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equation on T” x R" written in the measure sense. These results are applied to the
study of some WKB type wave functions in the Sobolev space H!(T"; C) with phase
functions in the class of Lipschitz continuous weak KAM solutions (positive and neg-
ative type) of the Hamilton—Jacobi equation %IP +Vu(P,x)|?>+ V(x) = H(P) for
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1 Introduction

In this paper we study WKB type wave functions on flat torus T := (R/272)",
namely functions of the form

Un(x) = a(x)eSOM x e T n>1 (1.1)

where a = ap, p is a family of functions in L2 (T";R)and S(x) = P -x +v(x), P €
07" ¢ > 0,5 € ¢7IN, the phase v(x) = v(P, x) is a Lipschitz continuous weak
KAM solution (of positive or negative type) of the stationary Hamilton—Jacobi equa-
tion

H(x, P+ Vyu(P,x)) = H(P) (1.2)

for Hamiltonian H (x, n) := %|r)|2 4+ V(x), V € C®(T"), see Sect. 2.2.1 for precise
definitions.

It is well known that in the case where v is a smooth function (i.e. at least C?), the
wave function v is, under general conditions on the family a = ap p, a Lagrangian
distribution associated to the Lagrangian manifold Ap := {(x,n) € T" x R", n =
P + V. v(P, x)}. Therefore, it has an associated monokinetic Wigner measure taking
the form

dw(x,n) = 8(n — (P + Vyv(P, x))|ao(x)[*dx. (1.3)

Moreover, it remains of the same type under time propagation associated with the
Schrodinger equation whose quantum Hamiltonian is the quantization of the function
H(x,n) (see Sect. 2.1 for details on the toroidal quantization) leading to a Wigner
measure

dw; (x,n) = 8 — (P + Vu(P, x)))|ag(x)*dx (1.4)

where the density |af(x) |? satisfies a transport equation in such a way that dw, is the
pushforward of dw by the Hamiltonian flow of H.

The goal of this paper is to show what remains of this construction in the case where
v is a solution of (1.2) with only a Lipschitz continuity property, a regularity which is
far from being used in the framework of standard microlocal Analysis on this type of
wave functions.

Note that propagation of monokinetic Wigner measures with low regularity momen-
tum profiles and application to the classical limit of propagation of WKB type wave
functions have been recently studied in [5]. The regularity assumption in [5] is much
stronger than ours, but at the contrary the construction in [5] works for any profile with
a givenregularity as we need our phase function to be a solution of the Hamilton—Jacobi
equation. Therefore, the two papers are complementary.

The precise definition of our WKB states, especially of the amplitude in (1.1), is
given in Sect. 4.2, Definition 4.3 where a family of examples are given in the Remark
4.4 following the definition. We underline that these WKB states are different from
the usual Bloch wave functions, as used for example in [32] where for i = 1, the wave
functions take the form ¥ (x) = 2" *¢ (x) with P € R" and ¢ is Z" -periodic. The
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similarity with our setting is for the 27 Z"—periodic term a(x)e!*™)/" whereas the

difference is for our assumption on P € £Z" which makes our functions v, periodic.
For the more general approach called Bloch decomposition of wave functions we
address the reader to [17] and the references therein.

Note moreover that WKB states on the torus with phase functions issued from
weak KAM theory have been used in [10,11] where it has been studied L>—energy
quasimode estimates. In [27] a class of WKB states on the torus with regularized
phase function have been defined in such a way that the associated Wigner measures
are coinciding with the Legendre transform of the so-called Mather measures.

In the present paper we will work with true solutions of Hamilton—Jacobi equation
for the phase and will use a kind of regularization for the amplitude, as no canonical
function choice is linked to the latter out weak KAM theory.

Our first main result concerns the Wigner measure dw, as defined in Sect. 2.1.3,
Definition 2.6, associated with our family of WKB states. It claims, Theorem 4.9, that
dw is as expected monokinetic in the sense that it has the form

dw(x,n) =80 — (P + Vyv(P, x)))dmp(x) (1.5

where the limit in the measure sense dmp (x) = limp_0 |an, p(x) |2dx exists thanks to
Definition 4.3. In fact, we also assume that

dmp L dop = m,.(dwp) (1.6)

where dwp is the Legendre transform of a Mather P—minimal measure (see
Sect. 2.2.2). This setting implies that any measure dw(x, 1) as in (1.5) is absolutely
continuous to dw p itself, as shown in Lemma 4.8. We underline that dop solves the
continuity equation

0=/ Vi f(x) - (P + Vxv(P,x))dop(x) VfeC(T"), 1.7

and this can be interpreted as the consequence of an asymptotic free current density
condition for wave functions ¥ of type (1.1), as we show in Proposition4.11. We recall
that the usual construction of WKB wave functions works within the assumption of
smoothness for the map x — v (P, x). In this case, the determination of an amplitude
function ap (x) is related to the solution of the continuity equation (1.7) written in the
strong sense for op(x) = a%,(x), namely div,[(P + Vyv(P, x))op(x)] = 0.

The assumption (1.6) on dm p together with the monokinetic form of dwp with
support contained in the graph of a weak KAM solution of the Hamilton—Jacobi
equation allow to study very much easily the time propagation of such measures,
which remains of monokinetic type. This is in fact our second main result, which
deals with the classical limit of the Wigner transform of the evolved WKB state. It is
contained within Theorem 5.1 and Proposition 5.3 where the propagation

dw(x,n) =8(n — (P + Vyu(P, x)))g(t, P, x)dop(x) (1.8)

both forward and backward (they are different in our situation) in time is exhibited.
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The paper is organized as follows: Sect. 2 is devoted to some preliminaries con-
cerning the Weyl quantization on the torus (Sect. 2.1), as well as the weak KAM
theory and Aubry—Mather theory (Sect. 2.2). Section 3 concerns the dynamics of the
Wigner transform on the torus and Sect. 4 the classical limit of the Wigner transform,
including the Sect. 4.2 where the monokinetic property of the Wigner measures of our
WKB state is established. Its time propagation is studied in the final Sect. 5.

2 Preliminaries
2.1 The Weyl Quantization on the Torus
2.1.1 Settings

Let us consider the flat torus T" := (R/27Z)". The class of symbols b € S;", s(T" x
R™),m € R,0 <§, p <1, consisting of those functions in C*°(T" x R"; R) which
are 2m-periodic in x (that is, in each variable x;,1 < j < n) and for which for all
o, B e Z'}r there exists Cyp > O such that V(x, n) € T" x R"

10292b(x, )| < Copm ()"~ P1*IHIPI 2.1)

where (1) := (1+|n|*)!/2. In particular, the set S{’fO(T” x R") is denoted by S (T" x
R™).
The toroidal Pseudodifferential Operator associated to b € S”(T" x R") reads

b(X, D)y (x) == 2m) ™" > /T ¢TI, )Y (p)dy, Y e CF(T; 0,
KEL"

2.2)
see [29]. Here we have used Euclidean symbols, but we address the reader to Remark
2.1 about the link with so-called the toroidal symbols. In particular, notice that it
is given a map b(X, D) : C®(T") — D'(T"). We recall that u € D'(T") are
the linear maps u : C>°(T") — C such that 3C > 0 and k € N, for which
lu(p)| <C Z|a\5k 10%@ ooV € C°(T"), see for example Definition 2.1.1 of [19].
Given a symbol b € §™(T" x R"), the (toroidal) Weyl quantization reads

O (b () i= )" 3 [ bty /2y 2y =y, b € €T

KEZ
2.3)
In particular, it holds that
Op; (b)Y (x) = (0(X, D) o T, ¥)(x) 2.4

where T, : C®(T") — C°°(T") defined as (Txv¥)(y) := ¥ (2y — x) is linear,
invertible and L2-norm preserving, and o is a suitable toroidal symbol related to b,
ie. o ~ ZaZO %A%‘D;a)b(y, hin/2) |y:X (see Theorem 4.2 in [29] or also Theorem

2.11in [27]).
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Starting from quantization in (2.3), we now introduce the Wigner transform Wy
by

Wi (x, 1) := (2n)*"/ EFEMy(x — Y (x + 2)dz, 7 € ’%Z", (2.5)

Tn

which is well defined also for v € L*(T"). For b € S™(T" x R") the Wigner
distribution reads

(V. Op} (b)v) = 3 /T b Wiy (rdx, € CUTT.(26)

ne%Z”

For b € S%(T" x R") and ¥ € L*(T"), the mean value (i, Opy BYY) 12(Tny 1s well
defined thanks to the L2 - boundedness estimate of Opy'(b), see Theorem 2.3.

Remark 2.1 Before recalling the notion of toroidal symbols and toroidal amplitudes,
we need first to recall the notion of partial difference operator A. Given f : Z} — C,
it is defined the

Dy fk) = fk +ej) — f(k) (2.7)
where e; € N',(e;); = 1and (e;); = 1if i # j. The composition provide
AR f (k) = Al f(K).. A » f () for any o € Njj. We recall now that toroidal symbols
be S;? (T" x Z”) m e R 0<6,p<1,are those functions which are smooth in x

forallx € Z", 2w -periodic in x and for which forall ¢, 8 € Z} there exists Cogp > 0
such that V(x, k) € T" x Z"

108 A2 b(x, k)| < Cop (1)~ PlIFIBI (2.8)

where (k) := (1+|«|*)!/2. As usually, S (T" x Z") stands for " O(T” x Z"). In the
same way, it is defined the set of toroidal amplitudes S"’ 5(11’” X 11’” 7).
The link between this class of symbols and the Euchdean ones S”f s(I" x R") is

shown within Theorem 5.2 in [29]. Namely, for any be Sm s (T" x Z") there exists

b e S’” s(T" x R") such that b = b|mnyyn, and conversely for any b there exists b
such that this restriction holds true. Moreover, the extended symbol is unique modulo
a function in ST (T" x R").

Remark 2.2 In [18] it is considered the phase space Fourier representation,

b(x,n) = F(b) = Q2m)™" / > b(q., p)e P EDdp, (g, p) e Z" xR",
Rn
qezn

(x,n) € T" x R, (2.9)
(in the sense of distributions) and the operator Uy (¢, p)¥ (x) := ¢/ @*+mPa/2)yy (x 4+

7 p) whichis well defined on L2 (T") for any fixed (¢, p) € Z" xR". Inthis framework,
the Weyl quantization of a symbol b € §”(T" x R") is given by
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Opy, ()Y (x) == 2m)™" /Rn > blq. p)Us(q, p)¥ (x)dp. (2.10)

qeZ

Consequently, the corresponding Wigner transform and Wigner distribution are

Wavr(q. p) == (V. Un(q. p)¥) 2, (2.11)
. 0pf ) = [ Blq. p)Waetq. . @.12)
qeZ

In fact, as shown by Proposition 2.3 in [27], the Weyl quantizations as in (2.3) and
(2.10) coincide.

2.1.2 Composition and Boundedness for Weyl Operators

In the following we recall a result on L2 (T")-boundedness for a class of Weyl operators
involved in our paper.

Theorem 2.3 (see [18]) Let Op;’ (D) as in (2.10) with b € Sggo(’]I‘” x R™). Let N =
n/2 + 1 whenn iseven, N = (n+ 1)/2 4+ 1 when n is odd. Then, for y € C*(T")

ontl L (Bn=1)/2

n+2 T((n+1)/2)

10p (D)W Il 27y < D 108l ooy 112

el <2N
(2.13)

By using standard arguments (such as Hahn—Banach Theorem, see for example
[28]) the above class of operators can be extended as bounded linear operators on
L2(T"™).This is the toroidal counterpart of the well known Calderon—Vaillancourt The-
orem for PDO on R” (see for example [25]).

By applying some results in [29], we now prove the main composition properties
of the toroidal Weyl operators (see also [18], for a similar result involving a smaller
class of symbols).

Theorem 2.4 Let £, m € R,a € SE(T" x R") and b € S"™(T" x R"). Then,
Opy, ' (a) o Opy (b) = Opy (ath) (2.14)
where ath = a - b+ O (h) in SE™ (T" x R"). Moreover;
[Opy (a), Opy (b)] = Opy (atth — bta) (2.15)

where the Moyal bracket reads {a, b}y = attb — bta = —ih{a, b} + O(h?) in
StM=1(T" % R") and the Poisson bracket {a, b} := Vya - Vib—Vyia-Vyb.

Proof To begin, we observe that 7,1 (y) := ¥ (2y — w) can be written as

Ty (y) = 2m)™" Z/ ==Ky () dz, ¥ € C°(T";C),  (2.16)

kel
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and hence Opf ()Y (x) = (0(X, D) o Ty ¥)(x) with 0 ~ ¥, o L A%D

b(y.in/2)|,_,.
By recalling (2.4) together with Theorem 8.4 of [29], it follows

Opy (D)Y (x) = 2m) ™" > /T TR e(h x, 7, k)Y (2)dz (2.17)

KEL"

with amplitude c(, ) € C*®(T" x T" x R") such that |8§‘8§’c(h,x,z,/<)| <
Cay (k)™ Thus, (i1, -) € S (T" x T" x R") and its restriction on the integer
frequencies fulfills ¢(#, -) € S (T" x T" x Z") as recalled in Remark 2.1. In partic-
ular, a direct look at the asymptotics gives ¢ = b(z, ik) + O (k) in S (T" x T" x Z").
Now, apply Theorem 4.2 of [29], so that there exists a unique toroidal symbol
o(h,-) e S™(T" x Z") such that

Opy (b)Y (x) = @m) ™" 3 /T e,y Yy (218)
ke

where moreover it turns out that o (%, y, k) = b&)ihl() 4+ O(h) in S™(T" x Z). By
Theorem 4.3 of [29], it follows the existence of aftb(fi, -) € S (T" x Z") such that

Opj’(a) o Opy (b)Y (x) = 2m)™" D /T T agb(n, y. )Y (dy  (2.19)

KkeZ

and a/ﬁa(h, y, k) =a-b(y, i) 4+ O(h) in S (T" x Z"). Now apply this operator
on T;l o Ty, use again Theorems 8.4 and 4.2 of [29], in order to get

Op}/ (a) o Op} (b) = Op} (adb) (2.20)
and in addition cﬁz(h, y,k) =a-b(y,k)+ O(h) in Sttm(n « 7). By Theorem
5.2 of [29] we get an Euclidean symbol afib € SEEm(T" % R") which is an extension
of afth modulo S~°°(T" x R™), and thus such that

Opy ' (a) o Opy (b) = Opy (ath) 2.2
where afib(h, y, k) = a - b(y, k) + O(h) but now in S (T" x R"). By looking
at the second order expansion of the symbols afib and bfla, it follows attb — bfa =
—ih{a, b} + O(h%) in SEH"—1(T" x R™). o
2.1.3 Wigner Measures

To begin, let us recall that in the framework of the usual Weyl quantization on R” it
can be considered the following space of test functions (see for example [3,22])

A= {p € CoR x RY) | llpll 4 :=/R Su]é} |Fep(x,2)| dz < 400} (2.22)
" xeRn
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where Co (R x Rg) denotes the set of continuous functions tending to zero at infinity,
and F is the usual Fourier transform in the frequency variables, i.e. Fro(x, z) =
fR" e € 2¢p(x, £)dE. In particular, A is a Banach space and it is a dense subset of
Co(RY x RY). Hence, its dual space A’ contains C|(R} x RY) = MR} x R) the
space of not necessarily nonnegative Radon measures on R?” of finite mass. As shown
in Proposition III.1 of [22], it holds the inequality

| / [ Wavn (e £)p(r £)dxds | < Q)" llgla - Va7, (2.23)

and hence for any family of wave functions such that ||y [l 2rsy < C there exists
a sequence i; —> 0T as j —> +oo such that Wh;¥n; is converging in A’ to
some W € A’ (thanks to Banach—Alaoglu Theorem). Moreover, through the use of
Husimi transform, it can be proved that in fact any such limit W € A’ fulfills also
W e MT(R! x Rg’), i.e. positive Radon measure of finite mass.

We underline that there is an estimate analogous to (2.23) for our toroidal framework
which takes the form

|3 [ wantnsonds <@~ s et Hali:

ne%Z” (x,n)eT xR

(2.24)

for all continuous bounded functions g : R2" — R. Indeed, we observe that for
states ¥ € L2(T"), by writing the Fourier series ¥ (x) = > ez Vi eHn) we
have

@ > nehzn Wnn(x,m) = [y ()12,

.. _ |%a|2 when n = ha, o €Z",
n Hl — 3

(if) @)™ Jpu Wan(x. m)dx = 0 otherwise.

Hence, by property (ii) it follows the estimate (2.24).
In view of the above observations, we can now introduce the following

Definition 2.5 (Test functions) Let Co(T% x RZ) be the set of real valued continuous
functions on T% X Rg tending to zero at infinity in n-variables. We consider the subset

of those ¢ € Co(T7 x R’,’]) admitting the phase space Fourier representation ¢ = F (a)
as in (2.9) for some compactly supported a : 7" x R" — C. We define the set

LOO
A= [¢> € Co(Ty x R | supp(d?) is compact} . (2.25)

Notice that A is a closed linear subset of L>°(T% x Rg) hence it becomes a Banach
space when equipped with the L* - norm. We also underline that for any fixed ¢ €
Co (T} xR}) such that supp(a) is compact, ¢ is also a C*° - function rapidly decreasing
in n-variables. Hence, we can directly deal with the set of C°°—functions vanishing
at infinity in the n-variables C3° (T’ x RZ). Thus, we can write
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LOO
A= {¢ € C(T% x R2) | supp(@) s compact} . (2.26)
Moreover, it can be easily seen that A C Cp(T" x R").
We are now in the position to provide the

Definition 2.6 (Wigner measures) Let us fix {{¥r}o<n<1 € L2(T") with ||[ys]] 12 <
CV0 < < 1. We say thatdw € M(RY x R}) is the Wigner measure of the sequence
{Ynlo<n<1if Vo € A

D /1I st Wty — [ gemdurn) 2.27)

UG%Z” xR

for some sequence i = fi; —> 0T as j — +o0.

Remark 2.7 The Wigner transform of v, € C*°(T")

i h
Watrn (x. ) = 27)~" / EH (= DY+ 2z, e ST (2.28)
Tl‘l

works on test functions as

> /En¢(x,n)W;-,1p;-,(x,n)dx= Z/ans(x, %K)thh(x,%lc)dx, (2.29)

ne%Z” KEL!

2 —n i(z,K) * n
Wit (x, 26) = @0 | e - oyt dz, ke 230)
Thus, we notice the 27t Z" -periodicity properties

2 2
thh(x, = +2m)) — Wypvn (x, EK) Va € 7, (2.31)
2 2 n
Wi (x +27a, ﬁ;c) — Wy (x, g,c) Va e 7. (2.32)
From (2.28) we also easily obtain the estimate

sup sup |Wata(x, )| < )" [¥all7.. (2.33)

ne%Z" xeTn

Notice thatif n ¢ %Z" then (2.28) is not defined, since we are computing the integral
over the torus and thus we need the 27 Z" periodicity with respect to x-variables of
the function within the integral. For this reason, we cannot regard Wy v (x, n) as
a wellposed function belonging to L (T} x R}) even if we exhibited the estimate
(2.33). This is one of the main differences with the Weyl quantization on R” where
the Wigner transform Wy (x, §), when ¢, € L?(R"), is a well defined function in
L (R? x Rg) for any 2 > 0.
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In the toroidal framework of this paper, under the general assumption ||y ;2 < C
with C > 0 independent of 7, we obtain semiclassical limits in A’ (see Lemma 2.8)
and for suitably defined wave functions (as for example the WKB ones shown in
Sect. 4.2) we recover semiclassical limits by probability measures on T” x R”".

Lemma 2.8 Let {5 (t)}o<n<1 asequenceinC([—T, T]; L2(T")) such that || s (t) Il 2
< Crforallt € [-T,T]and 0 < i < 1. Then, there is a sequence hj —> 0t as
Jj —> 400 such that Whj I/fhj — Win L®°([—T,+T]); A’) with A as in Def 2.5.

Proof Since we are assuming v € C([-T, T1; LZ(T”)) with ||y ()] 2 < Cr then
the estimate (2.24) implies that for 0 < 7z < 1, the family Wy is bounded in
L®([—-T,+T]; A"). However, L ([T, +T1]; A’) is the dual of the separable space
L'([-T, +T1; A) and hence the application of the Banach—Alaoglu Theorem provides
the existence of a converging sequence Wh,- 1,0;-,.,. — Win L®(-T,+T]; A). O

We devote now our attention on the following (locally finite) Borel complex measure
on T" x R". Let X be the characteristic function of a Borel set Q2 € T” x R”", we
define

Pa@ = > /T X (e, )Wyt (x, m)d. (2.34)
ne%Z”

which is a (complex valued) countably additive set function on the Borel sigma algebra
of T" x R". In particular, we notice that if ||]/;2 = 1 then |Ps(2)] < 1 for all
Q CT" x R" and |P;(T" x R")| = 1. As usual, we say that IP; is weak (i.e. narrow)
convergent to a Borel complex measure P if Vf € C,(T" x R") it holds

/ fx, ndPr(x,n) — / fx, ndP(x, n) (2.35)
Tr xR» Tr xR"
as i —> 0%, In fact, since f € Cp(T" x R"), it holds

[ rwmdmen = 3 [ reominends. @36

ne%Z”

Definition 2.9 The family of (complex Borel) measures {IP;}o<;<1 on the probability
space T" x R”" (equipped with the Borel sigma algebra) is called tight if

lim  sup / dPy(x,n) =0. (2.37)
R—+00 g<p<1 JT"x{R"\Bg}

Thanks to a well-known Prokhorov’s theorem, the set of measures {IPs}o<n<1 is rela-
tively compact with respect to the weak topology if and only if is tight. Notice that the
condition (2.37) reads equivalently as limg—, 1o SUpg . <| P (T" x {R"\Bg}) = 0.

Remark 2.10 When P, = Phi is associated to the class of WKB wave functions <phi
described in Sect. 4.2, we will directly prove the weak convergence (with test functions
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in A) to some meaningful probability measures of monokinetic type (see Theorem
4.9). On the other hand, within Lemma 4.6 we will also prove that such measures ]P’hi
fulfill the tightness condition (2.37), and in this way we can apply the next result on
time propagation of tightness. This ensures the existence of the Wigner probability
measure associated to the solution of the Schrodinger equation, and its coincidence
with the solution of the underlying classical continuity equation, see Theorem 5.1 and
Proposition 5.3.

Proposition 2.11 (Propagation of tightness) Let H = %|n|2 4+ V(x) with V €
C®°(T"), ¥y € L%(T") be such that IRZA =< Cforall 0 < h < 1. Assume
that Py, as in (2.34) is tight. Define ¥ (t) 1= e~ 7OPn(H)1 Y. Then, Py (t) is tight for
anyt € R.

Proof LetY € C“(R’,’l; [0, 1]) be such that Y(n) = 1 on |p| > 1 and Y(n) = O on
In| < 1/2; for R > 0 define Yg(n) := Y (n/R). Then, |V,Y| < C/R and |V%Y| <
C/R? for some C > 0. In fact, we can regard ¥ € Co(T7 x RZ; [0, 1]). We now use
the equation

J ,
E(‘/fh(s), Op,(YR)Vn(s)) 12 = ;le/h(s), [Op; (YR), Opp (H)1¥a(s)) 2. (2.38)

Recalling Theorem 2.4, the commutator reads [Opy, (Yr), Opy (H)] = Op, ({Yr, H}m)
where the Moyal bracket has the asymptotics {Yr, H}yy = —ih{Yr, H} + Dy in
S2(T" x R") and furthermore the remainder Dy ~ O(/?) involves the second
order derivatives of Yz and H. But |3§‘85H(z)| < ¢; and |8)‘j‘8,’7S Yr(2)| < ¢2/R?
for |@ + B| = 2; hence |Dj| >~ R™> as R —> oo (uniformly on ). Moreover
{Yr, H}(z) = 0xYRr0yH — 0,YROy H = —0,Yr0 H hence |{Yr, H}(z)| < c3/R.By
recalling the L?—boundedness of the Weyl operators with symbols in Sg’O(T” x R™)
as shown in Theorem 2.3 and using the assumption ||y |[;2 < C, we deduce

<K-R7! (2.39)

d
a(wh(S), Op; (YR)¥n(5)) 12
for some K > 0 independent on / and ¢. Thus

(Y (@), Opy YR)Y (1)) 12 = (¥ (0), Opy (YR) Y5 (0)) 12
"d
+/0 75 W (5), Op (YR)¥n (5)) p2ds (2.40)

and

[ (0, Opy YRV (0)) 2] < (9 (0), Opy (Y)Y ()2
#| [ e, 0m e 2ds

< [(¥n(0), Ops (YR) Y (0)) 2 +1 K - R™ (2.41)
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Notice that, from the property (ii) of Wy, it follows

(Y, Opy (YR)Ym) 2 = /Tn Whipn (x, m)Yr(n)dx (2.42)

ne%Z"

= X Yol [ Wavntends = 3 Yeta Tl

nelzn aeZn
(2.43)
thus any term of the series is non negative. The same holds true for
Ph(T" x U) = | / Wi n (x, )Xy (n)dx (2.44)
ne%Z” T
— _ . 2
= > Xy / Wiy (e, mdx = D Xy(ha)|Pnal®.  (245)
ey T" aczr

where U is any Borel set in R".
By defining M := T" x {R"\Bg}, and recalling that Yr(n) = O for [n| < R/2
whereas Yg(n) = 1 for || > R, we can write

Py (t)(MR) < (¥4 (1), Opp (YR)Wn (D)) 12 (2.46)
< (¥1(0), Op, (YR) Y4 (0)) ;2 +1 K - R (2.47)
<Pp(Mgp) +1 K- R (2.48)

and hence (recalling the tightness assumption on Py)

lim sup Pu(r)(Mg) =0. (2.49)
R—>+000<h§1

2.2 A Quick Review of Weak KAM Theory and Aubry—Mather theory
2.2.1 Weak Solutions of Hamilton—Jacobi Equation

As it is well known, the KAM theory investigates the persistence, under small pertur-
bations, of some invariant tori of unperturbed integrable Hamiltonian systems. In the
case where the unperturbed Hamiltonian depend only on the fiber variable of T*T",
these tori are, for a perturbation small enough, the graphs of the gradients of functions
that reduce in the unperturbed case to x — P - x, P € R”". It is therefore natural to
look at unperturbed tori as gradients of functions of the form x — P - x + v(P, x).
In the case where C? such functions exist the system is integrable and the weak KAM
solutions fulfil this picture in the case of (much) less regularity.
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More precisely the weak KAM theory deals with a class of Lipschitz continuous
solutions of the Hamilton—Jacobi equation

H(x, P+ Vu(P,x)) = H(P), PeR" (2.50)
in the general assumption of Tonelli Hamiltonians H € C*°(T" xR"; R), that is to say,
for functions H such that n — H (x, n) is strictly convex and uniformly superlinear
in the fibers of the canonical projection 7w : T" x R" — T". The function H (P)

is called the effective Hamiltonian and, as shown in [7] (see also [13]), it can be
expressed by the inf-sup formula

H(P)=  inf sup H(x, P + V,v(x)) (2.51)
veC®(TR) , cTn

which is a convex function of P € R" (hence continuous). The Lax-Oleinik semigroup
of negative and positive type is defined as

t
Tu(x) = ir)}f [M(V(O)) i/o L(y(s),y(s)) — P-y(s) dS} ,

where the infimum is taken over all absolutely continuous curves y : [0, 1] — T”
such that y (r) = x. A function v_ € C%!(T"; R) is said to be a weak KAM solution
of negative type for (2.50) if Vt > 0

T, v_ =v_—tH(P), (2.52)
whereas it is said to be a weak KAM solution of positive type if Vi > 0

T vy = vy +t H(P), (2.53)

see Definition 4.7.6 in [14]. For any weak KAM solution it holds

Graph(P + Vv+(P, ) C {(x,n) € T" x R" | H(x,n) = H(P)}. (2.54)

Furthermore, the graphs are invariant under the backward (resp. forward) Hamiltonian
flow, namely

<p;q (Graph(P + Viv_(P, ~))) C Graph(P + Vyv_(P,-)) V<0 (2.55)
and

o (Graph(P 4 Vvl (P, -))) C Graph(P 4+ Voui(P,) Vi>0  (2.56)
see Theorems 4.9.2 and 4.9.3 in [14]. Moreover, it is proved that the maps x ——

(x, P + Vv (P, x)) are continuous on dom(Vyvy) := {x € T" | 3 Vi (x)}.
As showed within Theorem 7.6.2 of [14], all the Lipschitz continuous weak KAM
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solutions of negative type coincide with the so-called viscosity solutions in the sense
of [8,20,21].

2.2.2 Mather Measures

The Aubry—Mather theory proves the existence of invariant and Action-minimizing
measures as well as invariant and Action-minimizing sets in the phase space. Here
we recall only those results which we are going to use in what follows, and for an
exhaustive treatment we refer the reader to [23,26,30].

Recall that a compactly supported Borel probability measure du on the tangent
bundle 7'(T") = T" x R" is called invariant with respect to the Lagrangian flow
@' T" x R" — T" x R”" related to a Lagrangian function L(x, &) which is
Legendre-related to a Tonelli Hamiltonian H (x, n), if

/ (@' (x, £)dpu(x, §) =/ fx, §)du(x, §)
T7 xR Tn xR

forallz € Randall f € C§°(T" x R"; R). A Borel probability measure d is said
to be closed if for every g € C°°(T"; R) one has

/ Veg(x) - & du(x. ) = O.
Tn xR»

One says that an invariant compactly supported Borel probability measure dup is a
Mather P-minimal measure if for all P € R”

o

/ (L(x,s)—P-s)dupu,s)=inf/ (L. &)~ P-£) du(x. ),
T xR die JTnxRe

where the infimum is taken over all invariant compactly supported Borel probability
measures d . Moreover, the minimizing value of the Action is related to the effective
Hamiltonian as

—FI(P)=/ (L(x. &) — P-£) dup(x, ).
Tr xR»

It has been also proved that the Mather measures of a Tonelli-Lagrangian are those
which minimize the action in the class of all (compactly supported) closed measures
(see for example [6]). As for the Mather set, it involves the supports of all Mather’s
measures, and is defined to be

Mp = suppdpp. (2.57)
dup

We recall that Mather proved in [26] that the set Mp is not empty, compact and
Lipschitz graphs above T", namely the restriction of 7 : T” x R” — T" to M p is an
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injective map and 7 ! : n(ﬂ p) — M p is Lipschitz. For any fixed Mather measure
dup, we denote by

dwp = Ly(dpp), dop:=m(dwp)=m(dup), (2.58)

the push forward by the Legendre transform L(x,£) = (x, VeL(x, £)) and by the
canonical projection 7 (x, n) = x on T".

2.2.3 Aubry Set

About the definition of the Aubry set Ap (in the tangent bundle of T") involving
regular P-minimizers we refer to [14]; we recall here that its Legendre transform can
be given by

= n {(x, P+ V,v(P,x)) | x € T" s.t. IV, v(P, x)} (2.59)

T+
vesy

where the intersection is taken over all Lipschitz continuous weak KAM solutions S
of negative (resp. positive) type of the Hamilton—Jacobi equation (2.50). This set is
invariant under the Hamiltonian flow and

= L(Mp) C A (2.60)

The set A% is compact, the restriction of 7 : T" x R" — T" to A} is an injective
map and moreover 7! : mw(Ap) —> A} is a Lipschitz map (see [14,30]).

3 The Dynamics of the Wigner Transform on the Torus
3.1 The Schrédinger Equation on the Torus

Let us consider the classical Hamiltonian H = %|n|2 4+ V(x), with V € C®°(T"; R).
Thus we have H € S%(T" x R"), namely the symbol class described in (2.1) with
m = 2. We now consider the Schrodinger equation:

ihd Y (t, x) = Opy (H)Yn(t, x) (3.1
Yr (0, x) = pn(x)

where Opy’ (H) is the Weyl quantization of H as in (2.3). As for the initial datum,
Wwe can require @y € WZ’Z(T'_'; C) and |l¢nll;2 < CV0 < A < 1. The one parameter

group of unitary operators e #OPR (D! cap be defined on the whole L*(T"; C). In fact,
this is because the Schrodinger operator Hj 1= —%thX + V(x) is coinciding with

Op;’ (H). This is the content of the Lemma 6.1 shown in the Appendix.
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3.2 The Equation for the Wigner Transform

In this section we provide a result on the equation for the Wigner transform of the
solution of the Schrodinger equation written on the torus. The well known arguments
within the framework of the Weyl quantization on R” (see for example [3,4,17,22])
must be adapted for the Weyl quantization on T”.

The first result reads as follows

Proposition 3.1 Let r, be the solution of (3.1),t > 0 and f € C°((0,1) x T" x
R"™; R) such that Vs € (0, t) it holds f (s, -) € A as in Definition 2.5. Then,

t
L2 [ [+ 9es) oW vom + £.x s, xom)

ne%Z"
dxds =0 3.2)
where
! 24 (z.m)
EnPn(s, x,m) = @) /Tn TV (x +2) = V(x — 2)}

XY (s, x — )Y (s, x + 2)dz. (3.3)

Proof We interpret all the subsequent partial derivatives in the distributional sense of
A’. To begin,

Wiy = (Zﬂ)_n/ RN gy, x — DYy, x + 2)dz
T[‘Yl

+ (2n)*”/ RNt x — )T p(t, x +2)dz. (34)
Since Y, solves the Schrodinger equation, it follows

On(t,x — 2DYp(t,x +2) + Yn(t, x —2)3Up(t, x +2) (3.5)
" B B
= %[(Axwh(n X —2)Ypt,x +2) — Yp(t,x —2)Ax¥y(t,x +2)]  (3.6)
+ i V(x4 2) = Vx — )In(t, x — )Vp(t, x + 2).

Now recall the simple equality (A, f)g — fA g = divi[(Vy f)g — fV.g], so that

(Axyn(t,x — 2)Up(t, x +2) — Yn(t, x — 2) AUy (t, x +2)
= —div, V,[Yn(t, x — )V, (t, x +2)]. (3.7)

Then, insert (3.7) in (3.6), so that

O Yn(t, x — DUt x +2) + Yn(t, x — 208, (t, x + 2) (3.8)
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- —% AV Vyn (X — (1 x +2)] (3.9)
+;$ [V +2) = Vr — Dlnlt x — D0t x +2).

Moreover, an easy computation involving integration by parts shows

i hi i . —
0 VWi = o )" / PHEN iy V[ (1, ¥ — 2Py (1, x + D))z
(3.10)

Thanks to the equality div,Vi[yn(t, x — z)%h (t,x + 2)] = div, V [yn(t,x —
)Y (t, x + z)] and by (3.9)—(3.10) we directly obtain the statement. O

Lemma 3.2 Lete > Oand g(e,-) : T" —> R™ defined as

o —elkol? —i{ywo) _ L TNE je—yPae!
S i= g 2, e a2 () |
KOE E€Z
3.11)
Then, Vy € C*°(T"; C)
lim gle,y —yo) ¥ (yo)dyo = ¥ (y). (3.12)

e—0t Jn

Proof Let G(ko, €, y) = e—€lkol g=i(v.k0) then G(¢, e, Y) = Jpu e ERG ko, €,
y)dko reads

~ N -
G, e,y) = (Z)Ze—lé—ylz(ate) 1
By applying the Poisson’s summation formula (see for example [9]),

> (E)%ewsw@e)-' _ 21 5 (E)%efwznsfhy\z(mnze)-{
Eern € ( 7T) Eern €
(3.13)

Now recall the identification T" = (R/27Z)", fix the periodicity domain yy € Q,, :=
[0, 27r]", so that

1
gle,y) = @y

lim [ g(e, y = yo)¥ (yo)dyo (3.14)
=0t /o,
1 % " 2 2 -1
= 1 - —2m&—2m(y—yo)|- (167 “€) X d 315
dim () SZZ’, /e ¥ (50 Xo, o)y (3.15)
. 1 \5 v 2 (411
= tim () / &Py (30) X, (o)dyo = (). (3.16)
e—0+ \4me n

O
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In the following, we provide the evolution equation for the Wigner transform Wj
of the solution of the Schrodinger’s equation on the torus,

O Wrirn + 1 - ViWithp + IKCp %y With =0 (3.17)

written in the distributional sense. More precisely, Vf € C2°((0, 1) x T" x R"; R)
such that f(s, -) € AVs € (0, t) as in Def 2.5 it holds

t
/ Z / [((%f-l-ﬂ.vxf)(s,x, MWt (s, x, )
0 B Tn
nez "
+ (s, x,n) Kpxy WhWh(S,X,n)]dxds -0 (3.18)

h
where for n € 72"

Kn(s, x,n) := /11‘ ez%(z””{V(x +2)—V(x —2)}dz, (3.19)

i
2m)*h
Kh %y Wil (s, x, n) := Z Kn (s,x, n— gl(()) Wyiry (s,x, ;K’Q). (3.20)

KoEZM
Theorem 3.3 Let yry;, be the solution of (3.1). Then, it holds
O Wnn +n - Vi Wnhn + Ky %y Wity =0 (3.21)

in the distributional sense as in (3.18).

Proof We exhibit a short proof based on the previous result, namely we sim-
ply show that convolution (3.20) is well defined and coincides with the remain-
der term (3.3). Since V € C°°(T"; R), the related Fourier components V,, :=
Qm)™ an eV (2)dz, w € 7%, fulfill |V,| < cj(a))jVj € N and some ¢; > 0.
An easy computation shows that

Kn (s, X, EK) - (2;)nh(e—’“ Ve —eteryn ezt (322)

Moreover, |Wa¥s(s, Voo < (2m)"C2Vs € R. Thus, the series in (3.20) is
absolutely convergent, and we can write down the regularization (useful in the subse-
quent computations):

h h
ICh *n Wity = liIBlJr Z e_elKO‘le;-, (s,x, n— EK()) Wi (s,x, EK()).
€E—>
KoEZN

(3.23)
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We look at the regularization:

fi i
Z e‘dKOlleh (s, x,n— 5/(0) Wiirs (s, X, 5/(0) (3.24)
KOEZ!
= 3 et [ Sty - Ve - old: (29
koeZn @m)*h Jo
1

iz h
* <—zn>n / HETVyn (s, x = DYRGs, x + D2

(zm —€lk | —i(z—Z,k0)
(271)"h /n /n (zﬁ)n Z e 0] (3.26)
x{Vix+2)—V(x —2)}n(s, x — Z)Wh(S,x + 3)dzd?

However, for any fixed € > 0, the function

1
Q)"

gle.z—7) = 3 el it (3.27)

KoEZM

defines a tempered distribution on C*°(T"; C) converging to §(z —Z) as € — 07 (see
Lemma 3.2).
To conclude,

ICh *p Wathp = 61gg+ T

VUn(s, x — 25 (s, x + 2)dzdz
- (27'[)”?1 /Tn elig)l'*' /n 32%<z’n)g(6, <7 Z){V(.X + Z) - V(x - Z)}
VUn(s, x — 25 (s, x + 2)dzdz

— i o Y D=V DG x =D x + D = Enn,
(3.28)

/ M g(e 2 — HV(x +2) — Vix —2))

m}

4 Semiclassical Limits of Wigner Transforms on the Torus
4.1 The Liouville Equation

This section is devoted to the Liouville equation written in the measure sense on
T" x R" solved by the semiclassical asymptotics of the toroidal Wigner transform.

Theorem 4.1 Let v (t) := e_;i;OPlff(H)t(ph where gy € L*>(T"; C) and lonll 2 < C.
Let {dw; }te[—1.1] be a limit of Wy (¢) in L°([—T, +T1; A") along a sequence of
values of i — 0. Then,
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dwy +n-Vyw, — ViV(x) - Vyw, =0 “.1)
in the distributional sense.

Proof To begin, we prove that

d

Z T xR ¢(.X, n)dw[(-xs 77)=/

T7 x

" {H, }(x, mdw: (x, n) (4.2)

for any ¢ € A, see (2.26). To this aim, we observe that the Schrddinger equation
implies

d
77 vn (@), Op} ($)Ya (1)) 2 = — ()~ (s (1), [Op} (H), Opy (9)]Yn (1)) 12 (4.3)

where H := %|n|2 + V(x). Hence, fort > 0,

(Y (1), Opy @) ¥u (1)) 2 — (@, Opy (@) gn) 12
t
= _/o (7)™ (Y (s), [Opy (H), Op} () 1y (5)) (2ds (4.4)
where Y (r = 0) =: ¢ € L*(T"; C) with lenllz2 < CY0 < A < 1. Moreover,

thanks to Theorem 2.4, the Weyl symbol of the commutator (namely the Moyal bracket
of symbols H and ¢) reads

{H, ¢lm = —in{H, ¢} +r (4.5)
where r has order O (h%) when estimated in S2* (T" x R") for any m € R, and thus
also in SO(T" x R"),

10295 r(x, m)| < Cap B ()71, (4.6)

The related remainder operator Opy’(r) is thus L2-bounded, with (time independent)
norm estimate thanks to Theorem 2.3 with order O (7). This directly gives

t
tim 1| /0 (Wi (s), OPY (P ¥n (s)) 2ds

h—0t

. —1 w =
< hl_])IBlJr th||Opy (DNl p2— 2 =0,

4.7
since Y ()2 = 1¥a(s = 0)l;2 = llgnll 2 < C. The first term in (4.4) reads

(Yn(®), Oy (@) Yn ()2 = /anﬁ(x,n)Whlﬁh(hx,n)dx. (4.8)

ne%’Z"
Let w;(x,n) be a family of Radon measures of finite mass on T” x R”" for any

t € [—T, T] which is a limit of Wy in L*([—T, +T1]; A’) along a sequence of
values of /i ; — 0. The related semiclassical limit of (4.8) reads
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/ @ (x, mdw;(x, n). (4.9)
T xR®

If we now look at

> [ tHghe mWatn . (4.10)

ne%Z“

we recall that ¢ is rapidly decreasing in n-variables and the phase space transform
¢ has compact support, hence also {H, ¢} € A. As a consequence, we can extract a
subsequence 7i () — 0 so that the semiclassical limit of the righthand side of (4.4)
reads

t
/ / {H, ¢}(x, n)dws(x, n)ds. 4.11)
0 N R1

We therefore deduce
/ o (x, n)dwz(x,n)—/ ¢ (x, ndwo(x, n)
Tr xR» Tr xR»
t
=/0 / Rn{H,fb}(x,n)dws(x,n)ds (4.12)

and observe that the righthand side is differentiable for any + € R (and thanks to
the equivalence, the lefthand side too). We now take the time derivative of both sides
and get equation (4.2). On the other hand, since H is smooth, it is easily seen that
equation (4.2) has a unique solution in Cyear ([—7T, +T]; MFT(T" x R™)), i.e. the
topology on M (T" x R") is given by the Lévy-Prokhorov metric which metrizes
the weak convergence w.r.t. continuous and bounded test functions, and this solution
is given by the push forward of the initial data (¢},;).(dwy) involving the Hamiltonian
flow. However, this is also the unique solution of the Liouville equation written in the
following weak sense

t
/0 / [0 7+ U f) (s3] ds (e, s =
"X n
VieCX(0,1) xT" x R"; R), (4.13)
as shown within Sect. 8.1 in [1]. In view of Remark 4.2, our limits {dw; };¢[—T,71] are

in fact continuous path of nonnegative Radon measures, and hence coinciding with
the continuous solution (<p;1)*(d wo) of the Liouville equation. O

Remark 4.2 About the above result, we recall Lemma 3.2 of [3], and we focus the atten-
tion on the additional continuous regularity of the limits {dw;};c[—7,7] of Wi (¢)
in L ([T, +T]; A’) passing through sequences as i — 0. In fact, it can be easily
proved that for our test functions ¢ € A, the related functions

Prp) = 3 /T Gl Wiy (e, . (4.14)

UE%Z"

Birkhauser



1312 J Fourier Anal Appl (2014) 20:1291-1327

are differentiable and fulfill

d
sup | —Pp (1)
dt a4

—T<t<T

< Cyr. (4.15)

This can be proved thanks to the phase space representation (2.12) for (4.14), recall-
ing that the phase space transform $ is supposed to be compactly supported and by
the equation for the Wigner transform (3.18) with test functions f = X (¢)¢ (x).
Then, by following the same arguments in Lemma 3.2 of [3], it follows that dw €
Cweak ([T, +T]; MT(T" x R")) and that for any —T < ¢t < T it holds the weak
limit Wiy (r) — dw; with test functions ¢ € A C Cp(T" x R"), namely as in
Definition 2.6.

4.2 WKB Wave Functions of Positive and Negative Type

We begin this section introducing a class of WKB-type wave functions in H'!(T"; C)
associated with weak KAM solutions of the stationary Hamilton—Jacobi equation.

Definition 4.3 Let P € ¢Z" for some £ > 0 and A~' € ¢7'N. Let v+ (P, ") €
CY1(T”; R) be weak KAM solutions of the H-J equation (2.50) (in the sense of [14],
see subsection 2.2.1). Select a;ﬁP e H'(T"; R") such that

dom(a; ) € dom(Vyva(P,-)) = {x € T" |IV,ve (P, x)} (4.16)
h,P

||a,,leP||Lz = land ||a;EP||H1 —> 0as i —> 07. We suppose that the following
weak limit upon passing through a subsequence /; —> 0T

dms(x) == h~li—n>10+ |a;Ej’P(x)|2dx (4.17)
J

fulfills dmﬁ < dop := m,(dwp) where dwp is the Legendre transform of a Mather
P-minimal measure. The WKB wave functions of negative type are defined by

o () 1= ay_p(x) enlPrto-(Pol (4.18)
and the WKB wave functions of positive type
¢F () = aj p(x) eRlPaHv Pl (4.19)

Let us point out that though the definitions (4.18), (4.19) seems to recall Bloch wave
expansions, the parameter P is reduced to values belonging to #Z" and therefore go;lt
are truly periodic functions.
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Remark 4.4 (Example) About the previous definition, we exhibit an explicit construc-
tion foragfp. In fact, consider p € C3°(R") suchthatO < p, supp p C Q, := [0, 27]"
and [ p(x)dx = 1. For a fixed a > 0 let

Gy p(x) =S p(x_—m). (4.20)

h(x
keZr

Then fT" Py p(x)dx =1, and if f € LI(T”) we have, by the periodicity,

Gy * f(x) = /Tn Sy n(x — ) f(dy = / p(2) f(x — h”z)dz

n

For a fixed (P-dependent) Borel positive measure dm% on T" with supp(dm%) -
dom(V v+ (P, -)), an amplitude function can be given by

4.21)

a;fP(x) = {/11‘ i(he b, — y))dmj;(y)}l/z

n C() dom(Vvy) ’

wheree, y > Owith0 < e+y(n+1) < L,co = co(h) = [h°+plpig,) = 1+O0R°).

Notice that a > ¢/ ZCO_ 2 and x a;ﬁ p(x) is 27 -periodic (in each variable). This
means that it is a well-defined positive function on the torus. The function (4.21) fulfills
(see Proposition 4.6 in [27])

() fpulay p(0)Pdx =1
(i) 1% [p |Veaj p(0)]2dx < |Vip|Zo B27€- DY)
(i) limp— o4 fqn f(x)|a;,l'fp(x)|2dx = Jon f(x)dmﬁ(x),v bounded Borel measur-
able f: T" — R whose discontinuity set has zero dmflﬁ-measure.

Before to conclude this construction, we need to remind (2.58)—(2.60) which ensure
that the supports of the projected (on T") Mather measures dop are all contained in
the domains dom(V v+ (P, -)).

In the following, we provide two useful Lemma involving our class of WKB func-
tions.

Lemma 4.5 Let (p;lt be as in Definition 4.3. Then, <phi e H\(T"; C).

Proof The L?-norm simply reads ||<p;t||Lz = ||a2EP||Lz < +00, whereas

+ 1 + +
19507122 = 2P + Vivs)ai pll 2 + Vs pl 2

Recalling (2.54) and the setting of a5 p, for any fixed 0 < i < 1 it follows that

1
IVegillz < 2P + Vivellis + 1Vxdj pllz2 < +00.
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Lemma 4.6 Let (p;f be as in Definition 4.3. Let IP;E be as in (2.34) associated to (p;f.
Then, the family of measures {P;t}oshfl is tight.

Proof Let Mg :=T" x {R"\Bg} and Ug := R"\ Bg. Thanks to (2.45)

PE(T" x Ug) = Z Xy () |§;f 17 (4.22)

aeZl

where the Fourier components read

(/p\;lta = (27_[.)—”/ e_i‘:t‘x(p;:-::(.x)dx — (Zﬂ)_n/ e—l‘()l'xa;:.ltp(x) e%[P‘X‘FUi(P,X)]dx
’ Tn Tn ’
(4.23)
- (271)*"/ at ,(x) enV =P i (et P)x g, (4.24)
T ’

and P € ¢7Z" for some fixed £ > 0; moreover we underline that the series (4.22) is
computed over |fia| > R (or equivalently |o| > RA™Y). In the case R > | P|, it holds
the equality

—ih i i
(=ih) 2(—ha+P)-(2n)_"/ at p(x) en =Py en (hetPrx gy
T ’

a~
Pno = | — ha + P|

(4.25)

The integration by parts gives

~ i h ; ;
Phia = ﬁ(_ha = (27”7"/ Vidyy p(x) ef P00 en ChetRx gy
’ — ho T ,
1
—— (—ha+P) Q)"
ha g pp et PG
/ aj p(x) (Vv (P, x))en V=P i (et P)x g (4.26)
™ "

We are now in the position to provide an estimate for |$;Zta |, indeed some easy com-
putations together with the application of Cauchy—Schwarz inequality give

. (27.[)7;1/2 7
Phal = m(nhwﬁpnmﬂzn) Vv (P, lie) - @27)

Recalling (2.54) we have ||V,vL (P, -)|Le < +oo for any fixed P € ¢Z". We also
remind that ||tha;.E plliz—0ash — 0. To conclude, by defining

2
Cop = (Zn)—n(osl;p (IVaE pll2) + @)™ | Veva (P, .)||Loo) (4.28)
<h<l
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it follows (when R > | P|)

Cn P Cn P
P (T" x Ug)| < _ Cnp / _SnP gy 429

The last (7i-independent) upper bound implies that

lim  sup [Py (T" x Ug)| = 0. (4.30)
R—+o00 0<h<l

We next exhibit a property of the involved monokinetic measures.

Proposition 4.7 Let dm% as in (4.17) and v_(P, -) € C%'(T"; R) be a weak KAM
solution of negative type for the H-J equation (2.50). Define the lifted Borel measure
on T" x R" by

/ann ¢ (x, Mdip (x, ) = /ann ¢ (x, P+ Vv (P, x))dm%(x), V¢ e A.

(4.31)
Then, dﬁi% does not depend on the choice of v—(P, -), namely

/ann o (x, U)dﬁﬁ(x, n) = /Jl‘" o(x, P+ Vv (P, x))dm?(x) (4.32)

for any other weak KAM of negative type v'_(P, x). Moreover, for any weak KAM of
positive type v4 (P, x) it holds

/j\]‘ann ¢(-x7 n)d%:;(-xv 17) = ‘/Tn ¢(x’ P + va"r(P? x))dm:}E(x) (433)
Finally, there exists a Borel measurable function g*(P, ") : T" — R¥ such that
/ ¢ (X)dmy(x) = / ¢(x) g= (P, x)dop(x). (4.34)
Tn xRn Tn

Proof Forany vy (P,-) € C 0.1(T"; R) which is a weak KAM solution of Hamilton—
Jacobi equation (2.50), the map x +— V,vi(P,x) is continuous and uniformly
bounded on its domain of definition dom(V,v+(P,-)) < T". Moreover, since
we assumed dm% &« dop then supp(dmf,?) C supp(dop). By recalling that
supp(dop) C w(M3) S m(A}) and thanks to the localization the Aubry set A%
shown in Sect. 2.2.3, it follows

/ ¢ (x, ndiig(x, ) = / ¢ (x, P+ Vovs (P, x))dms (x) (4.35)
T xR» T

for any v+ (P,-) € C 0.1(T": R) weak KAM solutions of Hamilton—Jacobi equation.
Finally, the assumption on the absolute continuity of d mﬁ with respect to do p together
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with the well known Radon-Nikodym derivative provides the existence of a Borel
measurable g* (P, x) satisfying (4.34). o

Lemma 4.8 Let
dif (x, ) i= 8(n — P — Vyve (P, x))dms (x) (4.36)

be as in Proposition 4.7. Then, dn?% is absolutely continuous to dwp, i.e. the Legen-
dre transform of a Mather P-minimal measure. In particular, there exists a Borel
measurable function g+ (P, -) : T" — RY such that

ding (x, n) = g (P, x)dwp (x, 1) (4.37)

where dwp(x,n) =8(n — P — VyvL (P, x))dop(x).

Proof By the assumption within Definition 4.3, it holds dmp < w,(dwp) =: dop
where dwp is Legendre transform of a Mather P-minimal measure du p as in (2.58).
Equivalently, we can take dop := m.(dup). Thus, there exists a Borel measurable
function g¥(P, -) : T" — R such that

dins(x,n) = g* (P, x)8(n — P — Vyvi(P, x))dop(x). (4.38)

In fact, it holds the equality §(n — P — Vv (P, x))dop(x) = dwp(x, n) thanks to
the inclusion

supp(dwp) S Ap S Graph(P + Vivi(P, 1)),

see Lemma 3.1 shown in [15]. The (4.37) follows directly.

We are now ready to provide the result involving the semiclassical limits of the
Wigner transform for the above class of WKB-type wave functions.

Theorem 4.9 Let P € L Z" for some £ > 0, h~' e ¢7IN, vy be weak KAM solutions
of H-J equation (2.50) and (p,ff be the associated WKB wave functions as in Definition

4.3, dmf as in Definition 4.3. Then,
Jim Wagi (v, n) = 801 = P = Vova (P x)dmp(x) =t difip(x,n) - (439)
>
in A’ for test functions A as in Definition 2.5, and passing through a subsequence.
Proof The Wigner transform in the variables (¢, p) € Z" x R":
Wagy (g, p) = / i (y)*e! @It aiD o (y 4 hp)dy
Jm
= /}1 e hp-q/2+P-p] el’LI'ye/%[Ui(Pq))‘Fhﬁ)*Ui(qu)]a;lt’P(y)a;:P(y_’_hp)dy.

(4.40)
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By the H'-regularity of a; . itholds a; »(y +hp) = a; p(y) +h Jop- Viay p(y+
Mip)dX and

laip (o + hip) — i p(@)l 2 < 1l B llai pllan (441)

Thus,

Wh(phi(q, p) = / e!1hp-q/2+P-pl eiQ')’eﬁ[Ui(P,y—&-hP)—Ui(P,y)]a;lt’P(y)Qdy

Tr

+Ri(g, p) (4.42)
where
Ru(q. p) = /T (PP D) a3 s P hp) v P E ()
xlay p(y +hp) — ay p(Ndy

andV(q, p) € Z" x R"

|Rn(q. p)| < vol(T")llan.pll 2 llay p(o + hip) — ay p (o)l 12
< @) |pl fi g pllg (4.43)

For any ¢ € A the related supp(¢) is compact, and hence

> / ¢(q. P)Whei (q. p)(q. p)dp (4.44)
qeL" R"
_ Z/ g(q,p)/ (PP P] 03 HUs Py Hhp) s POl ()20
qun R» Tn
+ X [ 6 prita. prdp. (4.45)
qezLr

An easy computation shows that

|3 [ S pria s < X [ i@ pien” ipl 1 s

qez qezl

and hence, since supp(¢A>) is compact and 7 ||a; pllgr — Oash — 0% (see Remark
4.4) it follows

Qm)" Z/R 6(g. p)I Ipldp B lla pllys — 07 as h— 0%, (4.46)
qeL"
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In view of (4.46) and the compactness of supp(dA)), the (4.44) reads

Z/}R Blg. p) lim [ PP o Hos Pt PN () Raydp.

qezr ~0rJ
(4.47)

By looking at the integral
/n (PP ] G0y H Py i) —0s POl g ()24, (4.48)

we observe that el 174/ g7 V=P Y+ =ve(P.)] s g family of uniformly bounded
continuous functions on T” such that

lim. P4/ i [0 (Py+ip)=ve(P)] _ ipVava(P,y) (4.49)
.

Y(g, p) € supp(a) and Vy € dom(V,v+ (P, -)), since any map x —> V,v4 (P, x) is
continuous on dom(V v+ (P, -)) (as we recall in Sect. 2.2.1). By the inclusions

supp(dm3p) S supp(dop) C dom(Vivs(P, ) (4.50)

we deduce that (4.49) is (possibly) not fulfilled only for a set of zero dm% measure.
Hence, we can apply Lemma 6.3 for the classical limit of the integral (4.48) to
obtain

/” erp eiq'yeip'v)‘"i(P’y)dmﬁ(y). 4.51)
We deduce that (4.47) reads

Z/R <17(q,p)(/T ePp e"‘f”e"l"vﬂi(*””dmﬁ(y))dp. (4.52)

(]EZ”

= / >, /R (g, p)e'T? 1PV dp dmp(y)  (4.53)

qezn

where we used again the compactness of supp(a). Through the inverse phase-space
Fourier transform the above expression becomes

| PO P E Vave(Py) dmp (). (4.54)

O

Remark 4.10 Let P € ¢ 7" for some £ > 0 and (p;f as in Definition 4.3. Define the
current

Ty (x) := hIm((¢;)* Vgy (%)) = (P + Vv (P, x))|ay p ()] (4.55)
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The (formal) free current equation div, JhjE (x) = 0 becomes well-posed in the weak
sense:

/ Vof(x)-JE@) dx =0 VfeC®T';R). (4.56)
Tn

In particular, we recall the inclusion (2.54) which implies, together with the assump-
tions on a;'fp, the estimate supg_j<; ||J,§IE Iz < |P+ Vyve(P, )L < 4+00. How-
ever, the low regularity v+ (P, ) € C 0.1 (T™; R™) does not guarantee the existence of
some amplitude function satisfying this equation, hence we have to write the asymp-
totic condition

(/ Vel () JE@) dx| — 0, VfeC¥(T;R) (4.57)
’]I‘rl
for a sequence {h;l}jeN € ¢~'N with hj — 0" as j — +oo.

The above observations become meaningful in view of the following result.

Proposition 4.11 Let P € 7" for some £ > 0, v+ (P, -) € CO1(T"; R) be a weak
KAM solution for (2.50). Then, there exist a,jiP as in Remark 4.4 such that the (unique)

weak-x limit dmp(x) = lim; |arlej.P(x)|2dx equal dop = m,(dwp) where
dwp is the Legendre transform of a Mather P-minimal measure and

’/ Vef(x)- Jrf(x)dx — 0 as j — +oo Vf € C®(T"; R). (4.58)
Tn J

Proof Let dop = m(dwp) = dup with dwp as in (2.58). Then, dop is a Borel
probability measure T" with

supp(dop) C (M) C mu(Ap) S dom(Vyve (P, ). (4.59)

Moreover, it holds
/ Vi f(x)-(P+Veve(P,x))dop(x) =0 Vf e C®(T"; R). (4.60)
']I‘n

Indeed, dwp := L.(dup) and du p is invariant under Lagrangian flow, hence closed,
which means that

/T Vel Edup(x,6) =0 V[ € CTR),

Here the Lagrangian reads L(x, &) = 3|£|> 4+ V(x) and thus the Legendre transform
L(x,&) = (x, &), which gives

/ Vef()-ndwp(r.) =0 Vf € CO(T"; R).
T”XR"
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By Lemma 3.1 in [15], we have necessary supp(dwp) < A} < Graph(P +
Viv+(P, ). Thus, we can restrict dw p|Graph(P+V, vy (P,)) Since Graph(P + V vy
(P, -)) are Borel measurable subsets of T x R”" containing the support of this mea-
sure. Hence

/ Vif(x)-ndwpx,n) =0 Vf e C®(T";R).
Graph(P+Vyv+(P,"))

The canonical projection 7 : Graph(P + Viv+(P,-)) — T" is a Borel measurable
map, because of Graph(P + Vv (P, -)) = T". We can apply the change of variables
and get (4.60).

Now, define the Borel probability measure dmp(x) := dop(x) on T". Recalling
Remark 4.4, there exists a;.lt’P e H'(T"; R") such that limh/,_>0+ |a;l—Li,P|2dx =dmp
in the weak-+ convergence of Borel measures on T”. Notice that now we do not write
dmp as dm?.? since in fact the inclusion (4.59) holds.

Thus, we look at

/ Ve () - JE)dx = /T Vi f @) - (P + Vv (P, X)) |ay p(x)[*dx.  (4.61)
and observe that the function
X > Vi f(x) - (P4 Vyve(P, x))
is a bounded Borel measurable function, and x +— V,v4(P, x) is continuous
on its domain of definition. Hence, the set of x € T” such that I{xg}reny C
T", limg_ 400 Xx = x and

kEToo Vi f (i) - (P + Veve (P, xi)) 7 Ve f(x) - (P + Vive(P, X))

is a set of zero dm p-measure. We now apply Lemma 6.3 to get

.lir4r_1 Vif(x) - (P+ VyvL(P,x)) |a;,lt_ P(x)|2dx (4.62)
Jj—>+oo JTn o
=/ Vi f(x) - (P + Vyve(P, x)) dmp(x) =0 (4.63)
"H‘n

where the last equality is given by the above setting dm p(x) := dop(x) and thanks
to (4.60). O

5 Propagation of Wigner Measures on Weak KAM Tori
5.1 The Forward and Backward Propagation

The main result of the section reads as
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Theorem 5.1 Let (p;f be as in Definition 4.3 and {j, (t) 1= e_%ol’:‘f(mt(ph. Letdfnvﬁ(t)
be a limit of Wy (t) in L*([—T, +T1; A", and d%i g+ (P, x) be as in Proposition
4.7. Then, dn?ﬁ(t) = ((pi,)*(dﬁﬁ) e M (T" x R"). Moreover, V¢ € A and¥t > 0

/T " GCx,m) dmp(t,x,m) = /T ¢(x, P+ Vv (P, x)) g (t, P, x)dop(x)

5.1)
g (1, P.x) := g4 (P, 7 o gy (x, P+ Viv_(P, x))) (5.2)

Whereas ¥Vt < 0

/w . ¢(x, ) dmp(t, x,n) = /anb(x, P+ Vyv_(P,x)) g-(t, P, x)dop(x)

(5.3)
g (t,P,x):=g_(P,mo (p;II(x, P + Vv (P, x))) 5.4

Proof By Theorem 4.1 and Remark 4.2, any distributional limit dw of the Wigner
transform Wy (¢) in L°([—T, +T]; A’) solves the Liouville equation and dw €
Cweak (=T, +T1; MT(T" x R")). Hence, thanks to the uniqueness for the continuous
solutions of this continuity equation, it holds dw; = ((pz, )« (dw(0)). On the other hand,
for our initial data g{);lt we proved, within Theorem 4.9, that the Wigner transform

Whgo;.lt is weak converging (for test functions in A) to the monokinetic probability

measures dn"if.f e M (T" x R"). Moreover, recalling Lemma 4.6, the complex
measures }P’hi are tight and hence their time evolution Phi(t) is tight as well (see

Proposition 2.11). This implies that there exist semiclassical limits of IP’hi (¢) inthe sense
of (2.35), namely there exist weak limits of Wy (¢) with respect to test functions
in Cp(T" x R") D A to some Borel measures for any fixed ¢. In fact, this means
that it must be that dw; = (go},),,(dn’iﬁ e M (T" x R"). From now on, we write
dinp (1) = (@} ().

Next, we underline that V¢, Y € A

/ ¢ (x,n) difip(t, x, 1) = / ¢ 0 @iy (x, ) difis (x, 1) (5.5
Tn xRn T xR»

/11‘" R yxm) i (x. ) = /]I‘n Y (x, P+ Vive (P, x)) g£(P, x)dop(x).
(5.6)

Hence

/T N d(x,n) ciﬁﬁ(l,Jc,rl):/T ¢ o @y (x, P+ Vivi (P, x)) g+(P, x)dop(x).
(5.7)
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We now recall that dop := m.(dwp) where dwp is the Legendre transform of a
Mather P-minimal measure, which takes the monokinetic form

/T " <i>(x,'7)dwp(x,n)=/T ¢(x, P+ Vyvie(P,x)) dop(x) (5.8)

and dw p is invariant under the Hamiltonian flow. This is a consequence of Lemma 3.1
in [15], which gives supp(dwp) C A} and thanks to the inclusion A% C Graph(P +
Vv (P, ).

Hence, we can rewrite

/w Rn¢(x,n) dnﬁ(t,x,n)=/ ¢ o @y (x,n) g+ (P, m(x, n)dwp(x,n).

']I'I‘l XRYI
(5.9)
By the generalized change of variables,

/ ¢ (x, n) dinp(t, x, 1)
Tr xRn
= /11‘" o G, 1) g+ (P, 7 0 @y (x, M) (95 )xdwp (x, 1) (5.10)

and thanks to the invariance of dwp,

/ ¢ (x,n) dip(t,x,n) = / ¢ (x, ) g+ (P, 0@y (x, m)dwp(x, n).
T xR» Tr xR»

5.11)
By (5.8)

/ ¢ (x, n) dins(t, x, )
T”XR”

=/ ¢(x, P+ Vyivi(P,x)) g(P, oy (x, P+ Vivi(P, x))) dop(x).

(5.12)
Thus, we can define
g (t,P,x)=g4(P,mmo gol_j(x, P+ Viv_(P,x))) fort>0 (5.13)
and
g (t,P,x):=g_(P,wo gol_j(x, P+ Vv (P,x))) fort <O0. (5.14)

O

Remark 5.2 'We notice that the supports of the measures dn?ﬁ(t) are contained, for
any ¢t € R, in the Mather set M’ C A% in the phase space which is invariant
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under the Hamiltonian flow as well as .A;,. Hence, these are also contained in any set
Graph(P + Vv (P, -)) and this means that we could write several possible equivalent
Borel measurable density functions g (¢, P, x). However, within the next result we
underline that the functions g (linked to the vector field P + V,v4) solve a time-
forward continuity equation whereas g_ (linked to the vector field P 4+ V,v_) solve
a time-backward equation.

Proposition 5.3 Let g1 and dop as in Theorem 5.1. Then, fort > 0 and Vf €
CX((0,1) x T"; R)

t
/ /T (95 f (s, x) + Vi f(s,%) - (P + Vxvi (P, x))] g4(s, P, x)dop(x)ds =0
0 n

(5.15)
whereas fort <0andV f € C°((t,0) x T"; R)

0
/ / [0, f (5, 3) + Vs f(5. %) - (P + Vv (P, x)] g (s, P, x)dop(x)ds = 0
t Tn
(5.16)

Proof We recall ¢}, | As, o Ap — Aj is a one parameter group of homeomorphisms
on the closed invariant graph A% on T”", hence

g+ dop = mdifi p (1) = 7)) = 7 (043, ) i (O)
= ((hs1.a3)) diip(0) (5.17)

The map n(w}ﬂ A, ) : n(.A},) — JT(.A’;,) is a one parameter group of homeomor-
phisms associated with the vector field

d
bi(x) 1= En(wb(x, P+vai(P,X)))'Z_O = VyH(x, P+Vy v (P, x)) (5.18)
defined for any x € 7 (.A%) but also in the bigger sets dom(V, v+ (P, -)) defined a.e.
x € T".Here H(x,n) = %Ir}l2 +V(x) and thus V, H (x, n) = n. About the regularity,
we have b € L°(T"; R™). Write down the ODE
Yy =bi(y) (5.19)

with y (0) = x € dom(V, v (P, -)) but remind the inclusions (see Sect. 2.2.3)

oL (Graph(P 1 Vi (P, .))) C Graph(P + Vv (P,-) Y1 >0  (5.20)

q)}, (Graph(P + Vyv_(P, -))) C Graph(P + Vyv_(P,)) Vt <0. 5.21)

Thus, even if we have the low regularity by € L (T"; R") and not (in general) in
the larger W1-2°(T"; R"), the equation (5.19) is well posed and solved for r > 0
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and y(0) = x € dom(Vyv4(P,-)), or in the case t < 0 and y(0) = x €
dom(Vyv_(P,-)). We are now in the position to apply the same proof of Proposi-
tion 2.1 in [2] and get the statement.

About the explicit representation of the density g+ for # > 0, which can be seen as
the Radon-Nikodym derivative of mr,dim p () with respect to dop,

/Tn ¢ (x)g4(t, P, x)dop(x) = /Tn P (T (Pl a)())g+ (P, x)dop(x)  (5.22)

= /T P ()g+(P, w(g'la)(x))dop(x)  (5.23)

since dop is invariant under 7'[((,0;1[| A ). We are now looking at the Hamiltonian
flow for negative times, and we recall the inclusions supp(dop) € M} S A} C
Graph(P + Vyv4(P, -)), thus we can choose

g.(t, P,x)=g{(P,mogy (x,P+ Vv_(P,x)) fort>0 (5.24)
as we have chosen in (5.14). The same arguments for negative times provide

g (t,P,x)=g_(P,mogy (x,P+ Vevy(P,x)) fort <0. (5.25)
asin (5.14). m]

Remark 5.4 Let w;lt(s, X) = e_;’.zOP?(H)sw;f (x), define the position density p;f (s, x)
:= Y (s, x)|? and the current density J:(s, x) := I Im((¥;)* Vi (s, x)). The
(formal) conservation law reads

30 (t, x) + div, JE (1, x) = 0. (5.26)
In the next result we exhibit the well-posed setting.

Proposition 5.5 Let ¥ (s, x) 1= ¢ 1P M3oE () pE(s x) = [y (s, x)|% Let
(p;; € C®(T"; C) such that ||(p,31'f‘E - (p;fHHl — 0ase — 0T. Define J,fa(s, x) =
hIm((w;l'fg)*wa;fg(s,x)) and take a distributional limit J;E = limg_, o+ J;fs in
D'((0, T) x T"). Then,

t
// 35 £ (5, )P (5, 1)+ Vs f(5,%)-J5 (5, x) dxds =0 Y f €C((0,)xT"; R).
0 Jn

(5.27)
Proof This equation is well posed. Indeed,
+ n + 2 2
ElY; ()] = . jlvxl//;-,,s(s,X)l + V() ¥n,e (s, x)|dx (5.28)
h2
= /T IVl 0, 01 + V)lynos, x)Pdx (5.29)
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h2
o / S IVebir P + V@lgy (0Pdx as e — 07 (530)
Tn
1
- / (zlp + Vv (Pl 4+ V() gy p () Pdx

hz + 2
+ —I|Vxa, p(x)|"dx
Tn 2 ’

_ 12
H(P) +/ 7|an;ltp(x)|2dx <400 VO<h <1 (531)
Tn ’

since /i ||an;jfp |l;2 — O thanks to the setting of a,jfp.

Hence [[ /5, (5. )1 < 1¥n.e (s, Dl 21 Ven e (s, )l 2 < e 1AVl (s, )l o<
+ oo uniformly in (g, s) € (0, 1] x [0, t]. We can take a distributional limit Jhi =
lim,_, o+ J,fg in D'((0, T) x T") and this gives

lim Vif(s,x)- Jhis(s,x) dx =/ Vif(s,x)- Jhi(s,x) dx Vs e (0,1)
. -

e—>0% JTn

Since p;lt . 18 weak-x converging to the unique ,ohi e L'((0, T) x T"; R*), we deduce
that Eq. (5.27) is solved by (pig, Jrfs) in the distributional and in the strong sense, as
well as being fulfilled by (,o;l—L, Jgt) in the distributional sense. O

The last result of the section reads
Corollary 5.6 Fix P € R™ Suppose that v4(P,) = v_(P,-) € C*T"R)

and g(P,-) € WHL(T"; RY). Then, g+ as in Theorem 5.1 fulfill g, = g_ €
L0, T); WLoo(T7; RY)) and solves the transport equation

dge(t, P,x)+ (P + Vyvi(P,x)) - Vege(t, P,x) =0 for teR  (5.32)

with initial datum g (0, P, x) := g(P, x).

Proof The regularity v+ (P,-) € C*(T"; R) implies the C'-regularity of the vector
field P 4+ V,v+ (P, ) on T". By standard transport PDE arguments (see for example

[1]) it follows the statement. m|
Appendix
Lemma 6.1 Let Hy := —3n?A, + V(x), H := L[> + V(x) and Op{ (H) as in
(2.3). Then, .

Opy (H)Y = Hpy, V¢ € C(T"; C). 6.1)

Proof To begin, we recall that for b € S2(T" x R™)

Opy; ()Y (x) = (6(X, D) o Ty ¥)(x). (6.2)
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where (Ty¥)(y) = Y2y — x) and & ~ zazoiagm"‘)b(y,hn/z)}y:x see
Sect. 2.1. Moreover, it is easily proved that when b = %|n|2 + V(x)

o(X, D)y = Hyr (6.3)
for € C*°(T"; C) and that (o (X, D) o Txr)(x) = ﬁhW(x). O

Remark 6.2 The operator Hy : H*(T"; C) — L2(T"; C) is linear, selfadjoint and
continuous. Hence, by standard results of evolution equations in Banach spaces,

the solution of the Schrédinger equation (3.1) fulfills ¢ € CO(R; H 2(’IF"; C)yn

C!(R; L2(T"; C)). The one parameter group of unitary operators e~ P ' can be

defined on L2(T"; C) and e_%Op;‘f(H)’qJ e COYR; L2(T"; C)) (see for example [28]).
The following result is shown in [31].

Lemma 6.3 Let X be a metric space. Let dujj € N and dju Borel probability mea-

sures on X such that d; = duas j — +oo. Let fi, f: X — R (k € N) be
Borel measurable functions such that

lim sup / | fi ()| dpurc(x) = 0. (6.4)
A= H00 keN JixeX; |fe()>4)

Let

E:= {x €X: Imhen C X, Lim xg=x, Lim filx) # f(x)}. (6.5)
k k—+o00

—+00

If W(E) = 0 then

lim [ f(0dp;@x) = /X FO)dp(x).

j—too Jx
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