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Abstract We describe weighted restriction (Plancherel) type estimates and sharp
Hebisch-Miiller-Stein type spectral multiplier result for a new class of Grushin type
operators. We also discuss the optimal exponent for Bochner-Riesz summability in
this setting.
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1 Introduction

On the space LZ(R% x R%) with the standard Lebesgue measure consider a class of
Grushin type operators defined by the formula

d d dz
=17 \j=1 k=1

where exponent o > 0. In the case o = 2, the spectral properties of these operators
were studied by Martini and the second author in [29] where sharp spectral multiplier
and optimal Bochner-Riesz summability results were obtained. The aim of this paper
is to obtain analogous results for the class of Grushin operators corresponding to the
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exponent o = 1. The general strategy of the proof of the sharp spectral multiplier re-
sult for 0 = 1 is the same as one described in [29] for o = 2. However, the proofs of
the two most crucial estimates (Proposition 2.2 and Lemma 3.4 below) are new and
significantly more difficult. The spectral decompositions of operators L and L, have
similar structure, which can be described in substantially explicit way for both oper-
ators. Nevertheless the asymptotic behaviour of “eigenvalues and eigenfunctions” is
quite different and essentially new techniques are required to obtain crucial weighted
estimates for spectral multipliers of operator Li. We use results derived in [16] to
obtain a description of the spectral decomposition of the operator L necessary for
the proof of Proposition 2.2 and Lemma 3.4.

The closure of operator Ly, o > 0 initially defined on CZ° (R4 x R%) is a non-
negative self-adjoint operator and it admits a spectral resolution £z (A) forall A > 0,
see e.g. [33]. By spectral theorem for every bounded Borel function F : R — C, one
can define the operator

F(LU)Z/RFO‘)dELa()‘) 2)

which is bounded on L(R% x R%). This paper is devoted to spectral multipliers that
is we investigate sufficient conditions on function F under which the operator F (L)
extends to bounded operator acting on spaces L? (R4 x R%) for some range of p.
We also study closely related question of critical exponent « for which the Bochner-
Riesz means (1 — #L1)" are bounded on L? (R% x R%) uniformly in ¢ € [0, 00).
In the sequel we shall only discuss the Grushin operator L; which for simplicity we
denote just by L.

The essential motivation and rationale for spectral multiplier results of the type,
which we consider here come from the problem of convergence of eigenfunction ex-
pansion of differential operators. Arguably convergence of eigenfunction expansion
is the most significant issue in harmonic analysis. Initially convergence of the Fourier
series was the question, which defined the research area of Fourier and harmonic
analysis two centuries ago. The problem can be easily formulated and generalised
to the language of spectral theory and spectral resolution of self-adjoint operators.
Verifying some form of convergence of spectral resolutions is a necessary step to val-
idated use of Fourier series and more general eigenfunction expansions in the theory
of Partial Differential Equations (PDE). Both pointwise and L” norm convergence
is considered in this context, see for example [3, 14, 15] and [38, pp. 386-395].
The celebrated result of Fefferman, see [13], shows that, except of straightforward
case p = 2, in most of the situations one cannot expect direct convergence of eigen-
function expansion in L? spaces and to obtain positive results one has to consider
Bochner Riesz means or other spectral multipliers. The full description of conver-
gence of Bochner-Riesz means in classical Fourier analysis became one of most in-
triguing open problem in mathematics, see [38, pp. 386—395]. An example of recent
progress can be found in [3].

Convergence of Bochner-Riesz means in L? space is essentially equivalent with
boundedness of these operators on the same space and we formulate our result this
way, see Theorem 1.2 below. The critical order of Bochner-Riesz summability is
usually expressed in terms of homogeneous (doubling) dimension of the considered
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ambient space which for the standard Laplace operator coincides with the Euclidean
dimension of R". In Fourier analysis this problem remains open only for n > 2 and
for p close to 2n/(n + 1), see [3]. However, for more general differential operators
the problem could be nontrivial on whole range of 1 < p < oco. In fact the results
obtained by Thangavelu, Askey and Wainger shows that the Bochner-Riesz profile
of the harmonic oscillator —df + x? essentially differs from the standard Laplace
operator and classical Fourier series or transform, see [2, 41]. In most of the cases
full description of Bochner-Riesz profile of general differential operators is an open
problem. Some results of that type were obtained by Christ, Seeger and Sogge see [7,
34, 36, 37].

Our study focuses on one especially intriguing and surprising direction in the the-
ory of spectral multipliers devoted to investigation of sub-elliptic or degenerate opera-
tors. The main idea in this area is that the sharp results are expected to be determined
by the topological dimension of underling ambient space rather than the homoge-
neous dimension of the space. This part of spectral multipliers theory was initiated
by results obtained by Hebisch [21], Miiller and Stein [32]. Other examples of papers
devoted to sharp spectral multipliers for sub-elliptic or degenerate operators include
[4,9, 10, 22, 24, 29].

Almost all sharp results in the theory of Bochner-Riesz summability and spectral
multipliers are based on relevant Stein-Tomas restriction (or discrete restriction) type
estimates see for example [3, 5, 12, 18, 39, 40] or [38, pp. 386-395]. For the stan-
dard Laplace operator (1, 2) restriction estimates can be reformulated in terms of L>
norm of the convolution kernel and follows from the Plancherel equality. Again for
more general differential operators obtaining (1, 2) restriction estimates (Plancherel
estimates in terminology of [12]) is far from being trivial, see [12]. It turns out that
in the case of sub-elliptic and degenerate operators situation is more complex and the
standard (1, 2) restriction estimates, like the ones considered in [27], do not lead to
sharp Bochner-Riesz summability results. Instead one has to consider weighted ver-
sion of such estimates. In our case the required version of (1, 2) weighted restriction
estimates which is necessary to obtain sharp spectral multiplier result is described in
Proposition 3.5 below.

The close relation between L” convergence of Bochner-Riesz means and restric-
tion estimates provides another motivation for this research area. It is so because the
restriction type estimates are more directly relevant to the theory of PDE via their
relation to the resolvent of differential operator, Helmholtz equation and Strichartz
estimates, see for example [5, 17, 18, 25].

A more general and possibly more natural problem than the Bochner-Riesz
summability is to consider all possible functions of self-adjoint differential opera-
tors. This idea leads naturally to the subject of spectral multipliers. As we explain it
above spectral multipliers theory investigate sufficient (differentiability) conditions
on function F under which the spectral multiplier F (L), defined initially on L? ex-
tends to bounded operator acting on L? spaces for some range of p. Modelled on
celebrated results of Hormander and Mikhlin [19, 31] conditions on F are most often
expressed in the following form

sup [[8; F [lwy < oo. 3
t>0
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Here n € C2°(0, 00) is a non-trivial auxiliary function, W), is L? Sobolev space of
order s and for a function F : R — C we define §; F (x) = F(¢x). For last forty or
so years the theory of spectral multipliers has attracted a lot of attention. A huge
amount of literature is devoted to the problem and we refer readers to [5, 10, 12,
32, 34] for detailed discussion and further relevant references. The optimal Bochner-
Riesz summability problem which we describe above translates to the language of
condition (3) in the following way. In the standard multiplier results the order of
differentiability is required to be larger than half of the homogeneous dimension, see
[35]. In the result, which we discuss here, this required order is reduced to half of
the Euclidean dimension of the ambient space. In addition if one considers p = oo
in (3) this corresponds to universal Bochner-Riesz summability and the result is not
sharp. To obtain sharp results one has to show that it suffices to impose condition (3)
with order s larger than half of the Euclidean dimension and p = 2. Such result is
at least formally stronger than Bochner-Riesz result so we state it in such terms, see
Theorem 1.1 below.

Example of a spectral multiplier results with L* type condition, which is relevant
to our study, can be found in [1]. Then an example of L? type condition is described
in [6] and [30]. All papers [1, 6, 30] are devoted to invariant operators acting on Lie
groups. In the case of Heisenberg type groups the sharp version of these results were
described in the mentioned above papers [21, 32], which in turn provide model and
rationale for our study.

Our two main results, the sharp spectral multiplier and the corresponding optimal
results for convergence of Bochner-Riesz means, are stated in Theorems 1.1 and 1.2
below. We set D = max({d + d2, 3d>/2} and as above by W, we denote L? Sobolev
space that is || F|lw; = |(I — d3)*/*F||2.

Theorem 1.1 Suppose that function F : R — C satisfies

sup (I8 F llw; < oo
t>0

for some s > D /2. Then the spectral multiplier operator F (L) is of weak type (1, 1)
and bounded on L? (R x R%) for all p € (1, 00). In addition

|F@)| ;1,10 < Csup nd: Fllw; and |F)|,,,» <Cpsup 98¢ F Nl ws -
t>0 t>0

The above result is sharp if d| > d»/2, see discussion in Sect. 5 below. A version
of result essentially equivalent to Theorem 1.1 can be expressed in terms of Bochner-
Riesz summability of the operator L. Our approach allows us to obtain the following
result which is again optimal if d| > d»/2.

Theorem 1.2 Suppose that k > (D — 1)/2 and p € [1, 00]. Then the Bochner-Riesz
means (1 —t L)% are bounded on LP (R4 x R%) uniformly in t € [0, 00).

Proofs of Theorems 1.1 and 1.2 are concluded in Sect. 4. Similarly as in [29]
the key point of proving Theorems 1.1 and 1.2 is to obtain “weighted Plancherel
estimate” for spectral multipliers of the considered Grushin type operators. A proof
of such estimates is described in Sect. 3 and constitutes a main original contribution
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of this paper to the discussed research area. A part of the proofs of Theorems 1.1 and
1.2 described in Sect. 4 below is essentially the same as in [29]. We repeat the short
argument here for the sake of completeness. To make it easier to compare the results
obtained in [29] and in this paper we try to use the same notation as in [29] whenever
it is possible.

2 Notation and Preliminaries

A more general class of Grushin type operators which includes operators L, for
o > 0 defined above was studied in [33]. In what follows we will need the basic
results concerning the Riemannian distance corresponding to Grushin type operators
and the standard Gaussian bounds for the corresponding heat kernels, which were
obtained in [33]. Recall that the Riemannian distance corresponding to the operator
L, (which is often also called the control distance) can be defined by

Po(x,y) = sup (¥ (x) — ¥ (y))
veD

for all x, y € RY x R?% where

dy dy dy
D={yeW" R xR®): (Z | ¥+ <Z|x;|"> 3 |ax,gw|2> < 1} .
j=1 j=1 k=1

There is a range of the equivalent definitions of the Riemannian distances associated
to the operators L, . An important example is a “shortest path” definition originated
in Riemannian geometry. We refer the reader to [23] for a survey and comparison
of various possibilities of the distances corresponding to subelliptic operators. The
relevance of the distance p, for the operator L, is explained by the fact that this is
optimal distance for which the finite speed of propagation of the corresponding wave
equation or Davies-Gaffney and Gaussian estimates for the heat equation hold. See
[33, Proposition 4.1] for more detailed discussion and further references.

In the sequel we shall need the following estimates for the distance p = p; estab-
lished also in [33].

Proposition 2.1 Let p be the Riemannian distance corresponding to the Grushin
operator L and let B(x, r) be the ball with centre at x and radius r. Then

"=y ) , 11\3/2
p(x,y) ~ |x' = y| 4 { WiHDY FI=yI =W+
|x//_y//|2/3 iflx”—y”l > (|X/|+|y/|)3/2,

Moreover the volume of B(x, r) satisfies following estimates
’B(x, r)‘ ~ pditda max{r, }x”}dz/z, 5)
and in particular, for all ). > 0,

|BGx,ar)| < C(1+1)2|B(x,r)| (6)
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where Q =d; + 3'12 is the homogeneous dimension of the considered metric space.

Next, there exist constants b, C > 0 such that, for all t > 0, the integral kernel p; of
the operator exp(—t L) satisfies the following Gaussian bounds
1 _ 2
|pi(x, )| < C[B(y, 11/2) [ e tote @)
forall x,y e RN x R%,

Proof For the proof, we refer readers to [33, Proposition 5.1 and Corollary 6.6]. U

Next, let F : L2(R% x R%2) — L2(R%Y x R%) be the partial Fourier transform in
variables x” defined by

Fo(8) =@n 2 [ x e
R%2
Then

FLO(x', &) = Le Fo(x', €)

where Zg are Schrodinger type operators defined by

Le=—Ag + (Z\m)m

acting on L2(R41) whege Ee R% . In what fallows we will need the following esti-
mates for the operator Lg, compare [9, 10, 21] and [29].

Proposition 2.2 For all y € [0, 00) and f € L*(R%),

dy Y
(le}l) €y
j=1

SCV”Zé/fHZ' ®)
2

Proof Set L = —Ag, + 2?1:1 |x}| and next define operator L,s by the following
formula

Lxl{ = —8)%{ + |x,”
By Proposition 3.4 of [16]
k
[ 70, = el 1,
for all positive natural numbers k € N. Hence

2

dy dy
<c Yl rly s Ies, £l
j=1 j=1

2
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Note that all L, are non-negative self-adjoint operators and commute strongly, that
is, their resolvents commute. Therefore for all ¢; € Z., operators [/, Lﬁ’} are self-

adjoint and non-negative. Hence

d

di | 2k
2 : 2k 2 :
./:1Lx} = ( LX}>

J=1

for all k € N and

d ko2 di dy
(Soml) o] < $es rz=a{ e

2 j=1 j=1

4 2%
< Ck<<ZLx}) f, f> = || 2475
j=1

Next, for a function f € C° (R4 we define function §; f by the formula §; f (x) =
f(tx). Note that if r = |£|~>/3 then

d k
= (-au (Shol)r) =z,
j=1
Hence
|ZEf, = 6,1 L% 7],
=T

d; k
(leﬂ) 5 f

(;le}x})kf

This proves Proposition 2.2 for all y = k € N. Now in virtue of Léwner-Heinz in-
equality (see, e.g., [8, Sect. I.5]) we can extend these estimates to all y € [0, c0). U

> C]/{/I—Zktdl/Z

2

= C{IE1*

2

3 Crucial Estimates
To be able to obtain a required description of spectral decomposition of the oper-
ators Lg we need the following properties of spectral decomposition of operator

A= —% + |x| acting on L%(R) which are essentially based on results from [16].
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Proposition 3.1 Let A, and hy, be the n-th eigenvalue and normalised eigenfunction

2
of the operator A = —% + |x|. Then its spectral decomposition satisfies following
propetrties:

(1) The operator A has only a pointwise spectrum and its eigenvalues belong to
(1, 00). In particular the first eigenvalue is larger than 1.
(ii) Every eigenvalue of A is simple and the only point of accumulation of the eigen-
value sequence is 00. Thus {h,},eN is a complete orthonormal system of LZ(R).
(iii) The eigenvalues A, satisfy the following estimates:

37 \2/3 37 \2/3
Ci <Tﬂ) <in = C2(7”> ) )
—-1/2 -1 2
St St = < SA7 (10)
where Cy > C| > 0 are constants.
(iv) For the eigenfunction h, corresponding to the eigenvalue X\,
_1 1
1 _ _1
hn(”)i C)\n (] +||I;t| )"I‘LD 47 MER, (11)
Cexp(—clul2), u>2Ar,.

Proof (i), (ii) and (iii) are just reformulation of Proposition 2.1, Corollary 2.2, Facts
2.3, 2.7 and 2.8 of [16]. (iv) is an easy consequence of Theorem 2.6 of [16] and
estimates for Airy function (see for example [20], pp. 213-215). O

Now we are able to describe spectral resolutions of Grushin operator L = L and
operators Zg defined in Sect. 2. It is interesting to compare it with spectral decompo-
sition of the operator L obtained in [29]. From a point of view of obtaining weighted
Plancherel estimates required for the proof of our multiplier results the spectral de-
compositions of L and L, are significantly different even though they share many
common features. We also have to investigate integral kernels of spectral multipliers
of L and Lg. For T = F(L) or T = F(L¢), by K7 we denote the integral kernel of
the operator 7', defined by the identity

Tf@) = /X Ko y) f()dy

where X = R4 x R% for L and X = R4 for Zg.

In terms of the eigenvalues and eigenfunctions of the operator A = —dd—; + |x],
one can obtain explicit formula for the integral kernel of the operator F (L), compare
also [29, Proposition 5]. Let A, and h, be the n-th eigenvalue and eigenfunction of

the operator — = + |x| on L%(R). We know that {/, },cx is a complete orthonormal

system of L2(R) For all positive integers di, all n € N' and all £ € R%2, we define
function hd1 i RYU SR by the formula

ﬁdl,n(x’,§)=|$|d|/3h (|§|2/3 /) ”d] (|§|2/3 ’ )
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We are now able to describe the kernel K y(y).

Proposition 3.2 For all bounded compactly supported Borel functions F : R — C

Krwy(x, y) = 2m)™® /Rd KF(ZE)(x’,y’)eiax“*y”) d&
2

d
= @m)~* /Rdz > F(Dsmm)fzdl,n(ycs)

neN i=1
% ]:id] ,n(-x/, E)eig.(x//_y//) dé
for almost all x = (x', x"), y = (y/,y") e RN x R%,

Proof We noticed in Sect. 2 that FLp(x', &) = Zg}"qb (x’, &) where F is the partial
Fourier transform in variables x”. Next note that for all £ # 0

di
Lehg n(x' €)= (Z |s|sxn,.>ﬁd.,n(x’, £).
j=1

Moreover by Proposition 3.1(ii), the set {fzdl a(x’, &)}, cna 18 a complete orthonormal
system of L2(R%). Hence if G : L2 (R x R%2) — L2(N4 x R®) is the isometry
defined by

Gy (n, &) = / V(5 E) gy (X E) d

R4
then
di .
GFLGM, &)= &30, GFp(n, &)
j=1
and
di .
GFF(L)p(n, &) = F(Z |5|§Anj>gf¢<n, £). (12)
j=1

However, the inverse of G is given by
G lo(x &)= Y o, E)hgy n(x,§)
neN‘1

and inverse of F can be expressed in terms of partial inverse Fourier transform in x”’.
Applying G~! and F~! to both sides of equality (12) shows Proposition 3.2. g

Next, for all positive integers d; and alln € N% we define function Hgim: R4 —
R by the formula

Hayn(x) = Iy, (1) - ()
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As a simple consequence of Proposition 3.2 we obtain following estimates.

Proposition 3.3 For all y > 0 and for every compactly supported bounded Borel
Sfunction F : R — C,

2
00 Q/2—y 1/2,
5 0 01/2y/\ do

2 neNd -'n

H <Z|x |> Kr)(.y)

for almost all y = (', y") € RN x R%2 where Ny = Z?'Zl An; and Ay, is the eigen-
value corresponding to eigenfunction hy, .

Proof By Propositions 2.2 and 3.2

2

d§

= H (Z\x |) KF(Zg)(x/’y/)
L2(R41)

_ -~ 2
< [ I K () e e 09

() ]

Next note that for all y > 0 and y’ € R%

L{ (K p (9) = Kiy piio (5 Y)-

Hence

”L KF(L;)(X y)”LZ(Rdu) ”KLVF(LS)(X y)”LZ(Rd.)

XN; (me )yp(:z'lgmni) i

x |i’d1~n(y/’$)|2
2d
< CIEITTE Y NF|F (1815 Na) [ Hay (1813 ).

neN“1

(14)

Now substituting (14) to (13) and simple change of variables proves Proposi-
tion 3.3 O

The following lemma is a version of Lemma 9 of [29]. However the proof is more
complex and requires a new approach especially when d; > 2. It is the most essential
part of the proof of our main spectral multiplier results.
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Lemma 3.4 For all ¢ > 0 there exists a constant C > 0 which does not depend on
x’ € R such that

max{1, |x"|}* x'
Z /23 Hy, NI72 <C<o0 (15)
HENdl n n

where Ny = Z?': | An; and Ay, is the eigenvalue corresponding to eigenfunction hy, .

Proof We split the sum into two parts,

max{1, [x'|}% x/
Z d Hay .
1/2+3¢ el i
neNdl n n

max{1, |x|}* x
5( > o+ > 4723 Hain N2 ) (16)
n

NP </ @dy) N3P Il 2dy) n

Part 1: N,?/z < |x|/(2d}). By Proposition 3.1 A,, > 1 so Np > 1. Hence this part is

empty unless |x’| > 1. Note that

|x'| |x']
1/O§ = 2 2 2Nn
Nn di Ny
where |x|o = max{x], ...,xc/ll }. By (11) for every natural number N < |x'|/(2d})
x' ;3 1 3 1
S () = Comlel L) = con(ele ).
Nn

(N=1)2/3<Ny<N?/3

Thus

max{1, x|} x'
Z d Hayn
/23 m\ N1
Nal<ll/edy " n

max{1, |x|}* x’
= Z Z di/2+3¢ Hayn N2
n

N=IX'|/(2d1) (N=1)23 <Np<N?/3 Na

<C Z |x/|2£N—d1/3—26exp(_c|x/|%/N%)
N=Ix'l/2

<C Z sup t*/3 exp(—ct) < C. (17)
NGNIZZN

Part 2: NJ/? > |x'|/(2d}). Again by (11)
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x’ ﬁ 5 x!
Hdb“( 12)= h”i( 112>
Nl SRANTY

=

a x|
fcnkni2<1+‘ 7
i=1 N,

n

— Ay

X

Hence

max{1, |x'|}* x'
Z NA/ZH3E Hayn N2
NaPswlydy " n
max({1, [x[}2€ & !
=C Z S H)‘"r I+

Na P>/ @dy "

|’|

-3
) . (18)

Next, define function g: [1, oo)d1 — R by the formula

dy ! -3

max(1, |x'[}*¢ -5 i | 2/3 i
g(u)=g(ul,-~’ll«dl)=wn 1+ /
n

1/2 M
i=1 Ny
where N, = Z;jlzl ,uiz/3. Note that g(u1, ..., 1nq) > 0 and there exists a constant
C > 0 such that

|Ve(ur, ..., ma)| < Cglurs ..., may)

d 2/3
when (1 = (1. fta)) € [1,00)" and Ny, = YL i = (1x'|/(2d1))¥>. By the
above estimate for the gradient of g

o~ Cli—il ‘g(ﬂ) < Cluil

~lg(i)

for all p, i in the region described above. Hence

fGure o) <€ [ g ka1 dy. (19)
[Tt i +10

Set 11y, = 2;/%. By (18),

max{1, x|} x'
Z WHdl,n W = Z g(lj«nl,-'wﬂndl)‘ (20)

Naslwlj@dy " " Na'*>1x'1/2dy)
However , by (10) and mean value theorem for each 1 <i <d,

32 .32 _3m__1ip.12
MUn -_l/Ln,—l—)\/ )‘n{fl = T)”n, / A /,]
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3/2
(i )"
= —3/2

4 2+)Ln—1
3

which means that for all n € N9, cubes Hf‘zl [tn;, n; + 1] are mutually disjoint.
Note again that by Proposition 3.1 A, > 1 so Ny > 1. Hence by (19), (20) and (21)

max{1, x|} x
Z d1/2+3¢ Hayn 172
N32 Nn Nn

Ny'“>|x'|/(2d1)

SC/ gy, vy ag))dp ... dpg, .
Ny >max{(]x']/(2d1))*3,1}

Using the changes of variables u; = Eig/ % we get
max{1, |x'|}* " x’
Z Na/23e di.n N2

Nasxy@dy

d
max{1, |x/|}?¢ 4 L 1 1
< e Al ) O M T A
Ng>max{(|x'|/(2d1))*/3,1} Ng e

3 3
><d§12...dédz1

dy
max({1, [x'[}?
cf e
Ng>mzlx{(|x/|/(2d]))2/311}|: d1/4+3e HH | i |

x dgy...dEg =1 (22)

where Ng = Z?'zl &;. To estimate this integral we use the following decomposition

&1 Ne > max{(|x'|/dn)*", 1}

_UE _U &: Ne >max{(’x ‘/(2d1))2/3 } N¢ /d, SEjSNé}-

j=1

Now on each of set £ j we introduce new coordinates

vi=&1,...,vj1=&_1, Vvij=Neg, vjrr=§&j11,...,vq =&
Then
< d /oo max{l,|x’|}2€
T matawyeaney oA
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o B (e R [ R e O T )

55 iz

where vy =v; — 37, ;viand Sj = {v: vj/di <V; <v;,0 <v; <v;,Vi# j}.

Next we split the integral into two parts: v; > max{(2d; Ix')?/3,1} and (|x'|/
Qd1)*? < v; < (2di|x')*3. Note that if v; > 2di|x'|)*? and vj/d) < b; < v;
then

11 -
2172 < v

5] = 9] ;

Note also that there exists a constant C such that for all A, N >0
N
/ |A —x|"2dx <CN'/2.
0
Hence for v; > max{(2d;|x'|)?/3, 1},

[ Tl = v 17415 =557 | 2o ovycrdvg v

Siij
L1
<Cv; 3/41_[/ ||x] = vi J| 2dv;
i#]
a1
< Cl)~73/4l)» T < CUdl/4 1
J J
and
o max({1, |x'[}?¢ / 2 11
X;| — v : x| —v; 2dvy...dvy
[nax{(2d1|x’)2/3,l} d|/4+38 Jll;!H ’ l ’ H | ! I} l
<C o max(1, [x'|}* difa-1,
- 1N2/3 dy /4+35 vj U]
max{(2d; |x")2/3,1} vj
o0 max{1, [x/|}?
5c/ Ly =c 24)
max{(2d; |x"|)2/3,1} v;

If we assume now that (|x’|/(2d;))%/? < vj < (2d; |x')2/3 then by the change of
1

variables v; v ].2 = u; one gets

11 11
/ 1_[||xl{|—v,~vj2| 2||x}|—ﬁjvj2| 2dvy...dvj_1dvjy...dvg,
Siizj

1—d
=S g il
i

2
du

3
Ix |+Zu, _v]z

i#]
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where du=duy---duj 1dujiy---dug . Hence,

(2dy |x'])*/3 max{1, |x’ |}
/(x’l/(Zdl))2/3 d1/4+38 /1 EHX |— ViV 2| 2||x |— Vjv; } 2dvl .dvg,

Qd X3 234 =
SC/ V. 4 / x./ _Mz X + Ul—Vz dud\}]
(x'l/d )23 7 [O,Vj_/z]dl—l || l| \ | ; j

e [ [Tl =l
X X;| — u;
- 0,21 1¢/ 1171 [ ! '
Qdy |x')?/3 -3
X + u;, —v;
/<|x’|/<2d1)>2/3 il ; L

dv/du
<l T [ e ]
i#]

3
2

= [ o o

<C.

Now (22), (23), (24) and the above estimates yield

Z max{1,|x/|}2€H ( x’ ><C
—dprae  Han| —7 ) =€
o Ny Na/

Na'™>x'|/(2d1) 0

Next, for all R > 0 we define the weight function wg : (RY x R%2)> — R by the
formula

wgr(x,y) =min{R, \y/|71}|x/|.

The estimates obtained in this section can be summarised in the following proposi-
tion.

Proposition 3.5 For all y € [0,d>/4) and all bounded compactly supported Borel
Sfunctions F : R — C,

di 2

>l

i=1

14

dr
Kray(,y) —

A

<c, /w|F(A)i2A(d1+d2)/2 min{2%2/47 |y/|2y—d2/2}
0
2

for almost all y = (y',y") € RY x R®. In particular, for all R > 0, if supp F C
[R2,4R?], then

esssup |B(v, R™)|"|wrC. 0" KrayC.o )|, < Cyl8pe Fll 2,
yeR4l xR%

where the constant C, does not depend on R.
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Proof We obtain the first inequality by Proposition 3.3 and Lemma 3.4 with ¢ =
d>/4 — y. Next if we assume that supp F C [R?, 4R?], then in virtue of the definition
of the weight wg and estimate (5), the first inequality implies the second one. O

4 The Multiplier Theorems

In the following section we show that Theorems 1.1 and 1.2 are straightforward con-
sequence of Proposition 3.5. The argument is essential the same as in Sect. 5 of [29]
with an obvious adjustment of exponents in some calculations and we quote it here
for sake of completeness. An alternative proof based on the wave equation technique
can be obtain by a simple modification of the proof of [10, Lemma 3.4].

Proposition 4.1 Forall R >0, « >0, 8 > «, and for all functions F : R — C such
that supp F C [—4R?, 4R?],

esssup |B(y, R_1)|1/2 [(L+RpC, ) Kr(,y) ||2 < Copldg2Fllys, (25
yeRI xR%2 °°

where the constant Cy g does not depend on R. If in addition B > a + Q/2, then

esssup [ (1+ Rp(, 1)) KrC, »)|, < Caplldg2Fllye (26)
yeR4l xR% 0

where again Cy g does not depend on R.

Proof Note that the heat kernel of the operator L satisfies Gaussian bounds (7) so
Proposition 4.1 is a straightforward consequence of [12, Lemmas 4.3 and 4.4]. O

Recall that the homogeneous dimension of the ambient space is given by
0 =d; +3dy/2.

Lemma 4.2 Suppose that 0 < y < min{d;/2,d>/4} and B > Q/2 — y. For all
yeRY x R®% and R > 0,

fRdl -, (1+wr(x, ) 7 (14 Ro(x, y)) Pdx<C,5lB(v, RY|. @7
Moreover, for all x, y € R4 x R% and R > 0,

wr(x,y) < C(1+ Rp(x, ). (28)

Proof By the homogeneity properties of the distance p and the weights wg, we
only prove the case R = 1. For other case, one just dilate them by §;(x’, x”) =
(tx',3/2x"). By (4),

min{L [/} < 1+ ] =y (14 ().
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which proves (28).
Because of the translation invariance, to prove (27), it is enough to consider the
case y” = 0. By (5) it suffices to show that

/ <1 - y/|>_2y(1 +p0e, ) Pdx = Cyp(14]Y])
R x R4 1+ 1yl -

Again we split the integral into two parts, according to the asymptotic behaviour (4).
In the region X| = {x € R4 x R%: |x”| = (|x'| + |y'])*>/?}, we choose B; and B, in
such a way that 8 = B1 + B2, B1 > d1/2 — y and B2 > 3d,/4. Then

Ix’—y/|>_2y 28
1+ 14+ p(x,y) dx
/x.( 1+ 1y'] ( 2

5C(1+|y/|)2y /Rdl (1+|x/_y/|)—2(y+/31)dx// (1+|x//|2/3)—2ﬁ2dx//

R%

< Crp(1+]y)*"

In the region X5 = {x € R" x R%: |x”| < (|x'| + [y'|)*/?}, instead, we choose B

and B; in such a way that 8 = 81 + B2, B1 > d1/2+dr/4 — y and B> > d»/2. Then
the integral over X is estimated by

|x’—y’|)‘2y . _251( x| )‘252
1+ I+ |x" = I+ — dx
/RR< ) YD T+ D17

-2y -
<Cyp A&dl (1 4 |ul ) (] + |u|)*2l31 (|u +y/| + |y/|)d2/2du

1+ 1y']
< nyﬂ((l + |y/’)27// (1 + |u|)—2v du + |y/|d2/2/ (1 i |u|)—2/§1 du),
R4 RY
where v = 1 +y — d»/4 > d; /2. The conclusion follows. O

Proposition 4.3 Forall R >0, >0, 8 > «, y €[0,d>2/4), and for all functions
F :R — C such that supp F C [R?, 4R?],

esssup |B(y, R (1+ RoC. »))* (1 + wr () Ky 9
yeR xR%

< Capy 82 Fllys.

where the constant Cy g ,, does not depend on R.

Proof The estimate (25), together with (28) and a Sobolev embedding, immediately
implies Proposition 4.3 in the case 8 > o + d>/2 + 1/2. On the other hand, in the
case « = 0, Proposition 4.3 follows from Proposition 3.5 for all 8 > 0. We obtain
now Proposition 4.3 for the whole range of exponents by interpolation (see [11] and
also [12, Lemma 4.3] for similar methods). Il
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For the purpose of the next statement we set D = Q — min{dy, d»/2} = max{d; +
d>,3d>/2}.

Corollary 4.4 Forall R >0,a >0, 8 > a + D/2, and for all functions F : R — C
such that supp F C [R?, 4R?],

esssup || (14 RoC, ) KrawyC )|, < CapldgeFllyp, (29)
yeR xR% 2

where the constant Cy g does not depend on R. In particular, under the same hy-
potheses,

ess sup

/ |K k(i 0, )| dx < Cop (1 +7R) 82 Fll oo (30)
yeRd xR RN XR2\B(y,r) 2

Proof Corollary 4.4 follows from Proposition 4.3, together with (27) and Holder’s
inequality. g
We are finally able to prove our main results.

Proofs of Theorems 1.1 and 1.2 To prove Theorem 1.1 we can follow the lines of
the proof of [12, Theorem 3.1], where the inequality (4.18) there is replaced by our
(30). Next we can use that same argument as in [12, Sect. 6] to conclude the proof of
Theorem 1.2, see also [29]. O

5 Final Remarks

Now we shall show that, if di > d>/2, then the result in Theorem 1.1 is sharp. More
precisely, if di > dy/2 and s < D/2 = (d| + d»)/2, then the weak type (1, 1) esti-
mates in Theorem 1.1 cannot hold. Indeed, if we consider the functions H, (1) = A¥’,
then, for # > 1, and any n € C°(R4)

InHyllws ~1°.
On the other hand, we make the following observation.

Proposition 5.1 Suppose that L is the Grushin operator acting on X = R4 x R%,
Then the following lower bounds holds:

H HI(L)HLI*)LI,U} = ”Lit”LIHLI,u; 2 C(l + |[|)(d]+d2)/2

forallt > 0.

Proof Because the Grushin operator is elliptic on Xo = {x € RY x R%: x’ = 0}, one
can use the same argument as in [35] to prove that, for all y € X,

|Pz(X, y) — |y/|_d2(47”«)—(611+d2)/ze—,0(xﬁ)’)2/4f’ < Ctl/2p—(di+d2)/2
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for all x in a small neighbourhood of y and all 7 € (0, 1). Here p; = Kexp(—1) is the
heat kernel corresponding to the Grushin operator. The rest of the argument is the
same as in [35], so we skip it here. O

To show that Theorems 1.1 and 1.2 are sharp one can also use the results described
in [26].

Finally we would like to mention a few natural open problems related to the sharp
spectral multiplier results, which we prove in this paper. First such problem is to
extend Theorem 1.1 to the class of all operators L, defined by (1) for all o > 0.
Especially intuitions coming from interpolation techniques suggest the results de-
scribed in Theorem 1.1 above and in [29, Theorem 1] can be extended at least for
all 1 <o < 2. However we want to point out that it seems that interpolation ap-
proach including Stein’s complex interpolation cannot be used here. Another inter-
esting question, which arises is to obtain possible precise description of the spectral
decompositions of operators L, . Third interesting problem is to remove the condition
dy > dy/2 from the Theorem 1.1. That is to show that half of the Euclidean dimension
(d1 + d») /2 is the critical exponent for L! spectral multiplier for all values of d; and
d>. At this point it worth to mention that in the resent paper [28] similar restriction is
removed from [29, Theorem 1] and it is shown that for ¢ = 2 half of the Euclidean
dimension of the considered ambient space is the critical exponent for all values of d;
and d». In this situation, it is a natural question whether the analogue of Theorem 1.1
can be obtained for all values of o > 0 and dimensions di, d>.

Acknowledgements This project was supported by Australian Research Council Discovery grants
DP110102488. We would like to thank the referees for helpful suggestions.

References

1. Alexopoulos, G.: Spectral multipliers on Lie groups of polynomial growth. Proc. Am. Math. Soc.
120(3), 973-979 (1994)
2. Askey, R., Wainger, S.: Mean convergence of expansions in Laguerre and Hermite series. Am. J.
Math. 87, 695-708 (1965)
3. Bourgain, J., Guth, L.: Bounds on oscillatory integral operators based on multilinear estimates. Geom.
Funct. Anal. 21(6), 1239-1295 (2011)
4. Casarino, V., Peloso, M.: LP-summability of Riesz means for the sublaplacian on complex spheres.
J. Lond. Math. Soc. (2) 83(1), 137-152 (2011)
5. Chen, P., Ouhabaz, E.M., Sikora, A., Yan, L.X.: Restriction estimates, sharp spectral multipliers and
endpoint estimates for Bochner-Riesz means (2012). Available at arXiv:1202.4052v1
6. Christ, M.: L? bounds for spectral multipliers on nilpotent groups. Trans. Am. Math. Soc. 328(1),
73-81 (1991)
7. Christ, M., Sogge, C.D.: The weak type L! convergence of eigenfunction expansions for pseudo-
differential operators. Invent. Math. 94(2), 421-453 (1988)
8. Cordes, H.O.: Spectral Theory of Linear Differential Operators and Comparison Algebras. London
Mathematical Society Lecture Note Series, vol. 76. Cambridge University Press, Cambridge (1987)
9. Cowling, M., Klima, O., Sikora, A.: Spectral multipliers for the Kohn sublaplacian on the sphere in
C". Trans. Am. Math. Soc. 363(2), 611-631 (2011)
10. Cowling, M., Sikora, A.: A spectral multiplier theorem for a sublaplacian on SU(2). Math. Z. 238(1),
1-36 (2001)
11. Cwikel, M., Janson, S.: Interpolation of analytic families of operators. Studia Math. 79, 61-71 (1984)
12. Duong, X.T., Ouhabaz, E.M., Sikora, A.: Plancherel-type estimates and sharp spectral multipliers. J.
Funct. Anal. 196(2), 443-485 (2002)

Birkhauser


http://arxiv.org/abs/arXiv:1202.4052v1

J Fourier Anal Appl (2013) 19:1274-1293 1293

13.
14.
15.
16.
17.
18.
19.

20.
21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Fefferman, C.: The multiplier problem for the ball. Ann. Math. 94(2), 330-336 (1971)

Fefferman, C.: Inequalities for strongly singular convolution operators. Acta Math. 124, 9-36 (1970)
Fefferman, C.: Pointwise convergence of Fourier series. Ann. Math. 98(2), 551-571 (1973)
Gadzinski, P.: On a semigroup of measures with irregular densities. Colloq. Math. 83(1), 85-99
(2000)

Guillarmou, C., Hassell, A.: Uniform Sobolev estimates for non-trapping metrics (2012). Available at
arXiv:1205.4150

Guillarmou, C., Hassell, A., Sikora, A.: Restriction and spectral multiplier theorems on asymptotically
conic manifolds. Anal. PDE 6(4), 893-950 (2013)

Hoérmander, L.: Estimates for translation invariant operators in L? spaces. Acta Math. 104, 93-140
(1960)

Hormander, L.: The Analysis of Linear Differential Operators, 1. Springer, Berlin (1983)

Hebisch, W.: Multiplier theorem on generalized Heisenberg groups. Colloq. Math. 65(2), 231-239
(1993)

Hebisch, W., Zienkiewicz, J.: Multiplier theorem on generalized Heisenberg groups, II. Colloq. Math.
69(1), 29-36 (1995)

Jerison, D., Sdnchez-Calle, A.: Subelliptic, second order differential operators. In: Complex Analysis,
III, College Park, Md., 1985-1986. Lecture Notes in Mathematics, vol. 1277, pp. 46—77. Springer,
Berlin (1987)

Jotsaroop, K., Sanjay, P.K., Thangavelu, S.: Riesz transforms and multipliers for the Grushin operator.
J. Anal. Math. 119(1), 255-273 (2013). arXiv:1110.3227

Kenig, C.E., Ruiz, A., Sogge, C.D.: Uniform Sobolev inequalities and unique continuation for second
order constant coefficient differential operators. Duke Math. J. 55, 329-347 (1987)

Kenig, C.E., Stanton, R.J., Tomas, P.A.: Divergence of eigenfunction expansions. J. Funct. Anal.
46(1), 28-44 (1982)

Liu, H., Wang, Y.: A restriction theorem for the H-type groups. Proc. Am. Math. Soc. 139(8), 2713—
2720 (2011)

Martini, A., Miiller, D.: A sharp multiplier theorem for Grushin operators in arbitrary dimensions
(2012). Available at arXiv:1210.3564

Martini, A., Sikora, A.: Weighted Plancherel estimates and sharp spectral multipliers for the Grushin
operators. Math. Res. Lett. 19(5), 1075-1088 (2012). arXiv:1204.1159

Mauceri, G., Meda, S.: Vector-valued multipliers on stratified groups. Rev. Mat. Iberoam. 6(3—4),
141-154 (1990)

Mikhlin, S.G.: Multidimensional Singular Integrals and Integral Equations. Pergamon Press, Oxford
(1965) (translated from the Russian by W.J.A. Whyte. Translation edited by I.N. Sneddon)

Miiller, D., Stein, E.M.: On spectral multipliers for Heisenberg and related groups. J. Math. Pures
Appl. 73(4), 413-440 (1994)

Robinson, D.W., Sikora, A.: Analysis of degenerate elliptic operators of Grusin type. Math. Z. 260(3),
475-508 (2008)

Seeger, A., Sogge, C.D.: On the boundedness of functions of (pseudo)-differential operators on com-
pact manifolds. Duke Math. J. 59(3), 709-736 (1989)

Sikora, A., Wright, J.: Imaginary powers of Laplace operators. Proc. Am. Math. Soc. 129(6), 1745—
1754 (2001)

Sogge, C.D.: On the convergence of Riesz means on compact manifolds. Ann. Math. 126(2), 439-447
(1987)

Sogge, C.D.: Eigenfunction and Bochner Riesz estimates on manifolds with boundary. Math. Res.
Lett. 9(2), 205-216 (2002)

Stein, E.M.: Harmonic Analysis: Real Variable Methods, Orthogonality and Oscillatory Integrals.
Princeton Mathematical Series, vol. 43. Princeton University Press, Princeton (1993). With the assis-
tance of T.S. Murphy. Monographs in Harmonic Analysis, III, Princeton Univ. Press, Princeton, NJ,
1993

Tao, T.: Weak-type endpoint bounds for Riesz means. Proc. Am. Math. Soc. 124(9), 2797-2805
(1996)

Tao, T.: Some recent progress on the restriction conjecture. In: Fourier Analysis and Convexity. Appl.
Numer. Harmon. Anal., pp. 217-243. Birkhéuser, Boston (2004)

Thangavelu, S.: Summability of Hermite expansions, I, II. Trans. Am. Math. Soc. 314(1), 119-142,
143-170 (1989)

Birkhauser


http://arxiv.org/abs/arXiv:1205.4150
http://arxiv.org/abs/arXiv:1110.3227
http://arxiv.org/abs/arXiv:1210.3564
http://arxiv.org/abs/arXiv:1204.1159

	Sharp Spectral Multipliers for a New Class of Grushin Type Operators
	Abstract
	Introduction
	Notation and Preliminaries
	Crucial Estimates
	The Multiplier Theorems
	Final Remarks
	Acknowledgements
	References


