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Abstract Let A be a d x d expansive matrix with [detA| = 2. An A-wavelet is a

function i € L2(R9) such that {2%1//(A -—k): jeZ, ke Zd} is an orthonormal
basis for LZ(R?). A measurable function f is called an A-wavelet multiplier if the
inverse Fourier transform of f 1} is an A-wavelet whenever i is an A-wavelet, where
¥ denotes the Fourier transform of 1. A-scaling function multiplier, A-PFW multi-
plier, semi-orthogonal A-PFW multiplier, MRA A-wavelet multiplier, MRA A-PFW
multiplier and semi-orthogonal MRA A-PFW multiplier are defined similarly. In this
paper, we prove that the above seven classes of multipliers are equivalent, and obtain
a characterization of them. We then prove that if the set of all A-wavelet multipli-
ers acts on some A-scaling function (A-wavelet, A-PFW, semi-orthogonal A-PFW,
MRA A-wavelet, MRA A-PFW, semi-orthogonal MRA A-PFW), the orbit is arc-
wise connected in LZ(R?), and that if the generator of an orbit is an MRA A-PFW,
the orbit is equal to the set of all MRA A-PFWs whose Fourier transforms have
same module, and is also equal to the set of all MRA A-PFWs with corresponding
pseudo-scaling functions having the same module of their Fourier transforms.
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1 Introduction

We denote by Z the set of integers, by N the set of positive integers, and by Z_. the
set of nonnegative integers. Let A be a d x d expansive matrix, i.e., an integral matrix
with eigenvalues being greater than 1 in module. Define the dilation operator D and
translation operator Ty on L>(R?) with k € Z¢ respectively by

Df():=|detAlZ f(A) and Tif():= f(-—k) for f € L*(RY),

and write fjx = D/Tif for f € L>(R?), j € Z and k € Z¢. The Fourier (inverse
Fourier) transform is defined by

70 =/ f)e™?m Ny (ﬂ-) = f f<x>e2ﬂf<x~->dx)
R4 R4

for f € L'(R?) N L*(R?) and unitarily extended to L*(RY). Throughout this pa-
per, unless otherwise specified, relations between two measurable sets in R¢, such
as equality or inclusion, are always understood up to a set of zero measure. Simi-
larly, equality or inequality between functions is always understood in the “pointwise
almost everywhere” sense. We work under the following assumption:

Assumption The matrix A is a d x d expansive matrix with |det A| = 2.

Proposition 1.1 ([15, Proposition 2])

A fC+AHTe) = F(-+(A")T1S) for an arbitrary 74 -periodic function f, € and
8 with {0, e} and {0, §} being both the sets of representatives of distinct cosets in
74 A*74,;

(ii) there exists 1 < kg < d such that 2{(A*)" e, €k,) is odd for all & with {0, £}
being a set of representatives of distinct cosets in 72 ] A*Z¢, where A* denotes
the transpose of A, and ey, denotes the vector in R? with the ko-th component
being 1 and the others being zero.

Definition 1.1 A sequence {V;} ez of closed subspaces of L2(R?) is called a mul-
tiresolution analysis (an MRA) for L2(RY) associated with A if the following condi-
tions are satisfied:

(i) V; C Vg for jeZ;
(i) Ujez Vi = L*®RY) and (e, Vj = {0);
(iii) f e VW ifandonlyif D/ f €V, for j € Z;
(iv) there exists ¢ € L2(R?) such that {Ti¢ : k € Z?} is an orthonormal basis for V.

This definition is a natural generalization of one dimensional MRA with A =
2. Some other “generalized” MRAs were introduced in [1, 2, 6, 7, 16, 21] for the
construction of wavelet frames in LZ(R?). The function ¢ in (iv) is called a scaling
function of the MRA. By Theorem 1.1 in [4], the condition [ jez Vi = {0} in (ii)
is trivial, a special case of which can be obtained by Corollary 4.14 in [8]. By the
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definition, V; = span{ DI Ty : k € Z¢} (so we say ¢ generates the MRA), and there
exists a unique m € L>(T¢) such that $(A*-) =m(-)@(-). It is easy to check that

MO + |m(-+ (4%) )P =1, (1.1)

where {0, £} is a set of representatives of distinct cosets in Z¢ /A*Z4 . Let ko be as in
Proposition 1.1. Define m; € L>(T%) by

m](')=€2ni("ek0)/¢l,(A*')m('+(A*)_lg)’ (12)
and ¢ € L2(RY) via its Fourier transform by
PO =m((49)7)e((a) ), (1.3)

where y is an arbitrary Z?-periodic, unimodular and measurable function. Observe
that

<m<~) m<'+(A*)‘s)>
mi(-) mi(-+ (A7 le)

is unitary. By the same procedure as in [9, Chap. 2, Proposition 2.13], we can prove
that {Tyv : k € Z%) is an orthonormal basis for Wy = V| & Vj (the orthogonal com-
plement of Vp in Vi), and thus {¢jx: j€Z, k € Z%} is an orthonormal basis for
L*(R%). Such v is called an MRA A-wavelet since it is associated with an MRA,
which is independent of the choice of ¢ by Proposition 1.1.

Let ¢ € L2(RY).  is called an A-wavelet if {jx: j € Z, k € Z4} is an or-
thonormal basis for L2(Rd); is called an A-Parseval frame wavelet (A-PFW) if
{Vjx:Jj€Z, keZ}is aParseval frame for L>(R?), i.e.,

A2 =33 [ for feL?(RY).
j€Lkezd

Y is called a semi-orthogonal A-Parseval frame wavelet (semi-orthogonal A-PFW)
if it is an A-PFW, and (/; x, ¥/ x) = 0 for k, k" € 74 and j, j' € Z with j # j';
Y is called an MRA A-Parseval frame wavelet (MRA A-PFW) if it is an A-PFW,
and there exist an A-refinable function ¢, a 74 -periodic measurable function m, a
Zd-periodic, unimodular and measurable function v such that

P(A*) =mOe),  |mO[ +|m(-+ (A% =1, (1.4)

and

P() =y ((40) 7+ (a0) )@ (47, A5)

where ko is as in Proposition 1.1. In this case, m is called a low pass filter, and
¢ is called a pseudo-scaling function. i is called a semi-orthogonal MRA A-
Parseval frame wavelet (semi-orthogonal MRA A-PFW) if it is an MRA A-PFW,
and (Y ¢, ¥ p) =0 fork, k' € Z4 and j, j’ € Z with j # j'.
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MRA wavelets have many desirable features, but they impose some restrictions.
A natural setting for such a theory is provided by frames (see [9, Chap. 8]). In one di-
mension, this problem was studied in [2, 6, 7]. However, “generalized” MRAs therein
exclude many useful filters, such as m(§) = %, since they involve certain re-
strictions and technical assumptions such as semi-orthogonality. MRA PFWs herein
overcome this drawback, and include the filter above. Some results related to MRA
PFWs can be seen in [15, 19, 20].

The construction of wavelets and wavelet frames is an important issue in wavelet
analysis. MRAs and generalized MRAs in [1, 2, 6, 7, 9, 21] provide us with an
approach for the construction of wavelets and wavelet frames. In particular, Bakié,
Krishtal and Wilson in [1] first studied a class of MRA PFWs associated with a
general expansive matrix A with |det A| = 2. Multipliers allow us to obtain new
wavelets (frame wavelets) from one wavelet (frame wavelet). A measurable func-
tion f defined on R is called an A-wavelet multiplier (MRA A-wavelet multiplier,
A-PFW multiplier, MRA A-PFW multiplier, semi-orthogonal A-PFW multiplier,
semi-orthogonal MRA A-PFW multiplier, A-scaling function multiplier) if (f I/Af)v
is an A-wavelet (MRA A-wavelet, A-PFW, MRA A-PFW, semi-orthogonal A-PFW,
semi-orthogonal MRA A-PFW, A-scaling function) whenever v is. The first article
on wavelet multipliers can be dated back to [22] in 1998. It is the first of a series of
reports describing joint results by two groups consisting of 14 members, one led by
Dai and Larson, and the other led by Herndndez and Weiss. This article characterized
one dimensional 2-wavelet multipliers, as well as the scaling function multipliers and
low pass filter multipliers, and proved that the set of MRA 2-wavelets is arcwise
connected in LZ(R). In 2001, Paluszynski, éikié, Weiss and Xiao in [19] character-
ized several classes of 2-PFW multipliers, and proved the arcwise connectivity of
several classes of 2-PFW sets in L2(RR). However, these two articles are both of one
dimension. In 2002, for A = ((1) (2)) (} _11 ) Li (the first author of this paper) in [11]
proved the equivalence between A-wavelet multiplier, A-scaling function multiplier
and MRA A-wavelet multiplier, characterized these three classes of multipliers and
low pass A-filter multipliers, and, in terms of multipliers, proved the arcwise con-
nectivity of the set of a class of wavelets. In 2004, D. Li and Cheng in [12] proved
that the set of MRA A-wavelets is arcwise connected. Using the fact that all 2 x 2
expansive matrices A with | det A| = 2 can be exactly classified as six integrally sim-
ilar classes by [10], in 2010, Z. Li, Dai, Diao and Xin in [18] extended the results
in [11] to general 2 x 2 expansive matrices A with |det A| = 2, they also proved the
arcwise connectivity of the set of MRA A-wavelets. For a general d x d expansive
matrix A with |det A| = 2, in 2010, Z. Li, Dai, Diao and Huang in [17] character-
ized (MRA) A-wavelet multipliers, and proved the arcwise connectivity of the set of
MRA A-wavelets. Recently, Z. Li and Shi in [14] characterized A-PFW multipliers,
and in [13] obtained some conditions for dyadic bivariate wavelet multipliers.

For a general d x d expansive matrix A with |det A| = 2, in this paper, we prove
the equivalence between seven classes of multipliers. The main results of this paper
are as follows.

Theorem 1.1 For a measurable function f defined on RY, the following are equiva-
lent:
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() |fO)]=1ae onR? and k(-) = % is Z%-periodic.
(2) f is an A-scaling function multiplier.

(3) f is an MRA A-wavelet multiplier.

4) f is an A-wavelet multiplier.

(5) f is an A-PFW multiplier.

(6) f is a semi-orthogonal A-PFW multiplier.

(7) f is an MRA A-PFW multiplier.

(8) f a semi-orthogonal MRA A-PFW multiplier.

By Theorem 1.1, a multiplier f always satisfies

(A7) = k(A1) (a7
= k(A7) k(A7) )£ (4"

= k((A*)"—1 .)k((A*)"—Z.) k(ARG FO), (1.6)

and

FO = k(A4 )k AROF(AY)

for n € Z and some Z?-periodic, unimodular function k. This shows that a multiplier
f is determined by its values on a set E with {(A*)"E : n € Z} being a partition of
R4 and a Zd—periodic, unimodular function k. However, Lemma 2.8 in [1] asserts that

an arbitrary Z¢-periodic, unimodular function must satisfy k(-) = ! ](f(l.*)') for some

unimodular function f. This allows us to conjecture that (1.6) and (1.7) determine all
multipliers. The following theorem gives a positive answer to this conjecture.

Theorem 1.2 Let k(&) be a unimodular, measurable and 74 -periodic function de-
fined on R%, let E be a measurable set with {(A*)"E : n € Z} being a partition of
R, and let g(&) be a unimodular measurable function defined on E. Define

g(&), EcE
FE = 1k((AH)716) - k(A*) 7€) - g((A")"E), §€(A""E,n>1
k(E)k(A*E) - k((A*)"1E) - g((AM)"E), &€ (AHT"E,n>1

Then f is any one of seven multipliers in Theorem 1.1. Moreover, any one of seven
multipliers in Theorem 1.1 can be constructed by this way.

Theorem 1.2 holds for A-wavelet multipliers by Theorem 3.2 in [17] if E is an
A-wavelet set. However, by a careful observation to its proof, we find it is enough
to require that {(A*)"E : n € Z) forms a partition of R¢. So Theorem 1.2 holds for
A-wavelet multipliers. Then we obtain Theorem 1.2 by Theorem 1.1.

Let ¢¥9 be an A-wavelet (MRA A-wavelet, a semi-orthogonal MRA A-PFW,
MRA A-PFW, a semi-orthogonal A-PFW, A-PFW, A-scaling function). Define

My, = {I/f () = f(~)1ﬁ0(o), f is an A-wavelet multiplier}. (1.8)
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Then My, is a subset of the set of A-wavelets (MRA A-wavelets, semi-orthogonal
MRA A-PFWs, MRA A-PFWs, semi-orthogonal A-PFWs, A-PFWs, A-scaling
functions) by Theorem 1.1. The following theorems concern the arcwise connectivity
of My, and its characterization.

Theorem 1.3 Let Yy be an A-wavelet (MRA A-wavelet, a semi-orthogonal MRA
A-PFW, MRA A-PFW, a semi-orthogonal A-PFW, A-PFW, A-scaling function).
Then My, is arcwise connected, i.e., for an arbitrary yri € My,,, there exists a contin-
uous mapping 0 : [0, 1]+ L2(R?) such that 6(0) = v, 0(1) =1 and 6(t) € My,
fort €[0,1].

Theorem 1.4 Let Yy be an MRA A-PFW with ¢o being a corresponding pseudo-
scaling function. Define

Wy, ={¥ : ¥ is an MRA A-PFW such that ’1/}(-)’ = ’1/;()(')

b
and
Syo = {¥ 1 ¥ is an MRA A-PFW associated with a pseudo-scaling function
¢ satisfying [()] = [fo()|}.
Then Sy, = My, = Wy,.

Remark 1.1 Let v in Theorems 1.3 and 1.4 be an MRA A-wavelet with ¢( being
its scaling function. Define

Wy, = {¥ : ¥ is an A-wavelet such that |/ ()| = |0()]},
and
E/,o = {10 1 is an MRA A-wavelet associated with a scaling function
¢ satisfying ()| =[¢o ()]}

Then §,/,0 =My, = VT/%, and My, is arcwise connected. See [22, Theorem 3], [11,
Theorem 1.3] and [17, Lemmas 4.1, 4.2] for details. The most interesting thing is
the fact that these two results were used effectively for showing that the set of MRA
A-wavelets is arcwise connected (see [22, Theorem 4] and [17, Theorem 4.1]). But it
is unresolved that whether the set of MRA A-PFWs is arcwise connected. It is worth
expecting that Theorems 1.3 and 1.4 are helpful for solving this problem.

2 Proof of Theorem 1.1

For ¢ € L?(R?), write

o0

Dy() =Y S |F((A*) ¢ +h)

j=lkezd

2
)
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Wi ()= {F((A*) (- +k) :keZ} forjeZy,
Fy(-)=span{¥;(): j e N}.

Lemma 2.1 For ¢ € L>(RY), [1s Dy (§)d€ = ||ly/||>.

Lemma 2.2 For an arbitrary ¢ € L*(R?), ¢ is an A-scaling function if and only if

(1) X keza 19C +k)>=1ae onRY;

(2) limj_ o0 |P((A*) /)| = 1 a.e. on RY;

(3) there exists a Z.%-periodic measurable function m such that $(A*-) = m(-)¢(-)
a.e.onRY.

Taking 2 = R4 in Theorems 1-3 and Lemmas 53, 6 in [15], we have following five
lemmas:

Lemma 2.3 Let v be an A-PFW. Then v is a semi-orthogonal PFW if and only if
Dy(-) €Z4 a.e. on R4,

Lemma 2.4 Let v be an A-PFW. Then  is an MAR A-PFW if and only if
dim Fy () €{0, 1} a.e. on RY.

Lemma 2.5 Let  be an A-PFW. Then v is a semi-orthogonal MAR A-PFW if and
only if Dy (-) € {0, 1} a.e. on RY,

Lemma 2.6 For an A-PFW v, the following are equivalent:

(1) V¥ is a semi-orthogonal A-PFW;
() Yz 1+ K= x, () ae on R, where U ={ e R : Y a |¥ (£ +
k)? > 0};
(i) [1VI1* =Y geza (¥, Tep) s
(V) Y peza W (A (- +I)Y (- + k) =0ae onR? for j e N.

Lemma 2.7 Let  be an A-PFW. Define

H,(-) = Z(‘Pn(-), Wj(~))£2(zd)1ﬁ((A*)j-) a.e. onR? forn e N.
j=0
Then
Hy () = Hy—1 (A*) + (@ (), W0 ) o 0 ¥ )

a.e.onR? for1 <neN.

Birkhauser



J Fourier Anal Appl (2013) 19:1060-1077 1067

Lemma 2.8 Let {Y/;r: jE€Z, ke 74} be a Bessel sequence in L*>(R?) with Bessel
bound B. Then

ZZW V) (A7) ¢+ 0)][9((4%))]
J=lkezd
<B,/Dy(-) ae. oanforneZ+.

Proof Since {Vrjr: j€Z, ke 7%} is a Bessel sequence in L?(R?) with Bessel
bound B, we have

Ly IPen Tlictnf<e

kezd

Then, by Cauchy-Schwartz inequality,

Z S C+R)(A) + D) [9((a7))]

- @W(A*)j'”z)%@(kzzdm((“‘*)% +R)|- [ (4 +k>)l)2>%

1

J=lkezd kezd

5@.& (A7) C+ )P D[ ((a <+k>>|>
(

iy 0F) (2 X iy ol )é

The proof is completed. d
The following two lemmas are borrowed from [3] and [5]:

Lemma 2.9 For y € L>(R?), y is an A-PFW if and only if

()P =1,

JEZ

pr ((A*) ) ((A*) (- +00) =0 (ke Z\ A*Z9) a.e. on R?.

Lemma 2.10 Let vy be an A-PFW. Then v is an A-wavelet if and only if || = 1.
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Lemma 2.11 Let v be a semi-orthogonal A-PFW. Then
° .
]=1

a.e. on RY for n € N, where U is defined as in Lemma 2.6.

Proof By Lemmas 2.6 and 2.7, we have
oo .
Hn(-)zzllf ), ¥; ()422 Zd)l//(( )’) forn e N, 2.2)

H,(-) = H,_1(A*) for | <n €N, and thus H,,(-) = H; ((A*)*~.) for n € N. So, to
finish the proof, we only need to prove that H; (-) = x,, (A*-)I/}(A*-). By Lemmas 2.8
and 2.9,

¥ (4 C+R)i((47))

gk

Hi()= ) (A% +0)

=3 da +k>>i¢«A*>f< AR
= Y I+ Y (A (4 ) (A7),

Interchanging the order of summation, we obtain Hi(-) = x, (A*-)@(A*-) by
Lemma 2.6. The proof is completed. g

When ¢ is an A-PFW, and Dy, (1) = 1, we have v is an A-wavelet and thus
OO .
(@, (), & ()mzd)%”(( *).) forneN

J:1

by Lemmas 2.1, 2.10 and 2.11. Then, by standard arguments in [9], we can prove the
following lemma:

Lemma 2.12 For € L>(R?), ¥ is an MRA A-wavelet if and only if  is an A-
PFW, and Dy (-) =1 a.e. on R4,
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Lemma 2.13 Given measurable functions f and g defined on R, let g(-) # 0 a.e.
on R, and let

SR ) (4 )P = 1.
= , (2.3)
Z|g((A*)/.)‘2=1 a.e. onR? forn e N.

JEZ
Then |f(-)|=1a.e.on R,

Proof Suppose | f(-)| > 1 on some set E with positive measure. Then IO g ()2
<1 ae. on E by (2.3), which implies that |g(-)|> < |f(-)|7?* — 0 as n — o0 a.e.
on E. This is a contradiction. So

|f()] <1 ae onR7. (2.4)

By (2.3), we also have

Dls (AP (= Lr((a) ) ") =0.

JEZ

It follows that | f(-)| = 1 a.e. on R? by (2.4) and the fact that g # 0 a.e. on R?. The
proof is completed. g

Lemma 2.14 For an arbitrary multiplier f of (3)—(8) in Theorem 1.1, | f(-)| =1 a.e.
on R4,

Proof Choose ¥ as one MRA A-wavelet satisfying 1&(-) #0a.e. on R? ([1, Exam-
ple 5.14]). Then (f")" is an A-PFW for every n € N by Theorem 1.1. So

SAAY (A )P =1 e (AT ) =1 ae.onR?

JEZ J€EZ

by Lemma 2.9. This implies that | f(-)| = 1 a.e. on R? by Lemma 2.13. The proof is
completed. g

Lemma 2.15 For an arbitrary A-scaling function multiplier f,|f(-)| = 1 a.e. on RY.

Proof Choose ¢ as one A-scaling function satisfying ¢(-) # 0 a.e. on R? ([1, Exam-
ple 5.14]). Then (f"¢)" is an A-scaling function for every n € N. So

Slrc+bec+bP =1 Y |ec+b[’=1 aconR! (@25

kezd kezd

by Lemma 2.2. It follows that

S eC+RPA - fe+0") =0, 2.6)

keZd
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PO < [rO]™ @7

a.e.on RY. Suppose | f(-)| > 1 on some set E with positive measure. Then P()|* <
| f()]72* — 0 as n — oo a.e. on E, which is a contradiction. So | f(-)| < 1 a.e. on
R<. This leads to | f(-)] = 1 a.e. on R? by (2.6) and the fact that ¢ # 0 a.e. on R4,
The proof is completed. g

Proof of Theorem 1.1 By Lemmas 2.14 and 2.15, we may as well assume that
|f()|=1ae.on R4, Then (1), (3), (4) and (5) are equivalent by [17, Theorem 3.1,
Corollary 3.1] and [14, Theorem 3.2], and

Dy ()=Dy() ae.on R? for ¢ € L*(RY). (2.8)

Suppose f is an arbitrary one of (6)—(8), and i is an MRA A-wavelet. Then (f 1/})v
is an A-PFW, and Dy, (-) =1 by Lemma 2.12. So D(f]&)\/(') =lae.onR? by (2.8).

This implies that (f V)Y is an MRA A-wavelet by Lemma 2.12, and thus (3) holds.
To finish the proof, next we prove that (1) and (2) are equivalent, and that (1) implies
every one of (6)—(8).

(1)=(2): Suppose (1) holds, and ¢ is an A-scaling function satisfying ¢(A*.) =
m(-)¢(-) for some Zd-periodic function m. Then we have

F(A*)P(A™) = kOmO) f P, 29
and k(-)m(-) is Z¢-periodic by (1), and

SlferbPlec ol =1 dim |47 le((a) ) =1 @10

kezd

by (1) and Lemma 2.2. So (f¢)Y is an A-scaling function by (2.9), (2.10) and
Lemma 2.2, and thus f is an A-scaling function multiplier.

(2)=(1): Suppose f is an A-scaling function multiplier, and ¢ is an A-scaling
function satisfying ¢(-) # 0 a.e. on R¢ ([1, Example 5.14]). Then ¢; = (f@)V is
an A-scaling function satisfying ¢ (-) # 0 a.e. on R?. So there exists Z?-periodic
functions m and m satisfying

(A" =mOPC),  G1(A%) =mi(éi (),
which implies that
G1(A*) = (A YOG = f(A*)m(O) F OO ().

Therefore,

fA*)  mi()
k()= = ,
S m(-)
which is Z4-periodic by periodicity of m and m.
(1)=(6): Suppose (1) holds, and v is a semi-orthogonal A-PFW. Then Dy () €

Z4 by Lemma 2.3, and (f 1})v is an A-PFW by the equivalence between (1) and (5).
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Since | f(-)| =1, we have Dy, (1) = D(leI)V(‘)’ and thus D(H})v(-) € Zy. So (fl/Af)v
is a semi-orthogonal A-PFW by Lemma 2.3, and thus (6) holds.

(1)=(7): Suppose (1) holds, and v is an MRA A-PFW. Then (fl@)v is an A-PFW
by the equivalence between (1) and (5). Write

Fipjy- () =5pan{&;(), j €N},
where
i) ={f((A*) ¢ +k): kezd} forjeN,
By Lemma 2.4, to prove (7) we only need to prove that dimF(flﬁ)v(-) € {0, 1}. By
Lemma 2.4, we have dimFy (-) € {0, 1}. So there exist functions jo : RY — N and
cj: RY — C with j € N such that ¥, (-) = ¢; (-)¥jy() (), i.e.,
U ((A%) (- +80) =¢; i ((A4*)° (- +k)) for j eNandk e 27,

By (1), we also have

F(AY +D) = k(A 7 C+D)((A*) T2 C+D) - kC+D FC+1D)
k((A*)-j_l.)k((A*)j_Z.) kO FC D

F((A ) FOFC+D @2.11)

forjeNand!/ e 74, which implies that

F(A) ) F((4)7 D) = £((a7) ) £((4%))
for j € Nand k € Z. It follows that

&) = {£((A7) ¢ +0)e; OF (A ¢+ k) : ke z)

= {e; (A7) C+ ) F((A) ¢ +0) (£ (A7) ¢+ 1) : ke 27)

~

= ;O (A7) 1 (A7) T

for j € N, and thus dimF(M;)v €{0,1}.

(1)=(8): Suppose (1) holds, and ¢ is a semi-orthogonal MRA A-PFW. Then
Dy (-) € {0,1} by Lemma 2.5, (fl?/)v is an A-PFW by the equivalence between (1)
andA(S). Since | f(-)] = 1, we have D(N})V = Dy, and thus D(f'lﬁ)V(') € {0, 1}. So
(fy)Y is a semi-orthogonal MRA A-PFW by Lemma 2.5. Therefore (8) holds. The
proof is completed. O

Birkhauser



1072 J Fourier Anal Appl (2013) 19:1060-1077

3 Proof of Theorems 1.3 and 1.4

Lemma 3.1 Let  be an MRA A-PFW, and let ¢ be a corresponding pseudo-scaling
function. Then

= ZW/((A*)/)‘ a.e.onR?. (3.1

Proof By the definition of MRA A-PEW, |@(A*) |2 + |/ (A*) |2 = |§(-)|2. It follows
that

6O = o((a%)") +Z
and thus
(A% )] = o) = Y9 (a9 ) 3.2)
j=1

for n € N. Observe that {Z;'-=1 |1}((A*)j~)|2} is an increasing sequence. It follows
that lim,,_, o0 |@((A*)"-)|? exists, and thus

[ me(aryefas = im [ o)) as

d n—>00 n—oo
. —_ ~ 2
= lim 2 "/ |9&)| dé&
n—oo Rd

=0.
So limy,_ o0 |@((A*)"-)|? = 0, which implies (3.1) by (3.2). The proof is completed. (]
Lemma 3.2 Let ¢ be a pseudo-scaling function. Define
E={6eR ) #0},  Ag=E, A,=(A"'E\(A)'"'E forn>1.
Then {A, : n >0} is a partition of RY.
Proof Suppose ¥ and m are respectively an MRA A-PFW and a low pass filter
correspondmg to ¢, and they are related as in (1.4) and (1.5). By (1.5), we have
supp(lp) C A*E, where supp(f) = {£ e R¢ : f(E) # 0} for a measurable function f.
It follows that

supp(¥;4) C (A*) ' E for j e Zand k e Z¢. (3.3)

Since ¢ is an A-PFW, {%j’\k . j €7,k eZ% is a Parseval frame for L2(R%). If
U j ez (A" E # R?, then, by (3.3), there exists a set S with positive and finite mea-
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sure such that

N (U U supp(@)) =0

JE€L keZd

It is obvious that x does not belong to the closed linear span of {w ik JE€EL ke
74}, which contradicts the fact that {1//] v j€Z, keZ% is a Parseval frame for
L*(R%). So U eZ(A*)/E R?. Also by the refinable property of ¢, we have E C
A*E. Thus

(A*)Ec(A*)'E forjeZ and U ) E =R
j=0
This easily leads to the lemma. The proof is completed. g
Proof of Theorem 1.3 Choose E such that {(A*)/E: j € Z} is a partition of RAd.
Suppose ¥ € My,. Then there exists an A-wavelet multiplier f such that ¥ = .
Define a function A on E such that f(£) = e?"*®) and 0 < A(§) < 1 for £ € E.

Since f is an A-wavelet multiplier, there exists a Z¢-periodic real function 8 such
that % = ¢¥BE) Extend A to RY in the following way:

AM(AHTIE) + AN TIE), Ee(AY)TE, j>0;

AE) = ;
© A(ATE) — B(§), §e(AME, j<O.

Then f (&) = e**® fora.e. £ € RY. Define 0 : [0, 1] — L2(R?) by
0(1) = (fivho)” forr e[0,1]
where f;(£) = e?™"*&) Then
0(0) = v, o(1) =y, (3.4)
and f; is an A-wavelet multiplier by Theorem 1.1. It follows that
0(t)e My, forO<r<1I. 3.5

Observe that |9/(\t)(é) — 9’(?)(5”2 < 4|1ﬁ0(é§)|2 for 0 <t,s < 1. By Lebesgue domi-
nated theorem and Plancheral theorem, we have lim,_, ||6 () — 8(s)||2 = 0, and thus
0 is continuous. This implies that My, is arcwise connected by (3.4) and (3.5). The
proof is completed. g

Proof of Theorem 1.4 By Theorem 1.1 and Lemma 3.1, we have My, C Wy, = Sy,.
Now we prove that Sy, C My,. Suppose ¥ € Sy, with ¢ being a corresponding
pseudo-scaling function, m and m are respectively low pass filters corresponding to
¢ and ¢g, and v and vg are unimodular Z¢-periodic functions such that

O =y Om((A7) (A7) 99((a) ), 3o
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Yo() = A0y mo((4%) - +(4) ) (4171, 3D

To prove that v € My, , we only need to prove that there exists an A-wavelet multi-
plier f such that

V() = FOPo(). (3.8)
Since G(A*) =m()P(-), Po(A*-) = mo()do(-), and |¢(-)| = |o(-)]|, we have

moO* 3 [goC + 0> = 3 [moC +0)[F|goC + b

kezd kezd

= Y [éo(A7C + )|’
kezd

= Y [p(arc+h)f*
kezd

= Y ImC+ 0o+ 0
keZd

= mO Y |+ b

kezd
This implies that
Imo()] =|m()| on {5 eR?: Z |Go(& —irk)}2 > 0}. (3.9)
kezd

Next we divide two cases to construct an A-wavelet multiplier f satisfying (3.8).
Case 1. {§ e RY : go(§) # 0} =R

In this case, 3(1)8 is an unimodular function, and |m(-)| = |m(-)] # 0 by (3.9) and

refinable property of ¢ and ¢. Put

m((A9~1E + (A1) (AN 'E)  v(E) _
mo((A*)~1E + (A%)~1e)go((A*)~1g)  v0(§)

f(&):=

Then | f(-)| =1, and 1,@(-) = f(~)1ﬁo(~). By refinable property of ¢, ¢1 and the fact
that |mo(-)| = [m(-)| # 0, we have

fA*)  m( 4+ @AH T Omo((AH) L +(A)lom((AH) ) v(A*)uo()

FO T ol £ A Tom(AD) T (A Tomo((An)-1) 1A )ue()
m(-+(AH71e)  m(AH T m(AHT"-+AH T v(A ()
mo(-+ (A%)~le) mo((AH~1)mo((A)~1- +(A" 7€) vo(A*)u(§)’

This implies that A ](f(\i;') is Z4-periodic by Z?-periodicity of m, mg, v and vg, and

the fact that Z¢ = A*Z4 + {0, €}. Therefore, f is a multiplier satisfying (3.8) by
Theorem 1.1.
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Case 2. {€ € R4 @o(&) # 0} #Rd.
Define

) = € i mo(§) Ygeza IPo(E — (AH) e + k)2 £0,
H 1 otherwise.

For & satisfying mo(€) >z |Po(E — (A*)~Le + k)| # 0, there exists k¢ € Z¢ such
that

mo(&)go(& — (A%) e +ke) £0.
Then

,J/(A*é e+ A*kg) :e27Tl‘<S*(A*)_l€,ekO)U(A*g)m(%-)@(é _ (A*)716 +k§),
K&O(A*é —e+ A*ké) — e2ni<§*(A*)7l€,ek())vO(A*S)mO(E)@O(%- _ (A*)_IE +k§‘)
by (3.6) and (3.7). Observe that |y (A* — € + A*ke)| = |Yo(A*E — € + A*ke)|

due to the fact that ¥ € Sy, = Wy,. It follows that |m(§)@(§ — (A% le + ke)l =

mo(§)@o(§ — (A*)~'e + ke)|, which implies that |m(€)] = lmo(§)| # 0 since || =

|@ol. So ;"O(é)) is unimodular, and thus g is. It is obvious that y is Z¢-periodic. So 1

is unimodular and Z?-periodic.
To obtain an A-wavelet multiplier f satisfying (3.8), we only need to construct a
measurable function ¢ such that

l1@®)| =1, (3.10)
Po(&) =1(&)p(&), (3.11)
(&) =1(A%E)1 (). 3.12)

Indeed, if (3.10)=(3.12) hold, define f(£) = n((A*)~1& + (A*)~Le)t ((A*)~1&) -

vl;(é)). Then f is unimodular, and
f(A*E) 1 =1 -1 1.y V(ATE)vo(§)
8D e+ () l(4) " 4 (4%)Ju((47) ) LAERE)

which implies that L4 is 74 periodic. So f is a wavelet multiplier by Theo-
P G p

rem 1.1. It is easy to check that

FET0E) = ™A E S @) (A7) e+ (4%) e)mo((4%) e + (4%) ')
x §((4%)7'e). (3.13)

When mo((A*) '€ 4+ (A*)'e)@((A*) 7€) =0, we have FE)Po(E) =0by (3.13).
We also have g gE )=0by(3 ;7)’ which implies that 1y (§) = 0 due to the fact that ¢ €
Syo = Wy S0 ¥ (€) = f(E)Yo(§). When mo((A*) & + (A%)"'e)@((A*)7'8) #0,
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we have
n((47) &+ (a7) Temo((4%) ' + (4%) e) =m((47) & + (a7) ')

by the definition of w, which implies that 1}(5 )= f(& )x/}o(g ) by (3.13). Therefore
(3.8) holds.

Next we construct ¢ satisfying (3.10)—(3.12) to finish the proof. Replacing ¢ in
Lemma 3.2 by ¢, we get a partition {A, : n > 0} of RY. Define ¢ by

Po(€)
P&)
It is obvious that ¢ satisfies (3.10) and (3.12). Now we prove that ¢ satisfies (3.11)
by induction. It is obvious that (3.11) holds when & € Ag. Suppose (3.11) holds for
€A, Let& € Aypq. When ¢o(§) =0, we have ¢(&) = 0 since |@| = |@g|. When
@0 (&) # 0, we have

Go(&) =mo((A%)"'e)e((47) 'e)g((a7) e),

and [mo((A*)~1&)| = [m((A*)71&)| # 0 by (3.9). So mo((A*)1&) = m((A*) 7€) x
w((A*)~1£) by the definition of y and its unimodular property. It follows that

1) =

ifeen), 1@ =n((A)"e)((4*) ") ifeeca, n=1.

Go®) =m((47) " )u((47)'e)r((47))a((47) )
=m((4) ) ®3((4) ')
=1()p(&).
Therefore, (3.11) holds. The proof is completed. d

Acknowledgements The authors would like to thank the referees for their valuable suggestions, which
greatly improve the readability of this article.

References

1. Bakié, D., Krishtal, 1., Wilson, E.N.: Parseval frame wavelets with E,?)—dilations. Appl. Comput.
Harmon. Anal. 19, 386-431 (2005)

2. Benedetto, J.J., Li, S.: The theory of multiresolution analysis frames and applications to filter banks.
Appl. Comput. Harmon. Anal. 5, 389427 (1998)

3. Bownik, M.: A characterization of affine dual frames in L2(R"). Appl. Comput. Harmon. Anal. 8,
203-221 (2000)

4. Bownik, M.: Intersection of dilates of shift-invariant spaces. Proc. Am. Math. Soc. 137, 563-572
(2009)

5. Calogero, A.: A characterization of wavelets on general lattices. J. Geom. Anal. 10, 597-622 (2000)

6. Chui, C.K., He, W., Stockler, J.: Compactly supported tight and sibling frames with maximum van-
ishing moments. Appl. Comput. Harmon. Anal. 13, 224-262 (2002)

7. Daubechies, 1., Han, B., Ron, A., Shen, Z.: Framelets: MRA-based constructions of wavelet frames.
Appl. Comput. Harmon. Anal. 14, 1-46 (2003)

8. de Boor, C., DeVore, R.A., Ron, A.: On the construction of multivariate (pre)wavelets. Constr. Ap-
prox. 9, 123-166 (1993)

Birkhauser



J Fourier Anal Appl (2013) 19:1060-1077 1077

13.

14.

15.

16.

17.

18.

20.

21.

22.

. Herndndez, E., Weiss, G.: A First Course on Wavelets. CRC Press, Boca Raton (1996)
. Kirat, I., Lau, K.S.: Classification of integral expanding matrices and self-affine tiles. Discrete Com-

put. Geom. 28, 49-73 (2002)

. Li, Y.-Z.: On a class of bidimensional nonseparable wavelet multipliers. J. Math. Anal. Appl. 270,

543-560 (2002)

. Li, D.F, Cheng, J.E.: Some applications of E-wavelet multipliers. Chin. Q. J. Math. 19, 292-299

(2004)

Li, Z., Shi, X.: Dyadic bivariate wavelet multipliers in L%(R?). Acta Math. Sin. Engl. Ser. 27, 1489—
1500 (2011)

Li, Z., Shi, X.: Parseval frame wavelet multipliers in LZ(Rd). Chin. Ann. Math., Ser. B 33, 949-960
(2012)

Li, Y.-Z., Zhou, E-Y.: The characterization of a class of multivariate MRA and semi-orthogonal Par-
seval frame wavelets. Appl. Math. Comput. 217, 9151-9164 (2011)

Li, Y.-Z., Zhou, F.-Y.: GMRA-based construction of framelets in reducing subspaces of LZ(Rd). Int.
J. Wavelets Multiresolut. Inf. Process. 9, 237-268 (2011)

Li, Z., Dai, X., Diao, Y., Huang, W.: The path-connectivity of MRA wavelets in L? (Rd ). I11. J. Math.
54, 601-620 (2010)

Li, Z., Dai, X., Diao, Y., Xin, J.: Multiplier, phase and connectivity of MRA wavelets in LZ(RZ).
J. Fourier Anal. Appl. 16, 155-176 (2010)

. Paluszynski, M., Siki¢, H., Weiss, G., Xiao, S.: Generalized low pass filters and MRA frame wavelets.

J. Geom. Anal. 11, 311-342 (2001)

Paluszyniski, M., Siki¢, H., Weiss, G., Xiao, S.: Tight frame wavelets, their dimension functions, MRA
tight frame wavelets and connectivity properties. Adv. Comput. Math. 18, 297-327 (2003)

Ron, A., Shen, Z.: Affine systems in LZ(RY): the analysis of the analysis operator. J. Funct. Anal.
148, 408-447 (1997)

The Wutam Consortium: Basic properties of wavelets. J. Fourier Anal. Appl. 4, 575-594 (1998)

Birkhauser



	The Equivalence Between Seven Classes of Wavelet Multipliers and Arcwise Connectivity They Induce
	Abstract
	Introduction
	Proof of Theorem 1.1
	Proof of Theorems 1.3 and 1.4
	Acknowledgements
	References


