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Abstract Let v be a countably additive vector measure defined on the Borel subsets
B(G) of a compact Hausdorff abelian group G. In this paper we define and study a
vector valued Fourier transform and a vector valued convolution for functions which
are (weakly) integrable with respect to v. A form of the Riemann Lebesgue Lemma
and a Uniqueness Theorem are established in this context. In order to study the vector
valued convolution we discuss the invariance under reflection in G of these spaces
of integrable functions. Finally we present a Young’s type inequality in this setting
and several relevant examples, namely related with the vector measure associated to
different important classical operators coming from Harmonic Analysis.
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1 Introduction

Let G be a compact Hausdorff abelian group and m,; its normalized Haar measure,
defined on the Borel subsets B(G) of G. Take X to be a complex Banach space,
v :B(G) — X a (countably additive) vector measure and consider Lllu(v), the space
of weakly integrable functions with respect to v. The main goal of this article is to
introduce and study a vector valued Fourier transform and a vector valued convolution
for (weakly) integrable functions with respect to a vector measure.

The paper consists of four sections. After this preliminary first section, in the sec-
ond one we start by introducing the notion of vector valued Fourier transform. First
for integrable functions with respect to v (see Definition 2.1) and then for weakly
integrable functions with respect to v (see Definition 2.6). After giving some impor-
tant examples we prove that a natural version of the Riemann-Lebesgue’s Lemma is
not true in this setting. However, always assuming the vector measure v is absolutely
continuous with respect to m,, we characterize those measures for which this impor-
tant lemma is satisfied (see Theorem 2.5). We finish this section with a version of a
Uniqueness Theorem (see Theorem 2.7 and Corollary 2.8).

The definition of the convolution, that is the main goal of the last section, takes
us naturally to discuss the effect in the space LI]U(U) of the reflection in G, given
by R(t) = —t. This is done in section three, following the work of O. Delgado and
P.J. Miana in [3], where they introduced the property of norm integral translation
invariance for a vector measure v : B(G) — X. Assuming v has this property, they
established that if f € L} (v) then f; € LL (v) and || fs ||y = I £ ||v; here fs = f(-—s),
s € G. Actually, it turns out that the development of O. Delgado and P.J. Miana in [3],
can be done when we do not have an algebraic structure on G, but only an homeo-
morphism & : G — G with the corresponding property (see Definition 3.1 and The-
orem 3.3). With our result we recover not only the translation invariant case but the
reflection invariant case. In this section we also study the important case of vector
measures associated to the convolution operator. Namely, it is well-known that the
vector measure v, (A) = x, * u € L?(G), where u is a complex regular measure
defined on B(G) and 1 < p < 00, is always norm integral translation invariant. How-
ever, this is not the case for reflection invariance (see Example 3.6). Concerning this
special vector valued measure, we prove that f € L}U(UM) when f € Lﬁ’}(vﬂ) (have
in mind that the vector measure v depends on both  and p). This is done in Theo-
rem 3.7. By using the notion of vector measure scalarly k-dominated by m  (see Def-
inition 3.8 and Theorem 3.9) we obtain a different proof of a well-known result that
asserts that Ll(vu) = Lllu(vu) = LY(G), with equivalent norms (see Corollary 3.10).

As we said before, in the last section we study a vector valued convolution for
the case of weakly integrable functions (see Definition 4.1) and also for the case of
integrable functions (see Definition 4.5). After some examples we establish several
integration properties for both cases (see Theorem 4.8 and Theorem 4.10). In the
last results of the paper we use the notions of the third section in order to prove the
Young’s type inequality in this context. This is done in Corollaries 4.11, 4.12 and 4.13.

1.1 Notation and Preliminaries

Let G be a compact Hausdorff abelian group, let B(G) be the o-algebra consisting
of the Borel sets of G and let m; be the normalized Haar measure of G, that is, the
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unique non-negative regular and translation-invariant measure such that m; (G) = 1.
Recall that a complex continuous function y defined on G is called a character if
ly(®)=1forallt € G and y(s +t) = y(s)y(¢t) for every s,t € G. The set of all
continuous characters of G is the dual group of G and will be denoted by I". Note
that I" is discrete since G is compact. The reader is referred to [7, 12] for additional
information on this subject. We denote by L°(G) the space of classes (m ;-a.e. equal
functions being identified) of measurable functions defined on G, if 1 < p < oo then
L?(G) is the subspace of L%(G) such that fG | f1Pdm, < oo and L*°(G) is the sub-
space of functions in LO(G) which are m ;-a.e. bounded. Since the measure m,; is
finite we have L®°(G) € LP(G) C L1 (G) continuously. The Fourier transform of a
function f € L'(G) is the function f: I' — C given by

f(y)szf(r)mde(t), yerl.

Let s € G. As usual, if f € L%(G) by f; we denote its translation, that is f;(z) =
f(t—s) foreacht € G. Also by 7y we denote the map from L(G) into itself defined
by 75(f) = fs-

Let X be a complex Banach space, By its closed unit ball and X’ the topo-
logical dual of X. Let 1 < p < oco. An scalarly measurable function f : G — X
is said to be Dunford p-integrable (or simply Dunford integrable when p = 1) if
(f,x') € LP(G) for all x" € X'. The set consisting of classes of these functions
will be denoted by L% (G, X). For a function f € L (G, X) the norm is defined
by 11 fll 2 G.x) = SuPxres,, (g I(f: x"}|Pdm)"/P. A Dunford p-integrable function
f: G — X is said to be Pettis p-integrable (or simply Pettis integrable when p = 1)
if for each A € B(G) there is x4 € X satisfying [, (f, x)dm; = (x4, x’), for all
x" € X'. The vector x4 is unique and will be denoted by (P) [, fdm. The set
of classes of scalarly measurable functions which are Pettis p-integrable, endowed
with the same norm as L% (G, X), will be denoted by P?(G, X). For more informa-
tion about Pettis integrability the reader is referred to [4, 10] and the nice survey [9,
Chap. 12].

Let (£2, X, 1) be a measure space and LO(/L) the set consisting of classes (u-a.e.
equal functions being identified) of measurable functions. A Banach space E(u) C
LOuw) is called a Banach function space related to p if L®(u) € E(u) € L'(1)
and if f € E(u) and g € LO(w) satisfies |g| < | f| u-ae., then g € E(u) and
lelleqw) < Il flEw)- A Banach function space E(u) is called order continuous if
every increasing order bounded sequence in E (i) converges in the norm of E(u).
The Kothe dual (or associate space) of E (i) is the Banach function space related to
wu defined by E(u)* ={g € LO%w): fg € LY(w), f € E(w)}, and endowed with the
norm || gl g(u)x = SUP repy f_Q |feldu, g € E(u)*. Recall that E(u) is order con-
tinuous if and only if E(u)* coincides with E(u)’. In this case each x’ € E(u)’ can
be identified with a function g € E(u)* via the correspondence (f, x') = fg fedun
for all f € E(u). For questions related to Banach function spaces see [13, Chap. 2].

Let v : B(G) — X be a countably additive vector measure. A set A € B(G) is
called v-null if v(B) = 0 for all B € B(G) such that B € A. Given x’ € X’ let us
denote by (v, x") the scalar measure defined by (v, x')(A) = (v(A), x") for each A €
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B(G). The semivariation of v is the non-negative set function ||v|| : B(G) — [0, 00)
defined by ||v||(A) = SUP,/ep,, [{(v, x")|(A), A € B(G), where |{v, x")| is the variation
of the measure (v, x’). Recall that a set A € B(G) is v-null if and only if ||v||(A) = 0.
The vector measure v is absolutely continuous with respect to a positive measure A
if A(A) — 0 implies that ||v][(A) — 0. As usual in this situation we write v < . In
the case when X is finite we have that v < A if and only if any A-null set is v-null.
A Rybakov control measure for v is a finite positive measure p satisfying v <« u and
= (v, x{)| for some x/; € X’. This kind of measures always exist by the Rybakov
Theorem (see [4, Theorem IX.2.2]). If i is a Rybakov control measure for v, note
that i and v have the same null sets. Information on vector measures can be found in
[4, Chaps. I and IX].

A measurable function f : G — C is said to be weakly integrable with respect
to the vector measure v if f € L'(|(v,x")]), for all x’ € X’. The subspace con-
sisting of these functions will be denoted by L}U(v); this is a Banach space with
the norm || ||, = SUP /B, fG | fld|(v, x)|, f € L'(v). A weakly integrable func-
tion f : G — C is said to be integrable with respect to v if for each A € B(G)
there is x4 € X such that [, fd(v,x’) = (xa,x'), forall x’ € X’. Again the vec-
tor x4 is unique and it is denoted by | 4 fdv. The set consisting of classes (v-
a.e. equal functions being identified) of these functions will be denoted by L!(v).
The integration operator I, : L' (v) — X is the linear and continuous function de-
fined by 1,(f) = [ fdv, for f € L'(v). Given 1 < p < co we denote by LP(v)
(resp. LP (v)) the set of classes of measurable functions f : G — C satisfying that
|f1P e L'w) (resp. | f|? € Llu(v)). These vector spaces are complete when endowed

with the norm [ £, = 117117 = sup,cs,, (i |f17d] (v, x'))!/7. Note that the
space L*°(v) consisting of classes of measurable functions which are v-a.e. bounded,
coincides with the space L°°(u), where u is a Rybakov control measure for v. For
1 < p < oo the spaces L?(v) are order continuous Banach function spaces related to
any Rybakov control measure for v. Hence the set of simple functions §(G) is dense
in L?(v). For more information about integration of scalar functions with respect to
vector measures see [11] and the references therein.

2 The Fourier Transform Associated to v
Let G be a compact Hausdorff abelian group, X a complex Banach space and v :
B(G) — X a countably additive vector measure. Recall that if f € L'(v) and ¢ €

L*>®(G) then f¢ € L'(v). This allows us to give the following definition.

Definition 2.1 The Fourier Transform of a function f € L'(v) with respect to the
vector measure v is the vector valued function fV:I" — X given by

f“(w:/Gf(t)de(t), yerl.

Let us start with a general example using vector measures associated to operators
that will be useful in the rest of the paper.
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Example 2.2 Let E(m ) be an order continuous Banach function space related to the
Haar measure m; on a compact Hausdorff abelian group G. Let T : E(m;) — X be
a bounded linear map, where X is a Banach space and consider the vector measure
v, 1 B(G) — X associated to T', defined by v, (A) =T (x,), A € B(G). Then it is
well-known (see for instance [11, Proposition 4.4]) that every function f € E(m,)
is integrable with respect to v, and fA fdv, =T(fx,). A € B(G). Hence, given
f € E@mg)since fy € E(m,) forall y € I', we have

-~

't =T7). 2.0

In particular throughout this paper we work with the following important cases:

(1) Given a complex regular measure u defined on B(G) and 1 < p < 0o we con-
sider the operator T, : L”(G) — L*P(G) given by T, (f) = f * u for each
f € LP(G), where

f*M(l)=/Gf(l—S)dM(S)a teG.

Writing v, for Vs the vector measure associated to 7),, formula (2.1) gives

f”ﬂ (y) = f¥ *u, y € I'. For future references, note that v, < m. In the
particular case given by the compact Hausdorff abelian group T={x € C: |x| =
1} let us take xo € T and define p = §y,, the delta function centered at xo. Notice
that u is a positive finite regular measure defined on B(T). In accordance, we
will change our notation to that of multiplication. Hence we have f”# (n)() =
nf(t—xp), neZ,teT.

(2) Let us consider T = id, the identity map from E (m ) into itself. Then f"(y) =
fyforally eI.

(3) Let 1 < p <2 and p’ be its conjugate exponent, thatis 1/p + 1/p’ = 1. Let us
consider now the vector measure associated to the Fourier transform F which,
by the Hausdorff-Young inequality, satisfies F : L?(G) — EP/(F). Hence v, :
B(G) —> 61’/(1") is given by

vg(A)(y)=?<xA)(y)=ﬂ<y>=AdeG(r), AeB(G),yeT.

Therefore f*5 (y) = (F(f7)Eser = (FE)eer v € T

4) Let1 < p,q,r <ooand g € L9(G) besuchthat 1/p + 1/q = 1/r. By Holder’s
inequality we can consider the multiplication operator M, : L”(G) — L"(G)
given by M, (f) = fg. Hence for the vector measure associated to T, we have
that P’Mg (y) = fgy, v € I'. Note that the same result for | < p < oo can be
obtained by using [11, Proposition 3.43 and Remark 3.44] (see also [2, 5]) and
either My : LP(v) — L'(v) for g € LY (), or Mg : LY(v) — L'(v) for g €
L” (v),or Mg : Lh(v) > L) (v) forg e LY ).
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The first classical and important result concerning the Fourier transform is
Riemann-Lebesgue’s Lemma. Note that for a given y € I" one has

||f”<y>||x= P |<f (), x')| = sup

x'€By/

/G FOTDA.E)0] <1 £l

Therefore

Proposition 2.3 If f € L'(v), then f" € L®°(I', X) and ||f"||goo(p x) = I £l
Hence the Fourier transform F" : L1 (v) = £°(I", X) given by FV(f) = f” is a
bounded linear operator.

However, the following simple example shows that f“ is not always in co(I", X), as
it happens in the classical Riemann-Lebesgue’s Lemma.

Example 2.4 Let us consider the case (2) in Example 2.2. Recall that, in this case,
E(m,) is 1sometrlcally isomorphic to L (v) (see for instance [11, Proposition 3.9]).
Hence, since f (y)=fyforally eI,

L7 O g, = 17N Ewng) = 1F7 1 = 111
When I' is an infinite set, this shows that f" ¢ co(l, X).

If v <K m then the trigonometric polynomials on G are dense in L'(v) (see [3,
Corollary 3.9]). This result allows us to characterize when a version of the Riemann-
Lebesgue Lemma is satisfied in our setting.

Theorem 2.5 Assume that v < m. The following assertions are equivalent:

(@) F¥eco(T, X) forall f e L'(v),
(b) X5 € co(T, X).

Proof Trivially (a) implies (b) so assume that (b) is satisfied and let us see (a). Fix
& > 0. We have to show thatthe set Iy ={y € I" : || f"(¥) |l x > ¢} is finite. Given f €
L'(v) let us take a trigonometric polynomial p = Zn_l a;yj, where aj € C\ {0},
vj € I' and j =1,...,n are such that || f — pll, < &/2. By Proposition 2.3 one

has ||f/—\pv(y)||x < ||f —plly <&/2, y € I'. And by the assumption (b) for all
j=1,...,n the sets

o £
rj= {V er: %" winlx > W}

are finite. Let us see that

nelyer:|p'mly>e2cUJrn.
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So take y ¢ | Jj_; I'j. Then

n

17y <Dl

j=1

n

—_ €
Y Tl <
j=1

/ yi @)y @)dv(t)
G

andalso | f*()llx < IF = p ()llx+ 15" (»)lIx <e. Consequently, I} s finite. [}
Concerning the previous result we have the following open problem.

Open problem  Are there Banach spaces X for which the previous result holds for
every X-valued measure? Are there natural subclasses of vector measures for which
it holds? Are there classes of operators that transforms vector measures into vector
measures for which the result holds?

We finish this section by defining a “Fourier transform” for f € LL)(V). We will be
able to do it under the requirement that the vector measure v is absolutely continuous
with respect to m . Then fixing x" € X’ we have that (v, x") < [{(v,x")| K v K m
and so we can consider the Radon-Nikodym derivative

d(v,x’)
dmg,

hy = 2.2)

Take now f € L}, (v). Since [;|f|d|(v,x)| = [;|fhe|dmg, then fhy € L'(G).
Hence we can define a “weak” Fourier transform as follows.

Definition 2.6 The Fourier Transform of a function f € L}U(v) with respect to the
vector measure v is

Fo: L) — L(X (D)),  Flf1() = Fhy.

As usual, L(Y, Z) stands here for the Banach space of all bounded linear operators
going from the Banach space Y into the Banach space Z.

This transform is well defined since for all x’ € X’ one has
|F LA ooy = 17 ooy < W Py < 1127
Clearly if f € L'(v) (and v < m,,) then
FLA) = x) = (T, %), ' eX 2.3)
Our next result is a uniqueness theorem.
Theorem 2.7 Let v < m. If F,[f1=0for f € L} (v) then f =0in L] (v).

Proof Let x’ € X’. Since F,[f]1(x’) =0 thenforall y € I',

fo(t)mhx/(t)dmc(t)=/Gf(t)md(v,x’)(t)=0'
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This means that fhy(y) =0 for all y € I" and so fhy =0.Let G ={t € G :
h,(t) = 0}. Note that

|(v,x/>|(6)=/6|hxr|dmc =0.

Therefore G is v-null. But on the other hand f=0on G\(N? and so fG | fld](v, x")| =
0, for each x’ € X’. Hence f =0. O

Using (2.3) and Theorem 2.7 we obtain immediately the following.
Corollary 2.8 Let v < m,. Iff" 0for f € L'(v) then f =0in L' (v).

From the case (1) in Example 2.2 and the above corollary we obtain directly the
next result.

Example 2.9 Let p be a complex regular measure defined on B(G). If f € LP(G),
I<p<ooand fyxu=0forall y € I', then f =0.

3 Homeomorphism Invariant Spaces

Let G be a compact Hausdorff abelian group and m, its Haar measure. Then
LY(G) is norm translation invariant, that is if f € L'(G) then f; € L'(G) and
I fllLiey = W fillpve) [ € L'(G), t € G. O. Delgado and P.J. Miana introduced
the following property for a countably additive vector measure defined on B(G):
v is said to be norm integral translation invariant if ||1,(t;:@) |y = 11, (@)l for
every simple function ¢ € 8(G) and t € G. When this condition holds the spaces
LL)(V) and L'(v) are norm translation invariant (see [3, Proposition 3.5]). Since we
are dealing with G compact, its Haar measure is also reflection invariant, that is

mg(—A) =mg;(A), A€ B(G), This implies that LY (G) is _norm reflection invari-
ant, that is if f € L' (G) then f € L'(G) and 1Ly = ||f||L1(G), where f is the
function given by f (t) = f(—t),t € G. We are now interested in this property for
the spaces L'(v) and L}U (v). It turns out that the development of O. Delgado and P.J.
Miana can be readily adapted to provide a solution for this question and, moreover, it
can be done in a more general situation than that of G being a group.

Let K be a nonempty compact Hausdorff space, v: B(K) — X be a (countably
additive) vector measure and 4 : K — K an homeomorphism. Given a function f :
K — C, let f, : K — C be defined by fj, = f o h~!. If f is measurable, notice that
fn is also measurable.

Definition 3.1 The vector measure v is said to be norm integral h-invariant if
|5, = 1@, G.D
for all ¢ € S(K). The space L,lﬂ(v) (resp. L'(v)) is norm h-invariant if for each fe

Ll (v) (resp. f € L'(v)) we have that f, € L} (v) (resp. fi € L'(v)) and || fi|l» =
£l
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Lemma 3.2 If v is norm integral h-invariant and ||v||(A) =0 for A € B(K) then
[vII(h(A)) =0.

Proof We will use the equivalent norm for L' (v) given by

/;}fdv

First of all note that (x,)r = x,, © = Xupy» D € B(K). So, from (3.1) it follows
that [[v(h(D))|ly = llv(D)|ly. Let A € B(K) be such that ||v]|(A) = 0. Then

LAl = sup (3.2

BeB(K)

X

I Xua) ll = sup / Xpndv| = sup / Xadv| =<lx,llv=0.
BeB(K)IIJn(B) X BeBK)IJB X
This shows that ||| x,,, [l = 0 so [[v][(R(A)) = | xaca)llv = 0. O
Note that the lemma above establishes that
Ty: LK) = LYK),  Tu(f)=fi (3.3)

is a well defined linear operator. The next theorem generalizes [3, Lemma 3.4 and
Proposition 3.5]. It additionally indicates that the norm ||| - ||| is also preserved by the
operator that carries f — f,. The first part of the proof is similar to that in [3], but
we include it for the sake of completeness.

Theorem 3.3 Ifv is norm integral h-invariant, then the spaces L}U (v) and L' (v) are
norm h-invariant. Moreover,

Al =WFW,  forall f e L' ). (3.4)

Proof Take A € B(K). Clearly T, (x,) = Xny - Let Xy = I,(8(K)) C X and define
Sh: Xy = Xy by Sp(1,(¢)) = L, (Ty), for ¢ € S(K). Since v is norm integral /-
invariant, then Sy, is a well-defined isometry and

Sh(v(A)) =v(h(A)), AeBK). (3.5)
Fix x" € X’ and consider y, = x" o S, € (X,)". By using Hahn-Banach’s Theorem
we can find x; € X’ with |x; || = |y, || < [Ix"|lISk ]l = lx"|| such that x; =y, in X,.

From (3.5) we now obtain (v, x;)(A) = (v, x")(h(A)), A € B(K), and from this it is
easy to check that |(v, x;L)|(A) = (v, x"}|(h(A)), A € B(K). Therefore

[ mid|vx)| = [ oalfv.xi)

Take f € L}U(v) and x’ € By'. Then there is (¢,), € 8(K) such that 0 < ¢, 7 | f|
pointwise. Clearly 0 < Ty, /' |T, f| = Tn| f|, so applying the Monotone Conver-

. P EeSK).
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gence Theorem

f|Thf|d|<v,x’)|= lim / Thpnd|(v, x')| = 1im/¢nd|(v,x,;)|
K n—oo K n—oo K

= [ 171l ).
K
< |1 Il,- Taking ¢ in-

Since ||x; || < [lx’|| we have that T, f € LY () and || T}, f 1|y <

stead of ¢ in (3.1) we find that the vector measure v is also norm integral hll
invariant. Hence we also have that || f|l, = 7,1 (T f)|| < T fl». Finally, take
f € L'(v) and let (dn)n S S(K) be a sequence converging to f in L'(v). Since
(Th(pn))n S 8(K) € L' (v) and | Tugpy — Tin fllv = pn — f v, then T f € L' ().
The continuity of 1, gives || 1,(T, )y = 1, (f)Ily. We will now prove (3.4). Take
¢ € 8(K) and note that

nxB = Pn(xB o h)n = (pxp-1(p))n, forall B € B(K).

Since v is h-invariant, we have

lignll = sup /¢th = sup /(¢Xh—1(3))hdv
BeB(K)II/B X BeBK)IJK X
= sup / ddv| = lolll.
BeB(K)IIJh—1(B) X

Finally, the density of S$(K) in L'(v) together with the continuity of the map T}, :
L'(v) = L'(v) gives (3.4). O

In a topological group, besides translations, the reflection R(t) = —t,t € G, is also
a canonical homeomorphism. We are now interested in applying our development to
this case. More concretely, we will say that v is norm integral reflection invariant,
if it is norm integral R-invariant. In the case when L}y(v) (resp. L'(v)) has an R-
invariant norm we will say that LL)(U) (resp. L' (v)) is norm reflection invariant.
Note that R~ = R and if f: G — C, then f(1)= fo R\

Corollary 3.4 Let G be a compact Hausdorff abelian group.

(a) If v is a norm integral translation invariant vector measure, then the spaces
L,lu(v) and L' (v) are norm translation invariant.

(b) If v is norm integral reflection invariant, then the spaces L, (v) and L"(v) are
norm reflection invariant.

Next, we give some examples.

Example 3.5 The following two vector measures are norm integral R-invariant.

(a) Consider K = [—1, 1] and take XA to be Lebesgue’s measure on B(K). Given
l<p<oo,letT: L'(\) — LP().) be Volterra’s operator, that is, Tf(x) =
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f(f f(s)ds. Define v to be v,, the (countably additive) vector measure induced
by T (recall that in this case I, (f) = T(f), for all f € L! (v)). Therefore for a
= |1 (—x)|.

given ¢ € S(K) we have
= ’ / " p(—s)ds
0
(3.6)

Since A is reflection invariant, this implies that [|1,¢rllzrk) = [ 1v@llLr(k) for
I <p=oo.

(b) Letus consider the vector measure v,, associated to the Fourier transform studied
in the case (3) in Example 2.2. Take ¢ € 8(G) and y € I'. By the reflection
invariance of m, we have

[ Lpr(x)| = ‘/0 Pr(s)ds

= ‘ - ¢ (s)ds
0

1,800 = [ 30y @ang o) = [ o0y@an,

= / ()Y (—)dm (1) = I,_d (7).
G

Since the correspondence y — ¥ is a bijection on I, it follows from above that
||Iu5¢||gp'(p) = ||]U3-¢||Kp,([').

Example 3.6 We will now discuss the case of the vector measure considered in the
case (1) in Example 2.2; as before we will denote it by v,,.

(a) As we said in the introduction, the vector measure v, is always norm integral
translation invariant. If, in addition, p is reflection invariant, we will next prove
that v is also norm integral reflection invariant. Notice Tg(f) = f defines a linear
isometry on L”(G). Let ¢ € 8(G) and t € G. Then

g(0) =1, 0)| = |¢* u(®)| = ’/Gms — 1)dpu(s)

On other side, since u is reflection invariant, we have

=g().

h(r)=|IU,L¢(t>|=|¢*u(r>|=‘f6¢(r—s)du<s> =VG¢(r+s>du<s>

By the reflection invariance of the Haar measure, this implies that

11, @llLr ) = lgllLre) = 18llrG) = 1l LrG) = 11y, @l LrG)-

(b) However, the vector measure v, could be norm integral reflection invariant al-
though u is not reflection invariant. Namely, let us consider G = T, take xg € T
such that xop # £1 and define u = §,,, the delta function centered at xo. Next,

we choose A € B(T) satisfying xg € A and xo_1 ¢ A. Since u(A) =1 and
w(A~1 =0, the measure p is not reflection invariant. Let ¢ € $(T). Then

Ivua(t)=A¢(St_l)dﬂ(5)=¢(x0t_l)a
Ivmt)=/T¢(rs—1)du(s)=¢(txal).
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Since the norm in LP(T) is invariant under both reflection and translation,
from what we just established above we obtain || IUM$||Lp(T) = ¢llLrm =
11y, @lLr(T)- This shows that v, is norm integral reflection invariant.

(c) We now present a vector measure v, that is not norm integral reflection invariant.
Let us consider the measure w(s) = sdm. (s) and notice it is regular. Take now
as f : T — C the continuous function defined by f(z) =z'. Then

I,,Hf(t)—/f d,u(s)—t/dmjr(s):t, teT,

Ivuf(t)—/f Ddu(s) =1~ 1/demT(s)zo, teT.
T
Since f € L'(v,), it follows that v, is not norm integral reflection invariant.

We have just seen that a vector measure v, may not be norm integral reflection
invariant. However, we have the following important result.

Theorem 3.7 Let 1 < p <oo.If f € Lﬁ(vu), then fe L}U(vu) and there exists
k > 0 such that

1Ny, <kl fllvps  fELL®). (3.7
Moreover, if f € LP(v,), then ]76 Ll(vu).

Proof We will start by proving there is a positive real number C such that

1, @llr) < Cliglu,.p. & €SG). (3.8)

Since the vector measure v, is norm integral translation invariant, by Corollary 4.5
in [3] we have that L”(v,) € LP(G) and || fllLr(6) < [V (G) ™I flly,p. f €
L?(v,). Take ¢ € 8(G). Then, by Minkowski’s inequality we find

- P 7
1, e ) < (/ (/ |¢>(s—t)|dlul(S)) dmc<t))
G G

1
S/(;(/;M’(S—t)|pdmc(t))pd|//b|(s)=||¢||LP(G)|M|(G)

=Clolv,.p

with C = |y, (G)~'/P|u|(G). This establishes (3.8). Let us now consider the norm
ll - Il given in (3.2) and which is equivalent to that of L (v). Then (3.8) gives
I, <4liGll=4 sup

/ advu
BeB(G)IIVB

=4CIx_pPllv,,p =4Cl D0, p-

=4 I
P

Therefore

11l <kll@lly,,p. & €SG) (3.9)
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where k = 4C = 4||vM||(G)_1/1’|u|(G) Take B € B(G) such that |v,||(B) =0.
Then, considering ¢ = x, in (3.9) it follows that [[v|[(—B) = 0. This shows that
Trf = f is a well defined linear operator on Lo(v,i) Cons1der fell (vﬂ) and take
(¢n),, C 8(G) such that 0 < ¢, /' | f|. Then 0 < ¢, / |f| Since both L% (Vu) and

w(UM) have the Fatou property, we have [|¢y|lv,.p /I fllv,.p and also ||y ]l,,
||J7||U#. On the other side, from (3.9) we obtain that ||$n||vu < klénllv,.p, n € N.
Letting n — oo, we conclude that f € LY (v,) and || fllv, <[l flly,, p. Finally, let
f € L?(v,) and consider a sequence (¢n)n < 8(G) such that Pn — fin LP(vy).
From (3 7) it now follows that ¢,, — f in LL w (V). Since each ¢,, € 8(G), we have
that f elL! (V). Il

The above result gives special relevance to the case p = 1. In this case we will
obtain an alternative proof of the well-known result that Lllu(vﬂ) = Ll(vﬂ) =LYG)
(see [11, Proposition 7.35 and Remark 7.36]).

Definition 3.8 Let k& be a positive real number. A vector measure v is k-scalarly
bounded by m, if | (v, x")|(A) < km(A) for all A € B(G) and x’ € By'.

In this situation, note that v < m,;.

Theorem 3.9 Let v be a vector measure such that v << m and, given x' e X', take
hy as in (2.2). Then, the following assertions are equivalent:

(1) v is k-scalarly bounded by m;,

(2) llhyllL(G) <k forall x" € By,

(3) LP(G) € L) with || fllv,p < kPl fllLe) for all f € LP(G) and 1 <
p < 0.

@) LY(G) S Ly, ) with || fllv < kll fll 1) for all f € LY(G).

Proof We start by proving that (1) implies (2). Given x’ € By’ and A € B(G)

/A|hx/|dmc =/Ad|(u,x’)\ = |(v, x')|(A) <km(A).

It follows that hy € L°°(G) and ||hy| Loy < k. Assume now (2) and let us
show (3). Given 1 < p <ooand f € LP(G) and x’ € By

[ irral sl [ 117 etdmg <017 (3.10)

and (3) follows. Clearly (3) implies (4) so finally let us prove that (4) implies (1).
Fixing x" € By’ one has

(v, x)|(A) = /Ad|(v,x’)} < lxaly <klxalpig =kmg(A),

so v is k-scalarly bounded by m,;. g
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Corollary 3.10 L}, (v,) = L'(v,) = LY(G), with || - ||, and | - || ;1) being equiv-
alent norms.

Proof First, we remark that m, and |v,| have the same null sets ([3, Theo-
rem 4.1]). Identifying x" € By with g € L*>(G), it is easy to see that i, =
J 8(-+ )du(s). Therefore

|hel= ’/GgC +5)du(s)| < lgllLe6)|Inl(G) = |rl(G).

Hence v, is k-scalarly bounded by m,, with k = |u|(G). It follows by Theo-
rem 3.9(4) that L'(G) € L},(v,) and || flly, < [ul(GIfllz1(6)- f € L'(G). On
the other hand, [3, Corollary 4.5] indicates that Lllu(vu) - LI(G) and ||f||L1(G) <
el G~ M fllv,» f € LL(vy). Finally, from L} (v,) = L'(G) with equivalent
n(;rms, it follows that Lllv(vﬂ) is order continuous. This implies that Lllu(vﬂ) =
L'(v). 0

4 Convolution Associated to v

Let G be a compact Hausdorff abelian group, X a Banach space and v : B(G) —
X a countably additive vector measure satisfying v < m. In this section we will
then introduce a convolution operator and a vector-valued convolution function (both
associated to v) and relate them with the Fourier transform studied in Sect. 3. Given
x" € X’ consider h, as in (2.2) and take f € L'(G) and g € L, (v). Then gh, €
L'(G) and so the classical Young’s Inequality implies that f % (gh,) € L'(G) and

If * (gh) iy S W f iy lghe iy < 1 fLi)ligllvllx’ll. This allows us to
give the following definition.

Definition 4.1 Let v be a vector measure such that v < m. For f € L'(G) and
g€ L}U(v) we define the convolution operator of f and g associated to v, as the
linear and continuous map f %, g : X’ — L!(G) given by

frog()=fx(ghy), x'eX.

Remark 4.2 Assume that the vector measure v is norm integral translation invariant
and v < m and take 1 < p < oco. Then LY (v) € LY(G) (see [3, Sect. 3]). Therefore,
in this situation Definition 4.1 makes also sense for f in LY ).

Theorem 4.3 Let v be a norm integral translation invariant vector measure such that
v<mgand f,g € L'(v).
(a) Then forally € I' and x' € X'

—

0 g(x) ) ={FE° 1), x). (4.1)
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(b) If, in addition, v is norm integral reflection invariant
(f*,,g( </ (f * ¢p)gdv, x> e L™ G), X' eX. 4.2)

Proof

(a) First of all note that foreachx’ € X’ andy € I’
ghy(y) = /G gOhy )y Ddm (1) = /G g0y (Od(v, x')(1)

= < /G gy (dv (), x/>, =(g" (), x'),

hence

—

fg(¥) ) = [ % (@he) () = F () gh () = F(E" (1), x')
= (g’ (), x').

(b) Letus take x’ € X’ and ¢ € L*°(G). Using Fubini’s Theorem
(f 0 g(x f [ (ghy) () ()dm (1)
=f </ f(t—S)g(S)d(v,X’)(S)>¢(t)dm6(z)
G G
=/ </ f(t—S)¢(t)dmc(t)>g(s)d(v,x/)(s)
G G

=/Gf*¢>(S)g(S)d(v,x’)(S)=</G(f*¢)gdv,x’>,

where the last equality is a consequence of the following fact: since f el! ()<
L'(G) and ¢ € L>®(G) then the classical Young'’s inequality gives that f * P €
L*(G). 0

Corollary 4.4 Let v be a norm integral translation and reflection invariant vector
measure such thatv < mg and f, g € L'(v). Then forally € T

/G (f*7)gdv=f()2" ().

Proof For y € I' just take ¢ = in (4.2) and use (4.1). O

Following the classical case one can define the convolution of f and g with respect
to v in the following more natural way (for a similar definition in the setting of the
bounded bilinear map see [1]).
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Definition 4.5 Let f, g € L°(G). The convolution of f and g with respect to v is the
vector-valued function f *" g: G — X given by

e g(t)=/Gf(f—S)g(S)dv(S), 1€,

provided that f(t —-)g € L'(v) for mg-almostall 7 € G.

Clearly in the case when v < m; we have that
foog(x)=(f+"gx) (4.3)

forall x’ € X" and f € L'(G), g € L, (v) satisfying f(t —-)g € L'(v) for almost all
teG.

We give now some examples. Recall that given an order continuous Banach func-
tion space E(m;) and a Banach space X, an operator T : E(m;) — X is said to
be m-determined if the m ;-null sets and the v, -null sets coincide (or equivalently
if m, is a control measure for v, (see [11, Lemma 4.5])). This notion has been re-
cently studied in [11, Chap. 4]. In particular multiplication operators, Fourier trans-
form, translation operators and operators acting in L”(G) via convolution with mea-
sures are m-determined (see respectively [11, Examples 4.7, 4.10, 4.17 and Re-
mark 7.60]).

Example 4.6 With the notation of Example 2.2 if we assume that T : E(m;) — X is
m-determined, then we have that v, < m,

£ () = /G L (D)) dv, () =T(m(Pg). 1€G. ()

and
£, ()0 =(T(n(Hg).x). x'eX.1eq, 4.5)

provided that f € L'(G), g € L} (v,) satisfy f(t —-)g € E(m,) € L'(v,) for al-
most all # € G. According to (4.4) and (4.5) we have the following particular cases.

(a) Consider the vector measure v : B(G) — E(m) given by v(A) = x, and intro-
duced in (2) of Example 2.2. Then for all t € G and x’ € E(m) (identified with
afunction h € E(m;)>)

f#g(¥) () = f#" g(x') (1) = (w(Pg, x')
= /G f&—5)g®)h(s)dmg(s) = (f * (gh)) (),

provided that f € L'(G), g € Ly, (v). If in addition f(t —-)g € L' (v) for almost
allt € G weobtain  f %" g(t) = f "4 g(¢t) = 1, (f)g.
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(b) If we consider the vector measure v, associated to the Fourier transform pre-
sented in (3) of Example 2.2 we have

F' g0y =7(Dg and f s, 8(X) = F# (g,

forallt € G, f € L'(G) and g € Lllu(v,f) such that f(r — -)g € Ll(vg) where
x' € (¢P'(I")) is identified with y € €P(I").

(c) Take finally the vector measure v, : B(G) — L?(G) studied in (1) of Exam-
ple 2.2. Then

f*g)=(u(Hg)*u and fx,, g(x')0) =((x(Hg) * 1. h),

forall t € G, f € L'(G) and g € L} (v,) such that f(r — -)g € L'(v,) and
x" € LP(G) is identified with the function & € L? (G).

Remark 4.7 In the previous example if the corresponding L” (v) is both norm trans-
lation and reflection invariant, then given f € L? (v) we have that t;(f) € L? (v) for
all r € G. Hence for all g € L? (v) we obtain that f(t —-)g € L'(w) forallr e G.

In the following result we establish some integration properties for the vector-
valued function f *" g.

Theorem 4.8 Assume v < m; and let f € LY(G). If g € L,L(v) is such that
f(t — g € L'(v) for almost all t € G, then f % g is Dunford integrable and
| f %" g||L%U(G,X) < fllLi)llglly. Moreover, if g € L'(v) then f " g is Pettis inte-

grable and (P) fG(f * g)dm, = (fG fde)(fG gdv).
Proof Take x’ € By and let h, be as in (2.2). Since g € L}U(v), notice that gh,’ €

LY (G). Let ¢ be the (m-a.e. defined) function ¥,/ (1) = (f %" g(1),x"),t € G.
Then

V() = /G = $)g)dl, x')(s) = f * (ghe) (1),

and so we conclude that v,+ is measurable. Next, using Fubini’s Theorem

/ (£ *" g(0), x")|dm (1) = / ‘ / f(t—s5)g(s)d(v, x')(s)
G GIJG

=< fG</G}f(t —s)g(s)‘d|(v,x )}(s))dmc(t)

=f (fyf(t—s)|dmc(t)>|g(s)|d|<u,x’>|(s)
G G
— [ I s sl ) < 1 1us el

dm (1)

Hence, f *" g is Dunford integrable and we obtain the inequality. For the second part
fix x’ € X’ and A € B(G). Since the correspondence s — fA f(@t —s)dm, (t) defines
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a bounded measurable function, we have

xA=/</ f(t—s)dmc(t)>g(s)dv(s)eX
G\Ja

/<f v g _x/)t ]G — /</ f(l — S')g(g)dv(s) x/> ’mG( )
L(/\A f( ) mG(l ))g(s)d<v, )(/>(S) = <_x x/)

Proposition 4.9 Let v be a norm integral translation invariant vector measure such
that v < mg and f,g € L'(v). If (¢,)n S S(G) converges to f in L' (v), then for
each x' € X' the sequence (¢, " g, x')), converges to f %, g(x') in L' (G).

and

Proof Fix x" € X'. Using Fubini’s Theorem

||<¢n *V g,)C/> — f %y g(x/) ||L1(G)

Z/Gi((ﬁn " g(t)»x/)—f*v g(x/)(t)|de([)

dm (1)

Z/ '/ (Pt — ) — f(t —5)g(s)d(v, x')(s)
GlJG

= /G(wa)n(r —s5)— f(t —s)|dmc(t>>!g(s>|d|(v,x/>|(s>

<llgn = Flip1 ) llglo- O

In this last part of the paper we present various Young’s Theorems in our setting.

Theorem 4.10 Let v be a vector measure such that v < mg, 1 < p <ooand g €
Ll ).

(@) Then fx,g € L(X',LP(G))and || f*vglrx',rc)y < 1 fllLrc)lglv, for every
feLP(G).

(b) Assume that v is also norm integral translation invariant. If f € LY, (v), then
fxgeL(X', Lg)(V)) and || f *, g”L(X’,LfZ(u)) = ||f||Vp||8||v Moreover, if f €
LP(v)and g € L'(v) then f %, g € L(X', LP(v)).

Proof (a) Take x’ € By. Using Minkowski’s Inequality we have that

1/p
( /G If*ug(x’)<t)|”ma<r)>

= (/ ‘/ ft —s)g(s)d(v,x/>(s)
GIJG

P 1/p
de(t)>
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P 1/p
: (/G </G|f(t —9)|[g@)]d|(v, x >|(S)) de(t)>

1/p
5/ (f If(t—S)I”de(t)) lg(s)|d|(v. x')|(s)
G G
_ fG [ oy 2@ (0 ) ) = 1 £ 106 Il

Hence f x, g(x") € LP(G) for all x’ € Bxs and the inequality follows.

(b) Fix now x” € Bxs and let us show that f x, g(x') € L}, (v). Take 7 € By'. As
in the previous case we use Minkowski’s Inequality together with the fact that v is
norm integral translation invariant to obtain

1/p
(f1r = st)oldlv o)
1/p
5/ (/ \f(r—s>\”d\(v,z’)l<r)> [g@)]d](v, x)|5)
G G

< [ IOl s lalfe. 56 < 1A phel.

Hence f *, g(x’) € L (v) for all x’ € By and the inequality follows. Assume now
that f € LP(v) and g € L'(v) and take (¢n)n and (Yry),, sequences of simple func-
tions converging to f and g in L”(v) and L!(v) respectively. Clearly ¢, € L>(G)
and Y, h, € LY(G), so On *y Y (x") = ¢y, * (Ynhy) is a bounded function and, in
particular, belongs to L” (v). On the other hand since f %, g(x’) € L (v)

”f *y g(xl) — & *y wn(x/) Hv,p
<[00 &= ()], 1~ 8050 v ()],
<Ifllv.plig = allo x| + | —¢n)||,,,,,||1ﬁn||u“x/|| — 0,

then f %, g(x’) € LP(v), since LP(v) is closed in L% (v). Hence f %, g €
L(X',LP(v)). O

Assuming that v is not only norm integral translation invariant but also reflection
invariant we obtain a natural extension of Theorem 4.10(b).

Corollary 4.11 Let v be a norm integral translation and reflection invariant vec-
tor measure such that v K m; and 1 < p <oo. If f € LL(v) and g € LY (v)
with 1 < g < p’ then [, g € L(X',Ll,(v)) with 1/p +1/q =1+ 1/r and
I/ v gl Ly oy = I, pligllv,g. Moreover if f € LP(v) and g € L9(v) then
fxgeL(X' L"(v).

Proof Let x" € Bx'. By Theorem 4.10(b) the linear map Tf,,/(g) = f *, g(x') is a
bounded application from LL,(\)) into L, (v) and ITrx N Lcet .2y < I1F 1, p. On

the other hand, since v is norm integral translation and reflection invariant, given
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g€ Lﬁl(v) then Holder’s Inequality gives that for all t € G

T (2)(0)] SfG|rt(f)(S)||g(S)|d|(v,x/)|(S)

~ 1/p , 1/p'
< (/G|r,<f)(s>|”d|(v,x’)|<s)> (/G|g(s)|”d|(v,x’)|<s>>

< [uPl, el <1 fllv.plglh,p-

Hence, Ty, is also a bounded linear map from LY ) into L®(v) = LS (v) and
”Tf’x/||L(L5,/(v),L°°(v)) < I fllv,p- Then using a standard interpolation argument (see

[6, Theorem 3.4]) the map T, is bounded from LY (v) into L7 (v), where 1 <g <
pand1/p+1/g=1+1/r, and we have

I=p/r p/r
1 ’ r < || T+, 1 ’ ,
l fix ”L(L?U(V),Lw(v)) <I fix ”L(Ll'v(v),L‘,Z(v))” fox ”L(L{,’, W).LoW)

1—-p/r r
<UL NANE =1 -

Therefore || f %, gLy w) = ITrx @ lzgw) < 1 pligllg. 50 f %0 g €
L7, (v) and the inequality follows. For the second part, again using Theorem 4.10(b)
the map Ty s is now bounded from L'(v) into LP(v). But since L®(v) = LS°(v)
then Ty, is also bounded from Ll’/(v) into L°°(v) and the same interpolation theo-
rem gives the result. 0

We finish this paper by giving a generalization of Theorem 4.8.

Corollary 4.12 Let v be a norm integral translation invariant vector measure
such that v <K mg; and 1 < p < oo. Let f € L) and g € L}U(v) be such that
f(t — g € L'(v). Then f %" g is Dunford p-integrable and | f %" glleG.x) =
||v||(G)_1/1’||f||v,p||g||v. Moreover if f € L?(v) and g € L' (v) then f %, g is Pettis
p-integrable.

Proof For the fist part just apply [3, Corollary 4.5], (4.3) and Theorem 4.10(b) to
obtain, for each x’ € X’

< WIG)VP| f % ()|

11£ 5" &%) Loy = VIO TP f " . X, , =

< VI YPY fllv pllg -

v,p
Hence f %" g is Dunford p-integrable and the inequality follows. The second part is
also a direct consequence of Theorem 4.10(b). Il

With the same proof but applying now Corollary 4.11 we have the following final
result.

Birkhauser



332 J Fourier Anal Appl (2013) 19:312-332

Corollary 4.13 Let v be a norm integral translation and reflection invariant vector
measure such that v K mg and 1 < p < oo. Let f € LY (v) and g e LL(v) with
1 <q < p' suchthat f(t —-)g € L'(v). Then f %" g is Dunford r-integrable with
1p+1/g=1+1/rand || f «" gllizG.x) < IVIG) ™" fllv.pllgllv.q. Moreover
if feLP(v)andg e L1(v) then f =, g is Pettis r-integrable.
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