = B means
then m(AAB) = 0, where AA B denotes the symmetric difference set.

If a € G, the rotation by a, will be denoted R, : R,(x) = ax,Vx € G.If G is
compact and m is normalized then the dynamical system (G, R,, m) is ergodic if and
only if the set {¢" : n € Z} is dense in G. Moreover, in this case, this dynamical
system has discrete spectrum, the group A of eigenvaluesis A = {¢(a) : ¢ € G}, and
every character ¢ € G is a basis of the one dimensional eigenspace corresponding to
the eigenvalue ¢ (a) [18].

We shall use also the result that two dynamical systems on Lebesgue spaces with
pure point spectrum and having the same group of eigenvalues are isomorphic [2, 18].

The image measure of a measure 4 on G, by a measurable function : G — C, is
denoted 1t o h~!. The measure with density f € L'(m) with respect to m is denoted
fm.

The circle group T will be identified with [0, 1[ mod(1) and similarly, T2 with
[0, 1[x [0, 1[. The imaginary part of a complex number z is denoted Im(z).

We begin with

Lemma 1 Let m be the normalized Haar measure on the compact abelian group G.
Let f, g € L>(G,m) be real valued. Let a € G and R, be the ergodic rotation by a.
Set X, == foR]} Y, :=goR), forn € Z. Then the two processes (X,) and (Yy)
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have the same two dimensional laws if and only if for every ¢ € G, there is c(¢) € C,
with | ¢(¢) |= 1, such that for any m o f~'-integrable function h,

/ h(f (X)) (x)dm(x) = c(¢) / h(g(x))$ (x)dm (x).
Proof Fort1, 1t € R, we have
/ X0 HRXa ) g (1) = / o171 @) g (.
so that if fi(x) 1= /™) f(x) := /™ and f3(x) := fo(x~'), we obtain

/ei(t'XO(")+t2X”(x))dm(X) =/f1(x)f2(a”x)dm(x) =/f1(X)f3(x_la_")dm(x)
= fi* fzla™").

Then, with similar notation,
/ei(tlYo(x)+len(x))dm(x) — g1 % 3@,

Since {a" : n € Z}isdensein G, by continuity of g1 *g3 (the convolution product f g
of two functions f, g € L(m) is a continuous function on G) it follows that (X¢, X,)
and (Y, Y,,) have the same law for all n if and only if f1* f3 = g1*g3, forall?, 1 € R,
and thus, taking Fourier-Stieltjes coefficients, if and only if fl (@) f3 (¢) = 1()g3(),
forallg € G, and all t1, 1> € R.

If wesetv = vy := (¢m) o f~1 and n = Ng = (pm) o g™, we get

fi¢) = /G FOBEdm(x) = /G NI OG R dm (x) = /G IO g Gm) (x)

= / e dvg(y),
R

and

Fr(@) = /G FOP@dm(x) = /G G dm (x)

= [ e Opmm(n = [ e OGGImw = [ vy,
G G R
Then the equality

1) F3(d) = §1(9)€3(9),
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means
D(=11)D(82) = H(—11)7(12). (1)

In particular, for 1 = —1; = 15, we get | () |=| n@) |=: p(t). Then if D(r) =
p (1) and (1) = p(1)e'P® | we obtain

p(=1)p(t2)e' @A) = p(—11) p(tg)e! PV =PW)),

equivalently

p(_tl)p(tz)ei(‘x(—fl)—ﬁ(—tl)) — p(—tl)p(tz)ei(a(tZ)_ﬂ(m),
so that, since this holds for all #1, 5,
p(tl)p(tz)ei(d(tl)—/s(ll)) — p(f]),O(tz)@i(a(IZ)_ﬁ(tZ)), )
Now (2) implies that there exists a constant ¢ = c(¢), with absolute value one, such

that vy = c(¢) x ny. For in fact this equality holds trivially if p(t) = 0, V¢, while, if
for some t2, p(t2) # 0, then for ¢ with p(¢) # 0, (2) implies

H@D—BO) _ i@()—p(1) 3)

which proves that ¢/ @)=F®) ig independent of r when p(¢) # 0. Denoting the
common value by c(¢), (3) implies then

¢4 = ¢(g)elPO,
from which follows the implication

p(t) #0 = D(t) = c(P)n().

Since trivially
p) =0= b)) =) =0=c()n®),

we conclude that, D(r) = ¢(¢)7(¢), V¢, which means vy = c(¢)ng. It follows then
that, for any Borel function # : R — R, which is integrable with respect to v,

/hdv¢ :c(¢)/hdn¢

which, by definitions, means
/ h(f () (x)dm(x) = c(p) / h(g(x)p (x)dm(x). )
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Conversely, the last equality (4) means vy = c(¢)ne, which implies then

Vg (—11)Vg (12) = (@)1 (—11)c(P)1ig (12) = 1 (—11)17g (12)

and (1) holds, so that (X},) and (Y},) have the same two-dimensional laws. This achieves
the proof. O

Definition 1 (1) Forastationary ergodic process (X,), <z, With law v, we can suppose
that v is a probability measure on R”, invariant by the shift transformation 7' on
RZ and that, for all n, X, is the n-th coordinate function. We say that (X,,) has
pure point spectrum if the associated ergodic dynamical system (R%, T, v) has
pure point spectrum.

(2) Let P, Q be families of stationary proceeses, such that P C Q. We say that a
stationary process X = (X, ),cz in P, is two dimensionally determined in Q, if
for any process Y = (¥;,),ez in Q, the condition

(Yo, Y,) has the same law as (X, X,) foreachn € Z

implies that the whole process (Y,), <z has the same law as (X},), 7.
Clearly if Q and R are such families with P C Q C R, then a process in P which
is two dimensionally determined in R is two dimensionally determined in Q.

Theorem 1 Let R, be an ergodic rotation on a compact abelian group G, m the Haar
probability measure on G, f € L*(G,m), and X, = f o R}, Vn € Z. Suppose that
there exists a real bounded function h, such that h o f belongs to L*>(m) and has non
null Fourier-Stieltjes coefficients. Let Y, = h o f o R}, Vn € Z. Then if the process
Y = (V) is two dimensionally determined in the class of ergodic processes with pure
point spectrum, the process X = (X,,) is two dimensionally determined in the class
of stationary ergodic processes.

Proof Suppose that the property holds for the process Y. Let Z = (Z,,) be a stationary
ergodic process, such that for every n, (Xo, X;) and (Zy, Z,) have the same law. We
can suppose that the law v of Z, is a probability measure on 2 = RZ, Z,, is the n-th
coordinate function on RZ , so that if 7 denotes the shift transformation on €2, the
system (2, T, v) is ergodic and we have Z,, = Zpo T".

Then (h(Xo), h(X,)) and (h(Zy), h(Z,)) have the same law, and in particular

/ hW(Zo)h(Z) o T"dv = / W(Zo)h(Zp)dv = / h(Xo)h(X,)dm
Q Q G

:/ h(Xo)h(Xo) o R!dm,
G

and this implies that the closed linear space H; generated in L%(G, m), by {h(Xo)oR} :
n € 7} is unitarily equivalent to H», the one generated in L2(Q,v), by {h(Zy) o T" :
n € Z}. The non-nullity of the Fourier-Stieltjes coefficients of h(Xy), implies that
H| = LZ(G, m). We shall prove that H, = Lz(v). For this, we prove first that there
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exists a T- invariant sigma algebra F C B(), such that A, = L*(Q, F,v), and
that the two dynamical systems (G, R,, m) and (2, F, T, v) are isomorphic. In fact,
let A = {¢(a) : ¢ € G} denote the group of eigenvalues of R,. By ergodicity of
(G, R4, m), as in [18] (pp.70-71, Proof of (ii) = (iii) in Theorem 3.4), we can
find an orthonormal basis in L2(m) of eigenvectors ( f) e for Ry, such that fy has

modulus one, fy corresponds to the eigenvalue ¢ (a), and fy fy = fpy,fore, ¥ € G.
Also, since R, is unitarily equivalent to the restriction of 7 to H», and because T is
ergodic, there exists an orhtonormal basis (g) 6 in Hy, of eigenvectors for T, with
8¢ corresponding to the eigenvalue ¢ (a), and gy gy = g¢y . We define W : Hy — Hj
by setting first Wfy = gy, for all ¢ € G, and extending by linearity and then by
density to all Hj. Clearly W is thus an isomorphism of H; onto H», and satisfies
WR, = TW, and W(fpy) = WfWfy, for ¢, ¢ € G. Let F be the family of
Borel subsets B of €2 such that there is some Borel subset A of G with 13 = W(14).
We shall prove that F is a sigma-algebra. For this let A, A’ € B(G). There is a
sequence of finite linear combinations >_ ;. ; x¢ f converging to 14 and a sequence

2 pek, Yo fo Which converges to 14/ (J, and K, are finite subsets of G, for each n).
Then 1 4 Z¢E K, Yo Jp convergesto 1414/, since 14 is bounded. It follows, by linearity
and continuity, that Z¢EK" Yo W (14 fp) to W(la1u). But for every p and ¢ € K,
X converges to 14 fy, since fy is bounded, so we have
ped, X Jo Ly ges to 14 fy, since fy is bounded h

W(lafy) =lim D> xW(fp fy) =1lim D xo W)W (fy) = WADW (),

IS IS

and thus

W(laly) =11}5n¢zk“ VoW (lafp) = W(lA)hrrln(bZK: Yo W (fp),
€Ky €Ky

hence, since some subsequence of | sek, Yo W (fg) converges almost everywhere to
W (1,4/), we obtain

W(Iala) = WADW ().

This equality shows that F is closed under finite intersections. Taking A’ = A, we see
that W (1,) is an indicator of some measurable subset B of €2, and that A and B have
the same measure: m(A) = v(B). This implies in particular that W(lg) = 1gq, so
Q € F and by linearity F is then closed by taking complements. On the other hand,
the continuity of W implies that F is closed by passing to the limit and henceforth
that it is a monotone class. So F is a sigma-algebra. Now, from the definition of
JF, the inclusion LZ(Q, F,v) C Hj holds. As we have seen before, VA € B(G),
W(l4) = 1, for some B, so that W(H;) C L*(2, F, v) (recall that H; = L?(m)),
we obtain Hy = L*(2, F, v). The equality TW1s = WRy1a4 = W11, implies
T-1F ¢ F, and the equality T-lwl, = WRa_llA = Wlg, 4 implies TF C F.
Then T 'F=F=TF.
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Since the two systems (G, R,, m) and (2, F, T, v) have pure point spectrum and
the same group of eigenvalues, they are conjugate and thus isomorphic because they
are Lebesgue spaces. Let 61 : (G, Ry, m) — (2, F, T, v) be an isomorphism, and set
Vo := Xoo 91_1, and V,, = Vg o T", so that the two processes (X,),cz and (V;),e7
have the same law, and in particular they have the same two dimensional laws, and
hence, for each n, (Vy, V,,) and (Z¢, Z,,) have the same law.

We continue the proof by establishing first the statement when the system (€2, 7', v)
is ergodic and have pure point spectrum, from which the proof in the general case will
then follows using the Spectral mixing theorem.

Suppose then that (€2, T, v) is ergodic and have pure point spectrum so that it is
isomorphic to an ergodic rotation on a compact abelian group G, SO we can suppose
that T is an ergodic rotation on G and v is the Haar measure, so that Vy and Z
satisfy the condition of Lemma 1, and it follows then that for every ¢ € G, there
exists c(¢) € T such that for any f whichisvo Z; l-integrable,

fVo)pdv =c(¢) | f(Zo)pdv. (E1)
G G

Since, for each n, (h(Vy), h(V,), (h(Zy), h(Z,) and (h(Xo), h(X,)) have the same
law, and because the process (h(Vy)),cz is ergodic and have pure point spectrum, we
obtain from the hypothesis that (2(V},)),c7 and (h(Z,)),cz have the same law, and
then, by Lemma Al below (a modified version of Lemma 2.2 in [11]), there exists
t € G such that for almost all x € G4,

h(Vo)(x) = h(Zo)(x + 1),

which implies

/ h(Vo)(x) (x)dv(x) = / h(Zo)(x + )¢ (x)dv(x)

=¢(1) / h(Zo(x))$ (x)dv(x). (E2)
(E1) and (E3) implie then the equalities
[e(@) — B(1)] / h(Zo)gdv = 0, ¢ € C1. (E3)

Now, since ¢ is an eigenvector for 7', corresponding to the eigenvalue A4, the following
equalities, which hold for all k € Z,

/h(zo)adu = /h(Zo) o TX¢p o Tkdv = @/ h(Zo) o T¥gdv,
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show the following
/h(zo)adu =0 < ¢ < H;. (Es)

(Here HQJ- denotes the orthocomplement of H> in L2(v)).
LetA :={¢ € él : fh(Zo)Edv # 0}, and A€ be the complement of A in él. Then

2= ([zoer)o+ > ([ zoe)o.

peA peNC

so that by (E1), with f =1,

Z0= 2 @@ [ Vogdvis + 3 @) [ Vigdvia,

peA pe N’

and thus, since by (E4), f Voddv = 0,Y¢ € A€, we get the equalities

Vo= ([ v

peA

and

Z0= 2@ [ Vgdo)s. (E3)

peA

Now, by (E3), c(¢) = ¢(t), for each ¢ in A and then (E5) reads

Zo=) (@®) / Vogdv)g,

peA

which means that Zo(x) = Vo(x — ) for almost all x € Gy, so that (Z,),cz and
(Vi)nez have the same law which is the law of the process (X;),c7-

Now, suppose that the ergodic system is not necessarily with pure point spec-
trum and let G be the T'- invariant sigma-algebra generated by all eigenvectors
for T. Then the system (2, G, T, v) is ergodic and have pure point spectrum. Let
H := L*(Q,G,v) and H its orthogonal complement in L?($2, B(2), v). Clearly
H and H* are invarint under 7. By the Spectral mixing theorem of Koopman-von
Neumann ([14], Theorem 3.4, p. 96), for any x € H L the specral measure oy (the
measure on the circle, defined by o (n) = (T"x, x), Vn € Z) has no atoms. Notice
that for any x € H, oy is atomic. Let Zy = Z(()l) + Z(()z), Z(()l) € H, Z(()z) € H~ be the
decomposition of Zy. Then for each n € Z,

(1" Z0, Zo) = (T"Z25", 25"y +(T" 25, Z§),
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so that
07, = OZ(()D + GZ(()Z)' (E¢)
The hypothesis (Xo, X,,) and (Zy, Z,) have the same law for each n € Z implies the

equality oy, = 0z,, so that oz, is atomic, and (E¢) implies then that 0,0 is zero and
0

thus Z(()Z) = 0, which proves that Z, belongs to H. It follows then, from the first part
of the proof, that (Z,), c7 has the same law of (X,),cz. O

Lemma Al Ler G be a compact abelian group, m the normalized Haar measure on
G, R := R, an ergodic rotation by a € G, f, g € L°°(m) be real valued. Then the
following properties are equivalent:

(i) [ffoRPfoRP. . .foRPrdm = [ggoRP'goRI..goRP"dm,Vn > 1and
all p1, p2, ..., pn € Z.
(ii) The two processes (f o R"),c7 and (g o R™),ec7 have the same law.
(iii) Thereis t € G suchthat g(x) = f(t +x) form almostall x € G.

Proof (iii) implies (ii), and (i) implies (i) are trivial. To prove that (i) implies (iii),
define two functions F and H on G" by:

F(xl,...,xn):/f(t)f(t+x1)...f(t+xn)dm(t),

H(xy,...,x,) = /g(t)g(t + x1)...8(t + x,)dm(t).

The boundedness of f and, for fixed # € L?(m), the continuity of the map
T : G — L*(m), defined by t(x) = hy, where hy(t) = h(x + 1), imply, using
Cauchy-Schwarz inequality, the continuity of F', and similarily for H. Now, (i) means
that F = H on the set {(a”!, ..., aP") : p1, s Pn € 7}, which is dense in G”. Then
F = H on G". Then, for every ¢1, ..., € G
/F(X1, vy Xn)P1(X1)..pp (Xp)dm (x1)...dm (xp)
=/H(X1,.--,xn)¢1(X1)-~-¢n(xn)dm(X1)~--dm(xn)-

But, by Fubini,

/F(M, s X)P1(X1) .y (X )dm (x1)....dm (x)

= / O+ x0)e f(E + 22)P1 (K1) b (6)dm () dm (x1)....dm (x,)
= f @D f @) (B n);
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aAﬂd similarily for H, so that (i) holds if and only if , for every n and every ¢1, ..., ¢, €
G’

F@ e F @D F(Protn) = 807 ). 8Dy DE(P1 - 00). (a1)

In particular forn = 1,
Forhi@n =@ @

means that for every ¢, | f(d)) |=| f(d)) [, so that for some c(¢) € T, g(¢) =
c(¢) f (¢). Replacing in (a;), we obtain

F@ e F @D F (1)1 — Py D)enc(dy Ve (i )] = 0,
so thatif A := {¢ : f(¢) # 0}, then A = A~!, and

P1. e Oy P1 P € A = c(P1...00) = c(P1)...c(¢n). (a2)

We conclude that (i) is satisfied if and only if (a3) holds, for every n.
Also, forn = 2, (a;) becomes

F@THYF @) Ford) = 87 HE (b Ha(d162)

which, with ¢, = ¢!, yields

| For) T £ =] go ") 1 8(1).

Then, since for some ¢, | f(¢) |=| &(¢) |# 0, we get f(1) = 3(1). Now, if r € R,
then condition (i)( resp. (iii)) holds for f and g if and only if it holds for f + r and
g + r. Then we can suppose f(l) #0,hence 1 € A and c(1) = 1.

We will show now that if A is the subgroup generated by A then there is a group
homomorphism & : A — T with the properties

L &¢)=c@).YpeA,
2. §(¢) = &9)f(9). ¥ € A.

In fact, if ¢ € A is given by

¢ = 1...0p = V1. Y,

with @1, ...,¢, € A and also ¥y, ..., Yx € A, then we must prove the following
equality

c(@1)...c(@n) = c(Y1)...c(Yi).

For this, note that the equality ¢1...¢, = ¥1...¥x means 1 = ¢1...¢n1/f1‘1...1pk‘1,
which, by (a2), implies

Birkhauser



148 J Fourier Anal Appl (2015) 21:137-160

1=c() = c(p)cldpn)c@Wy ey ),

which means

c(@1)...c(@n) = c(Y1)...c(Vx).

In conclusion ¢ is a group homomorphism on A, which coincides with ¢ on A, and it
is such that

2(¢) = &) f($). ¥ € A,
and then, because f(q&) =5(¢p)=0ifpc Aand ¢ ¢ A,

2(¢) =&(¢)f($). ¥ € A.
We use now the following

Lemma A2 Let H be a subgroup of a commutative group G, and ¢ : H — T be
a group homomorphism. Then there is a group homomorphism  : G — T which is
an extension of ¢.

Proof Let X be the setof all (M, y) such that M is a subgroup of G which contains H,
and ¥ : M — T is a group homomorphism such that ¥ | = ¢. Define on X the order
relation < by declaring (M, ¥) < (M', )it M € M"and ¢’ |py= . Clearly <, thus
defined, is an order relation on X. Let {(M;, ¥;) : j € J} be a totally ordered subset
of X. Then M = Uy M is a subgroup of X which contains H, and v defined on M
by ¥ (x) = ¥;(x) if x € M}, is a group homomorphism from M to T, which satisfies
¥ Im;= ¥, forall j € J, sothat (M,y) € X and (M}, ¥;) < (M, ) for all j.
This say that (M, ) is an upper bound of {(M, ¥;) : j € J}. Let (N, &) be an upper
bound of {(M;, ¢j) : j € J}. Then forall j, Mj C N and § |y,= ;. It follows
that M = UjesMj C N and & |Mj= I//j =y |Mj, and thus & |y= V¢ |y= ¥,
so that (M, ¥) < (N, &), which proves that (M, ) is the least upper bound of
{(Mj, ;) : j € J}. It follows then, from Zorn’s Lemma, that X has a maximal
element, say, (L, ).

Suppose that L # G, and letx € G, x ¢ L. Let L be the subgroup generated by L
and x. Then L| = {yx¥ : y € L, k € Z}. Two cases can occur:

1. x* ¢ L for every k € Z, with k # 0,
2. There exists k > 2 such that x* € L.

[ k

In the first case, note that the equivalence yxk =zl — 77! y = x!l=k implies
that every element x; € L has a unique expression as x; = yx*, with y € L and
k € Z. We definea : Ly — T, by

a(yx*) = a(y).

Clearly @ is a homomorphism which extends «, so that (L,«) < (L1, &), which
implies the equality L1 = L, which contradicts the assumption x ¢ L.
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In the second case let ko be the least integer > 2, such that yo = xk e L.
Let 0y be such that a(yg) = €%, Set By = Z—g. Define , for z € L, and k € Z,
a(zxk) = a(z)etkbo.

Then, in order for & to be well deined, we must prove the following implication

z,uel, k1l eZ, ok = uxl = a(z)eik‘g" = a(u)e”ﬁo.

Now, if k = [, it is verified. If k # [, suppose that / < k. Writing kl = gko + r, with
k,r e N,0 <r < ko, the following

k I -1 k—1

X" =ux’ &= uz =x — uz!

— quoxr — uz—l — ygxr
implies 7 = 0, so that k — I = gko and uz~! = y{, thatis z = uy, .
Then

()€ 0 = @ (yo) “4e*Po = a(u)e=i4% kPO
= a(u)efiqkoﬁoeikﬁo — a(u)ei(quo)ﬁo _ Ol(u)eilﬂo,

Then & is well defined and it is clearly a homomorphism from L to T, whose restriction
to L coincides with ¢, so that (L, &) < (L1, &), and hence, by maximality of (L, «),
Ly = L, which coontradicts the assumption x ¢ L, and this ends the proof of the
Lemma A2. O

It follows, from the preceding Lemma A2, that there is a group homomorphism y :
G — T, which extends & Now, smce g(p) = f(qb) = 0 for any ¢ € G, with
¢ ¢ A, the equality g(v) = y () f (¢¥) holds for all ¢ € G. By Pontrytagin’s duality
theorem, y is given by evaluation at some point ¢ € G:

y() =), Yy € G so that
W) =v (O f W),V € G,

which means that g is the translate of f by ¢, so that (iii) holds, and this ends the
proof of Lemma Al. (]

Remark 1 Theequalities [ ff oR'dm = fx f(a™"),n € Z, where f(x) = f(x~),
show that [ ff oR!dm = [ ggoRl!dm,Vn if and only if | (@) |=|(¢) |.V¢ € G.
It follows that, for every f € L?(m), the process (f o R ez 1s not 2-spectrally
determined.

The following Lemma will be useful in order to obtain functions satisfying the
condition in Theorem 1, in the case where the group is the two-dimensional torus.

Lemma 2 Let§ €]0, %[, and A = [s, s + 8] x [t, t + §] be a square with length side
5, A C[0,1[x][0, 1[= T2, Leta = (o, B) €]0, 1[x]0, 1[, where 1, , B are linearly
independent over the rationals. Let B C [0, 1[x[0, 1[ be a measurable subset. Let m be
the normalized Lebesgue measure on T>.Then the following properties are equivalent:

(1) m(AN (na+ A)) = m(B N (na + B)),Vn € Z2.
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(2) m(AN (x + A)) =m(B N (x + B)), Vx € T2.
(3) The Fourier Coefficients of 1 4 and 1 have the same absolute values.
(4) B is a translate of A.

Proof The proof of (1) <= (2) <= (3) is the same as in [6]. Since (4) = (3)
is trivial, it remains only to prove (2) = (4). For this, note first that we can and do
suppose that A = [0, 6] x [0, §].

Let

Al=(1-65,0+A, A=A, A3=(1—-65,1-08)+A,A4=(0,1-6)+ A.
Then A1, Az, Az and A4 are disjoint since § < % Let
D=A1UAUA3U Ay4.
Then there is a translate B’ of B such that , almost everywhere
B' C D.

In fact, since for every x € D¢, m(A N (x + A)) = 0, we have
0=/ m(Bﬂ(X+B))dM(X)=/1B(y)dy/13(y—X)lbf(X)dx
= [ 160y [ 1010 = 0t = [ 1t [ 120015000 = 00

so that for almost all t € B, y € t + D, for almost all y € B, in particular, for some
to, B C ty+ D. Take B’ = B — 1.

Since m(B N (x + B)) = m(B’' N (x + B’)) for all x, we can and do suppose that
B itself is contained in D. Let

Bj:BﬂAj,j:l,...,4.

Then (B j)j.:] is a partition of B, so that for all (x, y),

4
m(A+ (x,y)NA) =m(B+ (x,y) N B) = Z m(Bj + (x, y) N By) (E)
jk=1

We shall prove that{(6, 0) + By, B>, (8, §) + B3, (0, §) + B4} is a partition of A. Since,
clearly all the sets (§,0) + Bj, B2, (6,8) + B3, (0,8) + Bs are subsets of A, the
following equalities

m((8,0) + By N By) = 0, m((8,0) + By) N (8,8) + B3) = m(B; N (0,8) + B3) =0,
m((8,0) + B; N (0,8) + By) =m(B; N (=8,8) + Bs) =m(B; N (1 —8,8) + By) =0,
m(By N (8,8) + B3) =0,m(By N (0,8) + By) =0,

m((8,8) + B3N (0,8) + By) = m(8,0) + B3 N By) =0,
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imply the disjoint equality
A=BU($,8)+B3U(S,0)+ B1U(0,0) + By (5)

Now, if A is the Lebesgue measure on [0, 1], and if Jx(x) = {y : (x, y) € By}, then,
forO<u < 1,8 <v < 1, we obtain

m(Blﬂ((u,v)+B3)=0:>/dx/13,((x,y)133(x—u,y—v)dy=0:>
/dx/lgl(x,t+v)133(x—u,t)dt:0=>/)\(—v+11(x)ﬂ(13(x—u))dx:O

= /A(Jl(x) N+ Ja(x —u))dx =0.

The last equality, which holds for all u, v, as before, implies that there is a horizontal
line between B and all the translates of (0, §) + B3, by (¢,0),0 < ¢ < 1. Similarily,
from

m(Bzﬂ((u,v)+B3):O:>/dx/132((x,y)133(x—u,y—v)dy:0:>
/dx/lgz(x,t+v)133(x—u,t)dt=0:>/A(—U+J2(x)ﬂ(J3(x—u))dx=0

= /)L(Jz(x) N+ J3(x —u)dx =0,

we obtain that the same horizontal line separates B; and the transllates of (0, §) + B3

by (¢,0),0 < ¢t < 1. Moreover, if the equation of this line is y = yj, then 0 <
y1 < 6§, and By and B; are (as any one of their horizontal translates) contained
in the (lower) rectangle with vertices (0, 0), (0, y1), (8, 0) and (8, y1), while all the
horizontal translates of (0, §) + B3 are contained in the (upper) rectangle with vertices
(0, y1), (0, 8), (8, y1) and (6, 8). In particular (8, §) + B3 is contained in the upper
rectangle.

The same properties hold also for B4 in place of B3. In particular (0, §) 4+ By is
also in the upper rectangle.

Also, by Fubini, reversing the order of integration, we can see that there is a vertical
line between (8, 0) + B and the vertical translations of B, by (0, ¢), for0 < ¢t < &,
and also the same properties hold for By in place of By, with the same vertical line.
In the same way, if x = x| is the equation of this line, then 0 < x; < §, and B, and
(0, 8) + B4 are contained in the (left) rectangle whose vertices are (0, 0), (0, §), (x1, 0)
and (x1, &), while (8, 0) + B and (8, §) + B3 are contained in the right rectangle with
vertices (x1, 0), (x1, 8), (8, ) and (6, 0).

We get then, by the disjoint equality (5), the following

By = [0, x1] x [0, y1], By + (8, 0) = [x1, 8] x [0, y1],
B3 +(8,8) = [x1,8] x [y1, 8], B4+ (0,8) = [0, x1] x [y1, 6],
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which mean
Blz[-xl _S’O]X[Ov )’1]7 B3 = [-xl _370] X [)’1 _870]1 B4 = [09x1] X [yl _63 0]7

so that B = By U By U B3 U By is the square with vertices (x; — 8, y; — §), (x1 —
8, y1), (x1, y1) and (x1, y1 — &), which is clearly a translate of A. O

Corollary 1 Let A be a square contained in T2 = [0, 1[x[0, 1[, with irrational length
side less than %, and a = (a, B) € "JT2, with 1, a, B linearly independent over the
rationals. Then the process (14 o R}}), <7, is determined by its two-dimensional laws.

Proof LetY = (Y,) be anergodic process, with law v, such that foralln, (14, 140R})
and (Yp, ¥,;) have the same law. Then, in particular there exists a measurable set
E C €2, such that v-almost everywhere Yy = 1 g, We can and do suppose that the law
v of the process Y is a probability measure on €2 := {0, 1Y%, ¥, is the n-th coordinate
function, 7 is the shift transformation and that (€2, T, v) is ergodic. Since, the Fourier
coefficients of 14 are all non zero, an argument, exactly as in the proof of Theorem 1,
yields that the two dynamical systems (71‘2, Ry, m) and (2, T, v) are isomorphic. Let
0 : T? — € be such an isomorphism. Then, if B = 0~ E, we obtain that the two
processes (1p o R!}) and (Y,) have the same law. Hence for all n, (15, 15 o R}) and
(14, 14 o R}}) have the same law, so that, in particular

/1313 o Rgdm = / 1algao Rgdm,
which means
m(B N (na+ B)) =m(AN (na+ A)),

so, by Lemma 2, B is a translate of A, and then the two processes (1z o R)) and
(14 o R}) have the same law and this achieves the proof. m]

Remark 2 (1) Theorem 1 and Corollary 1 enable us to obtain examples of functions
f on T2 for which the process (f o R?) is two dimensionally determined, for any
a = («, B), where 1, «, B are linearly independent over the rationals. In fact, for
example, any function for which there is some colsed square V with irrational
side length less than %, such that

sup f(y) < f(2),Vz ¢V,
yeV

satisfies the condition of the theorem because if B = f(V), then 1p(f) = 1y
will have all its Fourier-Stieltjes non zero and the process (1g(f) o R}) is, by the
Corollary 1, uniquely determined by its two-dimensional laws.

Also, if V is such a square and if {Ay, ..., A,} is a partition of V¢ in T2, and
f=xoly + Z?:l Xj IAJ. is a simple function, where x; # xo, for all j, so that
Lix0}(f) = Ly, then the process (f o R?a, /5)) is determined by its two dimensional
laws.
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More generally, for every function with the property
FVHNfve) =9, (6)

(orm({x € V€ : f(x) € fF(V)}) =0, or m(f~1(f(V)) = m(V)) the process
(f o R ) will be determined by its two-dimensional laws.

(2) For a functlon of one variable, Theorem 1 and Theorem 2.1 in [6] implie that,
ifoa¢ Q0<a<b<1,andb —a ¢ Q, and given three square integrable
functions

f1:10,al - R, fr:[a,b] > R, f53:[b,1[— R
such that

fi(x) < fa(y < f3(2),Vx € [0,a], ¥y € [a,b],Vz € [b, 1],

and if
= Loa /1 + a2 + L f3,

then the law of the process X = (f o R), 7 is determined by the family of its
two-dimensional laws. In fact, if B = f>([a, b]), then 15(f) = 1j4,5) and the
process ¥ = (1j4,5] © R})),ez is determined by its two-dimensonal laws so the
corollary gives the assertion.

Also, we can replace the preceding condition by the following more general one

fo(la, b)) N (f1([0, al) U f3(1b, 1])) = 92,

which can be written as

f(la,bh N f(la, b]) = 0. (N

Proposition 1 For j = 1,2, let C; be the set of real measurable functions f on T/,
such that the process (f o R}}) be 2-dimensionally determined. Then

(1) Cy contains any real square integrable f such that for some arc A with irrational
length, f(A) N f(A°) =0.

(2) Cy contains any real square integrable f such that for some square A with irra-
tional length side less than one half, f(A) N f(A°) = 0.

Remark 3 In the proposition above, the set C; contains in particular any monotone
continuous non constant function on [0, 1]. It contains also any monotone function on
this interval having a discontinuity at an irrational point, and any strictly monotone
function as well.

Notice that condition (6) (resp. 7) is very helpful, since if it holds the process
(f o R™) will be two dimensionally determined in the class of stationary ergodic
processes, regardless of whether or not all the Fourier coefficients of f are non null.
Also, in the case where the graph of the function f is known, condition (6) (resp. 7)
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can be, easily cheked. For example, for the function f(x) := sin(2m x), (7) holds and
then the process (f o R}) is two dimensionally determined in the class of stationary
ergodic processes even though all but a finite number of the Fourier coefficients of f
are null.

The following proposition shows that Riemann integrable functions on T, or on
T2, can be uniformly approximated by functions f such that the process (f o RM)nez
is determined by its two-dimensional laws.

Proposition2 Let G = T, or G = T2. Let m be the Haar measure and R, be an
ergodic rotation on G. Let H be the set of functions f € L°°(m) such that the process
(f o R}) is determined by its two dimensional laws. Then C(G) is contained in the
L% (m)- closure H of H.

Proof Let f € C(G), and € > 0. Let § €]0, %[ be irrational. In case G = T let
A= As; = [0,8], andincase G = T2 let A = As = [0, 5] x [0, 8]. The set
B:={xeG: f(x)>]|| f |loo —€}1s open and not empty. Then there exists §, such
that a translate J of Ag, be contained in B. Let g = f + 2¢1,. Then

xeJ =gk = fx)+2e > flloo +e,
x¢J=gx)=fx) = f oo

so that

g CIl f lloo +e, 1l f lloo +2€],
g(J) Cl = o0, | f o],

which implie
g(HNgJ) =0.

By (6) or (7) in the preceding remarks, this last relationship implies that g belongs to
H. Since || f — g |lco= 2€, and € is arbitrary, the proof is complete. O

3 Fourier Coefficients of Monotone Functions on the Unit Interval

Even though Theorem 1 weakens the condition that the function f has all Fourier-
Stieltjes coefficients non zero, it can be interesting to give simple condition on f in
order to have this property. In the circle case, Theorem 2 below, shows, for instance,
that non constant monotone continuous functions have the property. For the proof, we
begin with

Lemma 3 Let f be a real monotone Lebesgue integrable function on the interval
[0, 1], with the property f(% —x) = —f(% + x), for almost all —% <x < % and

suppose that f is continuous at the points zqkﬁ, 2lft—glfor allg > landk=1,...,q.
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Then either

1. f= c(21[%’1] — 1) for some c € R, or
2. Jy FOO)EP M dx #0,Vn # 0.
Proof Suppose that f : [0, 1] — R, is non-decreasing (if f is non-increasing, con-

sider g = — f) and satisfies also f(% —Xx) = —f(f% + x),Vx € [0, 1], and let, for
n>1,

1
I, :=/ Fx)eX ™ dx.
0

Then, from

1 1
2 . .
I, :/ fx)e" T dx +/ f(x)e" ¥ dx,
0 2
together with

l . % .
/1 FGe ™ dx = —/ f e,
5 0
2

due the equality f(% —Xx) = —f(% + x), we obtain

I, =2 /7 £(x) sin@rnx)dx = 2i /m f (L) sin(n -
0 0 2nn n

2i "d e t
= — — | sin(¢)dz.
2nn z/kﬂ f (Znn) sin(®)

k=0
Now,

(k+1D)m ¢ T k
/ f (—) sin(r)dt = / f (x + ”) sin(x + km)dx
kit 27'[}’1 0 27'rn

) JECE
=(-1 fl=— + —)sin(x)dx = (—1) ay(x) sin(x)dx,
0 2n 0

2nn

where, fork =0,1,...,n—1,

X k
arx)=f\=—+ —).x [0, x].
2rn 2n
(notice that x € [0,7] = 5 + % € [zk—n, %], and then, since f is non
decreasing, the equality ax(x) = ag+1(x) holds for almost all x € [0, 7] if and only
if f is almost everywhere constant on [%, ]%12].)
Since
X k 1
—+ — < - << x+4kn <nm < x < —k)m,
2nn  2n 2
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and because f is non decreasing
0 1 1 1 1+ 7 1 <f 1+
< —-= - — - < = - — —
DR A T T I A U A U e
=—f ! =2f ! <0
= 5% 5~ %) =0
we have

ar(x) <0, ap(x) < ag+1(x).
for almost all x € [0, %].
Forp=0,1,...,n—1, set

P
Spx) =D (=D (x).
k=0

Then

7 n—1

I, = - > (—Dfar(x) sin(x)dx = L/n Sp_1(x) sin(x)dx.
n Jo k=0 n Jo

Then S, (x) < 0. In fact the following inequalities

So(x) = ap(x) <0,
S1(x) = ap(x) —ai(x) <0,
824 (x) = S2g—2(x) + (az4(x) — azg—1(x)) = S2q—2(x),
S2g+1(x) = Sog—1(x) + (az2g(x) — azg+1(x)) < S2g—1(x);

$2g+1(x) = S2g(x) — azg+1(x) = Szq(x),
prove, by induction, that §,,(x) < 0, forall p <n — 1, and also
So(x) < S2g—2(x) < 82y (x) < Spp41(x) < Spr—1(x) < S1(x) <0.

It follows
s T
/ Sp—1(x) sin(x)dx < / S1(x) sin(x)dx < 0.
0 0

Then, by (8), I, = 0 if and only if S,_; = 0 almost everywhere on [0, 7 ].

If n = 2q + 1, the equality

Sn—1(x) = S2¢(x) = (ao(x) — a1(x)) + (a2(x) —az(x)) + ... + (azg—2(x)

—(azg—1(x)) + azq(x)
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implies then the equalities

axy = axy+1(x),k=0,1,..,q — 1,
azq(x) = 0.

Since f is increasing, the equality ax = azr+1 almost everywhere means that f

: : 2k 2k+2° 7 _ k+lq
is constant almost everywhere on the interval [2(2q 0 204 Tl = [2q T2 ] =
[k k+1] The last interval is fork = g — 1 = Tl -1 = ”53 = [5] — 1, thatis
. k _
[2q+1, 2q+11' If we suppose that f is continuous at the points 27T k=1,...,q,
these equalities implie
ap(x) = ai(x) = ... =ayx) =a,—1(x) =0

which gives

1 1
M) =1 (o +3-20)

for almost all x, which means that the restriction of f to [0, 21 ] is almost everywhere
equal to its restriction to [% 2n 2] which, since f is increasing, implies that f will
be almost everywhere constant on [0, 5].

If n = 24, then the equalities
Sn—1 = S2g—1 = (ap(x) — a1 (x)) + (a2(x) — az(x)) + ... + (a2g—2(x) — azg—1(x))

implie that 7,, = 0 if and only if

ap=ai, a2 =4as, ..., a2q—2 = g—1 = Ap—1

almost everywhere, which means that f is constant on the interval [gﬁ , 2"‘*2] =
[k k“] fork = 0,1,... 1 = %2 — 1 = [4] — 1. In this case, under the
continuity of f,at the p01nts { k=1,...,q},

we see also that f will be constant almost everywhere on [0, %].

We conclude that, if f is continuous at the points # k=1,...,q and at the
pomts 4 Jk=1,...,q, forall g > 1, then I,, = 0 for some n # 0, implies that
there is ¢ > O such that f = —cl[o 1 + cl]% 1 almost everywhere. O

Corollary 2 Let f be a real monotone Lebesgue integrable function on the interval
[0, 1], with the property f(% —Xx) = —f(% + x), for almost all —% <x < %,
and suppose that [ has a discontinuity at an irrational point o €]0, %[. Then

Im( f) f(x)e>™dx) # 0, Vn # 0.
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Theorem 2 Let f be non constant monotone (nondecreasing, or nonincreasing)
Lebesgue integrable function on [0, 1]. Suppose that f is continuous or that for some
irrational a € [0, 1], f is not continuous at «. Then

()
1 .
/ Fx)e*™dx £ 0,Vn # 0.
0
(ii)
1 .
/ h(x)e'™ dx #0,Vn # 0,
0

where h = f + g, for any even function g € L' (m). (g(1 —x) = g(x) for almost
all x € [0, 1].)

Proof Suppose that f is non decreasing. Let g(x) = f(x) — f(1 —x), forx € [0, 1].
Then g is also non decreasing, for in fact, let x < y. Then 1 —y < 1 — x, and thus

g) =g =fx) = fA=x)=fO)+ U =y)=(&x) = f)
+(fA=y) = fd-x)) <0.

Also, note that, if we sett = % + x, then % —x=1—tandx € [_71, %] < t €
[0, 1], so that

f(——x) =—f (%+x),\7’x e [_71%] e f(l—1)=—f@),Vt €[0,1].

Then from

gl—x)=fl-x)=(fd-14+x)=f1—-x)— flx) =—-gk),

1 1 n v -1 1
- — =—g|= Vxe|—,-|.
AV ST 2
Now, if f is continuous, then clearly g is continuous. If f is not continuous at

o, then g is not continuous at « also. In fact, if for a monotone function %, we set
h(x —0) =limy_y ;< h(t) and h(x 4+ 0) = lim;— ;> h(?), then

follows

ga—0)—gla+0)=fla—-0—fl—a+0)— fla+0)+ f(1 —a—0)
=(fl@a=0—-fl@e+0)+(fd-a—=0)— f(1-a+0))
< fa—0)— f(e+0) <O.
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It follows then from Lemma 3, that fol g(x)e!2™¥dx £ 0, for n # 0. Now

1 1 1
/ g(x)eﬂnnxdx — / f(x)eﬂnnxdx _/ f(l _x)eﬂmlxdx’
0 0 0

and, with the replacement 1 — x =1,

SO

1 0 1
/ fa— x)ei2nnxdx — / f(t)eiZJTn(l—t)(_dt) — / f(t)e‘iz””’dz,
0 1 0

that
1 . 1 . 1 .
/ g(x)eﬂnnxdx — / f(x)ethnxdx _/ f(x)e—tZandx
0 0 0

1
=2 x Im (/ f(x)eﬂ””xdx) ,
0

from which we conclude that Im( fol F(x)e!?™*dx) # 0, and this ends the proof of
@@).

(ii) follows from (i), since Im [ g(x)e>™*dx = 0, and Im [ f (x)e>™*dx # 0.
[m}
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