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Abstract Motivated by the study of certain non linear free-boundary value prob-
lems for hyperbolic systems of partial differential equations arising in Magneto-
Hydrodynamics, in this paper we show that an a priori estimate of the solution to
certain boundary value problems, in the conormal Sobolev space H!, can be trans-
formed into an L? a priori estimate of the same problem.
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1 Introduction and Main Results

The present paper is motivated by the study of certain non linear free-boundary value
problems for hyperbolic systems of partial differential equations arising in Magneto-
Hydrodynamics (MHD).

The well-posedness of initial boundary value problems for hyperbolic PDEs was
studied by Kreiss [15] for systems and Sakamoto [28,29] for hyperbolic equations
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of higher order. The theory was extended to free-boundary problems for a disconti-
nuity by Majda [17,18]. He related the discontinuity problem to a half-space prob-
lem by adding a new variable that describes the displacement of the discontinuity,
and making a change of independent variables that “flattens”the discontinuity front.
The result is a system of hyperbolic PDEs that is coupled with an equation for the
displacement of the discontinuity. Majda formulated analogs of the Lopatinskif and
uniform Lopatinskif conditions for discontinuity problems, and proved a short-time,
nonlinear existence and stability result for Lax shocks in solutions of hyperbolic con-
servation laws that satisfy the uniform Lopatinskii condition (see [3,19] for further
discussion).

Interesting and challenging problems arise when the discontinuity is weakly but
not strongly stable, i.e. the Lopatinskil condition only holds in weak form, because
surface waves propagate along the discontinuity, see [11, 14]. A general theory for the
evolution of such weakly stable discontinuities is lacking.

A typical difficulty in the analysis of weakly stable problems is the loss of regularity
in the a priori estimates of solutions. Short-time existence results have been obtained
for various weakly stable nonlinear problems, typically by the use of a Nash-Moser
scheme to compensate for the loss of derivatives in the linearized energy estimates,
see [2,8,12,32,34].

A fundamental part of the general approach described above is given by the proof
of the well-posedness of the linear boundary value problems (shortly written BVPs in
the sequel) obtained from linearizing the nonlinear problem (in the new independent
variables with “flattened”’boundary) around a suitable basic state. This requires two
things: the proof of a linearized energy estimate, and the existence of the solution to
the linearized problem.

In case of certain problems arising in MHD, a spectral analysis of the linearized
equations, as required by the Kreiss—Lopatinskii theory, seems very hard to be obtained
because of big algebraic difficulties. An alternative approach for the proof of the lin-
earized a priori estimate is the energy method. This method has been applied success-
fully to the linearized MHD problems by Trakhinin (see [33,35] and other references);
typically the method gives an a priori estimate for the solution in the conormal Sobolev
space H,. . (see Sect. 2 for the definition of this space) bounded by the norm of the
source term in the same function space (or a space of higher order in case of loss of
regularity).

Once given the a priori estimate, the next point requires the proof of the existence
of the solution to the linearized problem. Here one finds a new difficulty. The classical
duality method for the existence of a weak L solution requires an a priori estimate for
the dual problem (usually similar to the given linearized problem) of the form L? — L?
(from the data in the interior to the solution, disregarding for simplicity the boundary
regularity). In case of loss of derivatives, when for the problem it is given an estimate
of the form H! — L2, one would need an estimate of the form L2 — H~! for the dual
problem, see [10].

The existence of a solution directly in H,!,, would require an a priori estimate for
the dual problem in the dual spaces (H,!,,)" — (H],,) (possibly of the form (H,)" —

an an an
(than)’ in case of loss of regularity), but it is not clear how to get it.
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This difficulty motivates the present paper. We show that an a priori estimate of the
solution to certain BVPs in the conormal Sobolev space Htlan can be transformed into
an L? a priori estimate, with the consequence that the existence of a weak L2 solution
can be obtained by the classical duality argument.

The most of the paper is devoted to the proof of this result. In the Appendix we
present some examples of free-boundary problems in MHD that fit in the general
formulation described below.

For a given integer n > 2, let R, denote the n-dimensional positive half-space
R} :={x = (x1,...,x) € R" : x1 > 0}.
We also use the notation x” := (x3, ..., x,,). The boundary of R% will be systematically
identified with R",".

We are interested in a boundary value problem of the following form

Lyu+pu=F, inR, (Ta)
by + Myu+ by +Leu =g, on R (1b)

In (1a), £, is the first-order linear partial differential operator

n
Ly =Ly(x.D):=yly+ > Aj(x)d;+ Bx). )
j=1
where the shortcut 9; := %, for j = 1,...,n,is used hereafter and /y denotes the

N x N identity matrix. The coefficients A; = A;(x), B = B(x) (1 < j < n) are
N x N real matrix-valued functions in C E"a) (R"), the space of restrictions to R} of
functions of C§° (R™M).!

In (1b),
by =by(x', D) := ybo(x') + D b;(x")d; + B(x). (3a)
j=2
M, = M, (', D) =y My(x") + Z M;(x"o; + M(x") (3b)
j=2

are first-order linear partial differential operators, acting on the tangential variables
x' e R* L for a given integer 1 < d < N, the coefficients b;, B and M;, M
(for j = 0,2,...,n) are functions in CSO(R”_I) taking values in the spaces R4
and RN respectively. Finally, p; = pi(x, Z,y) in (la) and by = by(x', D', y),
£; = €3(x’, D', y) in (1b) stand for “lower order operators” of pseudo-differential

! With a slight abuse, the same notations C (O(% (R’i), C(‘)>o (R™) are used throughout the paper to mean the
space of functions taking either scalar or matrix values (possibly with different sizes). We adopt the same
abuse for other function spaces later on.
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type, acting “tangentially” on (u, 1), whose symbols belong to suitable symbol classes
introduced in Sect. 3.1. The operators py = p4(x, Z,y), by = bg(x', D', y), £y =
Eﬁ(x/ , D', y) must be understood as some “lower order perturbations” of the leading
operators £,,, b, and M,, in the Eq. (1); in the following we assume that the problem
(1), with given operators L, b,, M, obeys a suitable a priori estimate which has
to be “stable” under the addition of arbitrary lower order terms p:u, bz, £4u in the
interior Eq. (1a) and the boundary condition (1b) (see the assumptions (H)1, (H)2
below). The structure of the operators (3) and py, by, £; in (1) will be better described
later on.

The unknown u, as well as the source term F, are R -valued functions of x, the
unknown v is a scalar function of x” 2 and the boundary datum g is an R¢-valued
function of x’. We may assume that u and F are compactly supported in the unitary
n-dimensional positive half-cylinder B* := {x = (x1,x") : 0 <x; < 1, |x| < 1}.
Analogously, we assume that ¢ and g are compactly supported in the unitary (n — 1)-
dimensional ball B(0; 1) := {|x’| < 1}. For an arbitrary 0 < §y < 1, we also set
By = {x = (x1,x) : 0<x; <8, x| <3o}andB(O0; ) := {|x'| < o}.

The BVP (1) has characteristic boundary of constant multiplicity 1 < r < N in
the following sense: the coefficient A of the normal derivative in £,, displays the

block-wise structure
e
Al(x) = }1,1 }1,11 ) “
A A

where A{’I, A{’”, A{”, A{I’” are respectively r x r,r X (N —r), (N —r) x r,
(N —r) x (N — r) sub-matrices, such that

INI i NI
A= =0, A1y 20=0, Al 0=0, o)

and A{’I is invertible over B*. According to the representation above, we split the
unknown u as u = (u!, u!?); u! := (uy,...,u;) € RN and u!! = MUrs1,...,UuN) €
RN are said to be respectively the noncharacteristic and the characteristic compo-
nents of u.

Concerning the boundary condition (1b), we firstly assume that the number d of
scalar boundary conditions obeys the assumption d < r+ 1. As regards to the structure
of the boundary operator M, in (3b), we require that actually it acts nontrivially only
on the noncharacteristic component u’ of u; moreover we assume that the first-order

leading part M, of M, only applies to a subset of components of the non characteristic

vector u!, namely there exists an integer s, with 1 < s < r, such that the coefficients

M;, M of M,, take the form

Mj=(M;0), M=(M'0), j=0.2,....n, (6)

2 Innonlinear free-boundary problems the scalar function v describes the displacement of the discontinuity.
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where the matrices M;I = M;f(x’) (j =0,2,...,n) and M' = M'(x") belong
respectively to RY*S and RY*" | If we set ul* := (u1, ..., us), then the operator M,
in (3b) may be rewritten, according to (6), as

Myu = Mu" + M’ (7
where M, is the first-order leading operator

n
M Dy =y My + > M3d; . 8)
j=2

As we just said, the operator £; = £:(x’, D', y) must be understood as a lower order
perturbation of the leading part M, of the boundary operator M, in (7); hence,
according to the form of M,,, we assume that £; only acts on the component ulss of
the unknown vector u, that is

60 Dy =0, Dyl ©)

A BVP of the form (1), under the structural assumptions (4)—(7), comes from the
study of certain non linear free-boundary value problems for hyperbolic systems
of partial differential equations arising in Magneto-Hydrodynamics. Such problems
model the motion of a compressible inviscid fluid, under the action of a magnetic
field, when the fluid may develop discontinuities along a moving unknown char-
acteristic hypersurface. As we already said, to show the local-in-time existence of
such a kind of piecewise discontinuous flows, the classical approach consists, firstly,
of reducing the original free-boundary problem to a BVP set on a fixed domain,
performing a nonlinear change of coordinates that sends the front of the physi-
cal discontinuities into a fixed hyperplane of the space-time domain. Then, one
starts to consider the well posedness of the linear BVP obtained from linearizing
the found nonlinear BVP around a basic state provided by a particular solution.
The resulting linear problem displays the structure of the problem (1), where the
unknown u represents the set of physical variables involved in the model, while the
unknown ¥ encodes the moving discontinuity front. The solvability of the linear
BVP firstly requires that a suitable a priori estimate can be attached to the prob-
lem.

Let the operators £, by, M, be given, with structure described by formulas (2),
(3a), (4)—(8) above. We assume that the two alternative hypotheses are satisfied:

(H)1. A priori estimate with loss of regularity in the interior term. For all
symbols py = pz(x,&,y) € 10, by = by(x', &', y) e T0and £, = £:(x', &', y) €
I, taking values respectively in RV*N R4 and R?*, there exist constants Co >
0, yo > 1, depending only on the matrices A;, B, bj, f, M3, M in (2), 3),
(7), (8) and a finite number of semi-norms of py, by, £, such that for all functions
uecC f(% (R”}), compactly supportedon B, v € C§° (R"~1), compactly supported
on B(0; 1), and all y > yp the following a priori energy estimate is satisfied
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2 1 2 2 2
14 (Hu”Hrlan,y(Rz—) + ||u|x|=0||H}l/2(R"—])) +vy ||w||H)}(Rn71)

1 2 1 2
<Col\=IIF =
= Co )/3” ||Ht2an,y(Ri)+y||g||H}§/2

(10)

(Rr=1) ’

where F 1= Lyu + p:(x,Z,y)u, g = b,y + Myu + bs(x’, D', y)¥ +
L:(x', D', y)u'* and pi(x, Z,y), bs(x', D', y), L:(x', D', y) are respectively the
pseudo-differential operators with symbols py, by, €.

(H);. A priori estimate without loss of regularity in the interior term. For
all symbols by = bs(x", &', y) € 0 and by = L(x', &, y) € %, taking values
respectively in R¢ and R?**, there exist constants Cy > 0, yp > 1, depending only
onthe matrices A, B,b;, B, M5, M in (2),(3),(7),(8) and a finite number of semi-
norms of by, £4, such that for all functions u € Cf& (R%), compactly supported
on BT, ¢ e Cye (R"~1), compactly supported on B(0; 1), and all y > y; the
following a priori energy estimate is satisfied

2 1 2 2 2
14 (Hu”Htlun.y(R’}r) + ||u|x1_0||Hyl/2(R"1)) +vy ||1/f||H;(Rn—l)

Co 2 2
<= F +
= e I

(11)

(Rr=1) ’

where F 1= Lyu, g := b,y + Myu + by (x", D', )¢ + £:(x', D', y)u's and
bs(x', D', y), Ls(x', D', y) are respectively the pseudo-differential operators with
symbols bz, £x.

The symbol class I'? and the related pseudo-differential operators will be introduced
in Sect. 3.1. The function spaces and the norms involved in the estimates (10), (11)
will be described in Sect. 2.

By the hypotheses (H); and (H)», we require that an a priori estimate in the
tangential Sobolev space (see the next Sect. 2 and Definition 3 below) is enjoyed
by the BVP (1). The structure of the estimate is justified by the physical models
that we plan to cover (see the Appendix 2). The inserting of the zeroth order terms
pe(x, Z, y)u, bs(x', D', )¢, Lo (x, D, y)u'>s in the interior source term F and the
boundary datum g is a property of stability of the estimates (10), (11), under lower
order operators. We notice, in particular, that the addition of ¢;(x’, D, y)ul > in the
boundary condition (1b) only modifies the zeroth order term M’u! for the part that
applies to the components u’+* of the noncharacteristic unknown vector u’, see (7),
(9). This behavior of the boundary condition, under lower order perturbations, is
inspired by the physical problems to which we address. It happens sometimes that the
specific structure of some coefficients involved in the zeroth order part of the original
“unperturbed” boundary operator (7) is needed in order to derive an a priori estimate
of the type (10) or (11) for the corresponding BVP (1); hence these coefficients of
the boundary operator must be kept unchanged by the addition of some lower order
perturbations.

Note also that the two a priori estimates in (10), (11) exhibit a different behavior with
respect to the interior data: in (10) a loss of one tangential derivative from the interior
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data F occurs, whereas in (11) no loss of interior regularity is assumed. According to
this different behavior, a stability assumption under lower order perturbations py of
the interior operator £,, is only required in (H);.
Both the estimates exhibit the same loss of regularity from the boundary data.
The aim of this paper is to prove the following result.

Theorem 1 Assume that the operators L,, b,, M, have the structure described in
(2), 3a), (4)—(8). Let 0 < §p < 1.

1. Ifthe assumptlon (H)1 holds true, then for all symbols py, by, £y € 0 there exist
constants Co > 0, Yo > 1, depending only on the matrices Aj, B, b;, B, M?, It Mm!
in (2), (3), (7), (8), §o and a finite number of semi-norms of ,oﬁ, by, £y, such that
for all functions u € C (R ), compactly supported on IB%(S ¥ e C° R,
compactly supported on B(O 80), and all y > yy the followzng a priori energy
estimate is satisfied

2 2 2 2
Y (HMHLZ(R’_}_) + ||u1xl:0||Hy_l/2(R”1)) + Y ||1/f||L2(Rn—I)

1 2 1 2
< Cy (F”F“Hzlan,y(Ri) + ;||8||H]}/2(R,,_1)) ) (12)

where F := Lyu + ps(x, Z,y)u and g := by + Myu + by;(x', D', )¢ +
C:(x', D', y)uls.

2. Ifthe assumption (H )2 holds true, then for every pair of symbols by, £y € 0 there
exist constants Co > 0, Yo = 1, depending only on the matrices Aj, B, b;, B, M

Lin (2), 3), (7), (8), 80 and a finite number of semi-norms of by, Lz, such that
for all functions u € C x (R") compactly supported on Bé(y Y e CP(R*™ b,
compactly supported on B(O; 80), and all y > Yy the following a priori energy
estimate is satisfied

2 1 2 2 2
14 (llu”Lz(Ri) + ||ux1:0||Hyl/2(R”—1)) +v ||¢||L2(Rn71)

Co 2 2
= 7 (”FHLZ(Ri)+||g”H;/2(R"1) ) (13)

where F := Lyu and g := b,y + Myu +by(x', D', y)¥ + £:(x', D', youbs.

The paper is organized as follows. In Sect. 2 we introduce the function spaces to
be used in the following and the main related notations. In Sect. 3 we collect some
technical tools, and the basic concerned results, that will be useful for the proof of
Theorem 1, given in Sect. 4.

The Appendix 1 contains the proof of the most of the technical results used in Sect.
4. The Appendix 2 is devoted to present some free-boundary problems in MHD, that
can be stated within the general framework developed in the paper.
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2 Function Spaces

The purpose of this Section is to introduce the main function spaces to be used in the
following and collect their basic properties. For y > 1 and s € R, we set

AV (E) = (2 + 1512 (14)

and, in particular, A* := A%,

The Sobolev space of order s € R in R" is defined to be the set of all tempered
distributions u € S’(R") such that A°% € L?(R"), being  the Fourier transform of u.
For s € N, the Sobolev space of order s reduces to the set of all functions u € L2(R™)
such that 3% € L?(R™), for all multi-indices « € N* with |a| < s, where we have
set

% = 8‘11'...8,3‘”, o= (ay,...,a,),

and |a| ;== a1 + - - - + oy, as it is usual.
Throughout the paper, for real y > 1, Hy (R") will denote the Sobolev space of
order s, equipped with the y-depending norm || - |[s,,, defined by

ullF, = @)™ / WY (E)[u(E)PdE, (15)
Rn
(& = (&,...,&,) are the dual Fourier variables of x = (xy,...,x,)). The norms
defined by (15), with different values of the parameter y, are equivalent each other.
For y = 1 we set for brevity || - [|s := || -|s,1 (and, accordingly, H*(R") := H{(R")).
It is clear that, for s € N, the norm in (15) turns out to be equivalent, uniformly
with respect to y, to the norm || - || Hy (R") defined by

2 — 2(s—lal) g, 112
el g ey = D ¥ 110%ul17 o - (16)
ler] <s

Another useful remark about the parameter depending norms defined in (15) is pro-
vided by the following counterpart of the usual Sobolev imbedding inequality

ulls,y < v llullry, a7

for arbitrary s <randy > 1.

Remark 2 In Sect. 4, the ordinary Sobolev spaces, endowed with the weighted norms
above, will be considered in R"~! (interpreted as the boundary of the half-space R%)
and used to measure the smoothness of functions on the boundary; regardless of the
different dimension, the same notations and conventions as before will be used there.

The appropriate functional setting where one measures the internal smoothness of
solutions to characteristic problems is provided by the anisotropic Sobolev spaces
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introduced by Shuxing Chen [7] and Yanagisawa, Matsumura [36], see also [30] .
Indeed these spaces take account of the loss of normal regularity with respect to the
boundary that usually occurs for characteristic problems.
Leto € C*°([0, +o0[) be a monotone increasing function such that o (x;) = x in
a neighborhood of the origin and o (x1) = 1 for any x; large enough.
Forj=1,2,...,n, we set

1:=0(x1)d1, Zj:=09;, for j>=2.

Then, for every multi-index o = («y, ..., ®,) € N", the differential operator Z* in
the tangential direction (conormal derivative) of order |«| is defined by

z% =z ... ZY .

Given an integer m > 1 the anisotropic Sobolev space H}'(R".) of order m is defined
as the set of functions u € L2(R ) such that Z"‘Bku € L2(R ), for all multi-indices
o € N"and k € N with |«| 4+ 2k < m, see [22] and the references therein. Agreeing
with the notations set for the usual Sobolev spaces, for y > 1, H, (R ) will denote
the anisotropic space of order m equipped with the y-depending norm

2 R 2(m—|a|—2k) k112
lllf ey = D >N Z 0 o (18)
la|+2k<m

Similarly, the conormal Sobolev space H[, (R'} ) of order m is defined to be the set of
functions u € LZ(R ) such that Z%u € LZ(R ), for all multi-indices « with |«| < m.
Fory > 1, Hjy, },(]R ) denotes the conormal space of order m equipped with the
y-depending norm

2(m—|al) o
el gy = 2 7 1Z%ull 72 g - (19)
|| <m
In the end, we remark that the following identity H, (R ) = ,an y(R ) holds
true. However, for a Sobolev order m > 1 the contmuous imbedding H. (R” ) C
Hyy, , (RY) is fulfilled with the strict inclusion relation.

Since the functions we are dealing with, throughout the paper, vanish for large x;
(as they are compactly supported on B™), without the loss of generality we assume
the conormal derivative Z; to coincide with the differential operator x19; from now
on.> This reduction will make easier to implement on conormal spaces the technical
machinery that will be introduced in the next Section.

3 Notice however that, for functions arbitrarily supported on R”_, the conormal derivative Z| equals the
singular operator x1d; only locally near the boundary {x; = 0}; indeed, Z| behaves like the usual normal
derivative 91 far from the boundary, according to the properties of the weight o = o (x1).
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3 Preliminaries and Technical Tools

We start by recalling the definition of two operators ff and f, introduced by Nishitani and
Takayama in [26], with the main property of mapping isometrically square integrable
(resp. essentially bounded) functions over the half-space R’} onto square integrable
(resp. essentially bounded) functions over the full space R”.

The mappings £ : L>(R%) — L*(R") and § : L¥(R") — L°°(R") are respec-
tively defined by

wi(x) = w(e, x)e 2, d'(x) = ae,x), Vx=(x,x)eR". (20

They are both norm preserving bijections.

It is also useful to notice that the above operators can be extended to the set D'(R’})
of Schwartz distributions in R’ . It is easily seen that both # and f are topological
isomorphisms of the space C§°(R"}) of test functions in R”} (resp. C*°(R'})) onto the
space C3°(IR") of test functions in R" (resp. C°°(IR")). Therefore, a standard duality

n

argument leads to define f and i on D'(R}), by setting for every ¢ € CP(R™)

(W, @) = (u, "), 1)
W®, @) == (u, ") (22)

({-, -) is used to denote the duality pairing between distributions and test functions
either in the half-space R’ or the full space R"). In the right-hand sides of (21), (22),
#~1 is just the inverse operator of #, that is

o () = L(p(logx],x’), Vx; >0, x' e R"!, (23)
NETY

while the operator b is defined by
b 1 ’ / n—1
@’ (x) = ;w(logm,x ), Vx>0, X eR", (24)

for functions ¢ € C3°(IR"). The operators #~! and b arise by explicitly calculating the
formal adjoints of # and  respectively.

Of course, one has that u?, u? € D’ (R™); moreover the following relations can be
easily verified (cf. [26])

Wu)* =y, (25)

W =Zuw?, j=1,...,n, (26)
1

) = (Zyw)* + Euﬁ, (27)

3w = (Zuwt, j=2,....n, (28)
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whenever u € D'(R"}) and ¥y € C*(R}) (in (25) u € LZ(R )and ¢ € L°(R'}) are
even allowed).
From formulas (27), (28) and the L2-boundedness of #, it also follows that

f: Hj,, ®RY) — HMR") (29)

is a topological isomorphism, for each integer m > 1 and real y > 1.
The previous remarks give a natural way to extend the definition of the conormal
spaces on IR’} to an arbitrary real order s. More precisely we give the following

Definition 3 Fors € Rand y > 1, the space Hy,, ,,(RY) is defined as

R}) = {u e D'®RY) : u* € Hi([R")

tun y

and is provided with the norm

2 an iy = WFIS, = @m)™" / WY () |uF (€))7 dt . (30)

Rn

a2,

It is obvious that, like for the real order usual Sobolev spaces, H, , (R}) is a
Banach space for every real s; furthermore, the above definition reduces to the one
given in Sect. 2 when s is a positive integer Finally, for all s € R, the f operator
becomes a topological isomorphism of H; an. V(R ) onto H (R™).

In the end, we observe that the following

f:CH®RY) - SR, §1:CHRY — CPR"

are linear continuous operators, where S(R") denotes the Schwartz space of rapidly
decreasing functions in R” and C;°(R") the space of infinitely smooth functions in
R", with bounded derivatives of all orders; notice also that the last maps are not onto.
Finally, we remark that

£ SR") - C*(RY) 3D

is a bounded operator.

3.1 A Class of Conormal Operators

The # operator, defined at the beginning of Sect. 3, can be used to allow pseudo-
differential operators in R" acting conormally on functions only defined over the
positive half-space R’ . Then the standard machinery of pseudo-differential calculus
(in the parameter depending version introduced in [1], [6]) can be re-arranged into a
functional calculus properly behaved on conormal Sobolev spaces described in Sect.
2. In Sect. 4, this calculus will be usefully applied to derive from the estimate (10) or
(11) associated to the BVP (1) the corresponding estimate (12) or (13) of Theorem 1.
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Let us introduce the pseudo-differential symbols, with a parameter, to be used later;
here we closely follow the terminology and notations of [9].

Definition 4 A parameter-depending pseudo-differential symbol of order m € R is
a real (or complex)-valued measurable function a(x, &, y) on R” x R" x [1, 4+o0],
such that a is C* with respect to x and & and for all multi-indices «, 8 € N" there
exists a positive constant Cy g satisfying:

¢ la(x. &, y)] < Caph™ 1“7 (), 32)

forallx,& e R"and y > 1.

The same definition as above extends to functions a(x, &, y) taking values in the
space RN XN (resp. CN*Ny of N x N real (resp. complex)-valued matrices, for all
integers N > 1 (where the module | - | is replaced in (32) by any equivalent norm
in RV*N (resp. CV*V)). We denote by I'" the set of y-depending symbols of order
m € R (the same notation being used for both scalar or matrix-valued symbols). I'"
is equipped with the obvious norms

max sup ATy @)ogala(x, £, y), Yk € N,(33)
lal+-IB1<k (x £)eRn xR, y>1

lalm i =
which turn it into a Fréchet space. For all m, m’ € R, with m < m’, the continuous
imbedding I'* C I can be easily proven.

For all m € R, the function A" is of course a (scalar-valued) symbol in I'"".

Any symbola = a(x, &, y) € ' defines a pseudo-differential operator Op” (a) =
a(x, D, y) on the Schwartz space S(R"), by the standard formula

Yue SR"),Vx e R", OpY(a)u(x) = a(x, D, y)u(x)
= @m [ atr g pmende.

Rl‘l
(34)

where, of course, we denote x - & := Z';: 1 Xj&;. ais called the symbol of the operator

(34), and m is its order. It comes from the classical theory that OpY (a) defines a linear
bounded operator

Op”(a) : S®") - S(R");
moreover, the latter extends to a linear bounded operator on the space S’(R") of
tempered distributions in R”.
Let us observe that, for asymbol a = a (&, y) independent of x, the integral formula
(34) defining the operator Op? (a) simply becomes
Op” (@yu = F~'aC.y)) = F ' aC.y) *u, ueS R, (35)
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where F~! denotes hereafter the inverse Fourier transform and  is the convolution
operator.

An exhaustive account of the symbolic calculus for pseudo-differential operators
with symbols in '™ can be found in [6] (see also [9]). Here, we just recall the following
result, concerning the composition and the commutator of two pseudo-differential
operators.

Proposition 5 Leta € T and b € T'!, for I,m € R. Then the composed operator
Op” (a)OpY (b) is a pseudo-differential operator with symbol in T ; moreover, if
we let a#b denote the symbol of the composition, one has for every integer N > 1

_ilal
attb— ( ’)' d¢ad?b e TN (36)
la|<N -

Under the same assumptions, the commutator [OpY (a), OpY (b)] := OpY (a)Op? (b) —
Op? (b)OpY (a) is again a pseudo-differential operator with symbol ¢ € T+ If we
further assume that one of the two symbols a or b is scalar-valued (so that a and b
commute in the point-wise product), then the symbol c of [OpY (a), Op” (b)] has order
m+4+1—1.

We point out that when the symbol b € '/ of the preceding statement does not
depend on the x variables (i.e. b = b(&, y)) then the symbol a#b of Op? (a)Op” (b)
reduces to the point-wise product of symbols a and b, that is the asymptotic formula
(36) is replaced by the exact formula

(a#b)(x,&,y) = a(x,§,y)bE,y). (37)

Remark 6 In the next Sect. 4, in order to handle the boundary condition (1b), the alge-
bra of pseudo-differential operators presented above will be used in the framework
of szl, considered as the boundary of the half-space R’} . According to (34), for a
boundary symbola = a(x’, &', y),x’, & € R"~!, the related pseudo-differential oper-
ator will be denoted by Op” (a) or a(x’, D, y). In particular, we will write A™¥ (D’)
to mean the boundary operator with symbol A (¢’) defined by (14) with &’ instead
of &.

Starting from the symbolic classes I'*, m € R, we introduce now the class of
conormal operators in R”,, to be used in the sequel.

Let a(x, &, y) be a y —depending symbol in I'"*, m € R. The conormal operator
with symbol a, denoted by Opé’ (a) (or equivalently a(x, Z, y)) is defined by setting

f
Vue CH®Y. (Opl@u) = (Op” @) (). (38)
In other words, the operator Op;/ (a) is the composition of mappings
Op}(a) =4"" 0 Op”(a) o 1. (39)
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As we already noted, u? € S(R") whenever u € C(O) (R%); hence formula (38)
makes sense and gives that Opt (@)u is a C*-function in R’ (see also (31)). Also
OpIj (a) : C(O) (R%) — C*(R'}) is a linear bounded operator that extends to a linear

bounded operator from the space of distributions u € D'(R".) satisfying ut e S'RY)
into D'(R”}) itself*. Throughout the paper, we continue to denote this extension by
Opu (a) (ora(x, Z, y) equivalently).

As an immediate consequence of (39), we have that for all symbolsa € I'",b € r,
with m, [ € R, there holds

-1
Yue CH(RY), Opl(@Op] (bu = (0p @Op” B)w))" . (40)

Then, it is clear that a functional calculus of conormal operators can be straight-
forwardly borrowed from the corresponding pseudo-differential calculus in R"; in
particular we find that products and commutators of conormal operators are still oper-
ators of the same type, and their symbols are computed according to the rules collected
in Proposition 5.

Below, let us consider the main examples of conormal operators that will be met in
Sect. 4.

As a first example, we quote the multiplication by a matrix-valued function B €

(0) Oy (R). Itis clear that this makes an operator of order zero according to (38); indeed
(25) gives for any vector-valued u € C3, ) (R%)

(Bu)*(x) = B (x)u"(x), (41)

and B%is a C*°-function in R”, with bounded derivatives of any order, hence a symbol
in 0,

We remark that, when computed for B’ the norm of order k € N, defined on
symbols by (33), just reduces to

B0 = max |[0¥B"||; ooy = max || Z¥B||; co(gn . 42
|B o = max [13% Bl o) = max |2 BllL ) (42)

where the second identity above exploits formulas (26) and that § maps isometrically
L% (R ) onto L*°(IR").

Now,let £ := yIy+ Z A j(x)Zj beafirst-order linear partial differential operator,
j=1
with matrix-valued coefficients A; € Cg ©) (R%) for j =1,...,nand y > 1. Since
the leading part of £ only 1nvolves conormal derivatives, applymg (25), (27) and (28)
then gives

4 In principle, Opg (a) could be defined by (38) over all functions u € C °°(]Rf‘|_), such that u” € S (R™).
Then Opg (a) defines a linear bounded operator on the latter function space, provided that it is equipped
with the topology induced, via #, from the Fréchet topology of S(R").
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#

n
yu+ > A;Zju :(I——AJ) +ZA8M Op” (a)u*,

=1

where a = a(x, &, ) = (yIN - %Aﬁ(x)) +i 3" AL (g is a symbol in T,
Then L is a conormal operator of order 1, according to (38).

3.2 Sobolev Continuity of Conormal Operators

We recall the following classical Sobolev continuity property for ordinary pseudo-
differential operators on R”.

Proposition 7 If s,m € R then for all a € T the pseudo-differential operator
OpY (a) extends as a linear bounded operator from H}f"'m (R™) into H}i (R™), and the
operator norm of such an extension is uniformly bounded with respect to y.

We refer the reader to [6] for a detailed proof of Proposition 7. A thorough analysis
shows that the norm of Op” (a), as a linear bounded operator from H;J”m (R™) to
H; (R™), actually depends only on a norm of type (33) of the symbol a, besides the
Sobolev order s and the symbolic order m (cf. [6] for detailed calculations). From the
Sobolev continuity of pseudo-differential operators quoted above, and using that the
operator ff maps isomorphically conormal Sobolev spaces in R’; onto ordinary Sobolev
spaces in R” (see (29) and Definition 3), we easily derive the following result.

Proposition 8 Ifs,m € R and a € '™, then the conormal operator Opg (a) extends

to a linear bounded operator from Sa';”;, (R%) to H, v (R); moreover the operator

norm of such an extension is uniformly bounded with respect to y.

In order to perform the subsequent analysis, our interest will be mainly focused on
the conormal operators of the type

NY(Z) = opg a"Yy, meR. (43)

Firstly, it is worth to remark that for each real m, the conormal operator """ (Z)
is invertible, its two-sided inverse being provided by the operator A=Y (Z). Hence,
applying Proposition 8 to the operators AV (Z), A7 (Z) gives that the following
(R%) — L*(R%), A™™Y(Z):L*(R%) — H

Y (Z) R7),

tan Y tan y

are linear bounded operators. Notice also that, from Plancherel’s identity, the norm
(30) (with m instead of s) on H/};, (R”, ) can be restated in terms of the operator A" (Z)
as

tan

||u||m,tan,Rf‘Py = ”)"m’y(z)u”Lz(R’jr) . (44)

The relation (44) will play an essential role in the proof of estimate (13).
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4 Proof of Theorem 1

This Section is entirely devoted to the proof of Theorem 1.

4.1 The Strategy of the Proof.

We closely follow the techniques developed in [20] (see also [21]). In principle, for
given smooth functions u, ¥ under the assumptions of Theorem 1, we consider the
problem analogous to (1) solved by the functions A~ 17 (Z)u and A=17 (D")v; 3 this
problem is obtained by acting on the original BVP solved by (u, 1) by the operators
2~Lv(Z), »=17(D’) and making use of the rules of the symbolic calculus collected
in Sect. 3.1. In the resulting equations, new terms appear, including the commutator
between the differential operator £, and the conormal operator A~ LY(2Z), in the
interior equation, and similar commutators arising from the interaction of =17 (D’)
with the operators in the boundary condition. We apply the assumption (H); (or
(Hy)) to the problem for (A~1Y (Z)u, A= (D')y), writing for it the estimate (10)
(or (11)). The structure of the estimates (10), (11) allows to treat the commutator
terms involved in the equations either as a part of the source terms or as lower order
operators. The desired estimates (12), (13) come respectively from (10), (11) for
ALY (Zyu, A=Y (D)), in view of the equivalence of norms (44), (19) in H (R
and the similar equivalence of norms (15), (16) for ordinary Sobolev spaces on the
boundary.

4.2 A Modified Version of the Conormal Operator A~ (Z)

As explained before, we are going to act on the equation (1a), written for a given smooth
function u, by the conormal operator 2~ (Z). To make possible the interaction
between A~ "7 (Z) and the term of L, involving the normal derivative 01, we need to
slightly modify the conormal operator =¥ (Z). Here, we follow the ideas of [20].

To be definite, let us illustrate the strategy for the operator A (Z) with general
order m € R. The first step is to decompose the symbol A7 as the sum of two
contributions. To do so, we take an arbitrary even function y € C®(R") with the
following properties

0<x(x)<l, VxeR", x()=1, for |x|s%°, x(x)=0, for |x| > g0, (45)

with a suitable 0 < g9 < 1 that will be specified later on, see Lemma 10. Then, we
set:

AT (E) = X (DYTNE) = (F~ x # A™7)(6),

r(E, y) = AV () — A2 () = (I — x (D)) (E) . (46)

5 Actually, instead of 0L (Zyu, (o )¥) we will consider similar functions obtained by applying
to (u, ¥) a suitable modified version of the operators aLy (Z), ALy (D), that will be rigorously defined
in Sect. 4.2. These new operators will be constructed in such a way to differ from )»*LV(Z), A*]*V(D’)
by suitable regularizing lower order reminders.
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The following result (see [20, Lemma 4.1]) shows that the function A;’:’V behaves, as
a symbol, like A7 .

Lemma 9 Let the function x € C*°(R") satisfy the assumptions in (45). Then )\T’y
is a symbol in T'™, i.e. for all @ € N" there exists a constant Cy, o > 0 such that:

0ZATY (€)] < Cah” V7 (€), VE R, (47)

An immediate consequence of Lemma 9 and (46) is that r,, is also a y-depending
symbol in ['"*.
Let us define, with the obvious meaning of the notations:

hy 7 (D) 1= OpY (g 7). rn(D.y) 1= OPY (), 48)
Ay (Z) = Opﬁ A"y m(Z,y) = Opn (rm) .

A useful property of the modified operator )&"’V(Z) is that it preserves the compact
support of functions, as shown by the following

Lemma 10 Let 0 < §9 < 1 be fixed. There exists g = €o(89) > 0 such that, if
x € C°(R") satisfies the assumption (45) with the previous choice of o, then for all
ue C?‘(j) (R%), with suppu C IB‘;, we have

suppAy Y (Z)u € B*.

Remark 11 Note that the support of A;’:’V (Z)u is bigger than the support of u, depend-
ing on supp x . Hence, if one wants that supp k';’y (Z)u is contained in the fixed domain
BT, one has to choose x with sufficiently small support.

The second important result is concerned with the conormal operator 1, (Z, y) =
Opé’ (rm), and tells that it essentially behaves as a regularizing operator on conormal
Sobolev spaces.

Lemma 12 [. Forevery p € N, the conormal operator ry,(Z, y) extends as a linear
bounded operator, still denoted by r,, (Z, ), from Lz(Ri) to H,’;m’y R).

2. Moreover, for every h € N there exists a positive constant Cp j n, y, depending
only on p, h, x and the dimension n, such that forally > 1 and u € LZ(R’i).'

—h
1 (Z. Vullgy, @y =< Commx? ™ lull2ar) - (49)

The proof of Lemmata 10, 12 is postponed to Appendix 1.
In the following sections, the above analysis will be applied to the operator
2~LY(Z). According to (46), we decompose

@2y =2 (@) (2, y) (50)
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4.3 A Boundary Operator

As it was already explained in Sect. 4.1, we need to derive the problem analogous to (1)
satisfied by (A~1Y (Z)u, 1~ LY(D")y) for given smooth functions (i, ¥). Actually,
as we said, A~"Y (Z) must be replaced by its modification A;l’y (Z) (see (50)). Anal-
ogously, we have to introduce an appropriate modification of A~ (D), to be used
as a “boundary counterpart” of A;l'V(Z): this new operator comes from computing
the value of A;l’y(Z)u on the boundary {x; = 0}. To this end, it is worthwhile to
make an additional hypothesis about the smooth function x involved in the definition
of A;l’y (Z). We assume that x has the form:

Vi=(x,x)eR", x() =Gy, (SD

where x; € C®(R) and ¥ € C®(R"~!) are given nonnegative even functions, to be
chosen in such a way that conditions (45) are made satisfied.

As we did in Sect. 4.2, the result we are going to present here are stated for the
general conormal operator A7 (Z) with an arbitrary order m € R. All the proofs will
be given in the Appendix 1.

Following closely the arguments employed to prove [20, Proposition 4.10], we are
able to get the following

Proposition 13 Assume that x obeys the assumptions (45), (51). Then, for all y > 1
and m € R the function b}, (&', y) defined by

€)= @ [ 46 (020) " @R an, ve R
R»
(52

is a y -depending symbol in R"~! belonging to '™, where A is used to denote the one-
dimensional Fourier transformation with respect to x1, while A denotes the (n — 1)-
dimensional Fourier transformation with respect to x'. Moreover, for all functions
u e C&% (R") there holds

Vi e RN Q0 (Z2)u) =0 (x) = by, (D', y) () x=0) () . (53)

The next Lemma shows that the boundary pseudo-differential operator b, (D', y)
differs from the operator A™¥ (D’) by a lower order remainder.

Lemma 14 For m € R, let b, (&', y) be defined by (52). Then there exists a symbol
B (€', v) € T2 such that:

b, & y) ="V E) 4 BuE y), VE eR (54)
As a consequence of Proposition 13 and Lemma 10, we see now that, like )L';l’y (2),

the boundary operator b, (D', y) preserves the compactness of the support of functions
on R*~1,
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Corollary 15 Forallm € R and ¥ € CSO(JR"_I) with supp ¥ C B(0; &o), then
supp b, (D', y)¥ C B(0; 1). (55)

In the following the results stated in Proposition 13, Lemma 14 and Corollary 15
will be applied to the case of m = —1.

4.4 Regularized BVP

From now on, we will focus on the proof of the estimate (12) stated in the first part
of Theorem 1, under the assumption (H); about the BVP (1). The second part of
Theorem 1 (estimate (13), under the assumption (H),) follows by developing similar
arguments to those explained here below; we will write in details only those steps
which make the difference between the proof of the two statements 1 and 2 (see Sect.
4.7).

Let (u, ¥) be given smooth functions obeying the assumptions of Theorem 1. Given
arbitrary symbols py = pz(x, &, y) € 10, €y = £5(x, ', y), by = by(x', &', y) € TO,
let us set

F:=Lyu+p:(x,Z,9)u, (56)
g = Dby + Mu" + M'u + by (x" D' )Y + £, Dy (57)

We are going to derive a corresponding BVP for the pair of functions (A;l’y (Z)u, b,
(D, )¥), to which the a priori estimate (10) will be applied. Notice that, in view of
Lemma 10 and Corollary 15, the functions A;l’y (Z)u, b’ (D', y)y are supported on
B and B(0; 1), as required in the hypothesis (H ), provided the function yx satisfies
the assumptions (45) with a sufficiently small 0 < g9 < 1.

4.4.1 The Interior Equation

We follow the strategy already explained in Sect. 4.1, where now the role of the operator
ALY (Z) s replaced by k;l’y (Z). Thus, for a given smooth function u € C(o(% (R1),
supported on IB%(;;, from (56), we find that

Ly M7 (Zyw) + p G (Zyw) + [ (2), Ly + pelu = 25V (2)F, in RY,
(58)

where here and in the rest of this section, it is written p4 instead of ps(x, Z, y), in
order to shorten formulas.

We will see that the commutator term [A;l’y(Z), L, + pglu, involved in the
left-hand side of the above equation, can be restated as a lower order pseudo-
differential operator of conormal type with respect to A, Ly (Z)u, up to some “smooth-
ing reminder” to be treated as a part of the source term in the right-hand side of the
equation.
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To this end, we proceed as follows. Firstly, we decompose the commutator term in
the left-hand side of (58) as the sum of two contributions corresponding respectively
to the tangential and normal components of L, .

In view of (4), (5), we may write the coefficient A of the normal derivative d; in
the expression (2) of £, as

1 2 1 Allo 2
A]=A1+A, A = Ol 0 ’A1|X1=0=0’ (59)
hence
A%81 = H 7,

where Hj(x) = xl_lA%(x) € C(og) (R%). Accordingly, we split £, as
n
Ly = A1+ Liany, Liany =vIN+HZI+D AjZj+B.  (60)
j=2
Consequently, we have:
Y (2). Ly + polu = [0 (2), Ajonlu + 4V (Z), Lian.y + pslu. (61)

Note that L;4,,, + pz is just a conormal operator of order 1, according to the termi-
nology introduced in Sect. 3.1.

4.4.2 The Tangential Commutator

Concerning the tangential commutator term [A;l’y(Z), Ltan,y + pzlu, we use the
identity

M@ (z) =14, (62)
and formula (50) to rewrite it as follows

(5 (2), Luansy + pelu = 117 (2), Liany + pld 7 (D)2 (Z)u
= "7 (20, Laany + psh (2) (3 (Zw)
+ (D), Liany + p Y (Z)r1(Z,y)u. (63)

Since A;l’y is a scalar symbol, from the symbolic calculus (see Proposition 5) we
know that

P0.1an (X, Z.y) = [V (2), Liany + psIA"Y (Z) (64)
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is a conormal pseudo-differential operator with symbol pg ;4n (X, &, ) € ', Hence,
the first term in the decomposition provided by (63) can be regarded as an additional
lower order term with respect to )\;1,;/ (Z)u, besides py (A;l’y (Z)u), in the equation
(58) (see formula (103)). On the other hand, from Lemma 12, the second term in the
decomposition (63)

Roy(x, Z,y)u = [0V (Z), Lian.y + oY (2)r_1(Z, y)u (65)

can be moved to the right-hand side of the equation (58) and treated as a part of the
source term (see Sect. 4.5.1).

4.4.3 The Normal Commutator

We consider now the normal commutator term [k;l’y(Z), A}Bl]u involved in (61).
With respect to the tangential term studied in Sect. 4.4.2, here the analysis is little
more technical.

First of all, we notice that, due to the structure of the matrix A% (see (59)), the com-

mutator [A;]’V (2), A%B]] acts non trivially only on the noncharacteristic component
of the vector function u; namely we have:

—1, 1,1
[A;I’V<Z>,A%81]u=(“x @4 3””1). (66)

Therefore, we focus on the study of the first nontrivial component of the commutator

term. Note that the commutator [k;l’y (2), A{’Ial] cannot be merely treated by the
tools of the conormal calculus developed in Sect. 3.1, because of the presence of the
effective normal derivative 9; (recall that A{’I is invertible). This section is devoted

to the study of the normal commutator [A;l’y (2), A{’Ial]ul . The following result is
of fundamental importance for the sequel. Here again, for the sake of generality, the
result is given with a general order m.

Proposition 16 For all m € R, there exists a symbol gp (x, €, y) € T such that
1Y (Z), AP 811w = gu(x, Z, y)(@1w), Yw e CHRY), Yy = 1. (67)

Proof The proof follows the same lines of that of [20, Proposition 4.8].
#
For given w € C?‘(j) (R%), let us explicitly compute ([)J;’*V(Z), A{Jal]w) ; using

the identity (9, w)? = e™*1(Z w)" and that A;"’V(Z) and Z; commute, we find for
every x € R":
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(1 @, Al o) @
= (M7 @ (At ow) —af’a, ()\')’Z’V(Z)w))ﬁ )

=17 (D) (A" @) () — AT (o (x;’;wzm))ﬁ @)

= ™Y (D) (A{’I’te_(')l (Zyw)*) (x) = A" e (Zlk’)'(”y(Z)w)n (x)
— A™7 (D) (A{’I’te_(')l(Z1 w)j) (x) — A{’I’u()c)e_x1 ()L')?’V(Z)ZHU)I:1 (x)
— A7 (D) (A{’I’te_(‘)l (le)j) () — AP R @)e™ MY (D) (Z w)P (x)

(68)

Observing that )»;W(D) acts on the space S(R") as the convolution by the inverse
Fourier transform of )»;'(W (see (35)), the preceding expression can be equivalently
restated as follows:

(7 @, A o)
—F! (A’;"V) x AN =01 Z ) ) — AT (x)e 1 7! (x;'(w) « (Zjw)"
[ (7). AL e e )
— AP e F (1) (Zw)e =)
= {17 xOAT = e O Z iy - )
— (7, xOAT e Zwy - )
= (17, xOAP o = @ - )
= {7, xOAP @ @ - )
= (17, x 0 (A1 =) = AT e @i - ), (69)

where ™7 = F~1 (A7), and the identity F~! ()L';l’y) = xn"™7 (following at once
from (46)) has been used. Just for brevity, let us further set

K,y i= (A7 5= ) = AP w0e ™) 1. (70)
Thus the identity above reads as

i
(7 @), AP w)” @) = (™7 K, @ =), 70
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where the “kernel” K(x, y) is a bounded function in C*°(R" x R"), with bounded
derivatives of all orders. This regularity of K is due to the presence of the function
x in formula (70); actually the vanishing of x at infinity prevents the blow-up of the
exponential factor e™!, as y; — —oo. We point out that this is precisely the step of
our analysis of the normal commutator, where this function y is needed.

After (70), we also have that IC(x, 0) = 0; then, by a Taylor expansion with respect
to y, we can represent the kernel KC(x, y) as follows

K, y) =D bi(x, y)yi, (72)
k=1

where by (x, y) are given bounded functions in C*°(R" x R"), with bounded deriv-
atives; it comes from (70) and (45) that by can be defined in such a way that for all
x € R” there holds®

supp by (x, -) < {lyl < 2eo}. (73)
Inserting (72) in (71) and using standard properties of the Fourier transform we get
]1 n
(7 @), Al ow)” () = <n’“, > bile YR @ x = -)>
k=1

= Z((-)kf—l (™) s biCx, @y (x = )

—zZ( (3627 biCx, Y @rw)x =)

n

=i Z<3kkm,y, F! (bk(x, D@ w)(x — ))>

k=1

=i, / O™ (E)F ! (i, ) @rw) (x — ) (§)dé

klen
=iy @™ / RA™Y (€) (H/ ¢ Vb(x, Y)@1w)F(x — y)dy | dE . (74)
k=1 R~ n

Note that forw € Cg’:j) (R ) and any x € R" the function by (x, -)(9; w)f(x =1 belongs

to S(R™); hence the last expression in (74) makes sense. Henceforth, we replace (d; w)*

6 This can be made by multiplying /C(x, y) by a suitable cut off function ¢ = ¢(y) € C(‘)>O (R™) such that
¢(y) = 1 for |y| < 2gp. This multiplication does not modify K, since /C is supported on {|y| < go} with
respect to y. Thus the equality (72) still holds, where the functions by (x, y) are replaced by b (x, y)¢(y)
compactly supported with respect to y.
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by any function v € S(R"). Our next goal is writing the integral operator

(ZH)*”/E)M'"’V(E) <H/ ¢SV bi(x, y)v(x — y)dy | d& (75)

Rn

as a pseudo-differential operator.
Firstly, we make use of the inversion formula for the Fourier transformation and
Fubini’s theorem to recast (75) as follows:

/eig'ybk(x,y)v(x—y)dy= (2n)_"/ei‘f‘ybk(x,y) /ei(x_y)'"?(n)dn dy

Rn Rn n
— Q)" / i Q/ Oy (x, )y | D
]Rn n
— Qm) / My (x, 1 — EYO(n)dn (76)
Rn

for every index k, Bk (x, ¢) denotes the partial Fourier transform of by (x, y) with
respect to y. Then, inserting (76) into (75) we obtain

@) / AT (&) (@/ by (x, Vu(x — y)dy | de

R»

= (277)*2"/31(%“”(5) (w/ ¢y (x,n — £)0(ndn | dt . (7N

R~

Recall that for each x € R”, the function y — by (x, y) belongs to CO (R") (and its
compact support does not depend on x, see (73)); thus, for each x € R”, bk (x,2)1s
rapidly decreasing in ¢.

Because A™¥ € T'™ and since U(n) is also rapidly decreasing, Fubini’s theorem
can be used to change the order of the integrations within (77). So we get

Q)2 / DA™Y () (@/ M (x, n — EYD()dn | d&

Rn
— 2m) / o (m/ Be(x, n — E)A™Y (£)dE | Bn)dy
Rn n
— Qo) / g e, YO, (78)
Rn
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where we have set
Gre.m(x, 8, y) = (277)_”/’17\1(()6, mMHA™Y (& —n)dn. (79)
Rn

Notice that formula (79) defines g, as the convolution of the functions Ek (x,-) and
oA™Y ; hence gy, is a well defined C°°-function in R” x R”".

The proof of Proposition 16 will be accomplished, once the following Lemma will
be proved. O

Lemma 17 Foreverym e R, k=1,...,n,qxm € rm=1 i.e. foralla, B € N" there
exists a positive constant C o, g, independent of y, such that

10802 Qe (X, &, V)| < Comaph™ 717 (&), Vx, & eR". (80)

The proof of Lemma 17 is postponed to Appendix 1.
Now, we continue the proof of Proposition 16

End of the proof of Proposition 16. The last row of (78) provides the desired repre-
sentation of (75) as a pseudo-differential operator; actually it gives the identity

Qm)™" / RA™Y (8) (R/ eV br(x, y)v(x — y)dy | d& = OpY (qk,m)v(x),

Rn

for every v € S(R").
Inserting the above formula (with v = (9; w)?) into (74) finally gives

m #
(057 @), Al 311w () = Op (@) @) (), 81)

where g, = g (x, &, y) is the symbol in =1 defined by
n
G E.y) =1 ) qem(x.E, 7). (82)
k=1

Of course, formula (67) is equivalent to (81), in view of (38). This ends the proof of
Proposition 16. O

We come back to the analysis of the normal commutator term [, Ly (Z), A { ! 9 ]ul.

To estimate it, we apply the result of Proposition 16 for m = —1 and w = u’. Then
we find the representation formula

DM (2), AV ol = g1 (x, Z, y) (01, (83)
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where the symbol g_; € 2 is defined by (82). Since A{‘I is invertible, from (56),
01 ul canbe represented in terms of tangential derivatives of u and F, as follows

qu! = @AMHTVF + Tou, (84)
where 7,, = 7, (x, Z) denotes the tangential partial differential operator

1

n
Tou:=—(A) ™ yu' + Bz + (D A;Zju+ Bu+ pau (85)
j=2

and we have set H| := xl_lA{’” (recall that H, € C(OOO)(R’_L) since A{"lxllzo = 0).
Inserting (84) into (83) leads to

7 (2), AV 9! = g1 (e, Zy)(APDTVFD 4+ g (0 Zoy) Tyu . (86)

The first term in the right-hand side of (86) is moved to the right-hand side of equation
(58) and incorporated into the source term. As for the second term g (x, Z, y)7T,u,
a similar analysis to the one performed about the tangential commutator term in the
right-hand side of (61) can be applied to rewrite it as the sum of a lower order operator
acting on A;l’y (Z)u and some smoothing reminder. More precisely, applying again
the identities (62) and (50) we get

4105 Z, )Ty = gy (v, 2T @) (3 (2)u)
+ 106, Z T (ZDyr(Z, y)u (87)

Combining (86), (87) and (66) we decompose the normal commutator term in (61) as
the sum of the following contributions

I,I\—1
(017 (). Alorlu = (‘f—l(x’ £ A FI)) + Ponor (6, Z, )0 (Z)u)

+S_1(x,Z, V)u. (88)

In the representation provided by (88), the conormal operator

4-1(x, Z, y)TyW(Z)) (89)

Po.nor (X, Z,y) = ( 0

has symbol in Fo(in view of Proposition 5), and hence it must be treated as an additional
lower order operator, besides pr and po,;qn, Within the equation (58) (see (103)); on
the other hand

9105, Z, LAY (Dra (2, y)u) (90)

S_1(x, Z,y)u = ( 0
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can be regarded as a smoothing reminder and then moved to the right-hand side of
the equation (58) to be treated as a part of the source term, in view of Lemma 12 (see
Section 4.5.1).

4.4.4 The boundary condition

We are going to write a boundary condition to be coupled to (58).
Firstly we notice that, by Proposition 13 form = —1:

O " (Z)) 1y=0 = b (D', y)(ut)xy=0), ©1)

where the symbol b | € I'~! on R"~! is defined by (52). Then we apply the operator
b, =b" (D, y)to(57) and we obtain

by (b_1y) + M;, (b/—1”|1}51:o) +m! (b/—1”|[x1:0) + by (b ¥) + £y (b/—1”|l}cslzo)
1By by 1+ [0y balyr + (6 M1 _o) + B €1 )
+10, M ], ) =18, on R"!, 92)

where, for simplicity, we have dropped the explicit dependence on x’, D’ and y in
the operators. We observe that, in view of the symbolic calculus (see Proposition 5),
the commutators appearing above are all pseudo-differential operators on R”~!; more
precisely, since b’ , (£, y) is a scalar symbol we have that

[b/_ls b]j] = [bl_l(Dlv J/), bﬁ(-x/1 D/? )/)]
[b/_lv Kﬁ] = [b/_l(D/v y)’ Eﬁ(x/v D/v V)]
b, M= (D, y), M'] (93)

are operators with symbol in ' 2, while

b1 by] = (B (D'. 7). by (x', D]
by M1 = [0 (D, y). M3, (x'. D)) (94)

are operators with symbol in ' !

Since the a priori estimate in assumption (H); displays a loss of regularity from
the boundary data, the above operators must be treated in two different ways. The
commutators in (93) can be moved to the right-hand side and treated as additional
forcing terms. On the contrary, the commutators in (94) cannot be regarded as a part
of the source term in the equation (92) without loosing derivatives on the unknowns
u and . These operators require a more careful analysis that essentially relies on
similar arguments to those used to study the commutator term appearing in the interior
equation (58) (see Sects. 4.4.2, 4.4.3).
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We use Lemma 14 and the identity ALY (D)A~1Y(D') = Id to write

[ (D', ), b,y = [b_ (D', y), b, WY (DA~ (D
= [0 (D', y), b, WY (DYB_ (D', y) — B_1 (D', )Y

= ([b’_l(D’, ¥), by]xlvy(D@)(b’_l(D’, 212
- ([b’_l(D’, ¥), byul”(D/))ﬁ_l(D’, VIV
=do(x', D', y)(b_ (D', y)¥) +d—3(x', D', ), (95)
where
do(x', D', y) := [b_ (D', y), b, AV (D) (96)
has symbol in I'” and
d_3(x'. D', y) == —[b (D', y). b, M1V (D")B_1(D'. y) 97)
has symbol in '3, since B_ (&, y) € ['73.

Analogously, we can treat the term in u involving the commutator [b” |, M1,
namely we find:

(B4 (D', y) My a3 g = eos’, D', ) (B2, (D, ol o)

+e s Dy, (98)
where
eo(x', D', y) :=[b (D, y), M IA"Y (D) (99)
has symbol in I'? and
e3(x', D', y) i= =[bL (D', y), My 117 (D)B-1(D', y) (100)

has symbol in ' =3.

Thanks to the stability of the estimate (10) with respect to zero-th order
terms in v and u’*, the operators do(x’, D', y) and ey(x’, D’,y) in the rep-
resentations (95), (98) can be just regarded as additional lower order terms
in b, (D' )y and b (D', y)u/;s . together with by (x'. D', y)(® (D', )¥).
L(x', D', y) (b/_l(D’, y)ull;cs] =0) in the Eq. (92) (see formulas (104), (105) below).
The terms involvingd_3(x’, D', v),e_3(x’, D', y) can be just moved to the right-hand
side of (92) and absorbed into the boundary datum (see (107)).
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Remark 18 Let us notice that in view of Proposition 13 (and using that the operator
A;l’y (Z) acts component-wise on functions) the following identities hold

I

= ("7 @) (101)

b (D' y) (ullx1=0) - (X)_(Ly(z)ul) | x1=0

| x1=0
and similarly for u!-.
4.4.5 Final Form of the Regularized BVP

Summarizing the calculations performed in the previous Sect. 4.4 and in view of
Remark 18, the functions (A;l’V(Z)u, bLl (D', y)¥) satisfy the system

L0 (Du)+ px, Z, )0 T (Zw) = F in R

I.s 1
/ / s —Ly ’ I (y—1vy
by 0_ (D' )¥) + My, ()“X (Z)u)m:o M (AX (Z)j[)m:o
- - _ .8
FHW D (D )+ D) (5 @)
xX]=
=G onR" !
(102)
where
P(x, Z,y) == pe(x, Z, )+ po,tan (X, Z,¥) + po,nor (X, Z, y), (103)
b(x',D',y) :=by(x', D', y) +do(x', D', y), (104)
{x', D', y) == 0:(x', D', y) +eox', D', y), (105)
1,1 —
F =2 (2)F — (q—l(x’ z, V)(()(A1 ) IFI))
—R_1(x,Z,y)u—S_1(x, Z, y)u, (106)

G:=0b" (D', y)g —[b (D, y),bs(x', D', )Y —d3(x", D', )¢
— 6 (D', ), M (] —g)

—[B (D, ), (', D )3 _g) — e s, Dy g,
107)

and the operators pg_ran. £0.nor» do, €0, R—1, S—1, d—3, e_3 are defined in the preceding
Sects. 4.4.1-4.4.4.

4.5 The Estimate Associated to the Regularized BVP

From assumption (H )1, we know that there exist constants Co > 0, yp > 1, depending
only on the coefficients of the operator £, and a finite number of semi-norms of
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b= plx,gy) el 0 =0, &,y),b=bK,¢, y) € T'% such that for all
¥ > yo the following estimate holds for the functions (A, Y (Zyu, b (D, Y)

—ly 2 “1,y I 2
y(nxx @l gy + 1165 20 )xlzonHy]/z(R,”))

+ v 2116 (D VI o

1
SCO( 171152 (m)+;||g||§13/z(Rnl)). (108)

We start analyzing the terms appearing in the left-hand side of (108).
In view of (44), (50) we compute

15 @l @y = 1A 2 2 Dl 2y

A"V(Z)(x"V(Z) —ro1(Z, y))u

L2R)
—Nlu =272 ri(z, )
I @ ra@oul| .
> [lull 2y = M7 (2 ro1(Z, yull ey
= llull 2y — =1 (Zoy)ullgy, @)

Using Lemma 12 with & = 1, there exists a constant C, independent on y, such that

C
lIr—1(Z, y)ully L@ = —||M||L2(R1), Vy = L.

Hence

C 1
Ly _ =t - ;
125" @ulligy,,, ey =l = - lnllgy 2 31l ¥y = n

(109)

with large enough y; > 1.
Using Proposition 13 and Lemma 14 we get

()»;]'V(Z)u’)l)q:O =b (D, V)("‘IIM:O)
= 271D ufy o) + B-1 (D', y) (ufy, —)-
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Again by Lemma 14 we derive that S_;(£/, ¥) € I'"3, hence by Proposition 7 and
(17), we get

-1, 1
165" @uD) =0l 12 gy
= IR (D)W —g) + B (D' ) o)l 12 ety
1/2, -1, 1 1
> |12 (DAY (D) o) 2y = 11B-1(D', ) @ o)l 12 ety

1 1
= ||MIX1=0||H;1/2(]R"—') - C””IX1=0||H;5/2(R"*1)
c 1 1 1
Z 1 - 7/2 ||u|x1=0||Hy_l/2(RVt*1) Z §||u|x1=0||Hy_l/2(R”71)’ V)/ 2 Vl (110)

with large enough y; > 1, and C a positive constant independent of y. As regards to

the term ||b’_{ (D', y) V| |§{1(Rn,l) in (108) we write again, by Lemma 14,
Y

by )Y =27 (DY + B (D )Y
Arguing as above we obtain
14 (D' )W gy -ty = 127 Dl gy oty = 1B-1 (D )l gy

C
= W ll2sy = ClW Iy 2 = (1 - ﬁ) 1112

\%

1
SVl @y, Yy 271 (111

v

with y; > 1 large enough, and C a positive constant independent on y.

To conclude the estimate, we need to analyze the different commutator terms
involved in the data F, G in right-hand side of (108). The next two sections are
devoted to the study of these commutator terms.

4.5.1 The Estimate of the Internal Source Term F

To provide an estimate of the H2,,-norm of the source term JF in the internal equation
of the BVP (102), we need to estimate in H2,(R") the different terms involving F
and the function « in the right-hand side of (106).

Concerning the terms in the right-hand side of (106) containing the function u,
from Lemma 12 and the fact that the operators [A;l’y(Z), Lian,y + p;]kl'V(Z) and
q-1(x, Z, y)’TJ,AI’V (Z) involved in the definition of R_j, S_; are of order zero (see
(65), (90)), we get

||R71u||Ht2an,y(R1) < Cllr-1(Z, V)M“HIZMV(R{IF) = C1||u||L2(Ri),

(112)
I1S-10llg3, qrry < Cllr-1(Z, Y)ullz, gy < Cillull 2.

for suitable positive constants C, Cy independent of y > 1.
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As regards to the terms in the right-hand side of (106) that contain the function F,
since the operator g_1(x, Z, y) has symbol in r—2 (cf. Proposition 16), we immedi-
ately find that

—Ly

A2y F y < CIIF "
1 D F g, ®p = 1F Ny, , @) 1 . (113)
g1 Z DAY FDlla gy < CIF l2geny < SHF Ny .

14 tan,y

for a suitable positive C, independent of y .
Collecting estimates (112), (113) we obtain

1, @ = C 1Py, e+l | (114)

where again C is some positive constant independent of y .

4.5.2 The Estimate of the Boundary Data G

In this section we provide an estimate of the H3/>-norm of the boundary data G in
the right-hand side of (102),, as it is required by the estimate (108); in particular, we
need to consider the commutator terms involved in (107).

From Sect. 4.4.4 we know that the commutators in (93) are pseudo-differential
operators with symbols in I'2. Hence from Proposition 7, there exists a constant
C > Osuchthat,Vy > 1,

||[bL1(D/7 J/)s bj(x/’ D/s V)]I/IHH;/Z(Rnfl) S C||1//||H;1/2(Rn71) S ﬁ”‘ﬂ“LZ(Rn*l),
64 (D', ), M Tl gl 32 gy = Cllitl ol 12 g (115)

/ / YA Is Ls
”[b_l(D ] V), Eﬁ(-x ’ D ’ y)]u‘xlz()HHS/z(Rn—l) S C||u|x1:0||HV_1/2(Rn71) :

Finally, since d_3(x’, D', ) and e_3(x’, D', ¥) have symbol in '3 (see (97) and
(100)) we obtain

/ /
||d—3(x , D, )’)WHH};/Z(RWU = C||W||H;3/2(Rn—l)

C
m”l/f”LZ(RH): Vy >1, (116)

A

lle—3x', D, yyufy}

Il 302 Cllul* _oll -3
x=01"g/"(Re-1) = lx1=0"" g, /= (Rn-1)

IA

C 1,s
;Ilum:ollml/z(Rn—l), Vy>1, (117)
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with y-independent positive constant C. Collecting the preceding estimates (115)—
(117) and using (107) we obtain

19132 g1y = € (121D 18l 2 g,
HIBL (D', ), be (', DY I I 372 g
I,
+||[b/—1(D/a V)’ Eﬁ(x/v D/v y)]u‘;l:()”H}%/z(Rn—l) + ||d—3(x/7 D/7 y)w”HS/z(Rn—l)

I,
HIBL (D' 7). M Tufyy ol a2 g, + lle3 (', D, y)ulxizoan/z(R,,,.))

1
=< C (”g”H;/z(Rnl) + WHI/I”LZ(R”’I) + ||M|1x1=0||Hyl/2(R"1)) ) V)/ = 17

with y-independent positive constant C.

4.6 Proof of Estimate (12)

We start from (108) and use (109), (110), (111), (114) and (118) to get

2 2 2
14 (||M||L2(Rn) + ||u|[xl_()||H1/2(Rnl)) + y2||w||L2(Rn71)
=

= (||F||2 e T )

tan,y

C 2 1 1 2
? gl I/Z(R"—') ||1//||L2(Rn 1y +||u|x1=0||Hyl/2(R”—]))

for all y > yq, with y; > 1 large enough, and C > 0 independent of y.

Then estimate (12) follows by absorbing into the left-hand side the terms involving
the functions u, ¥ in the right-hand side of the above inequality. This ends the proof
of the statement 1 of Theorem 1.

4.7 Proof of Estimate (13), Statement 2 of Theorem 1.

In the end, let us shortly discuss the proof of the estimate (13) in Theorem 1, statement
2, under the assumption (H ), about the BVP (1).

As it was done in Sect. 4.4, for given smooth functions (u, ) we firstly define the
data

F:=Lyu,

g = by + Myl 4 MIu! b, D )y + G, Dyt 1)

Notice that, differently from the case of statement 1 (see formulas (56), (57)), no lower
order term in u is involved in the definition of the interior source term F in (119); this
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agrees with the assumption (H );, about the BVP (1), where no stability assumption
under lower order interior operators is required for the estimate (11).
Then, following the strategy already explained in Sect. 4.1, we apply the operator

A;l’y (Z) to the first equation in (119) and we find
L, 0" 2wy =2, (2)F — [0V (Z), Lylu, in R (120)

Compared to the analogous equation (58), in the left-hand side of the above equation
there is no lower order operator p;(x, Z, y). Moreover, we notice that the term involv-
ing the commutator [A;l’y (Z), L, ] has been put in the right-hand side of the equation
(120), which means that this term can be just regarded as a part of the source term
of such an equation. This is a consequence of the fact that the a priori estimate (11),
that is associated to the BVP (1) under the assumption (H )2, does not lose derivatives
from the interior source term F: the H,! -norm of the unknown u is measured by the

Htllm—norm of F.

Concerning the boundary condition, the same arguments developed in the Sect.
4.4.4 give that the functions (k;l’y(Z)u, b' (D', y)y¥) satisfy the equation (102),
on the boundary.

Applying the estimate (11) to the BVP (120), (102), we find again that (A;l’y (2)u,
b" (D', y)¥) obey the estimate

-1y I 2
Hp oy (RY) + ||()‘X (Z)u )lx]:O”H;/Z(R”l))

+ 72 IbL, (D IV 113 o (121)
Co 2 2

< =0

=5 (”}—“Hzlany(Ri) + ||g||H5/2(]R"1)) s

where the interior source term F is defined now as

-1,
% (mx Y(Zyul|?,

F=1"Y(@2)F - ;"7 (2). Ly, (122)

while the boundary datum G is given by (107).

To conclude the proof, it remains to provide an estimate of the Sobolev norms of
F and G appearing in the right-hand side of (121). The estimate of G is exactly the
estimate (118) obtained in Sect. 4.5.2.

Concerning the estimate of F, from (122) we firstly get

HF g

tan,y

-1, -1,
@ = I @F gy, gy + 13572 Lyl e

-+ ta

< C{IFll @ + 105" 2. Ll g (123)

tan,y

for a positive constant C independent of y > 1. In order to estimate the norm of the
commutator term [A)_(l’y (Z), Ly lu involved in the right-hand side of (123), the same
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analysis performed in Sects. 4.4.2 and 4.4.3 leads to the formula

Y (2). Lyl = Y (Z), Ao u + [0 (2), Lian.yu

1
- (q—l(x’ Z o )) + 0517 (D), Lianyle, (124)

where the result of Proposition 16 (see also (66)) has been used to get the second
equality above and L;4y,, is the tangential differential operator defined in (60).

Since, in view of Proposition 5, [A;l’y(Z), Ltan,y] is a conormal operator with
symbol in I'~!, Proposition 8 yields

-1
Ay V(2), Etan’y]u”Hrlan,y(Ri) = C||“||L2(Ri), (125)

with some positive y-independent constant C.
As for g_1(x, Z, y), it is a conormal operator with symbol in r—2, Writing again
d1u’ is terms of conormal derivatives of u and F as in (84) gives

g1, Z. )@y = g1, Zop) (AP 4+ Ty

where 7,, is the conormal operator of order 1 defined in (85) (with pz = 0). Hence in
view of Proposition 8§ we get

- ING
127 (@), AV 0 1y gy

Y

= [\ @ (100, Z. (AT H T + Tw)|

L2(RY)
= |7 @ (416 Z palh T D)
I (D g1 (x, Z, N Tyull 2y

= Co(I1F 1zt gy + lulli2ges)

L2(RY)

1
<Gy (;”FIHLZ(IR{'J'r) + ||u||Lz(Rn+>) : (126)
Collecting estimates (123), (125), (126), we finally get

1F Ny, @ < C (1@ + lull2@) . Yy=1  127)

with y-independent positive constant C.
The estimate (13) follows at once by combining (121) with (118) and (127).
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Appendix 1: Proof of Some Technical Lemmata
Proof of Lemma 10

For a given smooth function u € C é’& (R%), an explicit calculation gives that

A’;’V(Z)u(x)=<.7:_1)\’"’y(-), X(-)e_%u(xle_(')l,x/—(~)/)>, Vx=(x,x") e RY.

We have to prove that, under a suitable choice of g, if x ¢ B then )&"’V (Z)u(x) =0.
This is true if

_ v
v () = x(»e 2ulxie ™ x =y

is identically zero as long as x ¢ B*.

Since R \ BT = {x = (x1,x): x; = 1, VX' € RN U{x = (x1,x) : x| >
1, Vxi € [0, +o00[} we need to analyze the following two cases.

Ist case: x1 > 1.

Let y € R” be arbitrarily fixed. If y ¢ suppy, then x(y) = 0, which implies
vy (y) = 0. If y € suppy, then we have —gg < y; < gp and |y’| < g9. Hence, we
derive that e %0 < ™1 < ¢% and, since x; > 1, xje™ ! > ¢V > ¢7%, Since
u(x1,x") = 0 when x; > &, if we choose g9 > O such that e %0 > §; (that is
equivalent to &g < log(1/8p)), then we get that

Vyesuppy, Vxi =1 : u(xre ", x'—y) =0,
which gives vy (y) = 0.
2nd case: |x'| > 1.
Again, if y ¢ suppy, then v, (y) = 0. If y € suppy then |x’ — y'| > |x| — || >
1 —]y'| =1 — gp. To conclude, in this case it is sufficient to choose g9 > 0 such that

1 — o > §¢ in order to have again v, (y) = 0.
Finally, the result is proved if we choose 0 < g9 < min{log(1/8p), 1 — 8o}.

Proof of Lemma 12
For arbitrary u € Lz(Rﬁ), we observe that in view of (35), (38)
(rm(Z, Y))* = rp(D, y)u® = F~ (rp (. y)) % u”; (128)
then, for arbitrary g € N":
O (rm(Z. y)w)* = P F i y)) % uF .

Since Hllzm’y (R is topologically isomorphic to Hf (R™) for all positive integers p,
via the ff operator, and u® € LZ(R"), thenr,,(Z, y)u € H,’;n’y (R’ ) is proven provided
that 3 F~1(r,, (-, y)) belongs to L' (R") for all 8 € N* with |8| < p.
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On the other hand, by the standard properties of the Fourier transform and by (46),
we get

F o Coy)) = FHU = x(D)™7) = F-HF (1 = 0rm 7))

= Q@0) 7" (1 = OAmY) = (1 — HF L"), (129)
where we have used the identity F g = (27[)’"?, with g(x) = g(—x), and that x
is an even function.

Let us firstly focus on F~1 (A7), For arbitrary positive integers N, k and € N
one computes

N +k)!
|z|2(N+k)8£f71(Am’V)(z):il'Bl z ( +‘ )ZZfol(é:ﬁ)Lm,V)(Z)
: o!
la|=N-+k

= iIBl(— )N+ Z W}-—l (8é2a(§ﬂkm,y)) ). (130)
loe|=N+k ’

On the other hand, since A" € T, for || = N + k we get

9% EPAY (E))] = Caph T2 () = Cg pa" P20 ()
= Caph 207 NP2 ()
< Copy AN ), Ve R, Vy 2 1.

For fixed B, we choose the integer Ng = N such that 2N > m + |B| + 1 + n; then
KBy £y < Q- () < (14 1€, VEER", Yy = 1
yields
02 (6P 1™ ()] < Capy XU+ 16, VEER", Vy = 1;

hence 8‘?‘” EPAmY(£)) e LY(R") and, from Riemann-Lebesgue Theorem,
f—l(aga (EPA™Y (£))) € L®°R™) N CO(R™) and we have

IF @2 EPA™Y O llLe@ny < [ 102%(EPA™7 (£))] dE
Rn

_ntl _
< Copy 2 [U+EHT T dE < Capay™, Vy=1.
Rn
Therefore, in view of (130),

PN FI ) (2) € L¥(R™) N COR™)
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and
12 PNFORE Iy () < Cnpay ™, VzeR,y > 1,

where the constant Cy y g , is independent of y.
Summarizing, we have proved that:

VBeN' VK, N eN, withk>1, N =2 30—y, >0:
1. |Z|2(N+k)3ff—l()\m,y)(z) c LOO(R}’!) N CO(Rn)
2. ZPVOREFIOmY @) < Chnpay 2, VZeRLy > 1.

For arbitrary 8 € N", we consider P F ’l(rm(-, y)). From (129) we compute, by
Leibniz formula,

FF emCyN@ == (’3 ) I x @} F M) ()

v
v<p

+ (1= 0@IFF T (2). (131)

Note that 3~V x, forall v < B, and 1 — x are identically zero on a neighbourhood of
z = 0. Then, from 1, 2 above we derive that

VBeN' Yk, N eN, withk>1, N>2HEHE 30 = ng,0>0:

3. P V@ F oY) (), (1= x)(2)0f FLomY)(z) € L¥®R") N CORM),
Vv < B;

4. 1PV @V FT M) ()] < Chnpyny K1+ 1227,

(1= 0)@EF A" @) < Conpyny A+ 127V, Yz e R,
v<pB, y>1.

Thus, applying 4 for N > max{#, mtiflintl ”*‘}, from (131) we obtain that
FF (-, y)) € L'R") and forall y > 1:

107 F 0 oL@y < Nk ™ / (1412 Ndz < Crnp iy ™
R»
< Crnprr ™ (132)
where the constant Cy , g, is independent of y .

For every positive integer p, applying the above result to all multi-indices 8 € N”
with |B] < p gives that 32 (r,,(Z, y)u)* = 3B F~1(r,(-, ¥)) * u® belongs to L2(R")
with

182 (i (Z, y)u)?]] < 1P F i
m(Z, Y)u) || 2@rny = T (-, )/))||L1(Rn)||” ||L2(R")
< Crn gy Nl 2 - (133)
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This gives thatr,, (Z, y)u € H, a,, y R " ). Furthermore, for an arbitrary positive integer
h we apply (133) for each 8 € N" with |8| < p fork = p — |B| + h to get

2
I Zo )l yp gy < CopllCn(Ze O Iy

= > y¥r- 'f">||af’<rm(z, VI 2
BI<p

2(p— —2(p— h 2
< Z % (p Iﬁl)ch,p,n,ﬁ‘x)’ (p=IB1+ )||u||L2(R1)
IBl<p

< Chpanx? Il 2 g (134)

for a suitable y-independent positive constant Cp, p 5. This shows the estimate (49)
and completes the proof.

Proof of Proposition 13

Letu € Cg’:ﬁ) (R ); to find a symbol b/, satisfying (53), from (46) we firstly compute

QY (Zyu)* () = W7 (D)@P) (x) = (FHAYT) 5 ) (x)
= (FTIOE) i (x = -)>

= (FOm), x (e T u@ O X — (), V(. x) € R,

hence, by (31),

A;"’V(Z)u(x) — (Fl ), X(.)ex'}(')l u(e¥ =01y — (,)/))t’l

logx1—()1

FOm), (e u(ehen=01 - ()

=
= (F10mn), xOeF u@e 1, 2 - ()
= (1, 7 (xOe T u@e 1 x = ()

= Qm) " [3m7 € ([ e x e Fuen ¥ = y)dy) dg. ¥ >0,
Vx e R,

The regularity of u legitimates all the above calculations. Setting x; = 0 in the
last expression above, we deduce the corresponding expression for the trace on the
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boundary of A" (Z)u
O (Z)u)) xy=0(x")

= (271)_"//\'"”’(5) (/ Y x(Me™ (U =0) (&' — y/)dy) ds. (135

Now we substitute (51) into the y-integral appearing in the last expression above; then
Fubini’s theorem gives

/eig'y)m(yl)i(y/)ef%(mxl:o)(ﬂ —y)dy
st . Y - ,
=/€“§ N (/ E’E‘y‘e_21)(1(y1)dy1)x(y')(ux1=o)(x —y)dy'
— igy —ig) (—y1) ,— % ~ / N
—/e (/e e 2 Xl(YI)d}’1)X()’)(M|x1=0)(X —y)dy
sel ) s v o -
=/e’S N (/e 10 2’1)(1(—y1)dy1)x(y’)(um:o)(f—y’)dy’

1

= (#x) (51)/ G =0 (& = )Y (136)

where we have used that y; is even and Ay denotes the one-dimensional Fourier
transformation with respect to y;. Writing, by the inversion formula, (u|y,=0)(x" —

/—

y)=Qm)"t [ el &= |x,=0(n")dn’ and using once more Fubini’s theorem and
that ¥ is even, we further obtain

/ Y T =) (& — ¥y
= @mn)~"H! / EYF) ( / e“’“”'"’m)(n@dn/) dy'
= / X ((271)—”“ / e"(f/‘”’)'y’;?(y/)dy’) i) =0 (n)dn’
Z/eix’-n’ ((2n)—n+1/e—i(é’—n’)-(—y’)i(_y/)dy’) Ml/x;)('?,)dn/
= <2n)*"“/ W E — i =o(n)dn'; (137)

here A is used here to denote the (n — 1)-dimensional Fourier transformation with
respect to x’. Inserting (136), (137) into (135) then leads to

(7 (Z))) =0 (x)

=0 [ (¥ n) 1(51)((2:1)*"“/ WRE =i )dn) dt .
(138)
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0) Al ~ .
Because (eTl)“) e SR), x € SR" ! and U[x=0 € S(R"1), the double

integral

1

/ / Wiy @) (3 ) T @XE — m)aazotdn'de

converges absolutely; hence Fubini’s theorem allows to exchange the order of the
integrations in (138) and find

(WY (Z)u)) =0 (x') = (2m) 7! / ¢ by, (' )i =0 ()dn', (139)
where b}, (', v) is defined by (52). This shows the identity (53).

Proof of Lemma 14

We follow the same lines of the proof of [20, Lemma 4.11]. Setting for short

P (x) i= e 2y (xn) X (x), (140)

the symbol (52) can be re-written as
b, (&' y) = (275)7”/)»"“’(771, ' + &b dn. (141)

Substituting in (141) the function n — A™Y (1, n’+&’) by its Taylor expansion about
n=0

Z (@*A™7)(0,8"
-, 1

A (g1 + 8 = ,
(o2

la|<N

N> /(a“xm My, € 4+ (1 =N di (142)

|oe|= N

for N = 2, we get
by = emy " [ i)+ Zn;(aﬂ’”)(o, £

Py /(aax“)(rm & + )1 — 0t | @) dn

|a|= 2 ¢
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= @m) @) [ Fandn =i Y0 0.8) [ Gaondy
=1

1

l —_—
—22m)7" Y / / BUN™Y (11, 10 +E)(1 — 1) dt | 39 () dy.

lor|=2 0
(143)

From Plancherel’s identity and (140) (cf. also (45), (51)) we compute

Q@m)™" [ dn = $(0) = 1,
Qm)™" [ 319 dn = 914 (0) = —3, (144)
Q@m)™" [9;6(dn = 9;¢(0) =0, j=2.

On the other hand, from (14) one trivially computes that (3;A™7)(0, ") = 0 for all
& e R 1 Inserting the last relation and (144) into (143) then gives (54), where we
set

1

1
BusE )= —20m7" 3 — / / OUN™Y (1t + (1 = 1) dt

|o|=2 0
X 3% (n) dn . (145)

To prove that f,, belongs to I'~2, differentiation under the integral sign of (145)
gives, for an arbitrary v’ € N1,

0 Bm.s(€'. )

1
o1 , —
=-20m)" Y] 5/ {35”/ (/(3“A"”V)(rm,tn’+é’)(1 —z)dt)} x 3%p(ndy

loe|=2 0

1
=1 , —
=-20m™" Y] — / L/ @O ey i +8)(1 —r)dt} 89(n)dn:

lor|=2
(146)
hence from A™7 € '™ we obtain

1

108 Bns €9 < Cor D / / W2V (g e+ € dr | [0 i,
la|=2 0

(147)

for a suitable y —independent positive constant Cy, .
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Recall that, foralls e R,y > 1l and &, n € R”
AV (€) < 2B & — k), (148)

see [6], [27, Lemma 1.18]. Then, we apply (148) (for s = m — 2 — |v/|) to estimate
A2y (e, 1y’ + &) within the right-hand side of (147) by

2N (g, oy 4§y < 22V gyl =2 )
< 2|m—2—|v’HAm—2—|u’|,y(é/))\lﬂl—Z—\V’H(nL
Ve eR"™! npeR 1 el0,1],

and combine with (147) to finally get

100 Bu (' )| < €l a2y ey / =211 ) (92 b (o) [

| =2
< Cp a2 VY g, (149)
for Cr’n’v,, cr Y suitable positive constants independent of y (notice in particular that

the integrals in the sum involved in the right-hand side of the first inequality in (149)
are absolutely convergent, because 0%¢ € S(R") for all || = 2).

Proof of Corollary 15

Forall y € C° (R"~1) under the above assumptions, let ¥ € C ("‘0@) (R ) be chosen in
such a way that

suppW CBY , Wiy=0=1V. (150)
Such a function ¥ could be for instance obtained as
W(xp, x) =)y, Y =0, X' eR"

with n = n(x)) € CE’OO)([O, +00[) such that

nxp) =1, 0=x < %O, nx1) =0, x1>do.
Then, in view of Proposition 13 one has
by (D', Y)Y = by (D', ¥) (¥ x,=0) = WYV (Z)W)]x,=0 -
Then, from (150) and Lemma 10,

supp b, (D', y)¢¥ C BT N{x; =0} = B(0; 1).
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Proof of Lemma 17

Recall that we have defined foreachk =1, ...,n

Gom (X, £, 7) == )" / B, MAA™ & — ), (151)
RYI

where the functions by = by (x, y) (cf. (72)) are given in C*°(R" x R"), have bounded
derivatives in R"” x R", and satisfy for all x € R”

supp by (x, -) € {|y| < 2e0}.

Recall also that Ek (x, ¢) denotes the partial Fourier transform of by (x, y) with respect
toy.
The following lemma is concerned with the behavior at infinity of by (x, ¢).

Lemma 19 Let the function by = br(x, y) € C°(R" x R") obey all of the preceding
assumptions. Then, for every positive integer N and all multi-indices o € N" there
exists a positive constant Cy o such that

(1 + eV 0%k (x, 0)| < Cngr VX, £ €R". (152)

Proof Since for each x € R”, the function by (x, -) has compact support (independent
of x), integrating by parts we get for an arbitrary integer N > 0

A+1ePHVbee, o) = >

N! s
D! / 2™ Yy (x, y) dy
le|<N '

al(N —
{11260}

N! ¢y
- 3 e [ e me

lel=N {Iy|=2¢0}

N o
=3 eV [ e (153)
=N ' {IyI=2¢0)

from which (152) trivially follows, using that y—derivatives of b (x, y) are bounded
in R” x R" by a positive constant independent of x. O

We are going now to analyze the behavior at infinity of the derivatives of

Gk.m(x, &, y) defined as in (151). For all multi-indices o, 8 € N", differentiation
under the integral sign in (151) gives

08 qrm(x. &, ) = @m) " [ 0f (e, et Ay & —mydn,  (154)

Birkhauser



860 J Fourier Anal Appl (2014) 20:816-864

whereeX := (0,..., 1 ,...,0).ThenusingthatA™? isasymbol of orderm together

k
with (152) and combining with (148), for s = m — 1 — |«|, we obtain

10208 g (x, £, 1)) < Chv 4 Con / AN (yam =17 (& — ) dy

< Cmaph™ 17107 (&) / Am=1=1el1=2N (o i (155)

where the integral in the last line is finite, provided that the integer N is
taken to be sufficiently large. This provides the estimate (80), with constant
CN.map | AMm=1711=2N (39) @1 independent of y.

Appendix 2: Some Examples from MHD
Current-Vortex Sheets
Consider the equations of ideal compressible MHD:

& p +div (pv) =0,

9 (pv) +div(pv®v—H® H)+ Vg =0,

0H -V x (vxH) =0,

3 (pe + S1H|?) + div ((oe + p)v + Hx (vx H)) =0,

(156)

where p denotes density, v € R3 plasma velocity, H € R3 magnetic field, p = p(p, S)
pressure, g = p + %IH |? total pressure, S entropy, e = E + %|v|2 total energy, and
E = E(p,S) internal energy. With a state equation of gas, p = p(p, S), and the
first principle of thermodynamics, (156) is a closed system. The system is symmetric
hyperbolic provided p > 0, g—g > 0. System (156) is supplemented by the divergence
constraint

divH =0 (157)

on the initial data.

Current-vortex sheets are weak solutions of (156) that are smooth on either side of
a smooth hypersurface I'(r) = {x; = ¥ (¢, x")} in [0, T] x , where Q C R?, x’ =
(x2, x3) and that satisfy suitable jump conditions at each point of the front I"(¢).

Let us denote Q*(7) = {x; = Y (t,x')}, where Q = QT (1) UQ ™ (t) UT(¢); given
any function g we denote g* = g in Q% (¢) and [g] = gIJIC —&r the jump across I' (7).

One looks for smooth solutions (v, H*, p*, §*) of (156) in Q*(¢) such that I'(¢)
is a tangential discontinuity, namely the plasma does not flow through the discontinuity
front and the magnetic field is tangent to I'(¢), see e.g. [16], so that the boundary
conditions take the form

¥y =v:E-N, HF¥-N=0, [q]=0 onT(), (158)
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with N := (1, =0y, Y, —0yx;%). Because of the possible jump in the tangential velocity
and magnetic fields, there is a concentration of vorticity and current along the discon-
tinuity I"(¢). Notice that the function ¢ describing the discontinuity front is part of
the unknown of the problem, i.e. this is a free-boundary problem. The well-posedness
of the nonlinear problem (156)—(158) is shown in [8,34] under the assumption of the
structural stability condition |H+ x H™| > 0 on ['(¢).

After a change of independent variables that “flattens”the boundary, a linearization
around a suitable basic state and some reductions, Trakhinin [33,34] (see also [8]) gets
a linearized problem for u = (v, H*, p*, S*) of the form (1) with L, asin (2), b,
as in (3a), M, as in (3b) but with M = M3 = 0, that is the boundary operator has
order zero in u. Moreover, because of the special reductions, the boundary data are
zero, i.e. g = 01in (1b), and F in (1a) is such that the solution satisfies some additional
constraints.

It is proved that the solution of the linearized problem satisfies an a priori estimate
similar to (11) (with g = 0). Instead, the linearized problem with general data F' and
g # 0 admits an a priori estimate with a loss of two derivatives, see [34] for details.

Analogous results for incompressible current-vortex sheets are obtained in [4] and
[23].

Plasma-Vacuum 1

Using the previous notations, let 1 () and Q7 (¢) be space-time domains occupied
by the plasma and the vacuum respectively. That is, in the domain Q7 (r) we consider
system (156), (157) governing the motion of an ideal plasma and in the domain Q7 (¢)
we consider the so-called pre-Maxwell dynamics

VxH=0, divH =0, (159)

describing the vacuum magnetic field H € R3, see [13].
The plasma variable (v, H, p, S) is connected with the vacuum magnetic field H
through the relations [13]

W =v-N, H- N=0, H-N=0, [q]=0, onT(t), (160)

where the jump of the total pressure across the interface is [¢] = g|r — %|H||2F. The
well-posedness of the nonlinear problem (156), (157), (159), (160) is shown in [31,32]
under the assumption of the structural stability condition |H x H| > 0 on I'(z).

As in the case of current-vortex sheets, after a change of independent variables
that “flattens”’the boundary, a linearization around a suitable basic state and some
reductions, the authors obtain a linearized problem for u = (v, H, p, S, H) of the
form (1) with £,, asin (2), b, asin (3a), M, asin (3b) with M = M3 = 0, that is the
boundary operator has order zero in u. Moreover, because of the special reductions,
the boundary data are zero, i.e. g = 0 in (1b), and F in (1a) is such that the solution
satisfies some additional constraints.
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In [31] it is proved that the solution of the linearized problem satisfies an a priori
estimate similar to (11) (with g = 0). The vacuum magnetic field H is estimated in
the standard Sobolev space H! with full regularity. Instead, the linearized problem
with general data F' and g # 0 admits an a priori estimate similar to (10), with loss of
one derivative in F and g, see [32].

For similar results in the case of the incompressible plasma - vacuum problem, see
[25].

Plasma-Vacuum 2

In the domain Q7 (¢) we consider system (156), (157) governing the motion of an
ideal plasma and in the domain Q7 (#) we consider the Maxwell equations

at'H—i—V X g =O,
#E -V XxH=0, (161)
divH = divE =0,

describing the vacuum magnetic and electric fields H, £ € R3, see [13].
The plasma variable (v, H, p, S) is connected with the vacuum variable (H, &)
through the relations [13]

Y =v-N, H-N=0,H-N=0, [q]=0, NxE=(N-v)H, onl(),
(162)

where the jump of the total pressure across the interface is [¢] = ¢|r — % IHI‘ZF + % € I‘Zr.

The stability of the linearized problem obtained from (156), (157), (161), (162) is
shown in [5] under suitable stability conditions on I' (t). The authors obtain a linearized
problem for u = (v, H, p, S, H, £) of the form (1) with £, as in (2), b, as in (3a),
M, asin (3b) with M, = M3 = 0, that is the boundary operator has order zero in u.
Moreover, because of the special reductions, the boundary data are zero, i.e. g = 0 in
(1b), and F in (1a) is such that the solution satisfies some additional constraints. It is
proved that the solution of the linearized problem satisfies an a priori estimate similar
to (11) (with g = 0). The vacuum variable (H, £) is estimated in the standard Sobolev
space H' with full regularity.

Contact Discontinuities
We consider the equations of ideal compressible MHD (156) for two-dimensional
planar flows with respect to the unknown vector U = (p, v, H, S), with v(t,x) =

(v1,v2) € R%, H(t,x) = (Hy, H>) € R%, x = (x1, x2). For simplicity, let us assume
that the plasma obeys the state equation of a polytropic gas

o(p,S)=Ap /eSS A>0, y>1. (163)
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Following the notations already introduced for current vertex sheets, contact discon-
tinuities are weak solutions of (156), that are smooth on either side of a smooth
hypersurface I'(¢) = {x; = ¥ (¢, x2)} in [0, T'] x R2, satisfying at each point of the
front I'(¢) suitable jump conditions. More precisely, one looks for smooth solutions
U® of (156) in QF (1) := {x; 2 Y (t, x2)}, satisfying on I"(¢) the following conditions

vhi =8y =0, [v]=0, [H]=0, HI#0, [p]=0, (164)

where N := (1, —0d2) is the space normal to the front I'(¢), Hy = H; — 0¥ H>.

After a change of independent variables that “flattens” the boundary, in [24] the
authors perform a linearization of the free-boundary problem (156), (164) for con-
tact discontinuities, around a suitable sufficiently smooth basic state (p, v, A, 38, ),
obeying the “stability” condition

[315] = co > 0. on{x; =@, x2)}. (165)

Under the preceding assumptions, the linearized problem can be recast in the form of
(1) with £, asin (2), b, = 0 and M,, of order one in U as in (3b). Moreover, because
of the special reductions, the boundary data are zero, i.e. g = 0 in (1b), whereas the
only nonzero components of F in (1a) are the ones corresponding to the equation for
v.

In [24] it is proved that the solution of the above linearized problem satisfies an a

priori estimate in the Sobolev space H,!  similar to (11).

References

1. Agranovi¢, M.S.: Boundary value problems for systems with a parameter. Mat. Sb. (N.S.) 84(126),
27-65 (1971)

2. Alinhac, S.: Existence d’ondes de raréfaction pour des systémes quasi-linéaires hyperboliques multi-
dimensionnels. Commun. Part. Differ. Equ. 14(2), 173-230 (1989)

3. Benzoni-Gavage, S., Serre, D.: Multidimensional Hyperbolic Partial Differential Equations: Oxford
Mathematical Monographs. The Clarendon Press Oxford University Press, Oxford (2007)

4. Catania, D.: Existence and stability for the 3D linearized constant-coefficient incompressible current-
vortex sheets. Int. J. Differ. Equ. 2013, 1-3 (2013)

5. Catania, D., D’ Abbicco, M., & Secchi, P.: Well-posedness of the linearized MHD-Maxwell free bound-
ary problem. Preprint (2013)

6. Chazarain, J., Piriou, A.: Introduction to the theory of linear partial differential equations. In: Studies
in Mathematics and its Applications, Vol. 14. North-Holland Publishing Co., Amsterdam (1982).
Translated from the French

7. Chen, S.: Initial boundary value problems for quasilinear symmetric hyperbolic systems with char-
acteristic boundary. Front. Math. China 2(1), 87-102 (2007). Translated from Chinese Ann. Math. 3
(1982), no. 2, 222-232

8. Chen, G.-Q., Wang, Y.-G.: Existence and stability of compressible current-vortex sheets in three-
dimensional magnetohydrodynamics. Arch. Ration. Mech. Anal. 187(3), 369-408 (2008)

9. Coulombel, J.F.: Stabilité multidimensionnelle d’interfaces dynamiques. Applications aux transitions
de phase liquide-vapeur. PhD thesis, (2002)

10. Coulombel, J.F.: Well-posedness of hyperbolic initial boundary value problems. J. Math. Pure Appl.
84, 786-818 (2005)

11. Coulombel, J.F., Secchi, P.: The stability of compressible vortex sheets in two space dimensions.
Indiana Univ. Math. J. 53(4), 941-1012 (2004)

Birkhauser



864 J Fourier Anal Appl (2014) 20:816-864

12. Coulombel, J.F,, Secchi, P.: Nonlinear compressible vortex sheets in two space dimensions. Ann. Sci.
Ecole Norm. Sup. 41(1), 85-139 (2008)

13. Goedbloed, J.P., Poedsts, S.: Principles of Magnetohydrodynamics with Applications to Laboratory and
Astrophysical Plasmas. Cambridge University Press, Cambridge (2004)

14. Hunter, J.K.: Nonlinear surface waves. In current progress in hyperbolic systems: Riemann problems
and computations (Brunswick, ME, 1988). Am. Math. Soc. 100, 185-202 (1989)

15. Kreiss, H.O.: Initial boundary value problems for hyperbolic systems. Comm. Pure Appl. Math. 23,
277-298 (1970)

16. Landau, L.D., Lifshitz, E.M.: Electrodynamics of continuous media. In: Lifshits, E.M., Pitaevski, L.P.
(eds.) Course of Theoretical Physics, vol. 8, 2nd edn. Pergamon Press, Oxford (1984)

17. Majda, A.: The existence of multidimensional shock fronts. Mem. Am. Math. Soc. 43(281), v+93
(1983)

18. Majda, A.: The stability of multidimensional shock fronts. Mem. Am. Math. Soc. 41(275), iv+95
(1983)

19. Meétivier, G.: Stability of multidimensional shocks. In: Advances in the Theory of Shock Waves, Progr.
Nonlinear Differential Equations Appl., vol. 47 pp. 25-103. Birkhéuser Boston, Boston, (2001)

20. Morando, A., Secchi, P.: Regularity of weakly well-posed characteristic boundary value problems. Int.
J. Differ. Equ. 2010, 39 (2010). doi:10.1155/2010/524736. Article ID 524736

21. Morando, A., Secchi, P.: Regularity of weakly well posed hyperbolic mixed problems with character-
istic boundary. J. Hyperbolic Differ. Equ. 8(1), 37-99 (2011)

22. Morando, A., Secchi, P., Trebeschi, P.: Regularity of solutions to characteristic initial-boundary value
problems for symmetrizable systems. J. Hyperbolic Differ. Equ. 6(4), 753-808 (2009)

23. Morando, A., Trakhinin, Y., Trebeschi, P.: Stability of incompressible current-vortex sheets. J. Math.
Anal. Appl. 347(2), 502-520 (2008)

24. Morando, A., Trakhinin., Y., & Trebeschi, P.: Well-posedness and stability analysis for MHD contact
discontinuities. Preprint on arXiv:1311.6373

25. Morando, A., Trakhinin, Y. & Trebeschi, P.: Well-posedness of the linearized plasma-vacuum interface
problem in ideal incompressible MHD. Quarterly of Applied Mathematics (2014), to appear

26. Nishitani, T., Takayama, M.: Regularity of solutions to non-uniformly characteristic boundary value
problems for symmetric systems. Commun. Part. Differ. Equ. 25(5-6), 987-1018 (2000)

27. Saint Raymond, X.: Elementary Introduction to the Theory of Pseudodifferential Operators. Studies
in Advanced Mathematics. CRC Press, Boca Raton (1991)

28. Sakamoto, R.: Mixed problems for hyperbolic equations. I. Energy inequalities. J. Math. Kyoto Univ.
10, 349-373 (1970)

29. Sakamoto, R.: Mixed problems for hyperbolic equations. II. Existence theorems with zero initial datas
and energy inequalities with initial datas. J. Math. Kyoto Univ. 10, 403—417 (1970)

30. Secchi, P.: Some properties of anisotropic Sobolev spaces. Arch. Math. (Basel) 75(3), 207-216 (2000)

31. Secchi, P, Trakhinin, Y.: Well-posedness of the linearized plasma-vacuum interface problem. Interfaces
Free Bound. 15, 323-357 (2013)

32. Secchi, P, Trakhinin, Y.: Well-posedness of the plasma-vacuum interface problem. Nonlinearity 27(1),
105-169 (2014)

33. Trakhinin, Y.: Existence of compressible current-vortex sheets: Variable coefficients linear analysis.
Arch. Ration. Mech. Anal. 177(3), 331-366 (2005)

34. Trakhinin, Y.: The existence of current-vortex sheets in ideal compressible magnetohydrodynamics.
Arch. Ration. Mech. Anal. 191(2), 245-310 (2009)

35. Trakhinin, Y.: On the well-posedness of a linearized plasma-vacuum interface problem in ideal com-
pressible MHD. J. Differ. Equ. 249, 2577-2599 (2010)

36. Yanagisawa, T., Matsumura, A.: The fixed boundary value problems for the equations of ideal magne-
tohydrodynamics with a perfectly conducting wall condition. Commun. Math. Phys. 136(1), 119-140
(1991)

) Birkhduser


http://dx.doi.org/10.1155/2010/524736
http://arxiv.org/abs/1311.6373

	On a Priori Energy Estimates for Characteristic Boundary Value Problems
	Abstract
	1 Introduction and Main Results
	2 Function Spaces
	3 Preliminaries and Technical Tools
	3.1 A Class of Conormal Operators
	3.2 Sobolev Continuity of Conormal Operators

	4 Proof of Theorem 1
	4.1 The Strategy of the Proof.
	4.2 A Modified Version of the Conormal Operator λ-1,γ(Z)
	4.3 A Boundary Operator
	4.4 Regularized BVP
	4.4.1 The Interior Equation
	4.4.2 The Tangential Commutator
	4.4.3 The Normal Commutator
	4.4.4 The boundary condition
	4.4.5 Final Form of the Regularized BVP

	4.5 The Estimate Associated to the Regularized BVP
	4.5.1 The Estimate of the Internal Source Term mathcalF
	4.5.2 The Estimate of the Boundary Data mathcalG

	4.6 Proof of Estimate (12)
	4.7 Proof of Estimate (13), Statement 2 of Theorem 1.

	Appendix 1: Proof of Some Technical Lemmata
	Proof of Lemma 10
	Proof of Lemma 12
	Proof of Proposition 13
	Proof of Lemma 14
	Proof of Corollary 15
	Proof of Lemma 17

	Appendix 2: Some Examples from MHD
	Current-Vortex Sheets
	Plasma-Vacuum 1
	Plasma-Vacuum 2
	Contact Discontinuities

	References


