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Abstract The problem of understanding the Fourier-analytic structure of the cone of
positive functions on a group has a long history. In this article, we develop the first
quantitative spectral concentration results for such functions over arbitrary compact
groups. Specifically, we describe a family of finite, positive quadrature rules for the
Fourier coefficients of band-limited functions on compact groups. We apply these
quadrature rules to establish a spectral concentration result for positive functions:
given appropriately nested band limits A ⊂ B ⊂ ̂G, we prove a lower bound on the
fraction of L2-mass that any B-band-limited positive function has in A. Our bounds
are explicit and depend only on elementary properties of A and B; they are the first
such bounds that apply to arbitrary compact groups. They apply to finite groups as
a special case, where the quadrature rule is given by the Fourier transform on the
smallest quotient whose dual contains the Fourier support of the function.
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1 Introduction

Understanding the Fourier-analytic structure of the cone of positive functions on
a group is a long-standing problem inspired by signal processing applications.
Bochner’s theorem, for instance, characterizes the set of functions on R

n whose in-
verse Fourier transforms are positive [13]. In this article, we study the energy distri-
bution of the Fourier transforms of positive functions on arbitrary compact groups,
establishing lower bounds for the fraction of L2-mass that a positive band-limited
function must have in a given portion of the spectrum. Such bounds have been
known in specific cases since 1956, when Erdős and Fuchs [3] showed that the
Fourier transform φ(θ) = ∑∞

n=0 f (n)einθ of a nonnegative function f ∈ L1(Z≥0)

satisfies
∫ π/2

−π/2
|φ(θ)|2dθ ≥ 1

6
‖φ‖2

2; (1.1)

thus, the fraction of energy appearing in the “low frequency” end of the spec-
trum is at least 1/6. This constant was later improved to 1/4 by Logan [10] and
Shapiro [16].

In the setting of an arbitrary compact group G, the Fourier transform is determined
by the irreducible representations of G, associating with every square-integrable
function f ∈ L2(G) a family of linear operators

f̂ (ρ) = √

dρ

∫

G

f (x)ρ(x)† dμ(x),

one for each irreducible representation ρ of G. This transformation is unitary in the
sense that ‖f ‖2

2 is equal to the sum of the squared Hilbert-Schmidt norms ‖f̂ (ρ)‖2
HS.

In this setting, there is no canonical notion of “low frequency”; however, nested fam-
ilies of “band limits,” under mild conditions, can serve as a remarkable proxy. By
band limit, we mean a finite collection B of irreducible representations of G. For a
representation ρ of degree dρ , we reserve the notation

dimI ρ � d2
ρ

to denote the dimension of the bi-invariant subspace of L2(G) associated with ρ. We
extend this notation to band limits: dimI B �

∑

ρ∈B dimI ρ; note that this is precisely
the dimension of the space of B-band-limited functions, that is, those functions whose
Fourier transforms are supported only on B. In general, given a function f ∈ L2(G)

and a band limit B, we denote the energy f has in B by

‖f̂ (B)‖2
2 �

∑

ρ∈B
‖f̂ (ρ)‖2

HS.

In the special case where G is finite, Kueh et al. [9] proved a natural analogue
of (1.1), giving a lower bound for the fraction of energy that a positive function
must have in certain band limits. These band limits have a particular representation-
theoretic structure, due in part to the positivity constraint. Specifically, given A ⊂ Ĝ,
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let E(A) denote the set of irreducible representations appearing in the representations
ρ ⊗ σ ∗, for ρ,σ ∈ A. Considering such band limits leads to a particularly attractive
concentration bound.

Theorem 1 (Theorem 5 of [9]) Let f be a positive function on a finite group G, and
let A ⊂ Ĝ. Then

‖f̂ (E(A))‖2
2

‖f ‖2
2

≥ dimI A
|G| .

We remark that this bound is tight in the case of cyclic groups, in the sense that
the quantity on the right hand side cannot be increased uniformly in the size of the
group. Kueh et al. also extended the above theorem to the setting of certain compact
groups and band-limited positive functions. However, these results suffered from a
drawback: they depended critically on the maximum weight for an associated positive
quadrature rule for the underlying group and, in general, no bounds were known for
this quantity. Indeed, quadrature rules were only known for specific families of band
limits defined on certain Lie and finite groups [11, 12].

The principal contribution of this article is an explicit quantitative lower bound,
applying for band limits E(A) ⊂ B of arbitrary compact groups, on the fraction of
energy that positive B-band-limited functions must have in the representations of A.
Specifically, we establish the following theorem.

Theorem 2 Let G be a compact group with nonempty finite band limits A and B sat-
isfying E(A) ⊂ B. Define d = maxρ∈E(B) dimI ρ. Then any positive, B-band-limited
function f satisfies

‖f̂ (E(A))‖2
2

‖f ‖2
2

≥ dimI A
8d(3 + lnd) · dimI E(B)

.

The proof relies on establishing quantitative bounds on the weights of a generic
family of positive quadrature rules, a notion defined below. Indeed, the quantity
8d(3 + lnd) · dimI E(B) appearing in the estimate arises as the cardinality of the
support of a quadrature rule for the space of B-band-limited functions. We remark
that for a finite group G, uniform weights on the entire set G form a quadrature rule
for any band limit which recovers Theorem 1 as a consequence of Theorem 2.

Given a band limit B, a quadrature rule is a finite set of sample points X ⊂ G,
coupled with weights w : X → C, which allow one to calculate the Fourier transform
of any B-band-limited function at a representation ρ ∈ B via the finite sum:

f̂ (ρ) = √

dρ

∑

x∈X

w(x)f (x)ρ(x)†.

A simple example of a quadrature rule can be obtained by considering a function f :
G → C that is bi-invariant under the action of a normal subgroup H of finite index.
In this case, the Fourier transform of f is supported on Ĝ/H ⊂ ̂G and, furthermore,
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the nontrivial Fourier coefficients are uniquely determined by the value taken by f

on any set of coset representatives.
Quadrature rules are basic tools for numerical integration [2] and can be formu-

lated in a variety of settings. In recent work, Schmid, Gräf and Potts [8, 14] estab-
lished necessary and sufficient conditions for positive quadrature rules on the rotation
group SO(3). In a quite different setting, Filbir and Mhaskar [4] have established the
existence of quadrature rules for integrating diffusion polynomials on compact Rie-
mannian manifolds. Quadrature rules are also an essential ingredient for Fast Fourier
Transform algorithms for certain families of compact Lie groups [11]. In that setting,
the rules in question depend heavily on the structure of the particular group, and are
tuned to specific families of band limits; this is a requirement imposed by the algo-
rithmic application. For our purposes, we only require that the quadrature rule have
positive weights, and we prefer rules with small sample sets. This flexibility allows
for a (nonconstructive) probabilistic proof for the existence of quadrature rules that
applies to any band limit on any compact group.

In the next section, we review some basic notions about representation theory,
nonabelian Fourier analysis, and quadrature rules on compact groups. In Sect. 3, we
construct new quadrature rules and prove lower bounds on their maximum weights. In
the last section, we apply these rules to prove our main result, a spectral concentration
theorem for band-limited positive functions.

2 Preliminaries

2.1 Fourier Analysis on Compact Groups

We briefly recall some basic facts from representation theory and nonabelian Fourier
analysis on compact groups, following Folland [5]. Our purpose here is primarily to
set down notation and establish normalizations for various Fourier-analytic equalities.

We define a representation of a compact group G to be a continuous homomor-
phism ρ : G → U(Hρ) from G to the group of unitary operators of some nonzero
Hilbert space Hρ . Continuity is the condition that the matrix elements ρuv : x 
→
〈ρ(x)u, v〉 of ρ are continuous maps for every u,v ∈ Hρ . If the dimension dρ of Hρ

is finite, then any orthonormal basis {ei} allows us to express ρ(x) as a complex,
unitary dρ × dρ matrix whose i, j -th entry is ρei ej

(x); when there is no ambiguity,
we will simply write ρij (x). We refer to dρ as the dimension of ρ.

A subspace W of Hρ is said to be G-invariant if ρ(g)W ⊂ W for all g ∈ G. In
this case, the restriction ρ|W of ρ to W is a representation, called a subrepresentation
of ρ; we write ρ|W ≺ ρ. A representation is irreducible if it has no proper subrepre-
sentations. In this compact case, every irreducible representation (or irrep, for short)
is finite-dimensional, and every representation decomposes into a direct sum of irre-
ducible ones. Two representations ρ and σ are equivalent if they differ by a change
of basis. We let Ĝ denote the set of equivalence classes of irreps of G.

The representations of a compact group G can be given natural ring structure
over the operations of direct sum and tensor product. We let 1 : G → U(C) de-
note the one-dimensional trivial representation, 1 : g 
→ 1. With two representations
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ρ : G → U(Hρ) and σ : G → U(Hσ ), we may naturally define a representation act-
ing on Hρ ⊕ Hσ by the rule g 
→ ρ(g) ⊕ σ(g); this representation we denote ρ ⊕ σ .
The space Hρ ⊗ Hσ can likewise be given the structure of a representation by the
rule g 
→ ρ(g)⊗σ(g) [18]. In general, the resulting representation, which we denote
ρ ⊗ σ , is not irreducible even when both ρ and σ are. These operations define the
representation ring of G. The additive structure is given by the free abelian group
generated by the (isomorphism classes of) finite-dimensional representations of G

under the relation ρ + σ −ρ ⊕ σ ; multiplication is determined by the tensor product.
Finally, we remark that dual spaces can also be given the structure of a representa-
tion: with each representation ρ : G → U(H), we may associate the contragredient
representation ρ∗ : G → U(H∗) by the rule ρ∗(g) = ρ(g−1)∗ where A∗, for a linear
operator A, denotes the dual operator on H∗ given by A∗ : φ 
→ φ ◦ A.

Every compact group admits a nonnegative bi-invariant Radon measure μ of total
mass 1, called Haar measure. This allows us to define the inner product

〈f,g〉 =
∫

G

f (x)g(x) dμ(x)

and the associated L2-norm ‖f ‖2
2 = |〈f,f 〉| for complex-valued functions on G.

The (typically infinite-dimensional) space L2(G), consisting of square-integrable
complex-valued functions on G, is naturally a representation of G under the left (or
right) multiplication action [x · f ](y) = f (x−1y). The Peter-Weyl theorem asserts
that this representation decomposes into a direct sum of irreps of G, each appearing
with multiplicity equal to its dimension. Concretely, if we decompose L2(G) into
subspaces invariant under both left and right translation by elements of G, then

L2(G) ∼=
⊕

ρ∈Ĝ

Eρ,

where Eρ is the span of the matrix elements of ρ, called the ρ-isotypic subspace
of L2(G). The spaces Eρ decompose into irreducible representations, according to
the left (or right) action, in a particularly attractive way. Given an orthonormal basis
{ei} for Hρ , the Schur orthogonality relations imply that the d2

ρ (scaled) matrix el-
ements

√

dρρeiej
for 1 ≤ i, j ≤ dρ form an orthonormal basis for Eρ . The union of

all the bases of the Eρ is then an orthonormal basis for L2(G), a Fourier basis. For a
particular Eρ , each “row” {ρeiej

: 1 ≤ j ≤ dρ} spans a right-G-invariant subspace iso-
morphic to ρ; similarly, each “column” {ρeiej

: 1 ≤ i ≤ dρ} spans a left-G-invariant
subspace isomorphic to ρ∗.

With a finite-dimensional representation ρ we associate the function χρ(g) =
trρ(g), the character of ρ. The function χρ is invariant under conjugation and hence
constant on conjugacy classes of G. In fact, the set {χρ : ρ ∈ Ĝ} of characters of irreps
forms an orthonormal basis for the subspace in L2(G) of functions invariant under
conjugation (the class functions). The multiplicity of an irrep ρ in a representation σ

is given by the inner product 〈χρ,χσ 〉 of their characters.
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The Fourier transform of a function f ∈ L2(G) at an irreducible representation ρ

is given by

f̂ (ρ) �
√

dρ

∫

G

f (x)ρ(x)† dμ(x).

Here the notation ·† denotes the Hilbert dual: for an operator A on H, the Hilbert
dual A† : H → H has the defining property that 〈v,Aw〉 = 〈A†v,w〉 for all v,w ∈ H.
Given an orthonormal basis {ei} for the space of ρ, one can view f̂ (ρ) as the matrix
whose i, j -th entry is given by

√

dρ〈f,ρeiej
〉; indeed, this is precisely the definition

of the operator-valued Haar integral appearing in the transform. The Fourier inversion
formula allows us to write f in terms of its transform:

f (x) =
∑

ρ∈Ĝ

√

dρ tr[f̂ (ρ)ρ(x)], (2.1)

where the series converges in L2 so long as f ∈ L2(G). If we fix a basis for each
ρ ∈ Ĝ, then (2.1) yields an expansion of f in the resulting (orthonormal) Fourier
basis for L2(G). Taken together, the inversion formula and the Peter-Weyl theorem
imply the Plancherel equality:

‖f ‖2
2 =

∑

ρ∈Ĝ

‖f̂ (ρ)‖2
HS ; (2.2)

indeed, with appropriate normalizations, the Fourier transform is unitary.
Finally, we remark that the space L2(G) is afforded an algebra structure by the

convolution product:

[f � g](x) =
∫

f (y)g(y−1x)dμ(y).

This product is the linearization of the group action of G on L2(G). As a result, the
Fourier transform carries convolution to matrix product. Specifically,

f̂ � g(ρ) = 1
√

dρ

ĝ(ρ)f̂ (ρ).

2.2 Quadrature Rules

Let B be a finite collection of irreducible representations of a compact group G.
A function f ∈ L2(G) is said to be B-band-limited if the support of f̂ is contained
in B. The space of such functions is spanned by the matrix entries of the represen-
tations in B, a subspace of L2(G) of dimension dimI B < ∞. By analogy with the
finite group case, where L2(G) is itself finite-dimensional, one might expect that
the Fourier transform of a B-band-limited function could be determined via a finite
sum rather than an operator-valued Haar integral. This is indeed the case, a phenom-
enon expressed by a quadrature rule for B. Such a rule specifies a finitely-supported
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measure ν (that is, a finite set X = suppν ⊂ G along with complex weights ν(x) as-
sociated to each x ∈ X) with the promise that the Fourier coefficients of any B-band
limited function f satisfy

f̂ (ρ) = √

dρ

∑

x∈suppν

ν(x)f (x)ρ(x)† for all ρ ∈ B. (2.3)

We remark that as f is B-band-limited, f̂ (ρ) = 0 for those ρ �∈ B; we do not insist,
however, that the corresponding finite sum (2.3) for such ρ evaluate to zero. Observe
that the quadrature rule, coupled with the Fourier inversion formula, yields a descrip-
tion of f as a finite sum:

f (y) =
∑

ρ∈B
dρ

∑

x∈suppν

tr[ν(x)f (x)ρ(x)†ρ(y)]

=
∑

x∈suppν
ρ∈B

dρν(x)f (x)χρ(x−1y).

We remark that the uncertainty principle places certain restrictions on the fam-
ilies of functions that can be reconstructed via a quadrature rule. One such
principle for compact groups [1] states that any nonzero f ∈ L2(G) satisfies
μ(suppf )

∑

ρ∈Ĝ
dρ rk f̂ (ρ) ≥ 1. It immediately follows that the measure of the

support of any B-band-limited function f must be at least 1/dimI B.
The following proposition gives an equivalent condition for a finitely supported

measure to determine a quadrature rule for a band limit B; a similar statement, with
some additional restrictions on B, appears as Lemma 1 in [11]. Recall from above the
notation E(·):

E(B) � {τ ∈ Ĝ : τ ≺ ρ ⊗ σ ∗ for some ρ,σ ∈ B}.

Proposition 3 Let G be a compact group and B ⊂ Ĝ a finite, nonempty band limit.
A finitely supported measure ν is a quadrature rule for B if and only if for all
ρ ∈ E(B),

∑

x∈suppν

ν(x)ρ(x)† =
{

1 if ρ is trivial, and

0 if ρ is nontrivial.

Proof We first observe that, given a choice of basis for every irrep in B, ν gives a
quadrature rule for B if and only if the Fourier basis functions in B are orthonormal
when computed over ν. Specifically, for every ρ,σ ∈ B and 1 ≤ i, j ≤ dρ and 1 ≤
k, � ≤ dσ , we have

∑

x∈suppν

ν(x)ρij (x)σk�(x) =
{

1
dρ

if ρ ∼= σ , i = k, j = �;

0 otherwise.
(2.4)

Since
√

dσ 〈ρij , σk�〉 = ρ̂ij (σ )k�, a quadrature rule ν for B will imply the above by
definition; the other direction of the equivalence follows directly from the Peter-Weyl
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theorem:

√

dρ

∑

x∈suppν

f (x)ρ(x)†ν(x) = √

dρ

∑

x∈suppν

∑

σ∈B
1≤k,�≤dσ

√

dσ f̂ (σ )�kσk�(x)ρ(x)†ν(x)

= √

dρ

∑

σ∈B
1≤k,�≤dσ

f̂ (σ )�k
√

dσ

∑

x∈suppν

σk�(x)ρ(x)†ν(x)

=
∑

k,�

dρf̂ (ρ)�k
e�k

dρ

= f̂ (ρ),

where e�k denotes the dρ × dρ matrix with a 1 in the �, k-th entry and zeroes else-
where.

Note that the matrix entries of the operator
√

dρdσ

∫

x∈G
[ρ ⊗ σ ∗](x) dμ(x) are

precisely the inner products of the various Fourier basis functions belonging to ρ

and σ . By the equivalence shown above, it follows that ν gives a quadrature rule for
B if and only if, for every ρ,σ ∈ B, we have

∑

x∈suppν

ν(x)[ρ ⊗ σ ∗](x) =
∫

x∈G

[ρ ⊗ σ ∗](x) dμ(x).

If we consider the orthogonal decomposition of each tensor product ρ ⊗ σ ∗ into
irreducible subrepresentations τ ≺ ρ ⊗ σ ∗, the above amounts to requiring that

∑

x∈suppν

ν(x)τ (x) =
∫

x∈G

τ(x)dμ(x)

for every τ ∈ E(B). When τ is trivial, the right hand side is equal to 1; otherwise, by
Schur’s Lemma (see p. 13 of [15]), it is the zero operator. �

We remark that the condition of Proposition 3 referring to the trivial representation
is relevant regardless of the structure of B. Indeed, for any pair of irreps ρ and σ ,
the multiplicity with which the trivial representation appears in ρ ⊗ σ ∗ is given by
〈1, χρ⊗σ ∗〉 = 〈χρ,χσ 〉, and is equal to one when ρ ∼= σ and zero otherwise. Since B
is nonempty, this implies that the trivial representation always appears in E(B).

3 Quadrature Rules for Arbitrary Compact Groups

3.1 Representations Evaluated at Random Group Elements

The goal of this section is to establish the existence of nonnegative quadrature rules
for arbitrary compact groups. The construction proceeds by demonstrating that, with
nonzero probability, a sufficiently large family of independent samples according to
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Haar measure can be given weights that yield a positive quadrature rule. In particu-
lar, we establish that for appropriate representations ρ of G, the convex hull of the
operators ρ(x) contains zero with nonzero probability. Then any convex combination
of these operators that equals zero yields weights which satisfy the quadrature rule
conditions given by Proposition 3.

For a finite-dimensional complex Hilbert space H we let End(H) denote the
Hilbert space of linear operators on H with the inner product 〈A,B〉 = tr(A†B).
As real weights play a special role in our application, we shall focus on real sub-
spaces of End(H). Specifically, define EndR(H) to be the real Hilbert space obtained
from End(H) by restriction of scalars to R and adoption of the real inner product

〈A,B〉 = Re
(

tr(A†B)
)

.

If ρ is an irreducible, finite-dimensional unitary representation ρ : G → U(H) the
linear operators {ρ(g) : g ∈ G} span End(H). As vectors in EndR(H), however, they
may span a strict subspace, which we denote spanR ρ.

We naturally extend the notation spanR ρ to general finite-dimensional represen-
tations ρ (which may not be irreducible). The first step in our proof is to show that
when x is drawn from the Haar measure, the random variable ρ(x) is evenly distrib-
uted in some approximate sense. More precisely, let N be a vector in spanR ρ; with
the inner product above, N determines a hyperplane in spanR ρ. We will see that, for
any N , the fraction of operators ρ(x) lying in either of the (open) half-spaces induced
by the hyperplane is not too small.

Proposition 4 Let G be a compact group and K a finite subset of Ĝ closed under
taking contragredients and not containing the trivial representation. Define K(g) =
⊕

τ∈K τ(g) and suppose N ∈ spanR K. If x is drawn from the Haar measure on G,
then

Pr [Re (tr (K(x)N)) > 0] ≥ 1

2 · maxτ∈K dimI τ
.

Proof Observe that E[τ(x)] = ∫

τ(x) dμ(x) = 0 for each τ ∈ K, so that

E [Re(tr(K(x)N))] = 0. (3.1)

Both K(x) and N can be viewed as block diagonal operators, each block correspond-
ing to an irrep τ in K. We let Nτ denote the projection of N into the subspace
spanned by matrices of τ ; the projection of K(x) into that subspace is simply τ(x).
By Cauchy-Schwarz, the triangle inequality, and the unitarity of each τ , we now
have

|Re tr(K(x)N)| ≤
∑

τ∈K
‖τ(x)‖HS‖Nτ‖HS =

∑

τ∈K
‖Nτ‖HS

√

dτ

≤ ‖N‖HS
√

max
τ∈K

dτ . (3.2)
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The next step is to control the second moment. It can be expanded as follows:

E
[|Re tr(K(x)N)|2] = 1

4
E

[

tr(K(x)N)2 + 2 tr(K(x)N)tr(K(x)N) + tr(K(x)N)
2]

= 1

4

∑

ρ,σ∈K
E

[

tr(ρ(x)Nρ) tr(σ (x)Nσ )

+ 2 tr(ρ(x)Nρ)tr(σ (x)Nσ )

+ tr(ρ(x)Nρ) tr(σ (x)Nσ )
]

.

Each term inside the expectation above then involves a sum of products of Fourier
basis functions. When averaged over the group, the second term is zero except when
ρ ∼= σ ; the first and third terms are zero except when ρ∗ ∼= σ . The expectation above
can then be expressed as

1

4

∑

τ∈K
E

[

tr(τ (x)Nτ ) tr(τ ∗(x)Nτ∗) + 2 tr(τ (x)Nτ )tr(τ (x)Nτ )

+ tr(τ (x)Nτ ) tr(τ ∗(x)Nτ∗)
]

.

The second term is

∑

i,j,k,�

E
[

τ(x)ij (Nτ )jiτ (x)k�(Nτ )�k
] = 1

dτ

∑

i,j

(Nτ )ji(Nτ )ji = ‖Nτ‖2
HS

dτ

.

To simplify the first and third term, we distinguish between three cases: when τ is
real, complex, and quaternionic (see Sect. III.5 in [17].) If τ is not isomorphic to
its contragredient τ ∗, then we say that τ is complex. If τ is isomorphic to τ ∗, then
either τ is real (meaning that τ = τ ∗), or it is quaternionic (meaning that there exists
a nontrivial unitary operator U such that τ = Uτ ∗U†). Recalling that K is closed
under taking contragredients, we see that each complex τ will contribute

E
[

tr(τ (x)Nτ ) tr(τ ∗(x)Nτ∗)
] = E

[

tr(τ (x)Nτ )tr(τ (x)Nτ )
] = ‖Nτ‖2

HS

dτ

,

while, likewise, each real τ contributes

E
[

tr(τ (x)Nτ ) tr(τ (x)Nτ )
] = E

[

tr(τ (x)Nτ )tr(τ (x)Nτ )
] = ‖Nτ‖2

HS

dτ

.

In the quaternionic case, letting U be the unitary operator that satisfies τ = Uτ ∗U†,
we have

E
[

tr(τ (x)Nτ ) tr(τ (x)Nτ )
] = E

[

tr(τ (x)Nτ )tr(Uτ ∗(x)U†Nτ )
]

= tr
[

Nτ (U
†NτU)⊥

]

.
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It is easy to check that for a quaternionic irrep, the Fourier transform of a real el-
ement of the group algebra commutes with conjugation, up to unitary equivalence;
specifically, U(Nτ )

∗U† = Nτ . Substituting into the above, we now have

E
[

tr(τ (x)Nτ ) tr(τ (x)Nτ )
] = tr

[

Nτ (U
†UN∗

τ U†U)⊥
] = ‖Nτ‖2

HS

dτ

for every quaternionic τ . We conclude that

E
[|Re(tr(K(x)N))|2] =

∑

τ∈K

‖Nτ‖2
HS

dτ

≥ ‖N‖2
HS

maxτ∈K dτ

. (3.3)

Now let X be the random variable Re(tr(K(x)N)), where x is chosen from Haar
measure on G, and consider (3.1), (3.2) and (3.3). Let A+ and A− be the subsets of
G where X takes positive and negative values, respectively. Then

‖N‖2
HS

maxτ∈K dτ

≤ EA+[X2] + EA−[X2] ≤ 2
√

max
τ∈K

dτ‖N‖HSEA+[X]

≤ 2 max
τ∈K

dτ‖N‖2
HSμ(A+),

and the result follows. �

Remark 5 The bound given in the proposition above is nearly tight. To see this, let
p be prime and let Fp denote the finite field with p elements. Consider Ap , the
group of affine transformations of Fp of the form αa,b : x 
→ ax + b with a ∈ F

∗
p and

b ∈ Fp . We view Ap as a subgroup of the symmetric group Sp , and consider its action
in the standard representation σ (with dσ = p − 1) of Sp . Recall that the character
χσ (π) = F(π) − 1, where F(π) = |{x | π(x) = x}| is the number of fixed points
of the permutation π . Let N be the identity operator and consider tr(σ (αa,b)N) =
χσ (αa,b) for uniformly random αa,b ∈ Ap . This is p − 1 with probability 1/p(p −
1) = 1/(d2

σ + dσ ), −1 with probability 1/p = 1/(dσ + 1), and zero otherwise. Note
that the probability that χσ (a, b) is positive is within a constant of the bound given
by Proposition 4.

3.2 Generic Quadrature Rules

We establish the existence of our quadrature rules by observing that, with nonzero
probability, a sufficiently large family of samples drawn from the Haar measure can
be given appropriate positive weights to form a quadrature rule.

Theorem 6 Let G be a compact group and B ⊂ ̂G a finite band limit closed un-
der taking contragredients. Set n = dimI E(B) and d = maxτ∈E(B) dimI τ. Then there
exists a quadrature rule for B given by a nonnegative measure ν with | suppν| ≤
8nd(3 + lnd).
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Proof We first define the representation

K(x) =
⊕

τ∈E(B);τ�1

τ(x).

Fixing an index set I of size 4d(2n − 3) ln(e3 · d) ≤ 8nd(3 + ln(d)), let X = {xi :
i ∈ I } be a family of independent random variables distributed according to Haar
measure on G. We shall see that the convex hull of the set

K(X) � {K(xi) : i ∈ I } ⊂ span
R

K

contains the vector 0 with probability bounded away from zero; in this case, there
exists a nonnegative linear combination

∑

i

νi · K(xi) = 0 with
∑

i

νi = 1.

Proposition 3 then guarantees that the finitely-supported measure ν determined by
these weights on X is a positive quadrature rule for B.

To set down notation, let nR denote the real dimension of spanR K. For a finite set
of points Z ⊂ spanR K, we let

hull(Z) =
{

∑

z∈Z

λz · z : λz ≥ 0,
∑

z∈Z

λz = 1

}

denote their convex hull. We say that a hyperplane H bounds a convex set if the set
is entirely contained in one of the closed half-spaces determined by H . A convex
polytope P is the convex hull of a finite set of vectors in a real vector space; the
dimension of such a polytope is the dimension of the corresponding space spanned
by the elements {x −y | x, y ∈ P }. The intersection of P with a bounding hyperplane
is a convex set we call a face of P ; if P is d-dimensional, a face of dimension d −1 is
called a facet. We remark that any hyperplane containing a facet bounds the polytope.

Returning to the set K(X), observe that if 0 /∈ hull(K(X)), there is a facet
of hull(K(X) ∪ {0}) containing 0; in this case, regardless of the dimension of
hull(K(X)), the offending facet lies in the subspace spanned by some nR − 1
elements of K(X). Any hyperspace containing this subspace evidently bounds
hull(K(X)). For a fixed subset F ⊂ I of size nR − 1, let BF denote the bad event
that every hyperspace H containing {K(xi) : i ∈ F } bounds hull(K(X)); in partic-
ular, for each such hyperspace H , the remaining elements {K(xi) : i �∈ F } of K(X)

collectively lie in one of the closed half-spaces determined by H . With these events
defined, we have

Pr[0 /∈ hull(K(X))] ≤ Pr

[

⋃

F

BF

]

≤
∑

F

Pr[BF ],

where both the union and sum are extended over all F ⊂ I of size nR − 1. Recalling
that the trivial representation has been excluded from K, the real dimension nR of
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spanR K is no more than 2(n − 1). As the xi are independent and identically distrib-
uted (and, specifically, invariant under permutation), Pr[BF ] = Pr[BF ′ ] for any pair
F,F ′ and we conclude that

Pr[0 /∈ hull(K(X)] ≤
( |X|

nR − 1

)

Pr[BF0 ] ≤
( |X|

2n − 3

)

Pr[BF0 ],

for any fixed F0.
Consider a collection F ⊂ I of nR − 1 indices; to estimate Pr[BF ], we shall an-

alyze the event conditioned on a fixed, but arbitrary, assignment a : F → G for the
variables {xi : i ∈ F }. Fixing a vector Na normal to the subspace spanned by the el-
ements {K(a(i)) : i ∈ F }, the inner product of an element K(z) with Na determines
the half-space of the hyperplane orthogonal to Na in which K(z) lies. As the xi are
independent,

Pr[BF | xi = a(i), i ∈ F ] ≤
∏

i /∈F

Pr
[

Re
(

tr[K(xi)N
†
a ]) ≤ 0

]

+
∏

i /∈F

Pr
[

Re
(

tr[K(xi)N
†
a ]) ≥ 0

]

≤ 2 · sup
N

(

Pr
x

[

Re
(

tr[K(x)N†]) ≤ 0
]

)|I\F |
,

where x is distributed according to Haar measure and the supremum is taken over all
unit length vectors N ∈ spanR K. Hence

Pr[BF ] ≤ sup
a

Pr[BF | xi = a(i), i ∈ F ] ≤ 2 · sup
N

(

Pr
x

[

Re
(

tr[K(x)N†]) ≤ 0
]

)|I\F |
.

In light of Proposition 4 and the fact that
(

n
k

) ≤ (

ne/k
)k we infer that

Pr
[

0 /∈ hull(X)
] ≤ 2

( |X|
2n − 3

)(

sup
N

(

Pr
x

[

Re(tr[K(x)N†]) ≤ 0
]

)

)|X|−(2n−3)

≤ 2

(

e|X|
2n − 3

)2n−3 (

1 − 1

2d

)|X|−(2n−3)

.

Recalling that |X| = 4d(2n − 3) ln(e3 · d) and that (1 − x) ≤ e−x for x ∈ [0,∞),

Pr[0 /∈ hull(X)] ≤
(

2e|X|
2n − 3

)2n−3

e−(|X|−(2n−3))/2d =
(

8 ln(e3d)

e5d
· e 1

2d

)2n−3

.

Observing that the derivative of ln(e3 · d)/d is negative in [1,∞) and that 1 ≤ d < n,
we conclude that

(

8 ln(e3d)

e5d
· e 1

2d

)2n−3

≤
(

24

e5

√
e

)2n−3

≤
(

24

e4.5

)

< 1,

as desired. �
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Remark 7 The argument above can yield slightly stronger constants than those
claimed. In particular, a more involved computation shows there is a function f :
R

+ → R
+ so that for any ε > 0 there is a quadrature rule of size 4(1 + ε)nd(ln(d) +

f (ε)).

4 Spectral Concentration of Positive Functions

4.1 The General Approach, and Previous Results

Let A ⊂ B be two band limits of a compact group G, with B closed under contra-
gredients. Our goal is to prove a lower bound for the fraction of spectral mass that
any positive B-band-limited function must have in A. The insight of Kueh et al. [9]
in bounding this quantity was to study the function

f c = f̃ � f,

where f̃ is defined by f̃ (x) = f (x−1). Note that f̂ and f̂ c have the same Fourier
support. The essential property of f c for our application is that it is an indicator of
the spectral mass of f :

〈f c,χρ〉 = 1
√

dρ

tr
[

̂f c(ρ)
] = 1

dρ

tr
[

f̂ (ρ)†f̂ (ρ)
] = ‖f̂ (ρ)‖2

HS

dρ

.

Now consider a positive, A-band-limited class function ψ . Computing the inner prod-
uct of f c with ψ in the Fourier basis, we have

〈f c,ψ〉 =
∑

ρ∈Ĝ

〈χρ,ψ〉‖f̂ (ρ)‖2
HS

dρ

≤ N(ψ)
∑

ρ∈A
‖f̂ (ρ)‖2

HS = N(ψ)‖f̂ (A)‖2
2, (4.1)

where N(ψ) = maxρ∈A〈χρ,ψ〉/dρ. Since both f c and ψ are B-band-limited, their
inner product can be viewed as a finite linear combination of Fourier coefficients
associated with representations from B only; by the Peter-Weyl theorem, this is also
true for left translations of f c and ψ . We can thus compute 〈f c,ψ〉 via a quadrature
rule for B. Let ν be a quadrature rule for B with positive weights, and let x0 ∈ G

be the element where ν achieves its maximum ‖ν‖∞. Then, by the positivity of f c

and ψ ,

〈f c,ψ〉 =
∫

f c(x−1
0 x)ψ(x−1

0 x)dμ(x)

=
∑

x∈suppν

ν(x)f c(x−1
0 x)ψ(x−1

0 x)

≥ f c(1)ψ(1)ν(x0)

= ‖f ‖2
2ψ(1)‖ν‖∞.
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Combining with (4.1), we now have

‖f̂ (A)‖2
2

‖f ‖2
2

≥ ‖ν‖∞
ψ(1)

N(ψ)
, (4.2)

a lower bound for the fraction of L2-mass f has in A (recall the Plancherel iden-
tity (2.2).) Clearly, the quality of this bound depends critically on our choice of
quadrature rule ν and “test function” ψ . Our quadrature rules will be provided by
the results of Sect. 3.2; we will discuss several possible choices for ψ below.

In [9], the above technique is applied to both finite and compact groups. Given
two band limits A and B satisfying E(A) ⊂ B, they provide a lower bound for the
fraction of energy (that is, ‖ · ‖2-mass) which any B-band-limited function must have
in E(A). This is accomplished by setting φA = ∑

ρ∈A χρ and applying (4.2) to the

test function ψ = φAφA. The resulting bound (Theorem 14 in [9]) is

‖f̂ (E(A))‖2
2

‖f ‖2
2

≥ ‖ν‖∞
(
∑

ρ∈A dρ)2

N(φAφA)
.

The special case of finite groups appears as Theorem 4 in [9].

4.2 New Spectral Concentration Bounds

There are a number of ways in which the bounds from the previous section could be
improved. Most importantly, prior to the present work no general nonnegative quadra-
ture rules were known for arbitrary compact groups and band limits. The quantity
‖ν‖∞ was thus only defined for specific families of band limits on particular com-
pact groups where positive quadrature rules had been constructed (see Maslen [12]).
In general, no explicit lower bounds were known for ‖ν‖∞. Secondly, it is unclear
if the choice of test function ψ = φAφA is optimal; different test functions, chosen
in a way that maximizes the quantity ψ(1)/N(ψ), may improve the bound. Finally,
we may prefer a bound expressed merely in terms of the dimensions of the relevant
irreducible representations of G, rather than “quadratic” features of the band limits
such as the multiplicities N(ψ). We address these issues in the following theorem.

Theorem 8 Let G be a compact group with nonempty finite band limits A and B
satisfying E(A) ⊂ B. Define n = dimI E(B) and d = maxρ∈E(B) dimI ρ. Then any
B-band-limited function f satisfies

‖f̂ (E(A))‖2
2

‖f ‖2
2

≥ dimI A
8nd(3 + lnd)

.

Proof The notion of band limit extends immediately to characters: note that if C is a
band limit, a character φ is C -band-limited if and only if

φ =
∑

ρ∈C
aρχρ
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for a family of non-negative integer coefficients aρ,ρ ∈ C . We say that the character
θ is C -regular if 〈θ,χρ〉 = dρ for all ρ ∈ C . With this terminology in place, observe
that if θ is C -regular and φ = ∑

aρχρ is C -band-limited, we have

〈θ,φ〉 =
∑

ρ∈C
aρdρ = φ(1).

Equivalently, 〈θ,φ〉 is equal to the dimension of any representation σ for which
χσ = φ.

Defining φA = ∑

ρ∈A dρχρ we shall focus on the character ψ = φAφ̄A and, as
above, the quantity

N(ψ) = N(φAφ̄A) = max
ρ∈E(A)

〈χρ,φAφ̄A〉
dρ

.

In order to estimate N(φAφ̄A), we introduce the band limit

A′ = {ρ ∈ Ĝ : ρ ≺ σ1 ⊗ σ ∗
2 ⊗ σ3 for some σ1, σ2, σ3 ∈ A}

and the A′-regular character θ = ∑

ρ∈A′ dρχρ . Since 〈1, χσ χσ ∗〉 = 〈χσ ,χσ 〉 = 1,
the trivial representation is always a direct summand of σ ⊗ σ ∗; it follows that τ ≺
σ ⊗ σ ∗ ⊗ τ for any irreps σ, τ . As A is nonempty, we conclude that A ⊂ A′. Note,
also, that if σ ∈ E(A) and τ ∈ A we have {ρ ∈ Ĝ : ρ ≺ σ ⊗ τ } ⊂ A′ and, as θ is
A′-regular, that

〈χσ χτ , θ〉 = dσ dτ and, by linearity, 〈χσ φA, θ〉 = dσ dimI A.

Returning now to estimate N(φAφ̄A), for any σ ∈ E(A) we have

〈χσ ,φAφ̄A〉
dσ

= 〈φAχσ ,φA〉
dσ

≤ 〈φAχσ , θ〉
dσ

= dimI A,

where the inequality follows from the fact that 〈χρ, θ〉 ≥ 〈χρ,φA〉 for all irreps
ρ ∈ Ĝ.

We now repeat the calculations from the previous section with the test function
ψ = φAφ̄A.

〈f c,φAφ̄A〉 ≤ N(φAφ̄A)
∑

ρ∈E(A)

‖f̂ (ρ)‖2
HS ≤ dimI A‖f̂ (E(A))‖2

2.

Continuing as before, but now with the quadrature rule from Theorem 6, we see that

〈f c,φAφ̄A〉 ≥ ‖f ‖2
2|φA(1)|2‖ν‖∞ ≥ ‖f ‖2

2(dimI A)2

8nd(3 + lnd)
.

Combining the last two equations yields the result. �

We remark that for certain choices of B, simple quadrature rules are easy to come
by. For instance, suppose G is compact and H is a normal subgroup of finite in-
dex in G. The functions which are invariant under left translation by elements of
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H form a [G :H ]-dimensional vector subspace of L2(G). This subspace is also a
representation of G under left translation; let B be the collection of its irreducible
subrepresentations. It is easy to check that B is in fact isomorphic to the dual of the
finite quotient group G/H . As a result, given any set {gi} of coset representatives, we
can compute the Fourier transforms of a B-band-limited function f via the rule

f̂ (ρ) = √

dρ

∫

f (x)ρ(x)† dμ(x) =
[G :H ]
∑

i=1

μ(giH)f (gi)ρ(gi)
†

=
[G :H ]
∑

i=1

1

[G :H ]f (gi)ρ(gi)
†.

Hence, given any A such that E(A) ⊂ B, the proof of Theorem 8 implies that

‖f̂ (E(A))‖2
2

‖f ‖2
2

≥ dimI A
[G :H ] .

This includes the special case of finite groups and, in particular, Theorem 4 from [9].
For general compact groups and band limits, we would like to find quadrature rules
with large weights, as well as a test function ψ which maximizes N(ψ). The positiv-
ity constraint makes finding such a function a nontrivial matter.

We point out another natural choice of test function, namely ψ = ∑

ρ∈E(A) χρχ̄ρ .
The result is a bound for a different portion of the spectrum; specifically, it controls
the fraction of spectral mass appearing in representations ρ which are irreducible
summands of σ ⊗ σ ∗ for some σ ∈ E(A). It is easy to check that the bound in this
case is

dimI A
8nd(3 + lnd)N(ψ)

;
unfortunately, there seems to be no immediate way of explicitly controlling the mul-
tiplicity N(ψ).

4.3 An Example: The Special Unitary Group

The special unitary group SU(2) is the set of all unitary transformations of C
2 with

determinant one. The representation theory of SU(2) is particularly attractive and
easy to describe. Let Vn denote the vector space of all homogeneous n-th degree
polynomials over C, in two variables:

Vn = {

a0z
n + a1z

n−1w + · · · + an−1w
n−1z + anw

n : ai ∈ C
}

.

There is a natural action of SU(2) on f ∈ Vn, given by [U · f ](z) = f (U−1z) where
z denotes the two-dimensional indeterminate vector (z,w). It is easy to check that
each Vn is a representation of SU(2) under this action; moreover, they are pairwise
inequivalent, since dimVn = n + 1. With some more work, one can show that each
Vn is self-dual and irreducible, and that these are the only irreducible representations
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of SU(2) [6]. We will denote the character of Vn by χn; in particular, χ0 will denote
the trivial representation. We will also require the Clebsch-Gordan rule for SU(2),
which is given by

Vn ⊗ Vm = V|m−n| ⊕ V|m−n|+2 ⊕ · · · ⊕ Vm+n−2 ⊕ Vm+n. (4.3)

We will work with band limits Bn = {V0,V1, . . . , Vn−1,Vn}. Note that the maxi-
mum dimension of any irrep in Bn is n + 1, and that the total dimension of the subal-
gebra of L2(SU(2)) corresponding to Bn is equal to the (n + 1)-st square-pyramidal
number (see [7] for a simple geometric proof):

Pn =
n+1
∑

k=1

k2 = (n + 1)(n + 2)(2n + 3)

6
.

By the results of Sect. 3, there exist quadrature rules for the space of Bn-band-limited
functions involving a number of samples that depends only on the dimensions of
irreps in Bn ⊗ Bn

∗ = B2n. Specifically, we require at most 8 · P2n(2n + 1)(ln(2n +
1) + 3) many samples.

Observe that the set Fn of positive functions which are band limited to Bn is
nontrivial, since

∑

0≤�≤n/2

a� · |χ�|2 ∈ Fn

for any non-negative coefficients a� ≥ 0. Consider now the fraction of energy a func-
tion f ∈ Fn has in the “low frequency” portion of the spectrum, say in Bm for some
m < n. Theorem 8 asserts that

‖f̂ (E(Bm))‖2
2

‖f ‖2
2

≥ Pm/2

8P2n(2n + 1)(ln(2n + 1) + 3)
,

where we assumed m to be even for simplicity.
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