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Abstract Let S be a hypersurface in R? which is the graph of a smooth, finite type
function ¢, and let © = pdo be a surface carried measure on S, where do denotes
the surface element on S and p a smooth density with sufficiently small support.
We derive uniform estimates for the Fourier transform [ of u, which are sharp ex-
cept for the case where the principal face of the Newton polyhedron of ¢, when
expressed in adapted coordinates, is unbounded. As an application, we prove a sharp
LP-L? Fourier restriction theorem for S in the case where the original coordinates
are adapted to ¢. This improves on earlier joint work with M. Kempe.
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1 Introduction

The goal of this article is to improve on two results from our previous article [11]
concerning uniform estimates for two-dimensional oscillatory integrals with smooth,
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finite type phase functions, and L”-L? Fourier restriction for smooth, finite type hy-
persurfaces S in R? which are locally the graph of a function ¢ in adapted coordi-
nates. Note that we may and shall assume that ¢ (0,0) =0, V¢ (0,0) =0.

More precisely, the estimate in Theorem 1.9 of [11] for the Fourier transform of a
surface carried measure of S can be re-written as

/R e/ EPEITRIHRRIy (1) dx| < Clnllea e (log@+ IEN (A +1ENTY",

where / is the so-called height of ¢ in the sense of Varchenko (we shall recall some
basic notions like adaptedness of coordinates, height, etc., subsequently).

In Theorems 1.1 and 1.3, we shall identify exactly when the logarithmic factor in
this estimate will be present, with the exception of the case where the principal face of
the Newton polyhedron of ¢, when expressed in adapted coordinates, is unbounded
and ¢ is non-analytic. Examples by A. Iosevich and E. Sawyer show that a different
behavior can indeed occur in the latter case.

Secondly, we shall improve on the following Fourier restriction estimate from
Corollary 1.10 in [11]: Assume that the given coordinates are adapted to ¢. Then

R 172
<[S|f|2/0d0> <Cpllflirmsy. feSRY, (1.1)

holds true for every p such that 1 < p < (2h+2)/(2h + 1), provided that the support
of the smooth density p lies in a sufficiently small neighborhood of the origin.

In Theorem 1.7 we shall prove that this restriction estimate holds true also at the
endpoint p = (2h + 2)/(2h + 1), provided that the coordinates (x1, x2) are adapted
to ¢, possibly after applying a linear change of coordinates.

If the coordinates (x1, x2) are not adapted to ¢, then we will show in a sequel to
this article that the restriction estimate can be extended to an even wider range of p’s.

We shall build in this article on the results and techniques developed in [12] and
[11], which will be our main references, also for cross-references to earlier and related
work. Let us first recall some basic notions from [12], which essentially go back to
A.N. Varchenko [21].

Let ¢ be a smooth real-valued function defined on a neighborhood of the origin in
R? with ¢(0,0) =0, V¢ (0, 0) =0, and consider the associated Taylor series

oo
 k
Pl x2) ~ Y cjx{xs

J:k=0

of ¢ centered at the origin. The set
1
T($) =10, k) eN”:cjp = —=0] 95 (0,0) #£0
Gl
will be called the Taylor support of ¢ at (0, 0). We shall always assume that

T(¢) #9,

Birkhauser



1294 J Fourier Anal Appl (2011) 17:1292-1332

i.e., that the function ¢ is of finite type at the origin. The Newton polyhedron N (¢)
of ¢ at the origin is defined to be the convex hull of the union of all the quadrants
(j. k) +R% in R?, with (j, k) € T (¢). The associated Newton diagram Ny(¢) in the
sense of Varchenko [21] is the union of all compact faces of the Newton polyhedron;
here, by a face, we shall mean an edge or a vertex.

We shall use coordinates (f1, t2) for points in the plane containing the Newton
polyhedron, in order to distinguish this plane from the (x1, x2)-plane.

The Newton distance, or shorter distance d = d(¢) between the Newton polyhe-
dron and the origin in the sense of Varchenko is given by the coordinate d of the
point (d, d) at which the bi-sectrix #; = t, intersects the boundary of the Newton
polyhedron.

The principal face w(¢) of the Newton polyhedron of ¢ is the face of minimal
dimension containing the point (d, d). Deviating from the notation in [21], we shall
call the series

Gpr(x1,x2) 1= Z Cjkxfx§
(J,k)er(¢)

the principal part of ¢. In case that 7 (¢) is compact, @ is a mixed homogeneous
polynomial; otherwise, we shall consider ¢y, as a formal power series.

Note that the distance between the Newton polyhedron and the origin depends
on the chosen local coordinate system in which ¢ is expressed. By a local coordinate
system at the origin we shall mean a smooth coordinate system defined near the origin
which preserves 0. The height of the smooth function ¢ is defined by

h(¢) := sup{d.},

where the supremum is taken over all local coordinate systems x = (x, xp) at the
origin, and where d, is the distance between the Newton polyhedron and the origin
in the coordinates x.

A given coordinate system x is said to be adapted to ¢ if h(¢) = d,. In [12] we
proved that one can always find an adapted local coordinate system in two dimen-
sions, thus generalizing the fundamental work by Varchenko [21] who worked in the
setting of real-analytic functions ¢. For real analytic functions ¢, an alternative proof
of Varchenko’s result, based on Puiseux series expansions of roots and a clustering
of roots has been given by D.H. Phong, E.M. Stein and J. Sturm in [17]. Our proof in
the smooth case in [12] makes use of ideas from both approaches.

Following [21] (with as slight modification), we next define what we like to call
Varchenko’s exponent v(¢) € {0, 1} as follows (this number had been identified by
Varchenko in [21] as what Karpushkin calls the “multiplicity of the oscillation of ¢
at (0,0)” in [15]):

If there exists an adapted local coordinate system y near the origin such that the
principal face 7 (¢%) of ¢, when expressed by the function ¢¢ in the new coordinates
(i.e. p(x) = @(y)), is a vertex, and if h(¢p) > 2, then we put v(¢) := 1; otherwise,
we put v(¢) :=0.

As has been shown by Varchenko in [21], the number v(¢) arises as the expo-
nent of a logarithmic factor in the principal part of the asymptotic expansion of two-
dimensional oscillatory integrals with real analytic phase functions ¢.

Birkhauser



J Fourier Anal Appl (2011) 17:1292-1332 1295

Analogously, we can prove the following uniform estimate for two-dimensional
oscillatory integrals with smooth, finite type phase functions ¢, which improves on
Theorem 11.1in [11].

Theorem 1.1 Let ¢ be a smooth, real-valued phase function of finite type, defined
near the origin, as before, and let h := h(¢), v := v(¢). Then there exist a neigh-
borhood Q C R? of the origin and a constant C such that for every n € Co°(R2) the
following estimate holds true for every & € R3:

/R e/ PRy (1) dx | < C |Inllcage) (log@ + IED)" (1 +1ED 7"
(1.2)

Remarks 1.2

(a) For some special classes of hypersurfaces, related results have been derived by
L. Erdos and M. Salmhofer in [8], which, however, are not necessarily uniform
in all directions. For estimates with §; = & = 0, we refer to the recent work of
M. Greenblatt [9].

(b) For real analytic phase functions ¢, if we restrict ourselves to the direction where
&1 = & =0, then the asymptotic expansion of the corresponding oscillatory in-
tegrals in [21] shows that the estimate (1.2) is essentially sharp as an estimate in
terms of |£].

(c) For real analytic phase functions, our result is covered by Karpushkin’s work
[15], who proved the following:

If ¢ is a real analytic function defined near the origin with ¢(0,0) = 0,
V¢ (0,0) =0, and if r is a real analytic function with sufficiently small norm
(in the space of real analytic functions) then

(log(Z + [A])"

NGO+ ) ()
/Rze n(x)dx RN

<Clinll¢s , reR,

provided the amplitude 7 is supported in a sufficiently small neighborhood of the
origin. Moreover, the constant C then does not depend on the function r. These
estimates also imply closely related stability results for integrals

/ 600~ dx
B

over compact balls B, under small analytic perturbations of ¢. A simpler, alter-
native proof to such stability estimates has been devised in the work of Phong,
Stein and Sturm [17].

(d) If h(¢) < 2, results analogous to Karpushkin’s have been obtained by J.J. Duis-
termaat [6] in the smooth setting. In this case one always has v(¢) = 0.

(e) If h(¢) = 2, and if the principal part of ¢, when expressed in an adapted coor-
dinate system, has a critical point of finite multiplicity at the origin (so that it
is isolated), then an analogue to Karpushkin’s estimate has been established by
Colin de Verdiere [3] in the smooth setting. Notice that if the principal part of ¢
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has an isolated critical point at the origin, then the coordinate system is adapted

to ¢ and v(¢) =0.

The next result, which improves on corresponding results by M. Greenblatt, shows
in particular that, in most cases, the uniform estimates from Theorem 1.1 are sharp if

(61,82) =(0,0).

Theorem 1.3 Let us put
Jx (L) ::/ T (Y dx, A >0,
R2

with ¢ and 1 as in Theorem 1.1. If the principal face 7w (¢%) of ¢, when given in
adapted coordinates, is a compact set (i.e., a compact edge or a vertex), then there
exists a neighborhood Q2 of the origin such that for every n supported in 2 the fol-
lowing limits
a1/h
lim —J+(A)=cxn(0 1.3
Jim e e =en©) (1.3)

exist, where the constants c+ are non-zero and depend on the phase function ¢ only.

Remarks 1.4

(a) The proof of Theorem 1.3 reveals the following additional facts:

If v(¢) = 0 in the theorem, then the principal face 7 (¢“) is a compact edge,
and the constants ¢+ are completely determined by the principal part ¢y, of ¢“.
And, if v(¢) = 1, and if we work in super-adapted coordinates in the sense of
Greenblatt (as explained in Lemma 3.4), so that in particular 7 (¢“) consists of the
vertex (h, h), then the constants c4 are completely determined by the principal
part ¢, of ¢“ and the slopes of those compact edges of N (¢*) which contain
this vertex.

(b) An analogous result for real analytic phase functions ¢ has been proven by
M. Greenblatt (Theorem 1.2 in [9]). For non-analytic, but smooth and finite type
¢, the following weaker result had been obtained in Theorem 1.6b of the same
article:

1/h

(logA)Y

> 0.

lim sup
A——+00

JL(X)

(c) If the principal face 7 (¢%) is unbounded, then the estimate in Theorem 1.1 may
fail to be sharp, if ¢ is non-analytic, as the following class of examples by A. Io-
sevich and E. Sawyer [13] shows: If

¢ (x1,x2) :== x% 4oVl

with o > 0, then

1
[JL(V)] < T logal/e as A — 400,
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whereas v(¢) = 0. These examples also indicate that a precise determination of
the asymptotic behavior of /4 (A1) may be difficult when the principal face is non-
compact.

(d) For real-analytic phase functions depending on more than two variables and satis-
fying an appropriate non-degeneracy condition, the explicit form of the principal
part of the asymptotic expansion of the corresponding oscillatory integrals has
been obtained by J. Denef, J. Nicaise and P. Sargos [4].

The existence of an adapted coordinate system in which the principal face is a
vertex is a priori not so easily verified, but there exists an equivalent, more accessible
condition. In order to describe this, we first recall that if the principal face of the
Newton polyhedron A (¢) is a compact edge, then it lies on a unique line 2] +
Koty = 1, with k1, k2 > 0. By permuting the coordinates x| and x;, if necessary, we
shall always assume that k] < k3. We shall call this weight k = («1, k2) the principal
weight associated to ¢, and denote it also by «P'. It induces dilations §, (x1, xp) :=
(rtxy, r2xp), r > 0, on R2, so that the principal part ¢y, of ¢ is k- homogeneous
of degree one with respect to these dilations, i.e., ¢pr (8, (x1, x2)) = rdpc(x1, x2) for
every r > 0, and

1 1
d=——=—. 1.4)
K{)l‘ +K§r |Kpr| (
Denote by

m(¢pr) := ord g1 ¢py

the maximal order of vanishing of ¢, along the unit circle S I centered at the origin.
We also recall from [12] that the homogeneous distance of a k-homogeneous poly-
nomial P (such as P = ¢y) is given by dj,(P) :=1/(k1 + k2) = 1/|«|, and that

h(P) = max{m(P), dy(P)}. (1.5)

According to [12], Corollary 4.3 and Corollary 2.3, the coordinates x are adapted
to ¢ if and only if one of the following conditions is satisfied:

(a) The principal face w(¢) of the Newton polyhedron is a compact edge, and
m(¢pr) <d(¢).

(b) (@) is a vertex.

(c) () is an unbounded edge.

We like to mention that in case (a) we have h(¢) = h(¢pr) = d(¢pr). Notice also
that (a) applies whenever 7 (¢) is a compact edge and k> /k1 ¢ N; in this case we even
have m(¢pr) < d(¢) (cf. [12], Corollary 2.3).

Lemma 1.5 The following conditions on ¢ are equivalent:

(a) There exists an adapted local coordinate system y at the origin such that the
principal face 7w (¢%) is a vertex.

(b) If y is any adapted local coordinate system at the origin, then either w(¢%) is a
vertex, or a compact edge and m (¢gr) =d(¢?).
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Consider for example the function ¢(x1,x2) := (x2 — 2x12)2(x2 — xf). Then
¢ = Gpr, w(¢p) is a compact edge and m(Pp) = 2 = d(¢), so that case (b) above
applies and the coordinates x are adapted to ¢. Moreover, v(¢) = 1. If we intro-
duce new coordinates y given by y; :=x1, yy :=x2 — 2x12, then ¢ (x) = ¢(y), where
¢ (y) = y3(y2 + y?). The principal face of N (¢) is the vertex (2, 2), so that also the
coordinates y are adapted.

In the case where the coordinates are not adapted to ¢, we see that the principal
face m(¢) is a compact edge such that

mi:=kp/k1 € N, (1.6)

Then, by Theorem 5.1 in [12], there exists a smooth real-valued function i of the
form

Yx) =bix" + o, (1.7)

with b1 # 0, defined on a neighborhood of the origin such that an adapted coordinate
system (y1, y2) for ¢ is given locally near the origin by means of the (in general
non-linear) shear

yii=X1, y2i=x2 — ¥ (xp).

In these coordinates, ¢ is given by

(V) =d (1, y2 + ¥ (). (1.8)

As an immediate consequence of Theorem 1.1 we obtain uniform estimates for
the Fourier transform

p’clTr(@:/e—’f“p(x)da(x), EeR’,
S

of surface carried measures on smooth, finite type hypersurfaces S in R3. Here, do
denotes the Riemannian volume element on S.

If a point x* on such a hypersurface S is given, which we may assume to be
the origin after a translation of coordinates, and if we represent S locally near x° =
(0, 0) as the graph x3 = ¢ (x1, x2) of smooth, finite type function ¢ with ¢(0,0) =0,
Ve (0, 0) = 0 as before, then we define the height of S at x° by h(x%, ) := h(¢). This
notion is invariant under affine linear coordinate changes of the ambient space, as has
been shown in [11]. Similarly, we define v(x9, 8) = v(¢). Denote by do the surface
element of S. Then we have the following improvement of Theorem 1.9 in [11]:

Corollary 1.6 Let S be a smooth hypersurface of finite type in R and let x° be a
fixed point on S. Then there exists a neighborhood U C S of the point x° such that
for every p € C3°(U) the following estimate holds true:

10do ()] < Cllpllcscs)(og@ + N O (1 + )" for every £ e R,
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Our second result concerns Fourier restriction to S. We shall prove that the L7-L>
Fourier restriction theorem of Corollary 1.10 in [11] also holds true at the endpoint, if
S is locally given as the graph of a function ¢ which is given in adapted coordinates:

Theorem 1.7 Let S be a smooth hypersurface of finite type in R, and let x° be a
fixed point on S. Assume that, possibly after a translation of coordinates, x° = 0, and
that S is locally near x° given as the graph x3 = ¢(x1, x2) of a smooth, finite type
function ¢ with ¢(0,0) =0, V¢ (0,0) = 0 as before.

We also assume that, after applying a suitable linear change of coordinates, the
coordinates (x1, x3) are adapted to ¢, so that d = h, where d = d(¢) denotes the
Newton distance of ¢ and h = h = h(x°, S) = h(¢) its height. We then define the
critical exponent p. by

pLi=2h+2, (1.9)

where p’ denotes the exponent conjugate to p,ie., 1/p+1/p’ =1.
Then there exists a neighborhood U C S of the point x° such that for every non-
negative density p € CG°(U) the Fourier restriction estimate

R 172
<fs|f|2pdo> <Cpllflprmey fe€SM®, (1.10)
holds true for every p such that

1<p=<pe. (1.11)

Moreover, if p(x°) # 0, then the condition (1.11) on p is also necessary for the
validity of (1.10).

The second statement about sharpness had already been proven in [11], Sect. 12,
and is based, as usually, on Knapp type examples. The idea is very simple: if we
assume that the coordinates are adapted to ¢ and if, for instance, the principal face
of the Newton polyhedron of ¢ is a compact edge, then we can use the dilations &,
associated to the principal weight «P" to construct Knapp boxes by dilating a fixed
cube. Since the Jacobian of §, is given by rIe?l = p1/d = p1/h (cf. (1.4)) and since ¢
can be well-approximated by the homogeneous polynomial ¢, the necessity of the
condition (1.11) follows easily.

Remarks 1.8

(a) The case where the coordinates (x1, x2) are not adapted to ¢ will be treated in
a subsequent article. It has turned out that in this case the restriction estimate
(1.10) is valid in a wider range of p’s, with a critical exponent which is strictly
bigger than p. and which can be determined explicitly by means of Varchenko’s
algorithm (cf. [12]) for the construction of adapted coordinates.

(b) If the surface S is of finite line type and convex, and if the restriction property
(1.10) holds true also in the endpoint p. = (2h 4+ 2)/(2h + 1), then it has been
shown by A. losevich in [14] that necessarily the Fourier transform of p do must
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decay of order O(|&|~1/") as |£] — 400 (it can easily be shown by means of
Schulz’ [18] decomposition of convex smooth functions of finite line type), i.e.,
v(x%, §) = 0. Conversely, the decay rate O(|&|~!/ hy immediately implies the
restriction estimate (1.10) also for the endpoint p = p.; this is an immediate
consequence of A. Greenleaf’s work in [10].

However, if v(x?, S) = 1, which can only happen in the non-convex case,
the logarithmic factor in (1.2) is necessary, so that one cannot apply Greenleaf’s
result directly.

(c) Of course, ultimately one would be interested in more general L”-L9 Fourier
restriction estimates for S. Since the full range of such estimates is not known
yet even for manifolds with non-vanishing Gaussian curvature, such as spheres
or paraboloids, at present one cannot expect to find the full range for more general
surfaces. A first step in this direction would be bilinear restriction estimates for
more general hypersurfaces, which is the subject of recent ongoing joint work of
the second author with A. Vargas.

Restriction theorems for the Fourier transform go back to E.M. Stein and have
a long history by now. Recall for instance the seminal work by E.M. Stein, and
P. Tomas, for the case of the Euclidean sphere (see, e.g., [19]). Some restriction esti-
mates for analytic hypersurfaces in R® have been obtained by A. Magyar [16], whose
results were sharp for particular classes of hypersurfaces given as graphs of functions
in adapted coordinates, with the exception of the endpoint.

2 Uniform Estimates for Oscillatory Integrals with Finite Type Phase
Functions of Two Variables

In this section we shall give a proof of Theorem 1.1. We shall closely follow the
proof of Theorem 11.1 in [11], which did already provide the uniform estimates in
Theorem 1.1, except for a logarithmic factor which is not really needed in many cases,
as we shall see.

The reader is strongly recommended to have [11] at hand when reading this article,
since we shall make use of the notation and many results from [11] without repeating
all of them here.

By decomposing R? into its four quadrants, we may reduce ourselves to the esti-
mation of oscillatory integrals of the form

J(€) :=/ i ei(§3¢()€|,X2)+¥|X1+§2x2)n(xl’ x2)dx.
R4)

Notice also that we may assume in the sequel that

|§11 + 62 < 81&3],  hence [§] ~ |&3], 2.0

where 0 < § < 1 is a sufficiently small constant to be chosen later, since for |£1| +
|&2] > §]&3]| the estimate (1.2) follows by an integration by parts, if €2 is chosen small
enough. Of course, we may in addition always assume that |£| > 2.
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If x is any integrable function defined on €2, we shall put
JX(&) = / gi(fafi)()ﬂ,X2)+%‘1X1+52X2),7(x1 ,x2) x (x) dx.
(R4)?

The case where h(¢) < 2 is contained in Duistermaat’s work [6] (notice that Duis-
termaat proves estimates of the form (1.2) without the presence of a logarithmic factor
log(2 + |&]), even for a wider class of phase functions), so let us assume from now
on that

h:=h(¢p)>2.

Moreover, if & = 2, then we shall make use of the following special property:

Lemma 2.1 Ifh(¢) =2, then, after applying a suitable linear change of coordinates,
we may assume that one of the following conditions are satisfied:

(i) The coordinates are adapted to ¢.
(ii) The coordinates are not adapted to ¢, but h(¢pr) = h(P). In this case, we have
v(¢) =0 and m(ppr) = 2.

Note that in general we only have i (¢p;) > h(¢), and the inequality may be strict.

Proof Let us assume that the coordinates x are not adapted to ¢. Then the principal
face m(¢) is a compact edge and m(¢pr) > d(¢p) = d. In particular, the principal part
¢pr Of ¢ is a polynomial which is k-homogeneous of degree 1, where we may assume
that 0 < k1 < k2, so that m :=m| = «2/k1 > 1 is an integer. According to [12], ¢pr
can be written as

pr(x1.x2) = exfacd [ [ oo — ey,
l

where the ¢;’s are the non-trivial distinct complex roots of the polynomial ¢
¢pr(1, 1) and the n;’s are their multiplicities. Moreover, there exists an /o such that
m(¢pr) = ny, and such that ¢y, is real. Notice also that « < 1, 8 < 1, since otherwise
the coordinates were adapted.

Assume first that k1 = k>. Then m = 1, and applying the first step in Varchenko’s
algorithm (see [12], or Sect. 2.5 in [11]), we see that we can transform ¢ into q~5 by
means of the linear change of variables y; = x1, y2 = x2 — ¢, X1 such that either the
coordinates y are adapted to (ﬁ, hence q~5 = ¢“, or they are not, but then k| < i (Where
4~>pr is assumed to be k-homogeneous of degree 1).

After applying a suitable linear change of coordinates, we are thus reduced to
the situation where x| < k2, hence m > 2. Let us denote by (Ag, Bo) and (A1, By)
the two vertices of 7 (¢), and assume that Ag < A1. Recall from [12], displays (3.2)
and (3.3), that

Ag=«, Bo=pB+N, Al=a+mN, B =8,

and that
_a+mB+N)

d
* 14+m

, (2.2)
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with N := ", n;. Recall also that the point (Ag, By), with Ag < By, will be a vertex
of all the Newton diagrams that arise when running Varchenko’s algorithm on ¢, so
that we must have 8 + N = By > 2, since h(¢) = 2. Then (2.2) implies that d, >
2> 1, so that nj, = m(¢) > 2.

Since dy < h(¢p) =2, (2.2) implies that 8+ N <2+ % < 3. But, if we had 8 +
N = 3, then the conditions dy <2 and m > 2 would imply o = 0, m = 2, hence
d, =2, and so the coordinates x would be adapted, contradicting our assumption.

Therefore, we must have 8 + N =2. Then 8 =0,N =n;y =2 and o < 2, and
thus the change of coordinates

y1i=x1, Y2 1= X2 = Xy’

transforms the principal part ¢p; into é);r () = oy y%. This implies h(¢p) =
2 = h(¢). Notice also that in this case the principal face of the Newton polyhedron
of ¢, when expressed in adapted coordinates, must be the unbounded half-line with
left endpoint (¢, 2), so that v(¢) =0. Il

We recall the following lemma, which is a (not quite straight-forward) conse-
quence of van der Corput’s lemma and whose formulation goes back to J.E. Bjork
(see [5]) and G.I. Arhipov [1].

Lemma 2.2 Assume that f is a smooth real valued function defined on an interval
I C R which is of polynomial type m > 2 (m € N), i.e., there are positive constants
c1, ¢y > 0 such that

m
c1 < Zlf(j)(s)l <cy foreverysel.
j=1

Then for A € R,

‘/emf(s)g(s)ds <Cliglery(+12h~1",
1

where the constant C depends only on the constants ¢ and c;.
2.1 The Case where the Coordinates Are Adapted to ¢, or where h =2

We shall begin with the easiest case where either the coordinates x are adapted to ¢,
or h = 2 and condition (ii) in Lemma 2.1 is satisfied.

Recall from [12] that if ¥ = (k1, k2) is any weight with 0 < k| < k> such that
the line L, := {(t1, 1) € R? : k111 + Koty = 1} is a supporting line to the Newton
polyhedron N (¢) of ¢, then the «-principal part of ¢

. ik
Ge(xr, x2) = Y cjrxix;

(Jk) €L
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is a non-trivial polynomial which is x-homogeneous of degree 1. By definition, we
then have

@ (x1, x2) = ¢ (x1, x2) +terms of higher x-degree

(see [12] for the precise meaning of this notion).
We claim that we can choose a weight x with O < k1 <2 < 1 such that L, is a
supporting line to the Newton polyhedron of ¢ and

Indeed, in case that the coordinates are adapted to ¢, this has been shown in [11],
Lemma 2.4. And, if the coordinates are not adapted to ¢ but 2 (¢p) = h(¢), then the
principal face is a compact edge, and we can choose for « the principal weight, so
that ¢ = ¢p;. Notice that we have «» < 1, since V¢ (0, 0) = 0.

Let us denote by §, the dilation by the factor » > 0 associated to the weight «, i.e.,
8r(x1, x2) = (r*1x1, r'?x2).

In analogy with the proof of Theorem 11.1 in [11] we fix a suitable smooth cut-off
function x on R? supported in an annulus D such that the functions yx := x o Ok
form a partition of unity, and then decompose

JE = I,

k=ko

where

Ji(§) :=/ ei(§3¢(X)+51XI+52X2)n(x)xk(x)dx
R+)?
_ oKkl /R 2ei(z_k§3¢k(x)+2_kkl51x1+2_kK2$2x2)n(52_k(x))X(x) dx.
R4+)

with ¢F (x) := 2¥¢ (8, x) = ¢, (x) + error term.

We claim that given any point x € D, we can find a unit vector e € R? and some
Jj € Nwith 2 < j <h(¢,) = h such that Be]qﬁ,((xo) #0.

Indeed, if the coordinates are adapted to ¢, then this has been shown in Sect. 7 of
[11], and if they are not adapted to ¢, then the same is true whenever x9 does not lie
on the principal root of ¢, as shown in Sect. 8 of [11]. However, if x0 does lie an the
principal root of ¢, then according to Lemma 2.1 we may choose j = 2.

For k > ko sufficiently large we can thus apply Lemma 2.2 to the integration along
lines parallel to the direction e in the integral defining J; (£) near the point x°. Ap-
plying Fubini’s theorem and a partition of unity argument, we thus obtain

[T @)1 < Clinlles@ny 2 A+ 275 g~
< Clnllesey 27 + 275 g1, (2.3)

where m denotes the maximal j that arises in this context.
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Summation in k then yields the following estimates:

1+ gp~1m, ifmlx| > 1,
()] = Clinlles w2y log2+ [EDL+[ED~Y™M,  ifmlk| =1, 24
(1+ gD, ifmlc| < 1.

Now, if h(¢) =2 and if the coordinates are not adapted to ¢, then m = m(¢p;) >
d(¢) = 1/|k|, so the first case in (2.4) applies. This implies (1.2), in view of
Lemma 2.1(ii).

Next, assume that the coordinates are adapted. If the principal face m(¢) is
a compact edge, then ¢, = ¢pr, hence 1/|«| = d(¢) = h, and moreover m < h.
This implies |«k|m < 1. Since in this case, by Lemma 1.5, v(¢) = 1 if and only if
m =m(¢pr) = h(), i.e., if and only if m|«| = 1, we again obtain estimate (1.2).

If 7 (¢) is unbounded, then m = h and 1/|k| < h, so that the first case in (2.4)
applies and we again verify (1.2).

Finally, if 7w (¢) is a vertex, then 1/|x| = h = m, so that the second case in (2.4)
applies and we obtain (1.2) also in this case.

2.2 The Case of Non-adapted Coordinates: The Contribution of Regions Away from
the Principal Root Jet

Assume next that the coordinates x are not adapted to ¢ and that iz > 2.

As we already explained in Sect. 1, based on Varchenko’s algorithm we can then
locally find a smooth real-valued function i which defines an adapted coordinate
system

yii=x1, 2 i =x2 — ¥ (x1) (2.5)

for the function ¢ near the origin. In these coordinates, ¢ is given by

(V)= 2+ ¥ ().

In the case where Varchenko’s algorithm stops after a finite number of steps be-
cause the principal face 7 (¢%) is a compact edge and m(d)gr) =d(¢*), we meet the
following convention:

We assume that we have then run the algorithm one further step (as in the proof
of the implication (b) = (a) in Lemma 1.5), so that we may assume that 7 (¢) is a
vertex, i.e., the point (h, h). Under this convention, 7w (¢%) will be a vertex whenever
v(g)=1.

Consider the Taylor series

Y)Y b (2.6)

>1

of v, where the b; are assumed to be non-zero. After applying a linear change of
coordinates, if necessary, we may and shall assume that b 7 0 and that the m; € N
form a strictly increasing sequence

2<myp<mpy<---.
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Suppose that the vertices of the Newton diagram Ny (¢“) of ¢ are the points
(A7, B)), 1 =0, ...,n, so that the Newton polyhedron N (¢¢) is the convex hull of
the set | J,((4;, By) + Ri), where A; < A;y forevery [ > 0.

Let L; ;= {(t1, ) € R2: K{tl + Kétz = 1} denote the line passing through the
points (A;_1, Bj—1) and (Ay, B;), and let q; := Ké/x{. The a; can be identified as
the distinct leading exponents of all the roots of ¢ in case that ¢ is analytic (see
Sect. 3 of [11]), and the cluster of roots whose leading exponent in their Puiseux se-
ries expansion is given by qg; is associated to the edge y; :=[(A;—1, Bi—1), (A}, B))]
of N(¢%).

As in Sect. 8.2 of [11], we choose the integer [y > 1 such that

ap < <ap—-1<mp <aqp <---<aq <a4) < <day.

As has been shown in Sect. 3 of [11], the vertex (A;,—1, Bj,—1) lies strictly above the
bisectrix, i.e., Aj,—1 < Bj,—1, since the original coordinates x were assumed to be
non-adapted.

Distinguishing the cases listed below, we single out a particular edge by fixing the
corresponding index A > [y as in Sect. 3 of [11]:

Cases:

(a) In case (a), where the principal face of ¢“ is a compact edge, we choose A so
that the edge y) = [(A,—1, B)—1), (A, B,)] is the principal face 7 (¢?) of the
Newton polyhedron of ¢¢.

(b) In case (b), where 7 (¢p%) is the vertex (h, h), we choose A so that (h,h) =
(A, By). Then A > 1, and (h, h) is the right endpoint of the compact edge y;.

(c) Consider finally case (c), in which the principal face 7 (¢“) is unbounded, namely
a half-line given by #; > v| and t, = h, where v| < h. Here, we distinguish two
sub-cases:

(c1) If the point (vy, &) is the right endpoint of a compact edge of N (¢%), then
we choose again A > 1 so that this edge is given by ;..

(c2) Otherwise, (v, h) = (Ao, Bp) is the only vertex of N (¢?), i.e., N(¢?) =
(vi,h) + R%r. In this case, there is no non-trivial root r, hence n = 0.

In the cases (a), (b) and (c1), let us put

A
s 2.7

a=ay= .
€

We shall assume in the sequel that ¢ is analytic, since the general case can be reduced
to this case as in [11].

In a first step, we now decompose J (&) = J17P1(€) + JPI(£), where p; is the
cut-off function introduced in Sect. 8.1 of [11] which localizes to a narrow k-
homogeneous neighborhood of the form

lx2 — b} < ex)"! (2.8)

of the curve xp = byx|"".
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Lemma 2.3 Let &1 > 0. If the neighborhood 2 of the point (0,0) is chosen suffi-
ciently small, then Ji=n (&) satisfies estimate (1.2).

Moreover, if N'(¢%) is of the form (vi, h) + R%, with v < h, (case (c2) above),
then the same statement holds true for J (§) in place of J 1=p1 &).

Proof The oscillatory integral J'~#1(£) can be estimated in a similar way as in the
case of adapted coordinates by means of Lemma 2.2, and no logarithmic factor is
needed. The reason for this is that any root of ¢, which does not agree with the
principal root x; = b 1x;"‘ has multiplicity strictly less then d(¢), as can be seen from
Corollary 2.3 in [12], so that the third case of (2.4) applies.

Moreover, if N (¢%) = (vi,h) + Ri, with vy < h, then we recall from the proof
of Lemma 8.1 in [11] that ¢, (x) = C)ciJl (xp — blx'f“)h, which implies h(¢,) =
h(¢Z) = h, and we see that in this case we can again apply Lemma 2.2 to the x;-
integration in order to see that also J*! (&) satisfies (1.2), without logarithmic factor,
since here 1/|x| = dj,(¢) < h. This proves also the second statement in the lemma. []

We may and shall therefore from now on assume that the Newton polyhedron of
¢“ has at least one compact edge “lying above” the principal face, i.e., that one of the
cases (a), (b) or (c1) applies. There remains J*!(£) to be considered.

In a next step we shall narrow down the domain (2.8) to a neighborhood of the
principal root jet of the form

X2 — ¥ (x1)] < Naxi?, (2.9)

where Nj is a constant to be chosen later. This domain is k*-homogeneous in the
adapted coordinates y. More precisely, we fix a cut-off function p € C°(R) sup-
ported in a neighborhood of the origin such that p = 1 near the origin, and put

X2—1//(X1)>

kai‘

(X1, x2) == P(

Proposition 2.4 Let N, > 0. If the neighborhood Q2 of the point (0,0) is chosen
sufficiently small, then the oscillatory integral J'~P*(&) satisfies estimate (1.2).

Moreover, if the principal face mw(¢?) is a vertex or unbounded, then the same
holds true for J (&) in place of J'=P*(£).

Proof To prove the first statement in the proposition, we decompose the difference
set of the domains (2.8) and (2.9) in a similar way as in Sect. 8.2 of [11] into domains
Dy :={(x1,x2) ex{’ <|x2— YD < Nx{'}, I=lo,...,A—1,

which are x/-homogeneous in the adapted coordinates y given by (2.5), and interme-
diate domains

Epi={(x1,%2) : Nep1x{"™' <o =y (x| < ex(’}, I=lo,...,h—1,

and
a,
Ejp-1:={(x1,%2) : Njpx; © < |2 — ¥ (x| < e1x]").

Here, the g; > 0 are small and the N; > 0 are large parameters to be determined later.
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Notice that what will remain is the domain in (2.9). Deviating somewhat from our
previous notation for / < A (and the one in [11]), we shall denote this domain by D;,
ie.,

Dy, = {(x1,x2) : |x2 — ¥ (x1)| < Npx("}.
The localizations to these domains will be performed by means of cut-off functions

X2 — I/f(X1)> B p(xz — ¥ (xn)

s o l=ly, ..., A —1,
lef’ slxil’ ) 0

1 (x1, %2) :=,0(XZ;C#>(I —p)<2_4‘p;ﬂ)>, I=lp, ... . h—1,

X1 I+1Xy

pi(x1,x2) := p(

and
1 0]

respectively by p; for the domain D;,.
Here, in each instance p € C(‘)><> (R) is a suitable cut-off function supported in the
interval [—1, 1] such that p = 1 near the origin. Accordingly, we decompose

r—1 r—1
JNE) —IPE) =Y TME + Y TE).

I=lp I1=lp—1

The first part of Proposition 2.4 will be verified if we show that each of the oscillatory
integrals J” (£) and J% (&) arising in this sum satisfies estimate (1.2).

Now, the estimates of Sect. 11 in [11] show that the J (&) satisfy estimate (1.2),
even without logarithmic factor, so we only need to consider the J” (§).

Estimation of JP(§) for Iy <1 <X —1 Applying the change of coordinates (2.5),
performing a dyadic decomposition and re-scaling similarly as in the case of adapted
coordinates, only with the weight « replaced by the weight «!, we find that

IPE = R,
k=ko

where

I ol il
() = 2K / ol QR E0k ()12 1y 122 3 122y (1)
Ry

< pf (N (G5 N x () dy,

with Y& (y1) := 2809 @R yy), 9K (y) 1= 9% () + 259281, ), and

p“(y):p( 22 >—p( 2 )
PP Ny ey’ )
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Here, 8£ denotes the dilation by r > 0 associated to the weight «/, and we have again
decomposed

¢ = g% + 9L,

where ¢{ depends in fact also on / and consists of terms of «!-degree higher than 1.
Since ! < A — 1 we can then again estimate Ji(§) by means of Lemma 2.2, applied
to the y»-integration, by using Corollary 3.2(i) in [11], and obtain

Il _ —1/dy (¢
Jk()] < Cllnllesgazy 2741 (1 4+ 275~/ 00
< Cllnllesgany 27811 + 2715 17" 2.10)

since dj, (¢Zl) < h. This also implies 1 = |Kl|dh (¢Zl)| < |/cl|h, so that a comparison
with (2.4) shows that summation over k yields

1771 E)] < Clinlles ey (1+1ED M.

We next turn to the second statement in Proposition 2.4. We have to show that also
JPx (&) satisfies estimate (1.2). However, if the principal face 7 (¢¢) is a vertex (case
(b)) or unbounded (case (c1)) then Corollary 3.2 (ii) in [11] allows us to argue exactly
as before in order to see that (2.10) also holds for [/ = A. And, in case (b) we have
|k |h = 1, whereas in case (c1) we have |« |h > 1, so that a comparison with (2.4)
shows that estimate (1.2) is indeed valid for J#*(€). [l

2.3 The Contribution of the Homogenous Domain D, Containing the Principal
Root Jet

In view of Proposition 2.4, we may and shall from now on assume that the principal
face of NV (¢%) is a compact edge (case (a)). What remains to be estimated is the
contribution of the domain (2.9) to J(§), i.e., we are left with the oscillatory integral
JPx(&). This will require different arguments then those used in [11]. We are also
assuming that x; > 0. Recall also that according to our convention

m(gp) < d(¢”) =h, (2.11)

so that v(¢) = 0. This means that we have to prove that J** (&) satisfies (1.2), without
the presence of a logarithmic factor.

2.3.1 Preliminary Reductions

Following [11], Sect. 9, it will be convenient at this point to defray our notation by
writing ¢ in place of ¢ and 7 in place of %, « in place of k*, 8, in place of 87, etc.
With some slight abuse of notation, we shall denote J**(§) by J (§).

After applying the change of coordinates (2.5), this means that from now on we
shall have to consider oscillatory integrals

J@):i/Ze“&w”+&“+&“ﬁWQ”»p(ﬁ%ﬁ)ﬂ@?d%

R 04X
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where a = k> /K1 > my, and where Ny is a given, possibly large positive number.
Notice that the integration takes place only over the domain

|x2] < Nox{. 2.12)

We shall write m := my, so that ¥/ can be factored as v (x1) = x{"o(x), with a
smooth function o satisfying o (0) # 0. J(£) can thus be written as an oscillatory
integral

J(é)z'/ eiF(x’g)p< ng)n(x)dx, (2.13)
R Nox{

with a phase function

F(x,&) =8¢ (x) +&1x1 +&x'o(x1) + &2x2

depending on & € R3. The coordinates x are now adapted to ¢. We shall again de-
compose

O (x) =P + ¢,

where ¢, consists of terms of k-degree strictly bigger then 1, the k-degree of ¢, .
In order to estimate J (&), in a first step we shall decompose the domain (2.12)
into smaller, k-homogeneous sub-domains. To this end, given any point ¢ € [0, Ny],

we define
: x3 —cx?
J§) = fR ; e’F“f)p(—al)n(x)dx,

2 £0X{

where g9 > 0 will be a sufficiently small constant (the cut-off function p here is
possibly different from the one in (2.13)).

In order to prove that J (§) satisfies estimate (1.2), it will be sufficient to show that
for every c € [0, No] there exists an &g > 0 such that J(&) satisfies (1.2), as can be
seen easily be means of a partition of unity argument.

We therefore assume that c is fixed. Then we take again a smooth cut-off function
x which is supported in an annulus D such that

o
Z X8k (x)) =1 forevery x € suppn \ {0}.
k=ko

Notice that we can assume that & is a sufficiently large positive integer by choosing
the support of n sufficiently small. Then we have

@ =) @),
k=ko

where

5= e"F‘x’f)p<q>n(x)x(Szk (1) dx.
F

£0X{
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After the change of variables x — §,-«(x) we obtain

_ n—k xy —cx4
Je(§) =2 Mk/e’z s3Fk()€’s),0<—80xa 1)’](32k(x))X(X)dx, (2.14)
1

where
Fr(x, ) := ¢ (x) + 25 (854 (X)) + 5121 + Sax{'o (271 x1) + 5232,
s 20kl a0k o mmek,
&3 &3
s = (51, 82, $2).
Note that 2 <m < a = k3 /k1 and k >> 1, so that |S2| > |s2|. Observe also that there

exists a compact interval I such that x; ~ 1 on I, so that for every (xg, x2) in the
support of the integrand of Ji (&) as given by (2.14), we have

xpel and [|x2 —cx{| < eo.
Recall also from (2.1) that we are assuming that |&| ~ |&3].
2.3.2 Estimation of the Oscillatory Integrals Ji.(§)

In order to estimate Ji(£), we shall distinguish several cases depending on the size
of the parameters s1, s and S>. Recall here that £ is a function of &3, 51, 52 and S».

Case 1. |S2| = M for some sufficiently large constant M >> 1. In this case we can
apply Lemma 2.2 to the x1-integration and obtain

27 MKl

@) = C g 7

(2.15)

Case 2. |S3| < M, where M is chosen as in Case 1. Then |sp| < 1, provided we
have chosen k sufficiently large.
If we assume that there is some j > 1 such that

A de(1,¢) #0, (2.16)

then we claim that
27Kl Il e
(14 27kgpt/i-

Indeed, by the homogeneity of ¢,, if we choose gp sufficiently small, then

k@) =C 2.17)

85 ¢« (x) # 0 at every point x in the support of the integrand of Ji (), so that the esti-
mate follows for j > 2 from Lemma 2.2 again, this time applied to the x,-integration.
Notice that the term 2%, (65-x(x)) can be viewed as a perturbation term. Similarly,
if j = 1, the estimate follows by an integration by parts with respect to x;.

We observe that if (2.16) holds for some 1 < j < h, then by (2.15), (2.17) and
(2.4) we obtain the desired estimate (1.2), even without a logarithmic factor, since

h>2.
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We may and shall therefore henceforth assume that
pe(1,c)=0 forl<j<h. (2.18)

Recall that we are assuming that the principal face of AV (¢) is a compact edge, so
that ¢ = ¢pr and h = 1/]k|.

Assume first that ¢ =0 Then necessarily ¢p:(1,0) # 0, for otherwise ¢p would
have a root of multiplicity at least 4 at (1, 0), which would contradict (2.11).

Assuming without loss of generality that ¢,(1,0) = 1, we can then write (com-
pare [11], Sect. 9.1)

Gpr(x1, X2) = x5 Q(x1, X2) + x7,

where Q is a k-homogeneous polynomial such that Q(1,0) # 0, and where
B>h>2.

Recall that |Sy| < M, so that |s2| < 1. We now distinguish two subcases:

Case 2.a. |S2] < M, and |s1| > N for some sufficiently large constant N > 1.

—k|k

Then an integration by parts in x; leads to the estimate |J; (§)| < C %, which
in return implies (1.2), even without logarithmic factor.

Case 2.b. |S2| < M, hence |s3| < 1, and |s;| < N, where N is chosen as in
Case 2.a.

We shall show that, given any point (s(l), S(z) ) € [—M, M] x [—-N, N] and any point
x? € I, there exist a neighborhood U of (s?, Sg), a neighborhood V of x? and some
w > 1/h such that we have an estimate of the form

2l
(I+27*g ]

for every (s1, S2) € U, provided the function yx in the definition of Ji (§) is supported
in V and gp and k are chosen sufficiently small, respectively large. The same type
of estimate will then hold also for every (s1, $2) € [-M, M] x [N, N] and for the
original function x in the definition of J;(£), as can be seen by means of a partition
of unity argument. Summing over all k, this will clearly imply the estimate (1.2),
even without logarithmic factor.

To this end, first notice that for (s1, S2) € U and k sufficiently large, the function
Fi(x, s) can be viewed as a small C°°-perturbation of the function

k@) =C (2.19)

For(x) := xf 0(x1, x2) + s?xl + Sga(O)xq" + xf.

Thus, if V Fj, (x?, 0) # 0, then we obtain (2.19), with @ = 1, simply by integration by
parts.

Assume therefore that (x?, 0) is a critical point of Fp. Then x? is a critical point
of the polynomial function

glxy) = s?xl + Sgcr(O)xi” +x7,

which comprises all terms of Fj,; depending on the variable x; only. Note that 2 <
m < n, since n = 1/k| > k3/k; > m. It is then easy to see that g” and g’” cannot
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vanish simultaneously at the given point x? € 1, so that there are positive constants
c1, ¢ > 0 and a compact neighborhood V of x? such that

3
= Z 1§ (x1)| <y forevery xj € V.
J=1

This implies an analogous estimate for the partial derivatives 8){1 Fr(x1,x2,s) of F,
uniformly for (s1, S2) € U and x; satisfying (2.12), provided we choose U and &g
sufficiently small. Applying the van der Corput type estimate in Lemma 2.2, we thus
obtain the estimate (2.19) with w = 1/3, so that we are done provided & > 3. Notice
also that if g’ ’(x?) # 0, then by the same type of argument we see that (2.19) holds
true withw=1/2>1/h.

We may thus finally assume that 2 < & < 3, and that g’(x?) = g”(x?) =0. In this
case we have

1 K2
=h<3 and —>m>2,
K1+ K2 K1

so that 1/k3 <9/2.

Note that B < 1/« is a positive integer, and h < B < 9/2, so that either B =4 or
B = 3. We translate the critical point (x?, 0) of Fy; to the origin by considering the
function

1
F() = Fpr ) + 31, 32) = g01) =37 Q04 + 31, 32) + gD 6D i 4+

It is easy to see that this function has height h* := h(Fj) given by h* = m =
12/7,if B =4, and h* = m =3/2,if B=3.
In both cases, Fér has height h¥ < 2 (indeed, according to Arnol’d’s classification

of singularities, Fgr is of type Eg and Dy, respectively). We can therefore again apply
Duistermaat’s results in [6] to the oscillatory integral Ji (&) and obtain the estimate
(2.19), with w = 1/ ht > 1 / h. Note here that the estimates in [6] are stable under
small perturbations.

Assume finally that ¢ > 0 Then, by Corollary 3.2(iii) in [11], our assumption (2.18)
implies that necessarily a =« /k; € N.

We can then reduce this case to the previous case ¢ = 0 by performing another
change of variables x; > x + cx{ in the integral defining Ji (§).

Indeed, this is equivalent to replacing the function v in our previous argument by
Y == v (x)) +cx{, and assuming that ¢ = 0. Denote by O (x1, x2) =P (x1, x2+
cx{) the corresponding phase function. Then the coordinates (x1, x2) are adapted to
¢>tI too, as can be seen as follows:

Lemma 3.1 in [12] shows that (qﬁpr)u(xl, x2) = ¢pr(x1,x2 + Cx?) is again
a k-homogeneous polynomial whose principal face intersects the bi-sectrix, and
m(¢pr) = m((qbpr)j). Therefore (c/>pr)tt must be the principal part of ¢ﬁ.

This completes the proof of Theorem 1.1.
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3 Sharpness of the Uniform Estimates

In this section, we shall give a proof of Theorem 1.3. Observe that we may assume
for this purpose that the coordinates (x1, x2) are adapted to ¢, so that d :=d(¢) = h.

We shall only consider the asymptotic behavior of J, (1), since the result for
J_ (%) follows from the one for J (1) by means of complex conjugation.

Remarks 3.1 If h < 2, then the phase function ¢ has a critical point at the origin
with finite Milnor number, and can thus be reduced to a polynomial phase function
by means of a smooth local change of coordinates at the origin (see [2]). Therefore,
in this case we could apply the classical results for analytic phase functions by A.N.
Varchenko [21]. However, we will give a more elementary argument which does not
rely on this classification of singularities.

Notice also that if 4 = 1, then the phase function has a non-degenerate critical
point at the origin in our adapted coordinates, and we could apply the method of
stationary phase in order to prove the existence of the limits in Theorem 1.3 (see
[19]).We shall, however, proceed somewhat differently also in this case.

3.1 The Case where the Principal Face is a Compact Edge

We begin with the simplest case where the principal face 7w (¢) is a compact edge.
Arguing as in Sect. 2.2, we may then assume in addition that

m(¢pr) <d,

since otherwise a suitable local change of coordinates would reduce us to the situation
where the principal face is a vertex.

Then there is a unique weight « such that 7w (¢) is lying on the line given by the
equation k1 + k212 = 1. Without loss of generality we may assume that 0 < k1 < k3.
Recall also that then ¢pr = ¢ and d = dj(¢«) = 1/|k|, and that if we decompose

¢ (x) = ¢ (x) + - (x),

then ¢, is an error term whose Newton polyhedron is contained in the set {(k, k2) €
VAR K1k + koky > 1}.

In a first step, we shall reduce ourselves to the situation where the amplitude a is
constant on a neighborhood of the origin. To this end, if €2 is an open neighborhood
of the origin in R, let us introduce the subspace of amplitude functions

C(Q) :={aeC3(R): a(0,0)=0}.

Ifae CS (£2) and if F is a smooth, real-valued phase function on €2, we consider
the oscillatory integral

J(\, F,a) ::/e“‘(‘P’((XHF(’C))a(x) dx, r>0.
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Proposition 3.2 There exists a positive number ¢ such that for any smooth function
F € C®(R3) with N(F) C {(k1, k2) € Z?* : k1ky + koks > 1} there exists a neigh-
borhood Q2 of the origin so that for any a € CS (R2) the following estimate

C(F)lalleyg)

(s Foa)l < =7

holds true, with a constant C (F) depending only on the C™ () norm of F, for some
sufficiently large number N.

Proof Ifa € Cg(Q), then a can be written as a(x1, x2) = x1a1(x1, x2) +x2a2(x1, x2),
with functions aj, a» € C1(2) whose C!-norms can be controlled by the CZ%-norm
of a. Consequently for the oscillatory integral we have

JA, F,a)=J, F,x1a1) + J(A, F,x2a7).

We shall therefore estimate J (A, F,xja;1) (J(A, F, xpap) can be treated in a similar
way). As before, we choose a suitable smooth cut-off function y on R? supported in
an annulus D such that the functions xj := x o d,« form a partition of unity, and then
decompose

o
JOn, Foxia) =Y J(, F,xia1)-
k=ko

Here, 6, denotes again the dilation by the factor » > 0 associated to the weight k.
Recall that by choosing €2 sufficiently small we may assume that kg is a sufficiently
large number. After re-scaling, we may re-write

JkW) :=J (A, F,x1a1xx)
as

Je(\) = 2—(\K\+K1)k / ei)n2_k(¢K+2kF(52k (X)))xlal (82—k (x))X (x) dx.

If A27% < M (with a fixed positive number M), a trivial estimate for the integral
Jr(A) gives

[T < Cllay || coggy2~ I Dk,
hence

lallcr )
Alel+rr

D k() =Cu

A2—k<m

) 3.1

if we assume without loss of generality that 2 is a ball.

Assume next that A27F > M. Since [|2FF o 8,«||cm(q) — 0ask — +oo, by
choosing 2 sufficiently small we may assume that 12KF o 8y llcm(g) is sufficiently
small.
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Now, if m(¢) > 1, we put m := m(¢). Then 1 <m < d. Notice that ifx%e Dis
such that Vg, (x®) = 0, then, by Euler’s homogeneity relation, also ¢ (x®) = 0. There-
fore, by applying Lemma 2.2, respectively an integration by parts, and assuming that
M is sufficiently big, we see that

[T < C(F)laillergy2™ k4275~

Summing in k, this implies

(14 1)~ m, itm(lc| +x1) > 1,

D W = CF)lallexgy | log@+1) (L4071, if m(l] +x1) =1,

a2ks M (14 x)~el+en) ifm(k| + K1) < 1.
(3.2)

If we put 9 :=min{k, 1/m — 1/d}, we see that (3.1) and (3.2) imply that

C(F)||a||c2(sz)

G Fonan] £ ——m

for every positive number & < gqg. Similar estimates hold true for J (A, F, xpa3), only
with k1 replaced by k». Since k1 < k7, we see that we can use the same range of ¢’s
also in this case and obtain the desired estimate in Proposition 3.2.

There remains the case where m(¢,) = 0. Here, ¢, does not vanish away from
the origin, and thus V¢, (x°) # 0 for every x° € D. Thus, choosing m = 1 here and
applying one integration by parts, we again obtain estimate (3.2), and can conclude
as before, if d > 1.

Finally, if d = 1 (notice that necessarily d > 1, since V¢ (0, 0) = 0), applying two
integrations by parts to Jx (1), we obtain

3 1RO = C(F)llalls gy 2D,
A2 k>M

where || = 1. Thus, we can choose ¢ := k in this case. O
Let us now consider the oscillatory integral
120yi= [ MO
where n € C;°(£2). Choose a smooth bump function xo supported in € which is

identically 1 on a neighborhood of the origin. Then, if we choose €2 sufficiently small,
Proposition 3.2 implies that the oscillatory integrals J4 (A) and (0, 0)J (A), with

J(A) ::/zeiw(")xo(x)dx,
R

differ by a term of decay rate O(1~'/4=¢). This shows that, in order to prove Theo-
rem 1.3 in this case, it suffices to prove that the limit

lim AV =c¢ (3.3)
A—>—400
exists and that ¢ # 0.
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To this end, put 6 := ¢/4, with ¢ > 0 as in Proposition 3.2, and define the polyno-
mial functions P and Q by

0% (0
Q@)=Y f( L = e () + P(3).

|
lee|]<1/8+43 :

Notice that all the derivatives of the function ¢!*@®)=C() yp to order 3 are uni-
formly bounded with respect to A on the set where A?|x| < 1. We therefore decom-
pose

J() = / e o (x) xo(Ax) dx + f e () (1 — xo(A°x)) dx.

Due to Proposition 3.2 (with F := P), the second summand has decay rate of order
O(\~1/d=e+38y — o (A=1/4=%) as A — 400, if Q is supposed to be chosen suffi-
ciently small. In order to prove (3.3), we may therefore replace J (1) by the first
summand, Jo(A), which we again decompose as

Jo(h) = / e yo(x) xo(A2x) dx
='/eMQ(x)Xo(x)dx

+/eix<¢K(x>+P<x>>X0(x)(XO(Aax)eiw(x)fQ(x)) ~1)dx.

Again, by applying Proposition 3.2, we see that the second summand has decay rate
O(A~1/4=%) as A — +00, and thus we are reduced to proving that the limit

lim Al/dfeiAQ(x)Xo(x) dx=c
A—400

exists and that ¢ # 0. But, Q(x) = ¢ (x) + P(x) is a polynomial, with principal part
¢, and therefore this statement follows from the classical results for analytic phase
functions due to Varchenko [21] (see also [9]).

3.2 The Case where the Principal Face Is a Vertex

Assume now that w(¢) = {(d,d)} is a vertex, so that in particular d is a positive
integer. After multiplying the phase function with a suitable real constant (this can be
implemented by means of a suitable scaling in A and, possibly, complex conjugation
of J4 (1)), we may assume without loss of generality that the principal part of ¢ is
given by

d. d
Gpr(x) = x7x5.

We may also assume that the coordinates (x1, x2) are super-adapted, in the sense
of Greenblatt [9]. Then, if d = h = 1, according to Lemma 1.0 in [9], the critical
point of ¢ at the origin is non-degenerate, and thus the statement of Theorem 1.3 is a
well-known consequence of the method of stationary phase.

Let us therefore henceforth assume that d = h > 2.
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3.2.1 Two Compact Edges

First, assume that the Newton polyhedron N'(¢) has two compact edges containing
the vertex (d, d) as one of their endpoints, say y,, lying “above” the bi-sectrix and
on the line given by «{'t; +«5t = 1, and yj, lying “below” the principal face and on
the line given by Kf H+ Ké’ t; = 1. Notice that then

K¢ kb
a:=-—2<—==b. (34
K1 Ky

Lemma 3.3 The function ¢ can be written as
G (x1,x2) = x4 x5 + $a(x1, x2) + dp(x1, x2),

where ¢q(x1, x2) = xgd;a (x1, x2) and ¢p(x1,x2) = xf(;;b(xl, Xx2), with smooth func-
tions ¢q and ¢y,.

The proof of Lemma 3.3 is straightforward. Notice also that we have

xx8 + a(x1, x2) = Pea(x1, %2) + ¢, and

X x4+ pp(x1, x2) = dn (X1, %2) + B 1,

where ¢a is k¢ := (k{, k5 )-homogeneous of degree 1, and ¢, , consists of terms
of k“-degree higher than 1, and where the analogous statements holds true for ¢,
and ¢p .

Lemma 3.4 After applying a suitable smooth local change of coordinates at the
origin, we may assume that the functions x| — ¢a(x1, £1) and x — ¢, (1, x2)
have no root of multiplicity greater or equal to d, respectively.

Proof We may assume that b > 1, for otherwise, after interchanging the coordinates
x1 and x, we will have b > a > 1.

Then, the proof of Theorem 7.1 in [9] for the existence of “super-adapted coordi-
nates” shows that, after applying a suitable local change of coordinates at the origin,
we may assume that ¢,.» (%1, x2) has no non-zero root of order greater or equal to d
(of course, the edge y;, may have changed and even have become unbounded, but this
would be a case to be considered later). We also remark that the change of coordi-
nates in [9] is such that the edge y,, remains to be an edge of the Newton diagram in
the new coordinates.

According to Proposition 2.2 in [12], we can then write, say for x; > 0,

Geb (X1, X2) =Xf‘x§ ]_[(xZ —ax))",
!

for suitable integers «, 8 > 0 and p, g > 1 such that p/g = b, where ¢; € C\ {0} and
n; € N\ {0}. Since we are assuming that (d, d) is the upper vertex of the edge yp,
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we see that « =d and B+ (3_; n;)qg = d. Therefore, necessarily 8 < d, which shows
that ¢,» (1, x2) that also xp = 0 is no root of order greater or equal to d.

We now turn to ¢a. If a < 1, after interchanging again the coordinates x; and
X3, hence also the edges y, and y,, we may assume that x| — ¢ (x1, £1) has no
root of multiplicity greater or equal to d, and that a > 1. Applying then the previous
argument again to y,,, we see that in addition we may assume that ¢ » (%1, x2) has
no root of multiplicity greater or equal to d, and are done.

Assume finally that a > 1. Then we can accordingly write

o (1, x2) = 292 [ [ — e,
1

where now p/q = a. Since (d, d) is the lower vertex of y,, we see that 8 = d and
a+(Q_,nm)p=d, hence « < d. Moreover, if a ¢ N, then Corollary 2.3 in [12] shows
that n; < d for every I, which shows that ¢, (x1, 1) has no root of multiplicity
greater or equal to d.

And, if a e N, then g =1 and p =a > 1, hence n; < n;p < d, so that again
n; < d, and we can conclude as before. O

Let us assume in the sequel that the adapted coordinates are chosen so that the
conclusions in Lemma 3.4 do apply, and consider again the oscillatory integral

JL (V) = /n;z e n(x)dx.

Note that in this case we have to prove that
)\'l/d
lim ——J (&) =cn(0),
Jim g R =en(®

where ¢ # 0.
With xo as before, let us consider the oscillatory integrals

HG) = / 40 (1(x) — n(0) o () dx
and
J ::/ ) yo(x) dx.
]RZ

We then have the following substitute for Proposition 3.2, which allows to reduce to
proving that the following limit

1/d

A
lim —J(A) =c (3.5)
r—>+o00 log A

exists and is non-zero.
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Lemma 3.5 If Q is chosen sufficiently small, then the following estimate

C||77||c2(Q)

10 = 575

holds true.

Proof Permuting the coordinates x1, x>, if necessary, we may choose a weight x =
(x1, k2) with 0 < k1 < k7, such that the line given by k¢ + k2t = 1 is a supporting
line to V' (¢) which contains only the point (d, d) of A/(¢). Arguing now in the same
way is in the proof of Proposition 3.2, with m := d, we obtain the desired estimate. [J

Choose a smooth cut-off function x° € C°(R) supported in a sufficiently small
neighborhood of the origin. In order to prove (3.5), let us decompose

J) = Do) + Ju (M),

where

Jo(A) :=/e’m(x"“)xo(xhxz)xo< =2 >X0 (L) dx, (3.6)

glxyl@ &lxa|1/P

Joo(R) :Zfeiw(xl’“)xo(mxz) 1= x0 (=2 ) x° x—lu, dx, (3.7)
elxp | elxa|!/

where ¢ > 0 will be chosen later.

Lemma 3.6 Let ¢ > 0. Then, if Q2 is chosen sufficiently small, the following estimate

Clinlle2(g)

oo ()] < ——575

holds true.

Proof We decompose J,(A) = J; (1) + Jp(X), where

() = f @)y ) (1- 40 (=2 )) .,
glxy|?

100 i= [ (100 () )0 (2 ) dx,
elxa |1/ elxq]4

and show that both terms separately satisfy the estimate in Lemma 3.6.

We begin with J, (1). Using the dilations 4, associated to the weight k¢, we dyadi-
cally decompose J, (1) = Z,fiko Jx(A) in a similar way as in the proof of Lemma 3.2.
Here, after re-scaling, Jx()) is given by

T O = 2 kIk / P2 H G20 ) 5 (1)

< (1= 50 (=2=)) x (1. x2) i,
elxg|®
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where |«%| = 1/d. Notice that
xilS1 and e |x| S

for every (x1, x2) in the support of the integrand. Let m denote the maximal order of
vanishing of ¢« transversal to its roots on this domain. Then m < d, since, according
to Lemma 3.4, we are assuming that ¢« (x1, £1) has no root of order greater or equal
to d. Consequently, we have m|k“| < 1. Arguing as in the proof of Lemma 3.2 in
order to estimate the J; (1), and summing in k, we then find that | J, (1)| < CA I =
cr~d,

Finally, J»(A) can be estimated in a very similar way, making use of the dila-
tions associated to the weight x” in place of x®. Note that the additional factor
x(x2/(elx1|Y) appearing in the integral defining J,()) is under control because
of (3.4).

The proof of (3.5) is thus reduced to proving the next

Lemma 3.7 The following limit

)\,l/d
lim ——Jo(})
A—+oo log A

exists and is non-zero. Moreover, it does not depend on the choice of €.

Proof Let us first assume that the integer d > 2 even.
We may also assume without loss of generality that x© is an even function and
that xo is radial, so that in particular

x0(x1, x2) = xo(Ex1, £x2).

This implies that, if we decompose the integral defining Jo(1) into the four integrals
over each of the quadrants of R2, then, after an obvious change of coordinates, all
four of them will have the same amplitude, as well as the same principal part xfxg
for their phases. Since we shall see that the leading term in the asymptotic expan-
sion of Jy(A) will only depend on the principal part of the phase function, we may
thus reduce ourselves to considering the integral J(;" (1) over the positive quadrant
only.

Notice that by (3.4) b — a > 0. In the integral for Ja' (1) we apply the change of
variables

1
b—a
X2 = x{ y2, X1 =Yy Y,

and denote by ¢ the phase function when expressed in the coordinates v, i.e., $(y) =

¢ (x).
Observe that this change of coordinates is of class C*° away from the coordinate
axes, and that it leads to the following form of the phase function ¢:

7 d(14+a) b s S
ey y) =y Uy, (L4 p0h. ¥,
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where p(z1, z2) is a smooth function with p(0,0) =0, and where 6 = 1/p > 0 is
some rational number.

Indeed, the Newton polyhedron is transformed into A/ (q§) =d,d)+ R%_ under
this change of variables, and since

l a

1+ 5%

x1=y, "y, x=yy, ",
it is clear that if f is any smooth function of x which is flat at the origin, i.e., which
vanishes to infinity oder at the origin, then f, defined by f(y) = f(x), can be fac-

. d(1+h)
tored as f(y) = d(1+a)y2 g(y), where also g is smooth and flat at the origin.

The oscillatory integral Jo (1) then transforms into

“ (' 2\ .
J(T(/\)zf 2801, yz)y“y” XO<?>Xo<;)xO(y1,yz)dy,

where jo is of class C! on the closed positive quadrant, and of class C* away from
the coordinate axes, and x(0,0) = 1.

Observe next that if M is any positive constant, then the contribution to the integral
JO+ (A) by the sub-domain where )Lyil(Ha) < M is trivially of order oY d) as
A — +o00.

We may therefore consider the oscillatory integral

a [y »)\ .
1(}) = / /’W” y2)y"yb X0<?)XO<?>XO()’1,)Q)dYZd)’l

A)rlli(1+a)>M

1
= / Y?X0<;>Iint()w y1) dy

Ay‘ll(1+a)>M

in place of JO+ (X), where M is a fixed, sufficiently large positive number.
Assuming that ¢ > 0 is chosen sufficiently small, we may apply the change of
variables

— (1 5 8\ Ths
2=+ o071, )

to the inner integral

T y H»a
Iim()»,yl)1=f6”¢(“’y2)xo< )Xo(yl,yz))’z dy,

which leads to

d(1+b)

(
iyl e (z3(1+ p(y1,22)) e
Iint()»,yl)Z[ Rt XO(f X0.0(y1,22) 2, dza,

where p and X0 have similar properties as p and ¥, respectively. Changing vari-

1+h
—a

ables in this integral to r := z2 , and applying some classical results on one-
dimensional oscillatory integrals with critical points of order d (see A. Erde’lyi [7],
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Sect. 2.9), we thus obtain

IO _b—a Cy
inc(h y1) = 1+b ()»yf(l+“))1/d

+R(?»,y1)>,

where C; # 0 is given explicitly by

_T/d) g«

' %, (3.8)

and where the remainder term satisfies an estimate
/
Ca

R(A = (U a) des.
IR(A, yD| < (y Ty 1701

where 81 > 0 is a positive number and where the constant C/; can be chosen inde-
pendently of a and b (we mention this here for later use). The latter estimate implies

that
1
f yi’m(%)ﬂk, yi)dyi

)»yil(1+“)>M

<2

whereas the corresponding integral over the principal part of iy (X, y;) behaves
asymptotically like clogA/A!/¢, as required. Explicitly, our argument shows that

s 1/d
lim ——Jo(A) =4
r—>+oo log A 1+b

b—a

Cy, 3.9)

if d is even.
Finally, if d is odd, a very similar reasoning shows that

1/d

b—a —
i Jo0) =22"%, +Cp. 3.10
A joga oW =27 (Cat Ca) (3-10)

O

We have thus proved the theorem in the case where the Newton polyhedron N (¢)
has two compact edges containing the vertex (d, d) as one of their endpoints.

Assume therefore next that at least one of the two edges containing the vertex
(d,d) is unbounded. We shall then argue in a similar way as in the previous case,
however, by approximating the unbounded faces by compact line segments which
have (d, d) as one of their vertices and which lie on supporting lines to N (¢) whose
angle with the unbounded face tend to zero.

3.2.2 Two Unbounded Edges

Assume next that both edges containing (d, d) are unbounded, i.e., that N (¢) =
d,d) + R%r. Let us then choose numbers a, b such that 0 < a < 1 < b, where later
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we shall let a tend to 0 and b to co. We associate to a and b weights

a__( 1 a ) b._( 1 b )
“E\UTad Grad) T\ Utna Grbd)

Then the supporting lines mentioned before will be given by «{'t; +«5 =1 and K{’ H+
Ké’ = 1, respectively, and the identities (3.4) remain valid.

We can then proceed as in the previous case, reducing to the asymptotic analysis
of J(A), which in return is decomposed into Jy(A) and Jo,(A), given by (3.6) and
(3.7), respectively. We further decompose J (1) = J,(A) + Jp(X) as in the proof of
Lemma 3.6.

In place of this lemma, we here have

Lemma 3.8 Let ¢ > 0. Then, if Q is chosen sufficiently small, the following estimates

log A _
|Ja()\)|§Ad<1+ﬁ>k 1, (3.11)
logA \. _y/4
[Jp(M)] < Ag 1+m A 3.12)

hold true, with a constant Ag which does not depend on a and b, but only on d.

Proof We shall prove the estimate for J,(1); the proof of the corresponding estimate
for Jp (1) is obtained by the same kind of reasoning, essentially just by interchanging
the roles of the variables x1, x> in the argument. Assuming that ¢ is chosen suffi-
ciently small, we may decompose J, (1) = J[? (A) + J2°()), where

. EX) X2
J‘?(A) ::/ezx¢(x1,xz)XO(xl7x2)X0 <|x1|a> <1 _ XO <5|x1|“>> dx
T :=/e“"’()‘"“)XO(xl,xz)(l —XO<|8x|2a)>dx
X1

Notice that the integrand of J, ao () is supported where

and

1
elxi|* Slxal S ;IXlla,
and the integrand of J{°(A) is supported where
l a <
—lx1® < lx2l.
e

Using a dyadic decomposition of JC?()») by means of the dilations &, associated
to the weight x%, we can estimate J(? (A) in the same way as we did estimate J,(A)
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in the proof of Lemma 3.6. Notice to this end that the corresponding integrals Ji(A)
will be performed here over a domain where

e/ <Snl$1 and eS|l S

And, since now we have ¢« (x1,x2) = xldxg , there is no root of multiplicity d or
greater of ¢« on this domain, hence we obtain the estimate

17000 < Cq2.7 14,

As for J2°(1), observe first that there is another smooth, even bump func-
tion ¥° which is identically 1 near the origin such that 1 — x%(exa2/|x1|%) =
70(x1 /("% x2]1/)). Moreover, even though this function will depend on a, we may
assume that its derivatives are uniformly bounded for 0 < a < 1. We accordingly
re-write

0003y e | Lir(x1.x2) =0 X1
Jo (M) .—/e xo(x1, x2) X (sl/a|x2|1/a>dx'

Decomposing the integral into the contributions by the four quadrants, we reduce our
considerations to estimating the integral

I(}) ::/ f MPEX) 30 (k1 x0) X (—1) dxydxs.
0o Jo 81/“x2/ “
Observe next that the phase function can be written as

d—1
¢ (x1, x2) = x{x§ax1, x2) + Y () 9u(x2) + X3¢ (1)),
v=0

where the functions ¢, ¥, are smooth and flat at the origin and where a is a smooth
function such that a(0, 0) = 1. This shows that the change of variables

o V/a .
x1i=x""y1,  x2=y»

will transform the phase function ¢ into a phase function ¢ of the form

d—1

7 d(1+1 ~ ~ d(l1+1
é(y1, y2) =y2( B (yfa(y1,yz) +Zy1”%(yz)> =: yz( Oy (1, ),
v=0

where the functions ¢, are again smooth and flat at the origin and where a is smooth
with a(0,0) = 1.
Accordingly, we re-write

00 OO d(1+1/a) ! - 5 Vi 1
I(}) :/0 /0 oM VoL F0(y1, v2) %° (81/a) dy, yz/a dys.

Notice that if M is any fixed positive constant, than the contribution to /(1) by the

region where )Lyg(lH/a) < M is trivially bounded by Cy A~ /?, with a constant Cj
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which does not depend on a, so that we may assume that kyg U+ o 0 in the inner

integral, where M is a sufficiently large constant.

In order to estimate the inner integral, observe that the C M _horm of Y as a function
of y; and y, may be very large as a — 0, due the type of change of coordinates
that we applied. However, for y, fixed, the d’th derivative of ¥ with respect to y;
is bounded from below by a fixed constant not depending on y; and a. Indeed, by
choosing €2 sufficiently small, it is easy to see that we may assume that Bldlp(yl, y2) >
a(0,0)d!/2=d!/2.

We may thus apply van der Corput’s estimate in order to estimate the inner integral
with respect to y; by C (Ay;l (+l/ a))’l/ 4 with a constant C which does not depend
on a, and then perform the integration in y», to find that

log A ~1/d
I <Ay 14+ —=2|a~Ve,
T < d<+1+1/a)

as required. g

We are thus left with the main term Jo(A), which can be treated exactly as in the
proof of Lemma 3.7, so that the conclusion of this lemma holds true. In particular,
the limit relations (3.9) and (3.10) hold true. Letting a — 0 and b — oo, we finally
derive from those limit relations in combination with Lemma 3.8 that indeed

1/d

A
Iim —J(A) =c,
A—>+o00 log A

where c is given by 4Cy, if d is even, and by 2(Cy + Cy), if d is odd. This proves
Theorem 1.3 also in this case.

3.2.3 A Compact and an Unbounded Edge

Finally, if one of the edges containing (d, d) is compact and the other one is un-
bounded, then let us assume without loss of generality that the edge lying above the
bi-sectrix is compact, and the one below is unbounded. Then we define a := /<2“ //c]“
associated to the upper, compact edge as in Sect. 3.2.1, and approximate the lower,
horizontal edge by a compact line segment of slope 1/b as in Sect. 3.2.2, and consider
what will happen to the integrals J, (1), Jp(A) and Jo(1), defined in the same way as
before, when b — +00.

Applying the same kind of reasoning as before, one then finds that J,(1) =
014y ag A — +oo, that J,(A) satisfies estimate (3.12) from Lemma 3.8, and
that the main contribution is again given by Jo(}), which can be treated as before by
Lemma 3.6. We can then conclude as in the previous case by letting b — +-00.

This completes the proof of Theorem 1.3. 0

4 Fourier Restriction in the Case of Adapted Coordinates

Let us turn to proving the restriction estimate (1.10) in Theorem 1.7. We may assume
that x0 = (0, 0), and that the hypersurface S is given as the graph x3 = ¢(x1, x2) of a
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smooth, finite type function ¢ in adapted coordinates (x1, x2), which is defined in an
open neighborhood €2 of the origin such that ¢ (0, 0) =0, V¢ (0, 0) = 0. Recall that
then v(x%, §) = v(¢) and h(x°, S) = h = d(¢).

If v(¢) =0, then by A. Greenleaf’s work [10] (compare also [19], Chap. VIII,
5.15(b)), the L (R3)-L2(S) restriction theorem for the Fourier transform in Theorem
1.7 is an immediate consequence of the uniform estimate in Corollary 1.6 for the
Fourier transform of the surface carried measure pdo of the hypersurface S.

We shall therefore assume in the sequel that v(¢) = 1. This implies in particular
that i = h(¢) > 2. Note that in this case Greenleaf’s theorem misses the endpoint p =
pe = (2h+2)/(2h + 1), on which we shall concentrate in the sequel. As we shall see,
this endpoint can nevertheless be obtained if we invoke tools from Littlewood-Paley
theory. Our approach has some resemblance to Stein’s proof in [19], Chap. VIII, 5.16,
of Strichartz’ estimates for the Fourier restriction to quadratic surfaces from [20].

We shall denote by w the surface carried measure pdo from Theorem 1.7. By
decomposing R? again into its four quadrants, we may assume without loss of gen-
erality that w is of the form

(. f) = f FEL SN dx,  f e Co®),
R+)2

where n(x") := p(x’, ¢ (x))/1 4+ |V (x')|? is smooth and has its support in a suffi-
ciently small neighborhood €2 of the origin.

In the sequel, we shall split the coordinates in R3asx=(x/,x3) e RZx R.If X is
an integrable function defined on €2, we put

= hu, ie., (Mxvf>=/

R+

- F& o) x(x"dx'.

QObserve that then
pE(—E) = JX (), EeR’, (4.1)

with JX (&) defined as in Sect. 2.
We next choose a weight k¥ with 0 < k1 < k> such that the line L, is a supporting
line to the Newton polyhedron A (¢) and so that

1
— =dn(¢) =h(pe) =h.
lic|

This is possible, since according to Lemma 1.5 the principal face 7 (¢) of N'(¢) is

either a vertex, or a compact edge such that m(¢pr) = d(¢). In the first case, we have

G (x1,x2) = cx{’xé’, and in the second ¢, = ¢y, so that in both cases

m(¢y) = h. (4.2)

The corresponding dilations will be denoted by §,. Fixing a suitable smooth cut-off
function x > 0 on R? supported in an annulus D such that the functions xx := x o 8k
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form a partition of unity, we then decompose the measure p as

n= Z ks (4.3)

k>ko
where 1 1= puX*. Let us extend the dilations 8, to R3 by putting
85 (x', x3) == (rVxy, r'?xp, rx3).

We re-scale the measure i by defining o, () := Z*k,uk 08%%-«,ie.,

(0, (0)s f) = 2" (e, fo85) = /(R )2f(x’,qsk(x/))n(sﬂx@x(x/)dx’, (4.4)
+

with ¢k (x) := 2K @ (85—« x) = ¢, (x) +error terms. This shows that the measures g, (k)
are supported on the smooth hypersurfaces S defined as the graph of ¢, their total
variations are uniformly bounded, i.e., supy |10, k) ll1 < oo, and that they are ap-
proaching the surface carried measure j1o, (o) On S defined by

(10, (00)» S ;:/

R+)

, FE @GN N0 () dx’

as k — oo.
We claim that there is a constant C such that

liZo.00) (&) < CA+ gD~V forevery £ € R3, k > ko. (4.5)

Indeed, we may again assume that |£1| + |&2] < §|&3], where 0 < § < 1 is a suf-
ficiently small constant, since for |&1| + |&2| > 6]&3| the estimate (4.5) follows by an
integration by parts, if €2 is chosen small enough, i.e., ky sufficiently large.

We may thus in particular assume that |£| ~ |&3]. Note that (4.1) and (4.4) show
that

0,00 (—§) = 2K T2k (5 8).
Therefore, in view of (4.2) the estimate (2.3) for Ji (§) = J**(£) in Sect. 2.1 implies
in our case that
0.0 &) < C+27% 88D,

which yields (4.5) if |&| ~ |&3].
According to Theorem 1 in [10], the estimates in (4.5) imply the restriction esti-
mates

. 1/2
( / |f<x)|2duo,<k><x)> <Clflp. feS®, (4.6)

with p = (2h +2)/(2h + 1), and the proof in [10] reveals that the constant C can be
chosen independently of k.
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Let us re-scale these estimates, by putting
foy(x) i=r V2 F(5,x), r>0,
for any function f on R3. Then ﬁ,) = r""|/2_1fj(-8?_1, and (4.6) implies
/ | f 1 dp(x) = / | Faty ()17 d o, (x) < CR2WV2EDRY 6 512
hence
[ 1R due = cisi, 7

with a constant C which does not depend in k.

Fix a cut-off function ¥ € C§° (R?) supported in an annulus centered at the origin

ts)uch that ¥ = 1 on the support of y, and define dyadic decomposition operators A}
y

AL f () = 7Gx’y f(' x3).
Then [ | f(x)1dju (x) = [ |, f (x)2dpx (x), so that (4.7) yields in fact that
/ |0 Pdux) < CPIALfI13,

for any k > kg. In combination with Minkowski’s inequality, this implies

1/2 1/2
. 12 ]
( / |f(x>|2du<x)> =(> / IFOPdm) | =< D Iapfl3
k>ko k>ko
2 2\ VP
—c|x (/m;f(xw’dx)
k>ko
1/2
< CH (Z |A;f(x>|2> :
k>ko LP(R?)

since p < 2.
Thus, by Littlewood-Paley Theory [19], we obtain estimate (1.10). This completes
the proof of Theorem 1.7.

Corrigenda We would like to take the opportunity to make some statements about
uniqueness of certain roots of a quasi-homogeneous polynomial in [12] (e.g. in Corol-
lary 2.3) and [11] (e.g. in Proposition 2.3) more precise, and correct statement (c) in
the latter proposition: (1) When P (x1,x2) = cx}'x,? 2, (x§ = axP)™ is a quasi-
homogenous polynomial, where (p, g) = 1, then its roots on the unit circle can be
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partitioned into classes consisting of pairs of roots S Ile ={(x1,x2) €S L. R(x1,xp) =
0}, where R is any of the factors xi, xp or xg — kle (with A; real) appearing in its
factorization. We shall not distinguish between the roots within a given class. Le.,
when we say that there is a unigue root of maximal multiplicity, then what we mean
precisely is that there is a unique class of roots of maximal multiplicity. The unique-
ness statements in [12] and [11] have to be interpreted in this way. (2) The proof of
Proposition 2.3(c) in [11] contains an error on p. 170: the estimate gm (x% < ny has
to be replaced by m(x%) < ny. Tracing the corresponding arguments of the proof
one finds that the correct statement should read as follows:

(c) Assume that k> /k1 ¢ N, and that 3P does not vanish identically. If x° € §1,
then denote by m1(x) the order of vanishing of 9, P along S in the point x°. Then
mi(x) < dp(P) — 1 for every root x° of 8, P with x? #0+# xg, unless k2 /k1 =3/2
and 9 P is of the form 0, P(x1,x3) = c(x% — Ax%)k, k=1ork=2and A #0
real.

In particular, if k2 /K1 # 3/2, then for every point x € S' which does not lie on a
coordinate axis, there exists some j with 1 < j < dj(P) such that 8'2’ P(x) #0. Note
that this error has no further consequences, since Proposition 2.3 is applied only in
the proof of Corollary 3.2, which is not effected by it, since we assume that x5 /x| > 2
in that corollary.

Acknowledgement We wish to express our gratitude to the referees for helpful comments and sugges-
tions. Thanks also to James Wright for pointing out the flaw in the proof of Proposition 2.3 in [11].

Appendix: Proof of Lemma 1.5

To prove Lemma 1.5, we shall apply the techniques and results from [12], in particular
the reasoning in the proof of Lemma 3.2 of that article.

In order to show that (a) implies (b), we may assume without loss of generality
that the coordinates x are adapted to ¢, and that the principal face w(¢) is a vertex,
say w(¢p) ={(£, D)}, ie.,

L.l
Gpr(x1, X2) = cx\x5.

Assume that y is another adapted coordinate system, say x = F(y), where F is a
local, smooth diffeomorphism at the origin, and write ¢~>(y) =@ (F(y)).

Possibly after permuting the coordinates x; and x,, we may choose a weight k =
(x1, k2) with 0 < k1 < k7 in the following way:

Case 1. If (¢, £) is the right endpoint of a compact edge y of the Newton diagram
of ¢, then we choose the unique weight « so that y lies on the line L, := {(#1, %) €
R2: k1t + katp = 1} (which is then a supporting line to AV (¢)).

Case II. Otherwise, i.e., if AN'(¢p) is contained in the half-plane #; > £, then we
choose « so that the vertex (£, £) is the unique point of the Newton polyhedron N (¢)
contained in the supporting line L.

Permuting the coordinates y; and y», if necessary, we may assume without loss of

generality that (x1, x2) = (F1(y1, y2), F2(y1, y2)) satisfies aFg;(j)_’O) #0for j=1,2.
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Therefore, we can write the functions Fp, F; in the form

Fi(y1, y2) = y1v1 (1, y2) +11(32), Fr(y1, y2) = y2¥2(y1, y2) + n2(y1)s
(5.1

where V1, Y2, 11, n2 are smooth functions satisfying

¥1(0,0) #0, ¥2(0,0) #0, 11(0) =n2(0) =0.

We may further assume that 1 (0, 0) = ¥»(0, 0) = 1. Denote by k; the order of van-
ishing of ; at 0, j =1, 2. Then clearly k; > 1.

Notice that in Case II, we may and shall assume that k3 /x1 > k».

We first recall some observation from [12]. If F, denotes the «-principal part of
F, then

¢~>(y1 , ¥2) = ¢y o Fe (y1, y2) +terms of higher «-degree,

so that

$K=¢KOFK-

Moreover, ¢, o F, is a k-homogeneous polynomial, so that its Newton diagram
Ny (¢y) is again a compact interval (possibly a single point). In case that this interval
intersects the bi-sectrix too, then it contains the principal face of N (¢).

(a) The case where ky > %, and either ky > k1, 0r k1 =k and k1 > 1.

{n this case, one finds that Fy (y1, y2) = (y1, y2) (see [12]), hence q},( = ¢y, so that
w(¢) = w(¢) is a vertex.

(b) The case where ky > %, K1 =kp and k1 = 1.

Then k% > 1,k; =1, so that F(y1, y2) = (y1 + ay2, y») for some constant a €
R, hence ¢ (y1,y2) =c(y1 + ayz)lyf. From a view at the Newton diagram of this
polynomial, we see that 7(P) = () is a vertex.

(c) The case where kr < %

As in the proof of Lemma 3.2 in [12], we then introduce a second weight p :=
(1, k2), and choose d > 0 so that the line L, := {(t1, 1) € R2: 1 + koty = d} is the
supporting line to the Newton polyhedron A (¢). It has been shown in the proof of
Lemma 3.2 in [12] (Case (c)) that the principal face of N/ (¢) then lies on the line L e
Noticing that the line L, is steeper than the line L, we see that Case I cannot arise
here, since otherwise we would have d, < dy, contradicting our assumption that also
the coordinates y are adapted. And, in Case II, we see that (¢, £) will be the only point
of N (¢) contained in L, so that ¢, = @pr. This shows that (]SM =¢uoFy =¢pok,.

Moreover, the p-principal part of F is given by F,(y1, y2) = (y1, y2 + a2 yfz), if
ky > 1,and by F,,(y1, y2) = (y1 +a1y2, y2+azy1), if ko = 1, with a; # 0 if and only
ifkj =1.

In the first case, we obtain ¢~>M = cy{j (2 + azyfz)g, so that 7(¢) = 7 (¢) is again
a vertex. A similar reasoning applies in the second case, if a; =0 or a = 0. And,
if a1 # 0 # ap, we find that qgu =c(y1 + a1y2)£(y2 + azyl)z. This means that the
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principal face of N($) is a compact edge passing through the point (¢, £), and clearly
m($pr) = €. 50 that m(r) = £ = d().

(e) The case where ko = %

Observe that kjky > k1, unless k1 =k and k; = 1, since k1 /kp < 1 (the latter will
only arise in Case I).
Assuming first that kyx2 > k1, we then see that ¢, (y1, y2) = (y1, y2 + azy]fz),

hence ¢, (y1, y2) = cyf (n+ azylfz)z. This shows that again 77 (¢) = 7 (¢) is a vertex.

Finally, assume that k] =k and k] =1, $0 that also kp = 1. Then ¢, is of the form
¢ (y1, y2) = (y1 +aiyz, y2 +azy1), hence ¢ (y1, y2) = c(y1 + a1y) (2 +azxy1)*.
As before, this means that the principal face of N (¢) is a compact edge passing
through the point (¢, £), and we have m(¢py) = £ = d(¢).

There remains to show that (b) implies (a). To this end, we may assume without
loss of generality that y = x, i.e., that x is an adapted coordinate system, and that
m(¢) is a compact edge and m (¢pr) = d(¢p). We shall denote the latter by d. Let us
denote by (Ag, Bo) and (A1, B1) the two vertices of 7 (¢), and assume that Ag < Aj.
According to [12], displays (3.2) and (3.3), we can then write the principal part of ¢
as

Gpr(x1, X2) = Cx‘fxf H(Xz —cxH™,
I

where the ¢;’s are the non-trivial distinct complex roots of the polynomial ¢p (1, x2)
and the n;’s are their multiplicities. Moreover, there exists an /y such that d = n;, and
such that ¢y, is real.

We then apply the change of coordinates y; := x1, y2 := x2 — ¢, x{", which pre-
serves the mixed homogeneity of ¢y, and transforms this polynomial into a polyno-

mial of the same form, cx‘fxf [0 — Epcf”)’” , but now with 5 = d. The vertices
of the corresponding Newton diagram are given by (Ao, By) and (A;, B) and lie
on the same line as (Ag, Bg) and (A1, By) (see [12]), where obviously l§'1 = ,3 =d.
This shows that (A, B;) = (d, d), and consequently the principal face of the Newton
polyhedron of ¢ is given by the vertex (d, d).
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