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Abstract We study several fundamental operators in harmonic analysis related to
Jacobi expansions, including Riesz transforms, imaginary powers of the Jacobi op-
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square functions. We show that these are (vector-valued) Calderén-Zygmund oper-
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formula for the Jacobi-Poisson kernel, which we derive from a product formula for
Jacobi polynomials.

Keywords Jacobi polynomial - Jacobi expansion - Jacobi operator - Jacobi-Poisson
semigroup - Riesz transform - Imaginary power - Maximal operator - Square
function - Calderén-Zygmund operator

Mathematics Subject Classification (2000) Primary 42C05 - Secondary 42C10

Communicated by Fulvio Ricci.

A. Nowak (X))
Institute of Mathematics, Polish Academy of Sciences, Sniadeckich 8, 00-956 Warszawa, Poland
e-mail: anowak @impan.pl

A. Nowak
Institute of Mathematics and Computer Science, Wroctaw University of Technology,
Wyb. Wyspiafiskiego 27, 50-370 Wroctaw, Poland

P. Sjogren

Mathematical Sciences, University of Gothenburg and Mathematical Sciences, Chalmers University
of Technology, 412 96 Géteborg, Sweden

e-mail: peters @chalmers.se

Published online: 02 February 2012 Birkh4user


mailto:anowak@impan.pl
mailto:peters@chalmers.se

J Fourier Anal Appl

1 Introduction

The fundamental paper [12] of B. Muckenhoupt and E.M. Stein initiated in 1965
an important development in harmonic analysis known as harmonic analysis of or-
thogonal expansions. The principal part of [12] is devoted to classical ultraspherical
expansions. Recently this setting was reinvestigated by means of more modern tech-
niques in [5, 6]. In the present paper we treat the general Jacobi setting, which is a
natural generalization of the ultraspherical one. In fact, the suggestion of further re-
search in this direction appears explicitly in [12, p.22]. The point of view in [12] is
shaped by the classical Fourier analysis in the torus and has deep roots in the interplay
between Fourier series, analytic functions and harmonic functions. Here as in [5, 6],
we adopt the spectral point of view, which seems more natural and appropriate from
a time perspective and was systematically applied later in the seminal monograph of
Stein [18]. This manifests itself in slight differences between objects arising naturally
according to these two points of view. Some aspects of harmonic analysis related to
the Jacobi setting in the spirit of [12] were studied earlier by Li [9], and recently by
Stempak [20]. However, our approach, governed by the general Calderén-Zygmund
theory, is different and in fact much wider, and it seems more modern.
Given parameters o, § > —1, we consider the Jacobi differential operator

wp_ 4
J 2

d> a—B+(@+pB+1)cosh d a+B+1\°
do? siné de

on the interval (0, ) equipped with the (doubling) measure

0 2a+1 0 2B+1
dig,p(0) = (sin 5) (cos 5) do.

This operator is formally symmetric and positive in L?(d g, ), and its spectral de-
composition is discrete and is given by the classical Jacobi polynomials, see Sect. 2
for details. Moreover, J%# admits the decomposition

2
2 )

where § = d/d6 and §* is the formal adjoint of § in Lz(dua,f;). For the special
choice of « = 8 = A — 1/2, the situation reduces to the ultraspherical setting of type
A considered in [5, 6, 12].

The central objects of our study are the following linear or sublinear operators
related to J*# (for strict definitions see Sect. 2).

(i) Imaginary powers of the Jacobi operator
2P f> (TP v eR, y #0.
(i1) Riesz-Jacobi transforms of arbitrary order N

R fro sV HTNPE S N=1,2,.
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(iii) The Jacobi-Poisson semigroup maximal operator

Hel s £ |exp(—v/T%) £ oy

(iv) The vertical and horizontal square functions based on the Jacobi-Poisson semi-
group

& 1 Joresp (VTP 1] 2y
i’ £ o [5exp(—VTP) 2

(v) Mixed square functions of arbitrary orders M, N based on the Jacobi-Poisson
semigroup

g%{gN: [ ” 8tM$N exp(—tv ja’ﬂ)f”LZ(ZZMJrZN—Idt)a
where M, N =0,1,2,...and M + N > 1.

Our main result, Theorem 2.1 below, says that under the slight restriction o, § > —1/2
these operators are scalar-valued or can be viewed as vector-valued Calderén-
Zygmund operators in the sense of the space of homogeneous type ((0, ), dq, g,
|- 1), where | - | stands for the ordinary distance. Consequences of this, including map-
ping properties in weighted L? spaces, are then delivered by the general theory. The
present results constitute a natural extension of those mentioned above in the ultras-
pherical setting [5, 6, 12] and complement those on Riesz transforms and conjugacy
in the Jacobi setting [9, 20]. Further comments can be found at the end of Sect. 2.

The main difficulty related to the Calderén-Zygmund approach is to obtain suit-
able kernel estimates. Inspired by earlier ideas used in certain Laguerre settings
[16, 17], we present a transparent technique based on a convenient symmetric double-
integral representation of the Jacobi-Poisson kernel emerging from the product for-
mula for Jacobi polynomials due to Dijksma and Koornwinder [7]. This method is
of independent interest and is in fact applicable to a larger class of operators than
(1)—(v), including multipliers of Laplace transform type in the sense of Stein (see [18,
p- 58, p. 121]) and Lusin’s square functions. The well-known closed formula for the
Jacobi-Poisson kernel in terms of Appel’s hypergeometric function, see Sect. 2, does
not seem to be useful in this context. According to our knowledge, so far no rea-
sonable representation is available for either the Jacobi heat kernel or for the multi-
dimensional Jacobi-Poisson kernel. This is the main reason for limiting our investi-
gations to objects expressible via the one-dimensional Jacobi-Poisson semigroup.

The paper is organized as follows. Section 2 contains the setup, strict definitions of
the operators (i)—(v), statements of the main results and accompanying comments and
remarks. In Sect. 3, the operators (i)—(v) are proved to be L2-bounded and associated,
in the Calder6n-Zygmund theory sense, with the relevant kernels. Finally, Sect. 4 is
devoted to the proofs of all the necessary kernel estimates. This is the largest and
most technical part of the work.

Throughout the paper we use a standard notation with essentially all symbols re-
ferring to the space of homogeneous type ((0,7),duq g, | - |). Since the distance
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in this space is the Euclidean one, the ball denoted B(r, ) is simply the interval
(0 —r.0+r)N(0,7). By (f. 8)du, , We mean [(0,71) f(0)g(0)diq,p(0) whenever
the integral makes sense. Further, L? (wd iy g) stands for the weighted L? space,
w being a nonnegative weight on (0, 7). Given 1 < p < oo, p’ is its adjoint expo-
nent, 1/p+1/p’ =1.For 1 < p < oo, we denote by A‘I)[,"S = A‘,x,’ﬂ((O, ), dig,p) the
Muckenhoupt class of A, weights related to the measure (1o, g. More precisely, Ag”g
is the class of all nonnegative functions w such that

] 1 , p/r
0)da,p(0 0)~P17 dp, 9}
ilelg[ﬂa,ﬁ(l)/zw( bt )Mua,ﬁ(l)/zw( ) Hap®) | <o

when 1 < p < o0, or

1 1

w(0)dpg, p(0)esssu < 00
Mo, p(1) Jy @F eelpw 0)

sup
1€

if p = 1; here 7 is the class of all subintervals of (0, 7). Clearly, this implies that w €
L! (da,p). It is easy to check that a double-power weight w(6) = (sin %)’(cos %)s
belongs to A;’ﬂ, l<p<oo,ifandonlyif —2e +2) <r < Qe +2)(p — 1) and
—28+2)<s<2B+2)(p—1),and w € A‘f’ﬁ if and only if —Qa+2) <r <0
and —(28 +2) <s <0.

While writing estimates, we will frequently use the notation X < Y to indicate
that X < CY with a positive constant C independent of significant quantities. We
shall write X ~ Y when simultaneously X <Y and ¥ < X.

2 Preliminaries and Statement of Main Results

Given «, 8 > —1, the standard Jacobi polynomials of type «, 8 are defined on the
interval (—1, 1) by the Rodrigues formula
(=D"

2'n!

di‘l
PP (x) = A=0)7A+0)P—(=0" A+, n=0,1,2,....

Note that each P’ isa polynomial of degree n. It is natural and convenient to apply
the trigonometric parametrization x = cos6, 6 € (0, ), and consider the normalized
trigonometric polynomials

PLE ) = 2P PP (cos0),
with the normalizing factor

-1
P = 1P eos O3 g, oy

B <(2n+a+ﬁ+ DI (n+a+ B+ DM+ 1))1/2
- Fn+a+DIn+B+1)
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where forn =0 and o« + 8 = —1 the product 2n + o+ B+ DI +a+ B+ 1)
must be replaced by I'(a + B + 2). It is well known that the system {Py b >
0} is orthonormal and complete in L2((0, ), de,g). Moreover, each Py # is an
eigenfunction of the Jacobi operator,

a+,3+1>2

TP =neP P, af = (n +—

Thus J%#, considered initially on CZ°(0, ), has a natural self-adjoint extension in
L*(d Ma,p), still denoted by the same symbol J *F and given by

9]
TPL =3 PPy iy PP (1)
n=0

on the domain Dom J%# consisting of all functions f € L?(djtq,g) for which the
defining series converges in L>(d Ma,g)- Then the spectral decomposition of J @b is
given by (1). To see that this produces an extension from CZ°(0, ), observe that

I P PR iy = (TP £ PP Y for any f € C2(0, 7).
The semigroup generated by the square root of 7%# is called the Jacobi-Poisson
semigroup and will be denoted by {Hf"ﬂ }. We have for f € L?(dtq, g)and >0

o0
o —tlny et o o
H ’ﬂf =exp(—tvV J%PF) f = Ze ==l 7, Pn’ﬁ>dua_ﬁ7)n'ﬂv 2)
n=0

the convergence being in L%d Ma,p)- In fact, the last series converges pointwise for

any f € LP(wdpep), 1 < p <oo, we Aa’ﬁ, and defines a smooth function of
(t,0) € (0,00) x (0, ). To give a brief justification of this fact, we note that the
normalized Jacobi polynomials satisfy the estimate (see [25, (7.32.2)])

Prf@)] <+ D2 6e©.m), nz0. ©)

Using Holder’s inequality, one proves that the Fourier-Jacobi coefficients of any f €
LP(wdpep), w e A(;,”S , 1 < p < 0o, grow at most polynomially, in the sense that

1 PEPYapa 5| SN FILpwdpa )+ D¥TPH2 n>0. )

Therefore, the series in (2) converges absolutely and uniformly because of the ex-
ponentially decreasing factor. Moreover, term by term differentiation of this series
together with the differentiation rule (cf. [25, (4.21.7)])

1 o
5P 0) = 3 v/nti et p A1) sinoP @), n>o, (5)

shows that it defines a smooth function of (¢, 8) € (0, c0) x (0, ). In (5), and else-
where, we use the convention that 73,?”3 = 0 if k < 0. Thus the series (2) can be
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regarded as a definition of H?’ﬂ on the weighted spaces L (wduq,p), w € Aa’ﬂ,
1 <p<oo.

The integral representation of {7—[?"'3 }, valid on the weighted L? spaces mentioned
above (see [21] or [13] for the relevant arguments), is

HP f0) = /0 HY (0. 0) f(9) dita (@), 0 0,7), 1 >0,

with the Jacobi-Poisson kernel

o0

_tIn a+p+1 o o
HP0.0) =Y e T Iprbgypr(g). (©6)
n=0

The last series converges absolutely for all 6, ¢ € (0, 7) and ¢ > 0, defining a smooth
function of (¢, 0, ¢) € (0, 00) x (0, 7)2; this follows from (3), (5) and term by term
differentiation. On the other hand, the series in (6) is highly oscillating. Since the
behavior of the kernel is essentially hidden behind the oscillations, to analyze objects
involving H,“’ﬁ (6, ) we will need a more convenient representation. It is well known

that H, P (6, ) can be expressed by means of Appel’s hypergeometric function of
two variables Fy. For o, 8 > —1 such that e + 8 > —1

1 Sinh%
25 1 (0, 7)) (cosh §)arP+2
<Ol +B8+2 a+p+3
X Fy ;

H*? (0, ¢) =

, ; 1, 1;
7 7 a+1,8+

in 8 qin 2\ 2 0 o\ 2
<sm251n2) (00520052> )
7 > 7 )
cosh 5 cosh 5

see [1, pp. 385-387]. From this expression, positivity and continuity with respect to
the parameters «, B of the Jacobi-Poisson kernel can easily be seen. However, for our
purposes we need a more suitable representation, which will be derived in Sect. 4.

We now give precise definitions on L?(d g, ) of our main objects of interest. For
f € L*(dpq.p) we define

(i) imaginary powers of the Jacobi operator

—2yi

oe + ,3 +1
PP )anas PP

wherea + 8 # -1,y €R, y #0;
(ii) Riesz-Jacobi transforms of order N

1™
“+’3 ki <f,P3’ﬁ>dMa,ﬂaN7>3»ﬂ,

wherea + B8 #—land N=1,2,...;
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(iii) the Jacobi-Poisson semigroup maximal operator

HEP £0) = 1HEP £O) o, 6 €(0,m);

(iv) the vertical and horizontal square functions based on the Jacobi-Poisson semi-
group

PO = 10HP F Ol 2gan, 0 € 0,7),
g5 (O = 100 P F Ol 20an, 0 € (0, 7);

(v) mixed square functions of arbitrary orders based on the Jacobi-Poisson semi-
group

gM N(f)(9) = ||3M39NHaﬂf(9)IIL2(,2M+2N Ldrys
where M, N =0,1,2,...and M + N > 0.

Notice that (v) includes (iv) because g‘i‘,’ﬂ = g?’g and go;l’ﬂ = gg {3 . Here and in the

statements of the results we distinguish g“x,’ﬂ and g‘;{’ﬁ since these are the most com-
mon g-functions. As will be explained in Sect. 3, I;‘ # and R‘;‘\,’ﬂ are indeed well
defined on L2(d M, ) by the above formulas, since the series converge in L%(d Ha,B)
and the operators are bounded on L?(d g, g). As for the remaining operators, their
definitions are understood pointwise and are valid for general f € L? (wdiq,g), w €
A%P 1 < p < 00, since HEP £(6) is a smooth function of (z,6) € (0, 50) x (0, 7).

We remark that in the so-called critical case when o + 8 = —1 (and in particular in
the fundamental case « = 8 = —1/2), I)(f # and R%’ﬂ cannot be defined by the above
spectral formulas since then 0 is an eigenvalue of 7 @B To deal with this obstacle, one
usually considers these operators on the orthogonal complement of the eigenspace
corresponding to the eigenvalue 0. So letting Iy be the orthogonal projection onto
{Pg’ﬂ}l, for f € Lz(dua,,g) we can consider in the critical case

—2yi

(x +ﬂ +1
<fa Pg’ﬁ>dﬂav57)g’ﬁﬂ V € R? y #07

1"
a+ﬁ+ (f,P,‘j*ﬁ)dM Npef N=1,2,....

These definitions are indeed correct, see Sect. 3 below. Moreover, since 8738‘ A van-
ishes, the case of the Riesz transforms can actually be covered by the definition in
(ii) above. Thus in further considerations we will not distinguish the critical case and

. o, ﬂ
always denote the Riesz operators by Ry".

The operators Hy' b giﬂ , gi,ﬂ g%}ﬁ v are not linear. They are, however, asso-

ciated with vector-valued linear operators taking values in some Banach space B.
Indeed, it is convenient to identify each of them with a linear operator which maps
a scalar-valued function of 6 € (0, ) to a B-valued function of 6. The correspond-
ing nonlinear operator defined above is then obtained by taking the B norm at each
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B B

and gi,’ R
and L2(:2M+2N=14¢) in the case of g%}ﬁ - For H%P we shall, for technical reasons,
choose B not as L°°(dr) but as the closed and separable subspace X C L°°(dt) con-
sisting of all continuous functions f in (0, co) which have finite limits as ¢ — 0 and
as t — oo. In all the four cases, we shall say that the operator is associated with the
corresponding Banach space B. Similarly, the linear operators / 3 # and R?‘V’ﬁ will be
said to be associated with the Banach space B = C.

To obtain the boundedness results for our operators, we shall see that they are
vector-valued Calder6n-Zygmund operators, in the sense that we now define. As al-
ways, this definition goes via the kernel. So let B be a Banach space and let K (6, ¢)
be a kernel defined on (0, ) x (0, m)\{(@, ¢) : 6 = ¢} and taking values in B. We
say that K (0, ¢) is a standard kernel in the sense of the space of homogeneous type
(0, ), dpg,p, | - ) if it satisfies the growth estimate

point 6, or rather at a.a. 6. Clearly, B will be L?(tdt) in the cases of g“)‘,’

1
KO, 9)le < 7
1RO S s B, 1o =01 @

and the smoothness estimates

16— 0’| 1
IK®,¢)— KO, o)l S

N . 10—l >210 -0,
10 — ¢l ta,p(BO. ¢ —06]))

®

o
cle—9l !

< . 10—l >2lp—¢;
10 — @l 1a,p(BO, e —01))

C))

IK @, ¢)— KO, 9B

here B(6,r) denotes the ball (interval) centered at 6 and of radius r. When K (6, ¢)
is scalar-valued, i.e. B = C, the difference conditions (8) and (9) can be replaced by
the more convenient gradient condition

1
16 — @lua,p(BO,|lp—6)

106 K (6, )| + 10, K (6, 9)| S (10)

Notice that in these formulas, the ball B(6, |¢ — 6]) can be replaced by B(¢, |¢ —6]),
in view of the doubling property of (q. g.

A linear operator T assigning to each f € L?(d g, p) ameasurable B-valued func-
tion T f on (0, ) is said to be a (vector-valued) Calderén-Zygmund operator in the
sense of the space ((0, ), duq,g, | - |) associated with B if

(a) T is bounded from Lz(dua,,g) to L%B(dua,ﬁ), and
(b) there exists a standard B-valued kernel K (6, ¢) such that

Tf(9)=f(0 )K(Q,tp)f(wdﬂa,ﬁ(w), a.e. 6 ¢ supp f, (1)

for every f € L*(d Me,p) With compact support in (0, 7).

Birkhauser



J Fourier Anal Appl

When (b) holds, we write T~ K (0, ¢) and say that T is associated with K. Here
integration of B-valued functions is understood in Bochner’s sense, and leB (dire,p)
is the Bochner-Lebesgue space of all B-valued d 1« g-square integrable functions on
(0, 7). It is well known that a large part of the classical theory of Calderén-Zygmund
operators remains valid, with appropriate adjustments, when the underlying space is
of homogeneous type and the associated kernels are vector-valued, see for instance
the comments in [16, p. 649] and references given there.
The main result of the paper reads as follows.

Theorem 2.1 Assume that o, B > —1/2. The operators I]‘f’ﬂ, a+B>—-1,y #0,
and R%’ﬁ , N=1,2,..., are Calderon-Zygmund operators in the sense of the space

of homogeneous type ((0,7),duq g, |- 1). Moreover, each of the operators ’Hi"ﬂ,

g(‘x,’ﬁ, go;]’ﬂ and gi{/,’ﬂN, M,N=0,1,2,..., M+ N > 1, viewed as a vector-valued op-

erator, is a Calderdn-Zygmund operator in the sense of the space ((0,7), d e g, |- |)
associated with B, and here B is X, L?(tdt), L2(¢tdt) or L2(:2M+2N—=14y), respec-
tively.

The proof of Theorem 2.1 splits naturally into the following three results.

Proposition 2.2 Let «, B > —1/2. The operators I}‘f’ﬁ, a+pB>—1,y#0, R%‘ﬁ,

N=12,..., i"ﬁ, g“x,’ﬁ, g‘;{’ﬁ, andgE.N, M,N=0,1,2,...,. M+ N > 1, are

bounded on Lz(d,ua,/g). In particular, each of the operators Hﬁ:’ﬁ, g%’ﬁ, g%ﬁ, g?‘lfN,

M,N=0,1,2,..., M+ N > 1,viewed as a vector-valued operator, is bounded from
L2(d,ua,,3) to L%B(d,ua,,g), where B is as in Theorem 2.1. Moreover, the operators

g“)‘,’ﬁ = g‘f(')g and more generally gi,}ﬁ o are essentially isometries on L? in the sense
that

1850 U 12y = €N F N2 )
with ¢ = c(M); however, in the case when o = B = —1/2, one must replace f by

[y f in the right-hand side here.

For «, B > —1/2 define the kernels

1
TQiy)

o
K3P(©, )= / HP 0,017 \dt, yeR, y #0, a+B>—1,
0

1 o0
R;"\;ﬁ(e,@szo WNH"P 6, 0N dr, N=1.
(12)

Proposition 2.3 Let o, B > —1/2. The operators I¥* .o+ > —1,y %0, and R%",
N =1,2,..., are associated with the following kernels:

1P~ k2P0, RY ~ RGP0, 9).
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Further, the operators Hgf’ﬂ, g'{,’ﬂ, g‘;,’ﬂ, gi‘,}ﬁv, M,N=0,1,2,...,. M+ N > 1,
viewed as vector-valued operators, are associated with the following B-valued ker-
nels:

HEP~HP O, 000, gy ~ (0 HP 0, 0))in0,
g’ ~ (00 H 0,00, gy ~ 100N HP 0, 0))i0.

Here B is as in Theorem 2.1.

Theorem 2.4 Assume that o, > —1/2. The scalar-valued kernels K;l’ﬁ(Q,go),
yeR, y#0,a+8>—1,and R%’ﬁ(Q,(p), N =1,2,..., satisfy the standard es-
timates (7), with B = C, and (10). Further, the vector-valued kernels appearing in
Proposition 2.3 satisfy the standard estimates (7), (8) and (9), with B as before.

The proofs of Propositions 2.2 and 2.3 are given in Sect. 3. The proof of Theo-
rem 2.4 is the most technical part of the paper and is located in Sect. 4. The restriction
o, B > —1/2 in the results is imposed by the method we use to prove the standard es-
timates in Theorem 2.4, and more precisely by a similar restriction in the fundamental
formula of Dijksma and Koornwinder needed to derive suitable expressions for the
kernels; see Sect. 4 for details.

An important consequence of Theorem 2.1 is the following.

Corollary 2.5 Leta, B > —1/2. Then each of the operators I;"ﬂ,a—i—ﬁ >—1,y #0,
R%’ﬂ,N:1,2,...,Hi’ﬂ,g$’ﬁ,g%ﬂ,andg;lf]v, M,N=0,1,2,.... M+ N > 1,
is bounded on L (wd i, p), w € A‘;,’ﬁ

LY (wdpg p), we A%P.

, 1 < p < o0, and from Ll(wdua’ﬂ) to weak

Further consequences of Theorem 2.1 can be derived from the general theory of
Calder6n-Zygmund operators, see for instance [4, Sect. 1] and references given there.
We leave this to interested readers.

Proof of Corollary 2.5 The assertions for the scalar-valued operators I,'f # and Rf(;’g
follow from the standard Calder6n-Zygmund theory for spaces of homogeneous type.

The case of the maximal operator Hi"ﬁ is analogous to the Laguerre heat-diffusion
maximal operator considered in [16], see the proof of [16, Theorem 2.1]. The relevant
fact that each 'H(,x’ﬂ, t > 0, is bounded on L?(wdy,g), w € A;’ﬂ, 1< p <o0o,can
be easily justified by means of (3) and (4).

Finally, the assertions for the square functions g“x,’ﬂ , g‘é’ﬁ , gaMﬁ > are proved by
means of (3) and (4), by the arguments used in the Hermite and Laguerre function
settings; see the proofs of [22, Theorem 2.2] and [24, Corollary 2.5]. O

‘We finish this section with various remarks.

Remark 2.6 1t is not appropriate to replace § by its adjoint §* = —§ — (@ +
%)cot% + B+ %)tan% in the definitions of the Riesz-Jacobi transforms and the

Birkhauser



J Fourier Anal Appl

square functions involving the horizontal component. Focus for instance on gi,’ﬂ .Let
§Z’ﬂ(f)(9) = ||8* exp(—t+/ J“vﬂ)flle(,dt) be the g-function arising by replacing §
with 8* in the definition of gZ’ﬂ . A direct computation reveals that, fora« + 8 > —1/2,

1 0 1 0
<a + 5) COtE - </3 + 5) tanz‘Pg'ﬁ(G).

Since PLP € LP(djuigp) for all p > 1 and 2P (PLP) ¢ LP(djiep) when p >
min(2a + 2,28 + 2), we see that fg’f,ﬂ

1 < p < 00. In particular, it follows that §fl
tor.

TP PO =@+ B+ 1)

is not bounded on all the spaces L” (dq,p),

P cannot be a Calder6n-Zygmund opera-

Remark 2.7 Lower LP estimates, 1 < p < oo, for the Jacobi vertical square func-
tions can be deduced from Corollary 2.5 and a standard duality argument, see [12,
pp. 66—67]. This can be generalized to the weighted setting with A‘;’ﬁ
ted, see [24, Remark 2.6].

weights admit-

Remark 2.8 In connection with the critical case o + 8 = —1 excluded in Theo-
rem 2.1, we note that for « = 8 = —1/2 the operator I,‘f P [Ty can be treated like
I)‘f P , @ + B # —1, and proved to be a Calderén-Zygmund operator associated with
the kernel

1/2,-1

o 1 o ) .
KVI/Z’ 1/2(9,§0)=m/0 o H, /(940)12”/6”, yeR, y#0.

Details are left to interested readers.

Finally, we relate our results to those in the earlier papers mentioned in the intro-
duction and concerning the Jacobi setting.

In the article [6], the authors consider the ultraspherical setting with the type pa-
rameter A > 0, which coincides with our Jacobi setting with a = =1 — 1/2 >
—1/2. In the main result, they prove that the corresponding Riesz transforms of arbi-
trary order are Calderén-Zygmund operators in the sense of the associated space of
homogeneous type. Moreover, they show that certain square functions, see [6, (1.4),
(1.5)], can be viewed as vector-valued Calderén-Zygmund operators. Our present
results extend those from [6] in several directions. First of all, we consider the Ja-
cobi setting with arbitrary o, 8 > —1/2; in particular, the case « = = —1/2 is
included. Secondly, we deal with an essentially wider variety of operators, including
imaginary powers, the Poisson semigroup maximal operator and mixed square func-

tions. For « = B the Riesz-Jacobi transforms Rf(;ﬁ coincide with the Riesz operators

B

from [6], the vertical g-function g“x/’ coincides with the g-function in [6, (1.4)], and

the horizontal g-function g}';’ﬂ dominates that in [6, (1.5)]. The technique for prov-
ing standard estimates developed in this paper is different even in the ultraspherical
setting and seems more transparent. In addition, we give a shorter proof of the L>-
boundedness of the Riesz-Jacobi transforms.

Birkhauser



J Fourier Anal Appl

The first-order Riesz transform related to ultraspherical expansions of type A > 0
was investigated earlier, by different methods, in [5], and, among other results, the
L?-boundedness, 1 < p < 0o, and weak type (1, 1) were obtained in the unweighted
context.

Considering the fundamental paper [12], we already mentioned that our defini-
tions of operators, as well as those in [5, 6], are “spectral” and differ from those
in [12]. However, they are related and this allows one to move certain results in both
directions. For instance the ultraspherical Riesz transform of order 1 and thus also
our Riesz-Jacobi transform are related to the conjugate function mapping from [12]
by a well-behaved multiplier operator, see [5, Sect. 6]. Further, the g-function studied
in [12] can be treated, at least partially, by means of the Calderén-Zygmund theory
and the technique of kernel estimates presented in Sect. 4, see [6, Sect. 4.3]. The L?
and weak-type (1, 1) boundedness of the Poisson integral maximal operator proved
in [12] can also be obtained from our result about the maximal operator Hff’ﬂ .

Some results of [12] were generalized to the Jacobi setting in [9], in particular the
L? mapping properties of the conjugate function mapping. The proof in [9] is based
on deep estimates of the transplantation kernel for Jacobi orthonormalized polyno-
mials obtained by Muckenhoupt [11]. In fact the result on the conjugate function
mapping in [9] (and thus also in [12]) is a direct consequence of Muckenhoupt’s
transplantation theorem [11], see [20, Sect. 5].

We mention that conjugacy problems in other Jacobi settings were investigated
earlier by Stempak [19] in the ultraspherical case and by the authors [14]. Recently,
Betancor et al. [3] complemented the results of [6] by deriving principal-value inte-
gral representations for the ultraspherical Riesz transforms of higher orders.

The imaginary powers of the Jacobi operator can be viewed as spectral multipli-
ers related to J%#. Consequently, some special cases of our main result on Iﬁl P

are covered by multiplier theorems existing in the literature. In particular, Ig Pisa
multiplier of Laplace transform type in the sense of Stein [18] and hence, in the ul-
traspherical case, its unweighted L?-boundedness and weak type (1, 1) follow from
a result of Martinez, see [10, Theorem 1.1]. For an account of other multiplier the-
orems in the ultraspherical and Jacobi settings, we refer to [10, Sect. 1]. Finally, we
observe that with only slightly more effort, our methods are sufficient for proving, via
the Calderén-Zygmund theory, a weighted multiplier theorem for Jacobi expansions
in the spirit of Stein’s general multiplier theorem for contraction semigroups [18,
Corollary 3, p. 121]. We leave the details to interested readers.

3 L2-boundedness and Kernel Associations
In this section we show that the operators that we are dealing with are indeed well de-
fined and bounded on L?(d g, ). Then we identify the kernels which these operators

are associated with in the Calder6n-Zygmund theory sense.

Proof of Proposition 2.2; the cases of I]‘f  and ’Hgf’ﬁ The Plancherel theorem shows
that the imaginary powers 13 *F are well-defined isometries on Lz(d,um g), except
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when « = § = —1/2. In the latter case, the I}‘f’ﬁl'lo are isometries on {Pg’ﬁ}J‘ and
contractions on L2(d Ha,B)-

Next, we observe that the L2-boundedness of the maximal operator Hf:’ﬂ is a
consequence of the analogous property for the Jacobi-Poisson maximal operator Sy P
in the standard Jacobi polynomial setting, see [14, p. 346]. This is because ’Hff’ﬁ
be controlled pointwise by that maximal operator. Indeed, letting {T,a’ﬁ } be the one-
dimensional Jacobi semigroup in the setting of [14] and {7",“”3 } be the semigroup
generated by J' @B we have

a+p+1
2

T}a’ﬁ(f ocos)(f) =e !¢ )thayﬁf(Cose)’ 6 € (0, 7),

for suitable functions f on (—1,1). Then the subordination principle implies
IHz’ﬂ(f o0cos)(B)| < Sf’ﬁ|f|(cos 0), and the conclusion follows. O

The treatment of the Riesz transforms is less straightforward. It is not even clear
whether the defining series converges in Lz(d,um ), and this is because {SN Py A :
n=0,1,2,...} does not form an orthogonal system unless N = 1. To overcome this
obstacle, we will decompose 8" P,/ *# into a suitable sum involving other orthogonal
systems, see [15, Sect. 4] for a general background. For this purpose, the following
formula is crucial (cf. [15, (7.27)])

A 0\2
Acos0 PP (g) = B(“‘E‘“E) P29y 4 C (sm 2) Piir o)

6\> .
+D<cos§> PUE20) + EPEP6), n=1, (13)

with the coefficients

=@+ DB+ D(a+B+2n),
B=Jn—-Dn+a+p+2)(n—D@+B+2) + @+ D>+ B+ D,
C=B-a)yn+pn+a+hn+a),
D=B—-a)y/n+a)(n+B+Dn+p),
E=nn+a+p+1)((n—D@+p+2)+2+D(B+1).

Notice that A >~ n, and that B = O(n?), C = O(n?), D = O(n?) and E = O(n?) as
n— 0.

Lemma 3.1 Ler N > 1. Then we have the decomposition

Npeboy= Y O(nN)<sin€)v<cos€>n PEEI@). (14
n 2

2
0<v,n,p<2N
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Here and in the sequel, we write expressions like OmY) for factors which are
independent of 6 and which are bounded in modulus by Cn" with C independent

of n, and also independent of M in connection with the operators gi,}ﬁ N

Proof of Lemma 3.1 First we claim that

sVPrPo)= Y OmN ) (sin0)" (cos0) P 9y, (15)
1<r<N

0<m<r

To verify this we will use Faa di Bruno’s formula for the Nth derivative of the com-
position of two functions (see [8] for the related references and interesting historical
remarks),

N! 8 0 8N 0 kn
8N(gof)(6')=Zkl‘.7(a"1+ ey o f(9)( A )) . ( S )) ’

N!
(16)
where the summation runs over all ky,...,ky > 0 such that k1 + 2kp + --- +
Nky = N. Choosing f(0) =cos6 and g(x) = g, ﬁ(x) ﬂ(arccos x), and using

the fact that

1
0xg(x) = —5\/11(11+a——{—,3—|—1)73:j11’ﬁ+](arccosx) Om)g, aH ’3“( ),

which follows from the differentiation rule (5), we see that

sV PB(g) = Z O ¥ (sin §) Loaai=n ki
ki4+2ky+-+Nky=N

x (cos ) Zevni=n ki pet AT )

Since the powers of sinf and cosf sum to |k| and the constraint k; + 2kp + --- +
Nky = N implies |k| <N — Y ki, the claim follows if we let |k| = r and

ZoddiSN ki = m.
Next, we claim that for r —m > 1

eveni<N

2|s1]
r—mpotr,B+r _ r—m ; Q
(cos®) P._r @) = E O(n )(sm 2)

s1,52€{0, 1}

A atm+2[s1],B+m+2ls |
« <cos§) petm2nlpmi2nlg) - (g9)

—m—|si|—|s2|

where |s1], |s2| denote the lengths of the multi-indices s1, 5. Indeed, by (13) we get

0 251 9 2s) o -
COS@'ngrr’ﬂJrr(O) _ Z On) <Sin 5) (COS _) Pot+r7 +2s1,B+r—1+ 32(6)

2 n—r+1—s;—s
s1,52€{0,1}
and iterating this we arrive precisely at (17).
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A combination of (15) and (17), and the fact that sinf = 2 sin % cos %, reveal that

0 m+2|s1| 0 m+2|s3| 5 5
5N7>g‘»ﬂ(9)=20(n”)<sin E) (cos—) potmt2lsilfrmyinl gy

2 n—m—|si|—|s2|

where the summation runs over 0 <m < N and sy, 52 € {0, I}N ~™ possibly with
some terms vanishing. This implies the assertion of the lemma. g

We note that (14) could be improved, since some of the terms vanish.

Proof of Proposition 2.2; the case of R%’ﬂ Using Lemma 3.1 and taking into account
the fact that each of the systems

AN AN
{(sinz) (cos§> P;’l‘+”’ﬂ+’7(9):n=0,1,2,...}, n,v >0, (18)

is orthonormal in L%(d Ma,p), we infer (see [15, Proposition 3]) that the operators
R%‘ﬂ are well defined and bounded on L2(d Ha,B)- Il

We proceed to square functions.

Proof of Proposition 2.2; the cases of g“x,’ﬁ , g%ﬁ and gi,lﬂ  Itis enough to verify the
boundedness in L2(d Ha,g) Of

gl (O = 1M ) H P )] 2 w2814

withany M, N =0, 1,2, ... suchthat M + N > 0.
By differentiating the series defining Hf"ﬁ f in (2), we get for f € L*>(d Ha,B)

00 M
+B+1
oM gN 7 2P — 1M 9 .
;09 H, " f(0) E()n+ >
n=0
a+p+1

x eI+ I(f, pg,ﬁ>dﬂa’ﬂ5N7gg,ﬂ(9)’

which in view of Lemma 3.1 gives

00

a+p+1

Mo o)=Y Y 0@t
0<v,n,p<2N n=0

N[ O\ o,
x {f, P,‘f’ﬁ)dﬂw <sin E) (cos 5) ngp’ﬂﬂ(@).

In the exceptional case « +  + 1 = 0, there is no term with n = 0 in these and the
next few sums. Now the orthonormality of the systems (18) leads to

e o0
I gy = [ [ 1000 FORRY a0
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2M42N =21 L) IM42N -1
f 3 2N 2 L NN by gy
n=0

2M+2N

,B 2
_F(2M+2N)Z(2n+a+ﬂ+1)2M+2N (PP Vg |

2
5 ”f“LZ(d,uaﬁ)'

Finally, to prove the claimed isometry property of gg,lﬁ o> Dotice that

o

a+B+1 a+ﬁ+l

oMK f = Z(—I)M‘n + f‘ TN P gy s PP
n=0

Then Parseval’s theorem shows that, for f € L?(d Ha,B)s

+B+1]
1830 2 ) = Z‘ o ﬁ

n=0

_ atp+1 _
KN PE P [ 2 2y
0

=27"rem| f13,

(At p)’

when « + 8 4+ 1 = 0 the last occurrence of f must be replaced by Iy f. O
We pass to kernel associations.

Proof of Proposition 2.3 The arguments we shall give go essentially as follows. If
T is one of the scalar-valued operators and K (6, ¢) is a candidate for an associated
kernel, then for density reasons it is enough to verify that

(Tf. &)y = f /( o KOO @8O ditap@)diiap©)

for all f, g € C°(0, ) with disjoint supports. The definition of 7 in Lz(dy,a, 8)
by means of the spectral series together with Parseval’s identity allows us to write
the left-hand side here as a series involving the Fourier-Jacobi coefficients of f
and g and in some cases also the auxiliary Jacobi systems (18). It is sufficient to
check that this series coincides with the right-hand side. This is clear on the for-
mal level, after expressing the kernel K (6, ¢) in terms of a series involving products
Py A ® Py A (¢) and then changing orders of summation, integration and possibly
differentiation. However, ensuring that these order changes are indeed legitimate is a
delicate matter since the kernel has a non-integrable singularity. To perform this task,
one has to use the fact that the supports of f and g are disjoint, in order to avoid the
singularity. As usual in similar situations, this is combined with, among other things,
estimates of expressions related to the kernel and some information on the growth
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of the eigenfunctions P, P as n — co. The case of a vector-valued 7 is in principle
similar, only the technicalities are a bit more complex. If K (6, ¢) is now a candidate
for a B-valued kernel associated with one of our square function operators, say 7,
then the task is easily reduced to verifying that

(Tf,h)= </(0 : K, ) f(p)dugp(), h>

for each fixed f € CZ°(0,7) and a set of h that spans a dense subspace of
L%B*((supp f)¢,duq p). Here the dual B* is identified with B. The pairing above is
understood in the sense of LIZB ((supp f)°, dia,p) and its dual, which happens to be the
same space in view of self-duality of B. From here, roughly speaking, one proceeds
with manipulations, see [22, 24], in the spirit described above for the scalar-valued
case. The case of the maximal operator is even easier, since then it is enough to test
the identity (11) for f € C2°(0, ) and only by pairing with point measures §,, € B*
at o > 0.

All the relevant arguments needed to prove Proposition 2.3 were given in de-
tail elsewhere in the settings of Hermite and Laguerre function expansions, see
[16, 21-24]. Since the reasoning in the Jacobi setting is completely analogous, we
only indicate what ingredients specific to the present context are necessary to make
the proofs go through.

To treat the imaginary powers I;‘ P , we proceed as in the proof of [23, Propo-
sition 4.2], with the aid of (3); notice that (3) implies immediately (4) specified to
p =1 and w = 1. The argument starts with an integration by parts in the expression
for K ,‘f A (0, ¢) in (12), and to see that there will be no integrated term, one needs to
know that the Jacobi-Poisson kernel has limit O as either t — 0 or # — oco. This, how-
ever, follows from Proposition 4.1 below; the decay at infinity is also visible in (6).
The relevant estimate for functions f, g € C2°(0, ) with disjoint supports

holds because, for given compact and disjoint sets £, F C (0, ), we have
0
/ O HP 0, 0)dt S1, 0€E, geF.
0

The last bound, in turn, can be easily justified by means of the technique developed
in Sect. 4, see the proof of the growth condition in the case of g‘\)‘,’ﬂ .

Considering the Riesz-Jacobi transforms R%P , we copy with appropriate adjust-
ments the reasoning from the proofs of [16, Propositions 3.3 and 3.7]. The relevant
ingredients are the orthogonal decomposition of 8§V P # stated in Lemma 3.1, the
estimate (3) and a strengthened version of the growth condition for R‘;f,’ﬂ 0, @),

1
Iap(B(O,10 — @)’

o0
/ Y BP9, )1Vt < 6,0 (0,7).
0
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The last bound is proved implicitly in Sect. 4; see the proof of the growth condition
for the kernel associated to R%’ﬂ .

To deal with the maximal operator Hi"’g , we first ensure that the vector-valued
linear operator H*# defined on L*(dq, p) and assigning to an f € L*(d e, g) the
function H*%# f whose value at 6 € (0, ) is

HOP £(0) = {HEP £0)}i-0,

has indeed its values in the Bochner-Lebesgue space ng(d,ua, g). This, however,
follows as in the proof of [16, Theorem 2.1], since 'H?’ﬁ f(6) is continuous in
(t,0) € (0,00) x (0, ) for f € L%d Ma,p), and the scalar-valued maximal operator
H%P is bounded on L?(djiq,p), see Proposition 2.2. Indeed, given f € L?(djiq,p),
the boundedness of the maximal operator together with the completeness of {P, b
n >0} in L2(d, g) implies by standard arguments the existence of the limit
lim,_, o+ Hf"ﬂf(e) for a.a. 8 € (0, w). The existence of lim;_, o Hfl’ﬂf(G) is more
elementary since by (3)

_ a+p+1
> e TN PPy, PP (0)

n>0

a+p+1
5 Zeit‘n+ 7 ‘(n + 1)2a+2ﬂ+4’

n>0

LRSTOIES

which justifies the case when o + 8+ 1#0. When « + B 4+ 1 =0, we write

Q) dlf«a,ﬂ(e)‘ S 3 e g g )22,

n>1

1
HP o) - —— /
AL Pa,p (0, 7)) Jo.)

From this point we continue using the arguments from the proof of [16, Theorem 2.1]
combined with the growth condition for {Hta’ﬂ (6, ¢)}s>0 proved in Sect. 4.

Finally, the treatment of the square functions gﬁﬁ N> M,N>0,M+ N >0, relies
on repeating, with suitable modifications, the arguménts from the proof of [24, Propo-
sition 2.3]. Here the important ingredients are: the estimate (3), the L2-boundedness
from Proposition 2.2 and the growth condition for the associated vector-valued ker-
nels proved in Sect. 4. In addition, in the cases of g-functions with non-trivial hori-
zontal component, the decomposition of 8V P} # from Lemma 3.1 is needed. U

We remark that the proof just given is based on known arguments in the Laguerre
setting, even though the Hermite setting is the basic prototype, cf. [21-23]. This is be-
cause the Laguerre setting is closer to the present Jacobi context, sharing phenomena
absent in the Hermite case like the presence of the type parameters and the additional
orthogonal systems emerging from the decomposition (14).
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4 Kernel Estimates

This section is devoted to proving all the necessary kernel estimates. We start by
deriving a suitable representation for the Jacobi-Poisson kernel (6). This will be
achieved by applying the product formula due to Dijksma and Koornwinder [7],

PEP(1 —2s%)P2P (1 —21%)

Fa+B+Dln+a+DIn+B+1)
anllT(n+aoa+ B+ Dl (a+1/2)T(B+1/2)

/ / a+ﬂ+l(ust+v\/1 —s2V/1—-12)

x (1 —u?)*~ V21 = v~ 12 qudv,

valid for , B > —1/2; here C,? is the classical kth Gegenbauer polynomial of type A.
Let I1, be the probability measure on the interval [—1, 1] defined for « > —1/2 by

r 1
AT, (u) = L(l —u®He 12y,
D (e +1/2)
In the limit case @« = —1/2, we put

1
M_yp= 5(5—1 +41).

Note that IT_y, is the weak limit of T, as @« — —1/2. Using the above product
formula with s = sin % and ¢ = sin “’ , the relation between the polynomials P, *# and

P,‘f’ﬂ, and the fact that 14 (0, 7) ='(a + DI(B + 1)/T' (o + B + 2), we arrive at
the identity

1 2n+a+p+1
Maﬂ(09n) a+/3+1

% %
//dl'[ (w)dTg(v) Ca+ﬁ+1<u sinE sin% + v cos 7 cos %)

Thus, letting A = o + B + 1, we have in view of (6)

o 1
H; ,/3(9’ @) = m//dna(u)dnﬁ(v)

2 A 0 0
X Z 3@n+2) n+ C%n (u sinzsing +vcos§cos %)

Prl OP; () =

To sum the last series, we use the generating function (cf. [2, (1.27)])

2

n+i 1—r
CH)r" = , 1, 2>0. 19
nz(:) PR T e ves S (19)
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The fact that Gegenbauer polynomials of even orders are even functions, and those
of odd orders are odd functions, reveals that summing only over even indices in (19)
will produce the even part of the right-hand side. Therefore we get

HP 6, )

1 Lt
= mslnhif/dna(u)dnﬁ(v)
o, s

1

r_ 04in% — g 2yA+1
[(cosh usin 5 sin 5 — v .cos 5 oS 5)

1
t i gin @ 0 [AVES N
(cosh 5 + usin 5 sin 5 + v cos 5 cos 5)

Taking into account the symmetry of the measures I, and I1g, we end up with the
formula

1P, ) — — SR // dT, (u)dT5(v)
(cosh &

20 P+ 1y 60, 1) —usmzsm% —vcosgcos%)“‘*ﬂ”-

By continuity arguments, this representation remains valid in the limiting cases when
o =—1/2 or B =—1/2. In particular, for « = B = —1/2 the formula gives

—1/2,— 1 sinh? sinh?
H '~ (9 @) = + .
27 | cosht — cos(@ —¢)  cosht —cos(6 + ¢)

Here one recovers the standard Poisson kernel of the unit disc, applied to even func-
tions on the boundary, since the last expression equals (P (re'?, e/?)+ P(re'?, e=19))/
2, withr =e™" and P(z, w) = Qn)~'(1 — |z1%)/|z — w|>.

This provides a symmetric and nonnegative expression for Hta’/3 @, ¢), which
turns out to be especially well suited to our framework. For the considerations that

a’ﬂ

follow, it is convenient to rewrite the last expression for H, " in terms of the function

.0 9 o ¢
q(@,(p,u,v)zl—usmzsma—vcoszcosa, 0,0€l0,m], u,vel—1,1].

Proposition 4.1 For o, B > —1/2 and t > 0, the Jacobi-Poisson kernel can be writ-
ten as

ot dTly (u)dTg(v)
H*P 0, 0) = h—// « , 0<0,p<m,
(6, @) = cq,p Sin 5 (cosh L — 1+ q (8. p. u, 0))*+h+2 <b,p=<m
(20

with cq.p=2""P"1 /11y (0, 7).

An analogous formula in the ultraspherical case can be found in [12, p. 25, formula
(2.12)].
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For further reference, observe that
0 — 0 —
2sin’ T(p =q0.¢,1,1) <q0,9.u,v) <q0,9,—1,—1) = 2cos* 1 ¢
2D
so the quantity ¢ (0, ¢, u, v) is nonnegative and bounded from above by 2. Moreover,
it is strictly positive when 6 # ¢.
The following lemma describes the measure of the interval B(6, |¢ — €]) and is
valid for all o, 8 > —1.

Lemma 4.2 Forall 6, ¢ € (0, ), one has
Ha,p(BO. |9 —0) = |9 — 0100 + 9)** T (r — 6 + 7 — )*+!.
Proof Simple exercise. g

The lemma below establishes an important connection between estimates naturally
emerging from the representation (20) and the standard estimates related to the space
of homogeneous type ((0, ), dq, g, | - |). This is the essence of the whole technique.
A similar result, with appropriate adjustments, holds also in a multi-dimensional set-
ting.

Lemmad4.3 Leta, B> —1/2. Then

g W)dMgv) 1
, 0, 0,7), 6+#¢,
// (@0, @, u, V)2~ 1 5(BO, [ — 6])) pe,m), 0#¢
dllyWdMp(v)  _ 1
.0, 0,7), 6+#¢.
// (@0, ¢, u, )20 — @|ua,p(BO, lp —01)) 9c0.m), 079

To prove this we will need the following simple estimate, see [16, Lemma 5.8].

Lemmad4.4 Let y > —1/2 and ) > 0 be fixed. Then

dTl,, (s) < 1
(A — BS))/+1/2+A ~ AV+1/2(A _ B))"

A>B>0.

Proof of Lemma 4.3 Applying Lemma 4.4 first to the integral against dI1g(v) and
then again to the integral against dI1, (#) we obtain

// dTly (u)dTlg(v)
(q@, @, u,v))*TF3/2
dT1,, (i)
/ - usm— sin £)A+1/2(1 — cos%cos% — usin%sin%)o“"1

dI1g (u)

(1 —sin % sin £)A+1/2 / (1 —cos§ cos% — usin%sin%)"”rl
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< 1
~ (1 —sin 2 sin £)8+1/2(1 — 0 Pya+1/2(1 — 0 ¢ _sin 2sin ©)1/2°
(1 —sin § sin £)A+1/2(1 — cos § cos )4 +1/2(1 — cos § cos & — sin § sin £)1/

‘We now observe that

. 20— 20+

1—cos§cos§=s1 2 + sin 2«92+g02,
0 0 — %
l—sinzsingzsi2 4(/)+cos2 :wz(n—6)2+(n—<p)2,
0 0 0 — 6 —
1—cos—cos——sin—singzl—cos ¢=2Sin2 ¢2(9—¢)2,
2 2 2 2

which gives

AT, (u)dTg(v) 1
// (g0, @, u, v))* B2 ™10 — 9|62 + 92)*H12((r — 6)% + (1 — )2)F+1/2’

uniformly in 6, ¢ € (0, ). This, in view of Lemma 4.2, implies the first estimate of
the lemma.
Parallel arguments justify the remaining estimate. g

The following technical result will be frequently applied in the proofs of the kernel
estimates.

Lemma 4.5 Forall 6,¢ € (0,7) and u, v € [—1, 1], one has
180q (0, ¢, u, V)| Sv/q0, 0, u,v) and 13,96, 9, u,v)| SV/qO,¢,u,v).

Proof 1t is sufficient to show the first inequality, since the second then follows from
the symmetry g (6, ¢, u, v) = q(¢, 6, u, v). Observe that

0 0
q@,0,u,v)=1-—cos Ld +( —u)sinising +(1— v)coszcosg. (22)

Thus we have

0—¢
2

19696, 9.1, v)| = ~ i +(1—uycos o sin? — (1 = v)sin & cos &
,@,u,v)| = =|sin —u)cos —sin= — (1 — v) sin — cos —
99\", ¢ 2 ) 2995
<10—¢l+A—-uep+1—-0v)m@— @)

In the last expression, the first term is controlled by /¢ (8, ¢, u, v) because, in view
of (22), g0, ¢, u,v) 2 (6 — (p)z. For the second term, we write

(1—u)?e? < (1 —uw)?@* +¢») = (1 —w)*@ — ¢)* +2(1 —u)*by
0
<O-9?+d —u)sinzsing
<q@,9,u,v).
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A reflection of this argument in 7r /2 covers the third term. O

We remark that 1/+/2 is the optimal constant for the inequalities in Lemma 4.5,
but proving this requires a more detailed analysis.

The result below will come into play when we verify the smoothness estimates (8)
and (9) for the relevant vector-valued kernels. It will enable us to reduce the difference
conditions to certain gradient estimates, which are easier to verify.

Lemma 4.6 Forall 0,0, ¢ € (0,7) with |0 — ¢| > 2|0 — 0| and all u,v € [—1, 1],

q0,9,u,v) = q(g, ©, U, V).
Similarly, for all 0, ¢, ¢ € (0, ) with |0 — ¢| >2|¢ — ¢| and all u,v € [—1, 1],
q@,0,u,v)>=q®,9,u,v).
Proof For symmetry reasons, it is enough to verify the first relation. By (22),
q0.0.u.v) >0 —)* + (1 —wbp+ (1 —v)(T —0)(T — @). (23)

The three terms in the expression (23) together determine the order of magnitude of
q@,¢,u,v). When 6 is replaced by 5, the first term does not change its order of
magnitude, because of the hypothesis made. To deal with the second term, we first
assume that ¢ < 260. Then the hypothesis implies |6 — 5| <10 —¢|/2 < 6/2. Thus
6 ~ 6, which means that the replacement does not change the order of magnitude of
the second term. In the remaining case ¢ > 26, we have ¢ >~ |¢p — 0| ~ | — §| and
6 <|p—6],sothat® <6+ |¢ —6|/2 < |¢ — 6. Then the second term is dominated
by the first, in (23) and in the analogous expression with g instead of 6. Since the third
term can be treated like the second after a reflection in 77/2, the lemma follows. [

In the sequel we will often omit the arguments and write q instead of ¢ (0, ¢, u, v).
We shall tacitly assume that passing with the differentiation in 8, or ¢ or ¢, under the
integral against dI1,(u)dTlg(v) or against dt is legitimate; similarly for changing
orders of integrals or sums. This is indeed the case in all the relevant cases, which
may be verified in a straightforward manner by means of the estimates obtained in
the proof of Theorem 2.4; see [16, Sect. 5] or [24, Sect. 4] where the details are given
in the context of Laguerre function expansions.

We are now in a position to give the proof of Theorem 2.4. We first treat the ker-
nel {H,a b (6, ¢)}i>0 associated to the Jacobi-Poisson semigroup maximal operator,
which is the easiest to estimate.

Proof of Theorem 2.4, the case of Hz’ﬁ We first deal with the growth condition (7)
specified to B = X. Observe that

sinh § 1
(COSh% -1+ q)a+ﬁ+2 ~ qa+ﬁ+3/2’
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uniformly in q and ¢ > 0. For ¢ small this follows by the asymptotics cosh% - 1=
(’)(tz), t — 0, and for large ¢+ we use the asymptotics tanh% =0(), t - o0, and
boundedness of the quantity q. Then Proposition 4.1 implies

. ATy ()dTT
HH P60, o)} lIx < // iﬁfg+g/§(”),

and the growth bound follows immediately from Lemma 4.3.

To show the smoothness conditions (8) and (9), it is enough to consider (8), by
symmetry. We first analyze the derivative dg H,Dl”S (6, ¢). Applying Proposition 4.1
and Lemma 4.5, we get

|96
(cosh § — 1+ g)th+3

t dll dIl
< sinh = // - a(W)dTls () .
2 (cosh§ — 1+ q)a+h+5/2

By the Mean Value Theorem and the above estimate, we have

s a0, (p)’ < sinh — //dl‘[ (w)dTlg(v)

\H*P (60, 9) — H? (0, 9)|

<10 — 010 H? @, ¢)|

t drl drl
<0 —6/|sinh—f/ : o ()dTl5 (V) -
2 (coshs —1+¢q(0, ¢, u, v))atA+s/

where 8 is a convex combination of # and 6’ (notice that 3 dependi also on t).
Then assuming that |0 — ¢| > 2|0 — 6’|, which implies |# — ¢| > 2|0 — 6], and using
Lemma 4.6, we get that

dTy (u)dTg(v)
o.p H*P @ < £
|H"" (0. 9) — H"" (0", )| S 10 — 0’| sinh 5 // (cosh £ — 1 + q)atB+5/2°

Now the conclusion follows by Lemma 4.3 as in case of the growth estimate. U

We next show that the kernels associated to the imaginary powers of the Jacobi
operator satisfy the standard estimates for o, 8 > —1/2 such that « + 8 > —1 (the
case @ = § = —1/2 must be excluded since then O is an eigenvalue of the Jacobi
operator). Recall that

o
KyP6,9) = /0 HPO.0) " dr, y e R\{O}.

T Q2iy)

Proof of Theorem 2.4; the case of I;f # By Proposition 4.1,

o0 I1 IT
Y 0o I 2 (cosh§ — 1 4 q)o+A+2
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We now split the integral in ¢ into the intervals (0, 1) and (1, 00) and denote the
resulting integrals by Iy and I, respectively. Then

Io < || dll,(w)dTg(v) 1*
0 ol B o (t2 4 q)etht2

and changing the variable ¢ — ,/qs we get

./ dTe (u)dTlg(v) Ty (u)dTlg (v)
ON a+ﬂ+3/2 0 (1+s2)a+f5+2 N a+5+3/2 .

Estimating I, is even more straightforward; we have

MZdt
Ino S //dl'[ (”)dnﬁ(v)/l (e /2y +B+2

dTy (u)dTI
//dl'l (u)dTlg(v) <ff ole)sw/g(v)’

where in the last step we used the boundedness of ¢. In view of Lemma 4.3, the
growth condition (7) (with B = C) for K ;f # (0, @) follows.

To show the gradient condition (10), we use analogous arguments combined with
Lemma 4.5. For symmetry reasons, we may consider only the partial derivative in 6.
Then

9 Lt |99 4l
K‘“’ 9, - h—//dl‘[ drm
a6 v 9 ‘ Sm 2 O ) T — 1 4 et p T

Applying Lemma 4.5 and proceeding as before, we get

0 dH (u)dTIg(v)
—K%P @, —sinh = / /
PR ‘0)' Sm (cosh § — 1+ q)e+F+5/2
drIl, (u)dl'lﬁ(v)
a+ﬁ+2 :
The desired conclusion follows now from Lemma 4.3. O

The next kernels to be considered are those of the Riesz-Jacobi transforms of
arbitrary order N,

1 o
R%”S(G,w) = W/ 3éva’ﬂ(9,¢)tN71dt, N> 1.
0

However, for the sake of clarity and the reader’s convenience, we first treat separately
and in greater detail the more elementary case of the Riesz-Jacobi transform of order
N = 1. We will write simply R*# (9, ¢) instead of RS"* (0, ¢).
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Proof of Theorem 2.4; the case of R‘f’ﬁ By an elementary computation and
Lemma 4.5,

© g [pql
R%Po, </ h—//dl‘[ dn dt
R*P@. @S | sinh AW e et

< Jn JM o0 sinh%dt
N// o) ﬂ(v)/o Cosh L — 1+ qut# 372"

From here we proceed as in the case of I;} # Splitting the integral in ¢ into Iy and
I, as before, we get

tdt
IS //dl‘[ (u)dTlg(v) A ( (2 qetB5/2

// AT, (u)dTIg(v) sds

a+ﬁ+3/2 0 (1+S2)a+ﬂ+5/2’

t/2 dt
Ioo <//d1'[ (u)dl'[;;(v)/ (@)
dIl, (u)dl"lﬁ(v)
ot+,3+3/2 ’
where in the last estimate we used the boundedness of ¢. Thus
dly (u)dIlg(v)
&r6.015 [ .

and the asserted growth condition (7) (with B = C) follows from Lemma 4.3.
We pass to the smoothness condition (10) and start by finding bounds for the
relevant derivatives. Observe that since agq =(1—-q)/4,

(gt )| =
30 \ (cosh § — 1+ q)e+h+3 /|~

(p9)?
(cosh 5 — 1 4 q)e+p+s

lqg — 1]
(cosh§ — 1+ q)a+h+3

< 1
~ (COSh% _ 1 + q)ﬂl"rﬁ“r?) 3

where in the last step we used Lemma 4.5 and the boundedness of the quantity q.
Similarly, using this time both inequalities of Lemma 4.5,

KA doq 18093,
3 \ (cosh & — 1+ q)@+A+3 J| ™ (cosh & — 1 + q)x+h+4

lg@, ¢, v,u) —1]
(cosh§ — 14 q)o+A+3
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< 1
™ (cosh & — 1+ g)eth+3’

Taking the above bounds and (20) into account, we see that

d d
—R*Fo, —R*P (0,
‘30 ( ¢)'+'a¢ ( go)‘

<//d1'[ @)da( )/00 sinh £ dt
~ alll pv 0 (COSh% _1+q)a+,3+3-

Arguing as in case of the growth condition, we infer that

5 3 AT, )T ()
= papB Y pa,p
‘aeR (9"”)'+'8¢R G0 ‘ //

a+ﬁ+2 ’

and this combined with Lemma 4.3 leads to the desired conclusion.

O

To estimate the kernel R?{;’B (0, @) for a general N > 1, we will need the following

technical result.

Lemmad4.7 Fory >1and N=0,1,2,...

N ! 7
o coshE—l—}-q

N ! 7
0y 0y cosh§—1+q S

< :(wsh% —1+q N2 1<,

(cosht —1+q)772, >1,N=>1,

< (cosh§ —1 +q) VN2 <,
(cosh§ —1 +q)v12, t>1.

Proof We assume N > 1. The simple case N = 0 is left to the reader. To analyze
the relevant derivatives, we will use Faa di Bruno’s formula. Choosing g(x) = x7
and f(0) = cosh% — 14 g in (16), it follows that Bév(cosh% — 1+ )77 is a linear

combination of expressions of the form

(aelq)kl . (8évq)k1v
(cosh £ — 1 4 qyr+kit+hy’

where k1 + 2ky +--- 4+ Nky = N. Since for m > 1
%" a=(H""@-D, " a=(=H'"da,
we see by Lemma 4.5 and the boundedness of q that for m > 1

1 m even
m < ’ ’
19 al S {f m odd.
This combined with (24) implies

(24)

N ! -
g cosh5—1+q

k1+2ky+--+Nkn=N

ey Hh3 -k g
- Z ﬁ 1+k3++kg
~ (cosh§ — 1 4 q)r+kit+-

+ky’
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where N = N if N is odd and N = N — 1 if N is even. Taking into account the
boundedness of q and observing that the constraint k| 4+ 2k + - - - + Nk, = N forces
ki+--+ky— (ki +hks+---+kg)/2 < N/2, we get the first two estimates of the
lemma.

Applying 9, to (24), we infer that 9, 301\/ (cosh % —14¢q)~7 is a linear combination
of expressions of the form

@ik - (N g d,q @ik @Y v a,9)9/8)q
(cosh% — 1+ q)ytithkitthy (Cosh% — 1 4 q)r+hit-tky

’

where ki1 + 2k, +---+ Nky =N, i =1,..., N; for the second form we exclude the
cases when k; = 0. By means of the bounds on |9, q| and |9,q| (cf. Lemma 4.5), and
the boundedness of |9, 85q| and g, we conclude that

N ! 7
0y 0y coshz —1+q

k1+k3+--+k g
< Z [ NG N
~ hi—1 y+1/2+ki+-+ky

k14+2ky+-+Nky=N (cosh 7 +a)

\/ak1+k3+'“+k}\7—l i|

(cosh § — 1+ q)v+kit-thy

ky kst g—1
s x e

(cosh & — 1+ q)r+1/2Fkit-Fhy=1/27

k1+2ky+--+Nky=N

Now the last two estimates of the lemma follow as before. O

Proof of Theorem 2.4; the case of Rff,’ﬂ We have

00 t t i
R%’ﬁ(&@,ﬂ//dna(u)dnﬂ(v)/(; sinh 3 aév<COSh§ -1 +q)

_ / / AT, (0)dTT5(0) (Jo + oo).

Nar

where Jo and J are the integrals in ¢ over (0, 1) and (1, 00), respectively. To bound
these integrals, we apply Lemma 4.7 with y = o + 8 + 2 and get

< ! N dt 1 % Nds 1
0~ o (2 q)atBH2EN/2 ~ qatB32 | (1 s2)a tBHIEN/Z ¥ qutpTI/2

oo ,t)2:N—1
I < et dt <1< 1 .
~ | (et/Z)a+,3+5/2N Nqa+ﬁ+3/2

Thus
&y w0 [[ e

qa+ﬂ+3/2
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and the asserted growth condition (7) (with B = C) follows from Lemma 4.3.
To prove the smoothness condition (10), we argue as above, this time using both
estimates of Lemma 4.7 (the first one with N replaced by N + 1). We find that

, , dlly (u)dIg(v)
O R e

and this combined with Lemma 4.3 leads to the desired conclusion. O

We finally deal with the g-functions based on the Jacobi-Poisson semigroup.
The kernel to be estimated is {33} H*P0,¢)}i~0 taking values in B =
L2(t2M+2N_ldt). Here we consider M, N =0, 1, ... such that M + N > 0, so that
the cases of the vertical and horizontal g-functions are included. To proceed, we will
need a generalization of Lemma 4.7. Denote

sinh §
(cosh 5 — 14 q)eth+2’

%P (1, q) =

Notice that in view of Proposition 4.1, this expression, integrated against d 1y (u) -
dTlg(v), gives up to a constant factor the Jacobi-Poisson kernel.

Lemmad4.8 Leto, 8> —1/2and M, N > 0 be given. Then

19y oM @*F (1, q)|

(cosht — 1 +q)~«F~% i<,
< (cosh%—l+q)_°‘_’3_3/2, t>1,ifN>1, 25)
| (cosh 5 — 14 g)~*F~1, t>1,if N=0,

(coshf —1+q)7", t>1,ifN=0M>1,a+p=—1

and

(cosh —1+ g B2 <,

905 M P (1, )| S
v 1 (cosh —1+ q) e B3/2, t>1.

Proof We shall use Faa di Bruno’s formula (16) and the estimates from Lemma 4.7.
Observe that ®*# (¢, q) can be written, up to a constant factor, as

t —a—p—1
o (cosh 3 1+ q)

ifa+pB8+1>0,or as B,In(cosh% —14+q)if e+ B+ 1=0. Applying (16) to
3"t (g o f) with f(t) =cosh 5 — 1 + q and either g(x) = x~*#~! or g(x) =Inx,
we see that 3IM @B (t, q) is a linear combination of expressions of the form

¢ > oddi<m+1Ki ¢ > eveni<m+1 ki ¢ —a—B—1—(k1++kp+1)
(sinh 5) (cosh —) <cosh 3~ 1+ q) ,

2
(26)
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where k1, ..., ky+1 > 0 satisfy the constraint k1 +2ky +- - -+ (M + Dkpy+1 = M + 1.
From here the third estimate in (25) readily follows.

To get the first bound in (25), we combine (26) with the first bound in Lemma 4.7
taken withy =a 4+ 8+ 1+ k1 + - -- + kp+1. The conclusion is that when ¢ < 1

19 oM %P (£, )]

Zoddi<M+1 ki Zeveni<M+l ki
t < t <

< 3

< E (smh —) (cosh —)

' —a—B—1—(ky+--+kpy+1)—N/2
h—-—1 ,

X <cos 5 +q>

the sum running over ki, ..., ky+1 > O such that ky +2ko + -+ + (M + Dky41 =

M + 1. This leads to

)

t _a_ﬂ_l_N/z_(k]+"'+kM+|)+Zoddi§M+lki/2
19N oM %P (1, q)| < Z(cosh 51 +q>

for t+ < 1. Taking into account the boundedness of q and the fact that the constraint
onky,...,ky41 forces (ky 4+ -+ ky+1) — ZoddisMH ki/2 < (M +1)/2, we get
the first estimate in (25).

Justifying the second bound in (25) goes along the same lines. Combining (26)
with the second bound in Lemma 4.7, we see that when ¢ > 1,

195 8} %P (1, q)|

Zoddi<M 1 ki Zeveni<M 1 ki
t =M+ t =M+
< sinh — cosh —
SX(smg) T (o)

>—a—ﬂ—3/2—<k1+---+kMH>

t
h—- —1
x(cos > +4q

the sum running over the same ki, ..., ky/+1 as before. The conclusion follows.

The fourth bound in (25) is slightly more subtle. When o« = 8 = —1/2 there
are important cancellations between terms emerging in 8, ®~/>~1/2(¢ q). A sim-
ple computation gives

1+ (q—1)cosh %
(cosh5 —1+q)?"

20,0722 q) =

To analyze the (M — 1)th derivative in ¢ of this expression, we view it as a prod-
uct of the functions hi(1) =14 (q — 1)cosh% and hy(r) = (coshs — 1 + ¢)~2
and then apply Leibniz’ rule to i1k, and Faa di Bruno’s formula to %;. This shows
that 9™ ®~1/21/2(1, q) is a linear combination of expressions 3%k (1)9M 1% h, (1),
0<k<M—1, where

1+(q—1)cosh%, ifk =0,
Fm)~1@q- 1)cosh §, if k > 0 and k is even,
(q—1)sinh £, if k is odd
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and B,M 1=K p, (1) is a linear combination of expressions

£\ 2oddi<m—1-k i £\ Leveni<m—1-k i t 2=+ +ly-1-k)
(sinh 5) (cosh 5) (cosh 3~ 1+ q) ,

with €1, ..., ly—1-x>0,01+20+---4+(M—1—k)lpy_1_xr=M—1—k. Now
the desired conclusion follows from the boundedness of .

The remaining two bounds of the lemma are proved by combining (26) with the
last two estimates of Lemma 4.7. All the relevant arguments were already presented
above. Notice that since the derivative d, is always present, the singular cases con-
nected with absence of the horizontal component (N = 0) do not occur here. O

Proof of Theorem 2.4; the cases of go\j’ﬂ , g‘;i,"6 and gaMﬂ ~ By (20) and Minkowski’s
integral inequality

||3év BIMH;X’/S(@, Ol 2 2m+2v-14p)

) 1/2
,S/fdﬂa(u)dnﬁ(v)(/ (aévafWCD“’ﬁ(t,q))2t2M+2N_ldt> :
0

We split the inner integral in ¢ according to the intervals (0, 1) and (1, co) and denote
the resulting integrals by Jy and J, respectively. Then by Lemma 4.8 and the change
of variable t = \/gs,

< /l t2M+2N_1dt - 1 /oo s2M+2N—lds
0 =
0 (I2 + q)2a+2ﬁ+3+M+N q2a+2ﬁ+3 0 (1+ s2)2a+2,3+3+M+N

1
q2a+28+3

~

and, taking in addition the boundedness of g into account,

9] [2M+2N_ldt 1
1 est q a+28+3

for some constant £ = £(«, B), and £ > 0 in all cases. Therefore

dT g (u)dTg(v)
N o B
185 8" H" 0. @)l 22ms2n-141) f / TR

and the growth condition (7) with B = L2(2M+2N=1 41y follows from Lemma 4.3.
To prove the smoothness conditions (8) and (9), we first use Lemma 4.8 to bound
the relevant derivatives, getting

10093 0M H 0, )] + 10,0 oM HF (6, 9
< Jf Ty ()dTg(v)(cosh & — 1+ q)~ @ F=2-"F" 1 <1,
A\ ff T w)dTlg(v)(cosh 5 — 1+ q)~*F=3/2, t>1.
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Then the Mean Value Theorem, Lemma 4.6 and the assumptions |6 — ¢| > 2|60 — 6|,
|0 — | > 2|p — ¢’| (considered separately for (8) and (9), respectively) lead to the
estimates

0 oM H P 6. 0) — 9 oM HP (', )]

0 — 6’| [ dTg(u)d Tl (v)(cosh 5 — 1+ q)~* = i
10 — 0’| [[ Tl ()dTlg(v)(cosh & — 1+ q)~4—F=3/2, t>1

<

~

and

8 oM H P 0, 9) — Y oM HP (6. )

M+N

< Vo —¢'I [[ Ty u)dTTg(v)(cosh 5 — 14 q)~F~ .=,
lo —¢'| [f dTo(w)dTIg(v)(cosh § — 1 + q)~«F=3/2, r>1.

Proceeding as in the first part of the proof, we get

192 0M 1P (0, 0) — 9 oM HP (0, ) 12 om2n 140,
dTlg (u)dT1
< 9'[/ Ay ()d T4 w)

ot+/3+2

182 0M 1 (6, 9) — ) 9M H (6, ")l 12 2m23 140,

dIl, (u)dl'[,g(v)
lf/ ot+/3+2 :

An application of Lemma 4.3 now finishes the proof. d
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