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Abstract In this paper we prove L”-boundedness properties of spectral multipliers
associated with multidimensional Bessel operators. In order to do this we estimate
the LP-norm of the imaginary powers of Bessel operators. We also prove that the
Hankel multipliers of Laplace transform type on (0, oo)” are principal value integral
operators of weak type (1, 1).
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1 Introduction

Our objective is to establish L”-boundedness properties of spectral multipliers asso-
ciated with multidimensional Bessel operators.
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It is suitable to start by specifying some notation that we will use along the pa-
per. This one will allow us to simplify the writing of our results and to make their
reading easier. By n > 1 we denote the dimension. We consider A = (A1,...,A,) €
(=1/2,00)", ¢ € (—1/2,00),and x = (x1, ..., x,) € (0, 00)". Also we reserve y and
z to denote elements of (0, 00)” and u and v of in (0, c0). Suppose that (u, v, @) €
(0, 00)> x (—1/2,00) = F(u,v,a) € R. We define, for every x, y € (0, 00)" and
re(—=1/2,00)",

n
Fx,y, =[] F@&), 2.
j=1

According to this convention we define, for instance,

e =[]@yp™ and /7 =[]@i/yn™H.
j=1

j=1

for every x,y € (0,00)". We also introduce the measures duqy (1) = u*du, on
(0, 00), and d s (x) = [T, dps, (x;), on (0, 00)".
We consider the Hankel transformation on (0, c0)” defined by

H,\(f)(X)Z/ .6, ) fMdua(y),  x €(0,00)",

(0’ oo)ﬂ

where @, (u, v) = (uv) Y21, o (uv), u, v € (0, 00) and o > —1/2. Here J,, de-
notes the Bessel function of the first kind and order v. H, maps L1((0,00)", d U (x))
into L*°((0, 00)", duy (x)) (= L*°((0, 00)", dx)) and it can be extended as an isom-
etry to L2((0, 00)", d s (x)) being H,”' = H; on L?((0, 00)", d ;. (x)) (see [2]).

If m € L*°((0, 00)", dx) the multiplier operator T," associated with the Hankel
transformation H, is defined by

T (f) = Hy(mHy.(f)), f e L*((0,00)", dps(x)).

It is clear that 7;" is bounded from L2((0, 00)", d . (x)) into itself. L”-boundedness
properties for Hankel multipliers have been studied in [1, 3, 8-12, 17] and [21],
amongst others.

For every o > —1/2 we denote by A, the Bessel operator

d d > 2ad
A - _ —20 2 200 % —_ (= =),
ol O du <u du> <du2 + u du)

and if A € (—1/2, c0)" we write

n
A=Y A
j=1

Since

Agu®@o (1, v) = VD (u,v), u,v € (0,00)
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(see [13, (5.3.7), p. 103)), it follows that, for each x, y € (0, 00)",

A5 (x, y) = |y[2 @i (x, y), (1)

where |- | represents the Euclidean norm in R”. We denote by C2°((0, 00)") the space
that consists of all those smooth functions in (0, 0c0)" that have compact support in
(0, 00)". From (1) we deduce that, for every g € C2°((0, 00)"),

Hy (2:.8)(») = y* Hp(9)(), € (0, 00)". @)

According to (2) we define the operator A, as follows

Aif = H(IyPH(f)), feD(Ay), A3)

where
D(A) = {f € L*((0,00)", dps(x)) : [yI*Hi(f) € L*((0, 00)", d ;. (x)) }.

This operator A is closed and selfadjoint in L2((0, 00)", dy(x)). The heat semi-
group {W,)‘},>o generated by — A, is defined as follows

W) () =/ W/, ) f (DA (y),  x €(0,00)" and 1 > 0,

(0’ oo))l

where ([22, p. 395])

o0
_ 4,2 _ _
W (u, v) = / e (u) T2 oy 2 (zu) (z0) TV T 12 (20)d ke (2)
0

(uv)—a+l/2

v
% Ial/z(u—)e_(“2+v2)/4’, tu,ve(0,00), a>—1/2,

2t
“4)

and /,, denotes the modified Bessel function of the first kind and order v ([22, p. 395]).
This semigroup {W}},~0 is a symmetric diffusion semigroup in the sense of Stein
([19, p. 65)).
If m € L*°(0, 00), the spectral multiplier associated with A, m(A,), defined by
m coincides with the Hankel multiplier T/, where m(y) =m(|y|?), y € (0, c0)".
We now establish our main result. Suppose that m € L°°(0, co). Given N € N, we
denote by my (u, v) the function

—uv/2

mN(u,v):(uv)Ne m(), u,ve(0,o0),

and by My (u, w) the Mellin transform of my (1, v) with respect to the variable v,
ie.,

o0
MN(u,w):/ v Uy (u, v)du,  u, w e (0, 00).
0
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Theorem 1.1 Let 1 < p < 00. Assume that m € L*°(0, 0o) and that for some N € N,
the following condition holds

11
/sup|MN(u,w)|e”|w||2 rldw < oo.
R

u>0

Then, m(A,) extends to a bounded operator on LP ((0, 00)", d . (x)).

According to [14, Theorem 1] our Theqrem 1.1 will be proved when we see that,
for every B € R, the imaginary power A'f is bounded from L?((0, 0c0)", du; (x))
into itself and that

1_1
|8l 27 ‘ ||f||Lp((0,oo)”,dlM(x))’

f € LP((0,00)", dps(x)), 5)

||A;ﬂfllu((o,oo)n,dm(x)) <Ce

where C > 0 does not depend on §. Note that the bound in (5) is better than the one
obtained in [4, p. 270] and [5, p. 736].

As it is well known the imaginary powers of an operator are special cases of spec-
tral multipliers of Laplace transform type for the operator (see [19, p. 58]). We will
study LP-boundedness properties of Hankel multipliers of Laplace transform type
because, actually, the effort is the same than to treat with the particular case of the
imaginary powers Alf )

According to (1) we say that m is of Laplace transform type associated with ¢ €
L*°(0, 00) when

oo
m(y) =y’ f e Ppmdr, ye (000"
0
([19, p. 121]). By [19, Corollary 3, p. 121] the Hankel multiplier 7," is bounded from

LP((0,00)", dpy(x)) into itself, for every 1 < p < oo, provided that m is of Laplace
transform type. Note that if 8 € R and ¢g(¢) = r(tf—iiﬁ)’ t € (0, 00), we have that

o0
—lvI2 :
m,s<y)=|y|2/0 e M pg(t)dt = y1*P1,  y € (0, 00)",

and T,"* = A (see (3)).
Our purpose is to estimate the L”-norm of the operator 7,". In order to do this,
the following pointwise representation of 7, on C2°((0, 0o0)") is crucial.

Theorem 1.2 Let A € (—1/2, 00)". Assume that m is of Laplace transform type as-
sociated with ¢ € L°°(0, 00) and that f € C2°((0, 00)"). Then

I () = = lim, (A(s)f(x) + /(O o T (x,y>dm(y>),
g ,00)", |y—x|>¢
ae. xe(0,00)", (6)
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where
¢ > 9 n
K,\(xs)’)z 0 ¢(I)EW[ (XJ’)df, XJ’E(OaOO) 7x7éya

and || All L= ©0,00) < Cll@ll L (0,00), Where C > 0 does not depend on ¢. Moreover, if
there exists the limit ¢ (07) = lim,_, o+ ¢ (¢), then

T"(f)(x) = CH(0T) f(x) — lim, (f(o _— f(y)K;”(x,y)dm(y)),
£—> ,00)", |y—x|>¢
ae. x€(0,00)",

being C a positive constant.

The existence of the limit in (6) for every f € L?((0, 00)",du; (x)), 1 < p < o0,
can be proved by using the following fundamental result where the L”-boundedness
properties for the maximal operator associated with the principal value in (6) are
established. We consider the maximal Fourier multiplier 7"-* defined by

T"™*(f)(x) = sup

>0

/l | FOVH?(x, y)dy|, xeR",
.X—y >€
where
o 0
Hd)(x’)’):fo ¢(I)EWZ‘(-X7 )’)df, xvyERn’ x?’é% (7)

and W, (x, y) denotes the classical heat kernel, that is,

o Ix—yP /4

Wr()ﬁy):W,

x,yeR"andr > 0.

T * is the maximal operator associated with the Fourier multiplier 7" defined by
T f=(mf), felL*(R"dx),

where, as usual, by f we denote the Fourier transform of f and by g the in-
verse Fourier transform of g. It is well known that the operator 7"* is bounded
from LP(R",dx) into itself, for every 1 < p < oo, and from Ll(R",dx) into
LR, dx). Also, T™ can be extended from L2(R",dx) N LP(R",dx) to
L?(R", dx) as a bounded operator from L? (R", dx) into itself, forevery 1 < p < oo,
and from L' (R", dx) into L' (R", dx).

Theorem 1.3 Let L € (—1/2,00)". Suppose that m is of Laplace transform type
associated with ¢ € L°°(0, 00). The maximal operator Tkm * defined by

T,""(f)(x) = sup

e>0

/ FOVK? (e, »dun ()], x €(0,00)",
(0,00)", |x—y|>¢

Birkhauser



J Fourier Anal Appl (2011) 17:932-975 937

being Kf as in Theorem 1.2, is bounded from LP((0,00)",du;(x)) into itself,
for every 1 < p < 00, and from L'((0, 00)", d ;. (x)) into L*((0, 00)", du; (x)).
Moreover, we have, for every 1 < p < oo and f € L?((0,00)",du; (x)),

1T (O Lr (0,000 dpas (x))

< C(I9llx,00) + 1T prs p) 1 £ 11 L2 (0.00)" () -
and, for every L' ((0, 00)", d . (x)),
1T 100 (0,000 s 0
< C(I9ll=0.00) + IT™* 1> (1.00)) 1L 1 L1 ((0.00)" s (1))

where |T"™*| psp, 1 < p < 00, and || T™* |11 (1,00) denotes the norm of the op-
erator T™* between LP(R",dx) into itself, 1 < p < oo, and L'(R",dx) into
LY °(R", dx), respectively. Here C > 0 is a constant which does not depend on the
function ¢.

From Theorems 1.2 and 1.3 we can deduce the following result.
Theorem 1.4 Let A € (—1/2,00)". Assume that m is of Laplace transform type as-

sociated with ¢ € L*°(0, 00). For every f € L?((0,00)",du;(x)), 1 < p < oo, the
limit

lim (A(e) )+ / f(y)KZ’(x,y)dm(w),
e—0F (0,00)", |x—y|>¢

exists, for almost all x € (0, 00)". Here Kf and A are defined as in Theorem 1.2.
Moreover, the operator T%' defined by

(0,00)", |x—y|>e

T3 () (x) = — im, (A(S)f(x) +/ FOIKY (x, y)dm(y)>,

ae. xe€(0,00)",
is bounded from LP((0,00)",du,(x)) into itself, for every 1 < p < o0, and from
LY((0, 00)", du;.(x)) into L1°((0, 00)", d 1, (x)). Also, we have that, for every 1 <
p <ooand f € LP((0,00)", du; (x)),

ITY () Lr 0,00 dps 6y < C (110,000 + T 1 ps p) ILF 1l L (0,000 djas () »

®)
and, for every L'((0, 00)", d1;.(x)),
T O Lo (0,000 s o))
< C(lIpll Lo (0.00) + IT™ 1> (1.00)) 1 11 L1 (0.00)7 . jes ) )
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where |T™| prs p, 1 < p < 00, and || T™ |11 (1,00) denotes the norm of the operator
T™ between LP(R", dx) into itself, 1 < p < oo, and L'(R", dx) into L"*°(R", dx)
(defined in the usual way), respectively. Here C > 0 is a constant which does not
depend on the function ¢.

Since C2°((0, 00)") is a dense subspace of L”((0, 00)",du, (x)), 1 < p < 00, it
follows that, for every f € L2((0, o), du; (%)),

T ()00 =~ lim (A<s>f<x>+ /(O s f(y)Kf(x,wdm(y)),
,00)", |x—y|>¢

ae. x€(0,00)", (10)

where [[Allzo0,00) < Cll@llz=@©,00)- Moreover, the extension of 7, from
L2((0, c0)", d;u(x))ﬂLp((O o), duy(x)) to LP((0, 00)", duy(x)) as abounded
operator from L7 ((0,00)",du,(x)) into itself, for every 1 < p < oo, is given
by (10), and [|T}" [ psp < CUlollL20,00) + IIT™ |l ps p). Note that we also de-
duce that 7," can be extended from L2((0, 00)", d;u(x)) N L'((0, 00)", duy(x))
to L1((0,00)",dus(x)) as a bounded operator from L'((0, 00)", d s (x)) into
LY®((0,00)", dur(®)), and [T 151000 < CABNLe0.00 + 1T I (1.00)-
Thus, we complete the result in [19, Corollary 3, p. 121] for spectral multipliers
of Laplace transform type for the Bessel operator A .
We summarize these results on 7," in the following.

Corollary 1.1 Let A € (—1/2,00)". Assume that m is of Laplace transform type
associated with ¢ € L*°(0, 00). Then, the Hankel multiplier T," can be extended
from L2((0,00)", d;.(x)) N LP((0,00)", dpy(x)) to LP((0, OO)" dp.(x)) as a
bounded operator from LP((0,00)", du, (x)) into itself, for every 1 < p < 0o, and
from L*((0,00)", du;.(x)) N LY((0,00)", duy(x)) to L'((0,00)", du; (x)) as a
bounded operator from L'((0, 00)",d ;. (x)) into L“*((0, 00)", d ;. (x)). More-
over, we have, for every 1 < p < oo and f € L?((0,00)", du; (x)),

1T O Lp 0,000 dpan ey < C 111 20,00) + NT™ | pies p )L 1122 (0,000 i ()
and, for every f € L'((0, 00)", du;.(x)),

T ) 1o (0.00p d ) < C (1011250 0,00) F 1T 115 (1,00 ) 1 121 0,00y ey ) »

where |T™| pis p, 1 < p < 00, and || T" |11 (1,00) denotes the norm of the operator
T™ between LP(R", dx) into itself, 1 < p < oo, and L' (R", dx) into L»>*®(R", dx),
respectively. Here C > 0 is a constant which does not depend on the function ¢.

This corollary can be seen as an extension to higher dimension of [3, Theorem
1.2]. However, in order to show it we use a different procedure than the one employed
in the proof of [3, Theorem 1.2]. In [3] Calder6n-Zygmund theory for singular inte-
gral operators is applied. Here, we work in a completely different way. We split the
region (0, 00)" x (0, c0)" in two parts. The set

={(x,y) €(0,00)" x (0,00)" :xj/2 <yj <2xj, j=1,...,n}
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is called the local region. In €2 the kernel Kf (x, y) that defines the Hankel multiplier
T;" differs from (x.y) ™ H?(x, y), where H? is the kernel associated with the Fourier
multiplier 7™, by a kernel defining a bounded operator in L? ((0, 00)", du; (x)) for
every 1 < p < oo.

On ((0, 00)" x (0, 00)")\€2, called the global region, the kernel |K§{’| defines a
positive bounded operator from L?((0, 00)", d . (x)) into itself, when 1 < p < oo,
and from L'((0, 00)", d ;. (x)) into L1°((0, 00)", d 1, (x)).

From Corollary 1.1 we deduce the following result for the imaginary power of Aj.

Corollary 1.2 Let 8 € R. Then, the operator Aiﬁ is bounded from LP((0,00)",
du;.(x)) into itself, for every 1 < p < 0o, and from L'((0,00)",du;.(x)) into
L1°((0, 00)", duy(x)). Moreover, for every 1 < p < 00, we have that

1
7|Bll; —

; 1
”A;Lﬂ(f)||LP((O,oo)",dp,~A(x)) <Ce PlIIfIILP((o,oo)n,dm(x)),

f € LP((0.00)", dpus(x)).

As it was mentioned earlier Theorem 1.1 follows from Corollary 1.2 by using
[14, Theorem 1].

This paper is organized as follows. In Sect. 2 we recall some properties of Bessel
functions and we establish some estimates for the heat kernel associated with the
Bessel operators that will be very useful in Sect. 3. There we prove the main results
of this paper that have been presented in this introduction.

Throughout this paper we will always denote by C a suitable positive constant that
can change from one line to the next. Also, we will use repeatedly without saying it
that, for every k > 0, sup,_ e % < 00,

2 Some Estimates Involving Bessel Functions

In this section we establish some estimates involving Bessel functions that we will
need in the following sections.

The following properties of the Bessel function J,, v > —1, can be encountered
in [13, pp. 104, 122 and 123]:

z- JU(Z)NW, asz — 0; (11)
V721 (2) =0(), asz— oo; (12)
and
d , _ _
— (7" N@) =—2""Jt1(2), z€(0,00). (13)

dz

For the modified Bessel function I,,, v > —1, we have that ([13, pp. 108, 123
and 110]):
1

SIS
<O SR

as z — 0; (14)
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e 42 — 1 1
I,(2) = m(l— 3 ~|—(9<Z—2)>, as 7 —> o0; (15)
and
d —v —v
E(Z 1,()) =z""141(z), z€(0,00). (16)

In the sequel we assume that K is a compact subset of (0, 00).

Lemma 2.1 Let o > —1/2. Then

(@)
o~ +v2) /4 -
Wru,v)<C S =t
t ’ —ae (ztfv)2/4r
(uv) o uv> t

(b) We(u,v) < Ct=o"1/2=v"/200 = 0 and 0 < 2u < v < oo.

©) |Wﬁ(u,v)—% <Ct*32 yveKandt > 1.

) W, v) — o)W, (u, v)| < Cv/Tuv) @~ le=@=0%/4 4y > ¢ >0,

Proof (a) and (d) follow immediately from (14) and (15). Suppose now that 0 < 2u <
v<ooandr>0.Ifuv <t, (a) implies (b). Also, if uv > ¢, from (a) we deduce that

1/2

W (u, v) < C(uv)—a—l/z(ﬂ> o161 < C(MU)—a—1/2Le—v2/161
t NG

< c efv2/20t

= jatl)2 ’

and (b) is shown.
By using (14) and (16) and the mean value theorem we obtain
f—a—1/2

22T (a + 1/2)

uv _a+1/21 uv 1 _uzz—vz
2 V205 ) T e 1T @+ 1/2) [

t—a—l/2 2,2

WX (u,v) —

<t
- (2t)“+1/2

*rariy ¢
22 2.2
< —(2t)LZ:L3/2 e ze(()s,l;gﬂt) diz(z_““/zla—l/z(z)) + C%
Y
=%\ jet52 T Jat32
<Ct™ @32, yveKandt> 1.
Thus (c) is proved. O
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Lemma 2.2 Let o > —1/2. Then

(a)

9 32 yvekK, r>1
‘—a WXu,v)| <C
u

o—u=—0)2/81

r , n,vekK, 0<t<l1.

(b) |3u2 We(u,v)| < Ct™* 32 uveKandt>1.

(©) |3uzw,a(u,v) — (uv)~ “au W, (u,v)| < Ct~le=W=v/8 4 ¢ K and
O0<t<l.

Proof According to (16) we get, for every u, v, t € (0, 00),
9 e~ DA T\ TetL/2 uv
—Wu, )= —+n | — | — 1,
gu V1 U6V = e [2:(2;) ““”(m)

u (uv\ 22 uv
_Z<Z> Iy ]/2(2t):| (17)

and

92 32 [ 27 (uv\ o+1/? uv\ _
WWI“(MJ)ZW[W(E) ]a—1/2<5)€ uv/thr(u,v)}

_ me—uv/Zt 172 uv
e loy13)2 >
uv 172 u v 172 uv
+(E> a+]/2<2) ( ) Ia+1/2<2t>
ao\ /2 2
+<§) I 1/2< )]qu v)( )
v uv 1/21 uv
+Hl(5) n(5)
uv\ /? uv d
- (E) Io— ‘”(2;)]5“”(“’”)
12 52
+|:<%) Io— 1/2( )}8 > W (u, v)} (18)

(a) can be deduced from (17) by using (14) and (15). (b) follows from (14) and
(18). In order to establish (c) we estimate three different parts on (18) using (15). We

Birkhauser



942 J Fourier Anal Appl (2011) 17:932-975

have that, forevery 0 <t <1 and u, v € K,
/2 i\ T o\ [ uv 1/21 uv N uv 1/2] uv\ 2t
N “v v “v uv “v s
e t t 2t at3/2\ 4 2t 12\ 50 Juw
S 1/21 uv N uv 1/21 uv
2t arl/2\ 3, 2t a=1/2\ 3,

<C;

ve W2 Ly Y [ uv 1/21 uv uv 1/21 uo\| _
o — (22 i ) (== _ i
e+l ' 2t at1/2\ o 2t 12\ )| =
and
172
—a| [ WY uv —uv/2t 1
— 1, — ———| <Ct.
o (uv) (Zt) o 1/2<2t)€ Ve
Then, these estimates and (18) allow us to conclude (c). [l
Lemma 2.3 Let o > —1/2. Then
(a)
o= +v2) /81 -
iW‘)‘(u v)|<C G =t
ot t ’ - —a e*(ufu)z/Sr
(uv) Bz uv >t.

2
—v2 /401
(b) |5 Wi, v)| < Cmrr t > 0,and 0 < 2u < v < oo

© |2WeWu,v) — @)™ 2 W, (u, v)| < C(w?_l‘/’_(“_v)z/m’, uv > t.

Proof According to (16) we get
I, e~ WA (o 12 (AT uv
Pkl (u,v) = Sa+1/2 {_ a+3/2 (Z_t) ]“—1/2(27)
uv uv —a+1/21 uv
~sen(a) ()

W2 402 L o2 .
T aesn\ o Io—1)2 5 )1 u,v,t€(0,00). (19)

Then, (a) for uv <t is deduced from (14). Moreover, from (15) it follows that

e—(u—v)2/4t e v|2 '
< CT(W) p +

9 o
'EWt (M, U)

e—(u—v)2/8t

—
SCT(MU) s uv >t.

Thus (a) is proved.
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When uv <t (b) can be inferred immediately from (a). Also, if uv > ¢, from (a)

we deduce
—v%/32 1/2
<c¢ v t(ﬂ) ! (uv) 112
- t 1t

efv2/32t v
<C——m——m—
- tO(+3/2 ﬁ

oV /401

<(C—
<C Sy 0<2u<v<oo.

d
'Ewta(uv U)

From (19) by using (15) it follows that

d
EWZO‘(M,U)
_ o+ 1/2 (uv 1/21 uv uv [ uv 1/21 uv
N t 2t @12\ 3, 212\ 2t arl/z\ o,
+ u? +v? uv 1/2] np uv (uv)_ae—(u2+v2)/4f
412\ 2t ¢ 2t V21
1/2 t
- (o)
t uv
I O CE Ve WA A
2t2 4 uv uv
2 _
+u2 +2v2 <1_4(a—1/2)2—1L+0(<L) ))}(uv) “e_(u_v)2/4[
4t 4 uv uv Jant
9 W)™ s (1 (w—v)?
= (uv) QEWt(M,U)'FO( 12 e MY E'i‘ (uv)2 ,  Uv>t.
Since

(uv)_a e*(M*U)Z/gt i + (M - U)2
t1/2 uv (uv)?

(uv)_‘)‘_1 —(u—v)?/8t (u — v)2
S CTE u 1 + f

—a—1
<C(MU) “ e—(u—v)2/16l’

< 72 uv >t,

(c) is established. Il
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3 Proofs of the Results

In the sequel we assume that
© 2
m(x) = |x|* / e ""eydt, x€(0,00)",
0
where ¢ € L*°(0, 0o) is not identically zero. '
We fix some notation. If x = (x1, ..., x,) € (0,00)", foreveryi =1,...,n,x' =
(X1, .-y Xi—1> Xi+1, ..., Xn) (being understood in the obvious way when i = 0 and

i =n). Suppose that (u, v, ) € (0, c>o)2 X (—=1/2,00) = F(u, v, a) € R. We define,
for every x, y € (0,00)", A € (—1/2,00)", and, foreveryi =1,...,n,

) n
F()Ti,yi,xl)z l_[ F(-xj’ij)"j)9
J=1j#

and, also, we consider the measure d/LX,- (Yi) = ]_[’}:1’ i d,ukj. (x;) on (0, o0)"~ 1,
3.1 Poof of Theorem 1.2

In order to prove this result we need firstly to see the following.

Lemma 3.1 Let A € (—1/2, 00)". Assume that f € CZ°((0, 00)"). Then,
T (f)(x) = /0 O H, (1y17e T Hy (/) (1)) (x)dt, ae. x € (0,00)".

Proof Let g € C2°((0, 00)"). By using Plancherel equality for Hankel transform we
get

/(0 . T, (f)(x) g (x)d s (x)
Z/(O ¥ |y|2/0 e_[‘y'z¢(t)dtH)‘(f)(y)H)»(g)(y)d/,L)\(y)

= /0 08 . yPe N H () Ha(9) 0)d s ().

The interchange of the order of integration is justify by using Holder inequality and
that H, is an isometry in L2((0, 00)", du;.(x)). Indeed, we can write

f@ L fo [ 0)]e™ P de| B (|| Ha(8)0) | d a3

= ClF 20,000, dpa en 1812200, 00)m s () < OO

Then, by using again Plancherel equality for H,, we obtain

/ T (£)(0)g ()it ()
(0,00)"
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= /0 o0 | )nHx(|y|2e*”y'2Hx(f)(y))(x)g(x)dm(x)dr.

According to (11) and (12), foreach 0 <r <n,

1/x 1/x,
/ / / / @26 |y P | H (0 |daa ()
1/)Cr+l 1/x

SC/(O [y e—t|y|2|Hx(f)(y)‘ 1_[ (xjyj)_)‘-jdﬂ)»(y), x € (0, 00)".

j=r+1

Then, since | y| Hy. (f) is bounded on (0, 00)", for everyl e N,and g € CZ°((0, c0)™),
we get, forevery 0 <r <n,

00 1/x1 1/x, 0o o0
[Tleal [ [ [T [ e
0 (0,00)" JO 0 1/Xr+1 1/)‘)1

s |y PP Hy (£) ) |d i (9)] ¢ (o) | dpu () dt

SC/ / / P P H ()] |20
0 (0,00)" J (0,00)"

n
x ] @y dus(mdp(xdt
j=r+1

n
=C / | [T x; " dumao)
(0,00)"

j=r+1

X/(O )</0 'ylze‘”"zdt>|Hx<f><y>| [T v, " dwo

j=r+1

§C</<o @] 1_[ X; jdm(x)>

j=r+l1

X (/(0 }Hx(f)(y)| l_[ yl /du,\(y)><oo

j=r+1

We conclude that
f T (£)(x)g ()b (x)
(0,00)"
o0 2 2
= /( oo fo o H (1y17e™™7 Hy (H)(») (x)dt §g(x)d s (x).
,00)"
Thus, the proof of this lemma finishes. O
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We now prove Theorem 1.2. The procedure employed to show it is inspired in [7].
Assume that n > 2. When n = 1 we can proceed in a similar way. By Lemma 3.1 and
(2) we can write, for a.e. x € (0, 00)",

T (f)(x) = fo ¢ (1) Hy (77 Hy (A5 £)() ()t (20)

Fix x € (0, 00)" such that (20) holds. According to (11) and (12), foreach 0 <r, s <
n, it follows that,

1/x1 1/x, poo 0 )
/ / / / |¢>A(x,y)|e_’|)’|
0 o iy Jux,
1/y1 I/ys poo 00
x/ / / / 1915 )| AsF ) dpia ) ()
0 0 1/)’5+1 1/yn

<c ]_[ _k/ =P ]_[ ]_[y ﬁ yi'dy

0,00)"

Jj=r+1 Jj=r+l Jj=s+1
N n
x/ |A;\f(z)‘1_[z§)”j 1_[ zjfjdz<oo, t>0.
0,00y j=1 j=stl

Then, by interchanging the order of integration and by using (4), we get
—lvl2
Hy(e7Hy (80 /) (3) (%)
e O g 1/2
=/ A;\f(Z)l_[/ e iy IR0 i a(xgyi)
(0,00)" j=170

X (vjz)) VR0 iz, () d s (z)

_ / A F W, 2)dpa (), 1> 0. @1)
(0,00)"

We choose a > 1 such that supp f C K", where K = [1/a, a]. From Lemma
2.1(a) and (c), it follows that

= Y0+

A‘ _——_—
‘Wf R Y )

noizly41/2) 1~ (it1/2)

<Zl—[22)‘1F(k 12 l(taZz) m I_LW (xj,2)

1 n
SCW, t>landz e K". (22)
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On the other hand, by (2) and (11) we have

f A f(2)du;.(2)
(0,00)"
_ l_[ 24720 (0 + 1/2) hm/ A f @)@y, 2)d s (2)
(0,00)"
l‘[zx\-—l/ZF()L +1/2) hm P HL()() = 23)
j=1

According to (20), (21), and (23) (suggested by (22)), we can write

T (%)
X(1,00) (D) i1 O+1/2)
22T (h+1/2)

= / o) Amz)(Wf(x, 7) — )dm(z)dt-
0 (0,00)"
(24)

Our next objective is to make that the Bessel operator A; pass from f to the second
factor in the last integral. In order to do this we will apply partial integration carefully.
The integral in (24) is absolutely convergent. Indeed, in order to do this we split the
integral in the following way

/ 60| / A4S Q)|
0 (0,00)"
1 00
§C<f +f )f 81/
0 1 (0,00)"

X(1ooy (D Z0=1 (4 +1/2) '
22T (A +1/2)

Kooy ()1~ Zi=1 4D

A‘ JR—
Wi 2) 22T (A + 1/2)

du;.(z)dt

F(x,2) — dpa(z)dt

=1 (x) + L(x).

Since by using the inversion formula for Hankel transform and (4) we get
o0
/ W, v)v**dv=1, t,ue(0,00),
0
when « > —1/2, it follows that
1
n) <C f / | Anf )| W (x. D) (2)dr < C.
0 J(0,00)"
Also, by (22) we obtain

I(x) < C/l T/DH/ |8 f (@)|dua(z) < C.
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By (24) we have

T ()(x) = lim / (1) Amz)(vv,*(x,z)
e—>0t1 Jo

(0,00)",|z—x|>¢

X(1.00) (t)t—2?=1(lj+1/2)

T TG+ 1/2) )d“ r(@)d.

Assume that ¢ is small enough, for instance, 0 < ¢ < x;/2,i =1,...,n. We now
analyze the integral

X(l!oo)(t)t_zj':l(}‘j'i'l/z)
25T (. + 1/2)

18(x,;):/1(n A/\I,zlf(Z)<W,k(x,Z)—

lz—x|>¢

)dMA(Z),

t>0.

The study of the integral involving Ay; .;, j =2,...,n, can be made in a similar
way. We can write

* t)tfz;€=1()»j+]/2)
I5(x, 1) = A W(x. 7) — X(1,00)( J
(x,1) ~/|Zl—fl|>8/(; A1,21f(Z)< t (x,2) 22)‘F()\ 1/2) wa(2)

x1—+/e2—[z! =% 00
+/ / +/ Ay f ()
|zl —x!l|<e 0 x1++/e2—|7 =% 2

= 2= +1/2)

_ X(1o0) (D)2
[T} 22T (4 +1/2)

=If(x,t) + I5(x,1), t>0.

x (W}(m) )dmz)

By partial integration we obtain
X(Loo) (D1~ Zi=1 B+
22T (A +1/2)

(100 (D)t~ Zi=1GiF1/2\ 700
22T (A +1/2)

/0 Axl,zlf(Z)<W,’\(x,z) - )duxl(m)

0
=M a—mf(z)(Wf(x, 2) — )

d
+ M f(z)a—WlA(x, 2)
z1

o0 =1
+/0 F@ Dy WH G ) WH (7.2 dus, 1)

a -1
= | F@7u W, z)W (3,2 dus, z1), t>0andz! e K"
1/a

Differentiating in (4), by using (13) and [13, (5.3.6), p. 103], we get
—Ag W (u,v) = %Wf‘(u, v), u,v,t >0,a >—1/2, and it follows that
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I{ (x,1)

: =0 (A +1/2)
= A wh X(1,00)(£)t ==t
\/|\Zl—il>€\/0\ )\I’Zlf(Z)( ! (X’Z) 22)‘.1"()\1 1/2) )duk(z)

o 0 1,1 L
=—/|1 N fo f(z)EWMxl,zl)W,* (&2, t>0. (25
=X |>¢€

In a similar way we obtain

W TETE o
f + / Aoy ()

0 R s
=Y (+1/2)
X(1,00) () =7
Wh(x, 2) — d
X( (X, 2) TG 1/2) iy (21)
xi—/e2—z1=F1 2 00 N
= +f @A W (x1,21)
A X1+ /827‘2I7EI|2 1 !

x W,;\l(il,zl)duxl(11)
— (Hi(x,x1 =2 = |21 =21, 250) — Hi(x, x1 +y/e2 — |21 = %1%, 2, 1))
+ Hy(x,x1 — /2 — |21 =217, 20 1) — Ha(x, x1 +4/e2 — |21 = %122 1),

|X1—Zl|<sandt>0,

where
=2 (+1/2)
2, 0 A X(1,00) ()t =i=1
H ) ’t = N W ) - )
12,0 =1 azlf(Z)< Fen2) 2T (A + 1/2)
t>0andz < (0,00)",
and

9
Hy(x,z,0) =2 f(z)awﬁ(x, 2), t>0andz e (0,00)".
1
We have, by (25), that

x1—+/e2—|z1—x!? o
Ii(x,1) +f / +/
|z!—x!|<e \JO x1+4/e2— 7 =% 2

X F@) A W Cr, 2D W) (71,2 d s (2)

d 51,1 _
=—/| | f(z)gw,*‘(xl,zowf (2 dua2), t>o0.
I—X|>¢€
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Since f € C2°((0, 00)"), by using mean value Theorem, (22), Lemmas 2.1(a) and
2.2(a), we get

|Hy(x,x1 —y/ &2 — |2 —x1 — Hy(x,x1 +/&2—|Z! —x1|2z
— |zl = 2/\1 /o2 o2
g (821 )xl - [ - F 2

- [2 2)»1( )X1+ IR

=X 0+12)
22T (. + 1/2)

W (e o2 = [ Pyw () -

(k1 = \Je2 — 21 — 51 (8111

X |W,)”1(x1,x1 —e2— 7! —)E1|2)

+

W e e [ - )W ()
&

T 1 -l
_C,Z'}=1(M+1/2)+1’ t>1,z' ek 'and 7! — 7| <e. (26)

Also, from Lemmas 2.1(a), and 2.2(a), we deduce

271 ) Hl(x xl—i—m’?’t”
§C[ e2 — |z! _;1}2()“1()61 +/e2— Z1 —x12)~H

|H1(x,x1— |z —x!

N
0
+ (o —ye2 - [z - ) (5]‘)0‘1— e2— |zt — 37,2
1
x1+«/82 |Z ‘2
Oy 2o |az VW ()
x1—~/e2—|z71 —%12 921 ’

e X221 =F1 2 = lxi—n]?/8 o 1E =2 P4
<Cji—+ dzy =2
«/; xX1— /82—|Zl—£1\2 t t

O0<t<1,7'ek™! and]21—321]<8. 27

By (26), we can write
* 2
f o) |Hy(x,x1 — /a2 — |2 = &7,z 1)
1 Zlekn=1 |zl —xl|<e

— Hy(x,x1 +y/e2 = |21 =27, 2 1) [dusi (2Y)de
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o0
1
<c —  dua(Ndi—o, 0t
= 8/1 /IZI—)?1|<8 I /2] i (@) we

By (27) and by using [20, Lemma 1.1], when n > 2 it follows

1
[ ool [ .01 = - o= P 20
0 ekl |zl —xl|<e

— Hy(x,x1 +/e2 = |21 = 27,2 1) [dus (2Y)de

—Iz —x' /4 |
<C / / ———dz dt
Zlekn=1 |71 —x1|<e /2

xi+a/e2—2 =F1 2 —|z—x|?/81
7dzdt
/ lek" Lzl =il <e Jxj—a/e2— |z =12 1172

dz! dz
SC 8/ m—i— T ol —)0, aS£—>O+.
IZl—ilj<e 120 — X7 lz—x|<e 12 — x|

For n = 2 we can proceed analogously.
We now write, foreach 7 > 0, 7! € K" ' and |7! — x!| <&,

| Ha(x, x1 — 82—|zl—x1|2,zl,t)—H2(x,x1+ 2 — |zt — &1, 2 0))
<[ (o =y = [ =R ) (e - [ -5 2)

- (x1 T I S RN A TRy e |zl — &7 2h)

x (x1ox1 +/e2 = [zt =51 iz

+ |(x1 —/e2— 2! —x1|2)”1f(x1 —Je2— |z = =12
x (x1,x1 — /&2 — |z — %[

- X1 X1+ |z — il i, '1

By Lemmas 2.1(a), and 2.2(a), mean value Theorem lead to

— /&2 — zl_x1|2 lef(xl _
2 -]

x1+ x|2 82—|Zl—i1},z)’

a
aw%wxl,xlwsz—w—xw )

1

¥l

2’ Zl)

e2—|z! -

x'1—1
X W( )
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1

n
£
-1 n—1 -1 -1
Sctkl+3/2l_[[’~j+1/2’ t>1,z7 €K and|z —x|<8. (28)
j=2

On the other hand, Lemmas 2.1(a), and 2.2(b), lead to
== [ = ) s = e = [ =)
d - )
P W o =2~ =51 )
a - —112
— W a4 = [P

n
€ 1
=Comnl |l o7
— t)q+3/2 1 2t)»j+1/2
]:

X

W) (%2

t>1, ' ek and|z' — &' <o, (29)

From (28) and (29) we deduce that

o° 2
/ [26] |Hy(x,x1 —/e2 — |z = %", 2.1)
1 Zlekn=1 |zl —xl|<e
— Ho(x, x1 4+ /62 — |21 = 212 2, 1) [d g (2')dr
* 1 1 +
<Ceg ———dus1(z2')dt — 0, ase—0".
B /l /ZIGK"l,IZI—)Elka 2=t (j+1/2)+1 M)‘I(Z )
By mean value Theorem and Lemmas 2.1(a), and 2.2(a), it has,

O R Th i CENCRT IR

M +ye2 = [z =3 2|

|l e )
1 5 slozli2 2 5lz12
= Cmm(ﬂzl) R e

1 _&?
= Cst(n+1)/2e ¥

—(x1+ 82—|Zl—il‘

Wi (x', 2"

0<t<1,z' ek !and |Zl—il|<£.

Then [20, Lemma 1.1] allows us to get

1
f 16| (1= &2 = |2 =% )M f e — o2 — |21 =51 2
0 |x1—7l|<e

— (e =B =R )+ e = 2 = F) )

X %W,M (x1,x1 +/e2 = |21 =& )W (', 2")dpp (2)de
I
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—82/8t
<Cs - dtd7!
/llx 3l |<s/0 t(n+1)/2

<Ce—>0, ase— 0.

Also, we write, foreach 0 <t < 1,z! € K" ! and |Z1 —)E1| <eg,

R I Y (N AT
x (%Wﬁ‘ (1.0 =2 = 1= 51P)
W o e = =) W 52

= (1 =2~ [ =AY o = e - [ -

AN
1

22 =2t f )

— W e =25 ))w“( L2

0z
P £ (LW o = e = o = 1)
—iWM(Xl X1+ 82—|Zl— |))W)‘]( 1 —1)
071 d ’

By using Lemmas 2.1(a), and 2.2(a), and proceeding as above we obtain,

1
[ s (01 = o2 = |21 = 51
0 ZIEK"’1,|)?1—§1\<E

x flxr—y/e2— |Z — i _1) lf(JC)|
0 _ _
X B—ZIW,)‘I(xl,xl— 82—|zl—x1|2)

(2 )

=& /81
<Ce - dtd7!
B -/ZleK”—l,li'Zl< ](; D72

<Ce—0, ase— 0",
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From the above estimates we conclude that

X(1,00) (D) Y= +1/2)
22T (A +1/2)

/ ¢ (1) Ax.,z.f(z)<W,A(X,Z) - )dMA(Z)dt
0 (0,00)"

e—0t

~ 1 X271 =212 g
+ e | ¢<t)/|_1 , / W xr, 21)

1— 82*|)21*ZI |2

= — lim |:/o o) - f(Z)%WtM(pol)Wf»‘(jl’Zl)dMA(Z)dt
X—Z|>¢€

x WM (', 2" dzid s (zl)m}

=— lim |:/0 <1§(t)| | f(Z)%W[M(xl»Zl)WZXI(jl’Zl)dM)L(Z)dt

[x—z|<e 8Z1

1
92
+ f(x)xnlf o (1) —W i, z) W (xl,Zl)du;\l(Zl)dzldt:|.
0
Then, by invoking Lemmas 2.1(a), and 2.2(c), and [20, Lemma 1.1] we have that

—W Y(x1,z1) — (x1z1)” A'ng(m Z1)

1 92
t
/O | (1) el

Z1

x WM (%!, 2 dus (2Y)dzide

—|x—z|?/8t
: /Ix z<s/ tnt+1)/2 dtd'u)»l( )dzl

d
SC/ —Z <Ce—>0, ase—0T.
I

x—z|<e lx —z|"=1 —

Also, Lemma 2.1(a) and (d), leads to, forevery 0 < < 1, and z € K",

i—1
)_' Wz(xl,m)l_[Wt(x,,Z,)(W (xi,zi) — (6izi) Wi (i, 2)
j=2
e~ — z/8t
X l_[ W (x]azj) <CT’ i=2,...,n.
Jj=i+1
We have that forevery i =2, ...,n,
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1 i—1
/ |¢><t)|/
0 |x—z|<e j=1

a2
(xjzj) " —Wi(x1, z1)
977

i—1

< [TWeGej, 2 (W i i) = (iz) ™ Wi, )
j=2

X l_[ W (x],z] 1_[2 Ydzdt
Jj=i+1

/ / e —|x— Z| /8t
————dtdz
lx—z|<e tn/2
<C/ ﬁ—>0, ase — 0T,
[x—z|<e |)C _Z|

provided that n > 2. When n = 2 we proceed in a similar way.
Hence, we conclude that

K (1~ I 0412
22T (% + 1/2)

/ (1) Axl,zlf(Z)<Wf(x, ) — )dm(z)dt
0 (0,00)"

e—07t

=— lim |:/0 ¢(f)| | f(z)%W,A‘(xl,zl)Wlxl(il,Zl)d/u(z)dt

1
+ fox f o) (x. z>—*;—wt(x1 W, (3!, 2Y)z; Mdm(z)dt}-

[x—z|<e 1

On the other hand, the mean value Theorem allows us to write, for every n € R,
and j=1,...,n

2 2
e—lx—z\ /8t e—lx—zl /16t

J <Clzj — xjl

82
2W[(X], Zl)Wt(ila Zl)
077

1/2+1 =C tnt1)/2 7

t>0andz € K".

Then, by proceeding as above we obtain

X oo)(t)t_z’;:l()»j-i-l/Z)
[Tj=1 220Gy + 1/2)

/ ¢ () Am,zlf(z)<W,’\(x,Z) - )d,ux(Z)dt
0 (0,00)"

=— lim |:/0 ¢(l)‘ | f(z)%W,A’(xl,m)W,il()El,Zl)dm(z)dt

e—0t

1 92 p—lx—zl?/41
— ———dzd
+f(X)/0 () meie 922 QD zdt
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— _ lim [ / o (1) f@y W“(xl W (#,2)dp (2t
0 [x—z|>¢

1 92 o lylP/ar .,
+ t — ————dydt |. 30
f()c)/0 o) siee 397 @YD) y (30)

Also, we have that, forevery i =2,...,n,

00 =Y (Aj+1/2)
X(1,00) ()t ==
/ b (1) Axi,fo(Z)<Wf(x,Z)— (,00)
0 (0,00)"

PTG 1 1/2) >dm(z)dl

=— lim [/ B (1) f(z)—W*' (i, 2) W) (%', 2)d s (2)dt
0 [x—z|>¢

92 o b /4t 3
+ t 1
f(x)/ ()[q o i 31)

Then, by (30) and (31), it follows that
m . o d o
" f(x) = — lim o) f@) =W/ (x, 2)dps(z)dt
e—0*] Jo [x—z|>¢ ot

1 92 o lylP/ar .,
+ t ————dydt |. 32
nf<x)/0 00 [ e (32)

Next the second term in the last sum is analyzed. We define

32 e~ P/4

2 dydr,
lyl<e dy? 2/T1)"

e > 0.

1
A(e) =n/0 ¢ (1)

We can write
VTP g2 p—lylP/4
A(é‘)—n/ ¢>(t)/ / dyidy'dt
5 1<e J /2512 8y1 @J/mnn

1 9 [ e— O Pyt
- t an \ szt
I’l/o ¢()f|§1|<5|:3)’1< (2\/5)’1 )YIZ\/W

9 (e<y%+|5r‘|2>/4r

- — dy'de, &>0.
I\ Qvmnr >y1=\/szyl|2}

Hence, [20, Lemma 1.1] leads to

1 o€ /8t
A(e)| = CliéllL=, / / ———dy'dt
’ | (0,00) 0 Ji3t1<e (D)2
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e—¢ /81
< ClgllLe 000 / /0 s

¢ -1
—1#llL=0,00) /_1 dy
[y'l<e

<CllollL>w©,00)» €>0.

Suppose now that there exists ¢ (07) = lim,_, ¢+ ¢ (¢). Then, we have that

li (t) f 2 e bf /4t Mg¢(0™) (33)
o0+ Jo ¢ vi<e Y7 (2J_)” P07

for a certain M > 0. Indeed, by making changes of variables we obtain
/ 92 IyI=/4t
@) — ———dydt
0 yl<e 0y7 2V/mD)"
1/ 92 o=l /4s
= ¢ se? f —————dzds
/0 (5¢°) l2l<1 823 (2y/Ts)"

1/&2 s 9 e—|z\2/4s m:m l
o / _—] dz'ds
/0 ( ) 1zl<1 021 Q2/Ts)" e T

1/82 21 o~ 2P /4s qa=v/1-12'1
—/ ¢(ss2)/ —7] dz'ds
0 \

11 25 QT |, i
1/6? VI-EP eV
:_/ / dz'ds

Z<1 § @vms)"
1/¢2 5 8_1/4S
=—M'/0 ¢)(S8 )st’ >0,

where

1 112 -
= V1—|z ez
Q2" /zl|<1 2! ez

Moreover, denoting by x[o,1] the characteristic function of [0, 1], we have that

1/¢ 5 671/45 [} 5 5 e*l/4s
/0 ¢(se )Srz/—2+1ds=/0 ¢(se )X[o,l](se )sn/—2+lds’ e>0.

Then, by using the dominated convergence theorem, it follows that

' 1/5 _1/45 oo ,—1/4s
lim ¢(s€ ) n/2+1 ¢(O+)[) Sn/2+1ds

e—>0t1 Jo

Hence, there exists M > 0 for which (33) holds.
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By using Lemmas 2.1 (a), and 2.3 (a), we get, for every z € K",

n

9 SO —_
‘EW,*(x,z) <> 5W,*’(x,-,z,-) Wr (%, Z)
i=1
c XA G
B P P O LR Py

Hence, since f € C2°((0, 00)"), it follows that, for every ¢ > 0

/ [ (1)l |f (@I
0 (0,00)", [x—z|>¢

Then, we can interchange the order of integration on the integrals in (32) and by
using (33) we conclude that

0
EW,’\(X, 2)|d s (z)dt < oo.

e—01 J O,
lz—x|>¢

o0 B]
T f(x) = — lim - f2) /O ¢(t)§Wf(x,z)dtdm(z)+C¢(O+) f(x),

for a certain C > 0.
3.2 Proof of Theorem 1.3.

In order to established the L”-boundedness properties for the maximal operator T)f" *
we consider the operator

T (f)(x) = sup

e>0

f FOEH? (x, y)dw (y)|,  x €(0,00)",
L(x),|x—y|>¢

where, for every x € (0, 00)",

L(x):{ye(O,oo)" D Xj/2<yj<2xj, j:l,...,n},

and H? is defined in (7).
We have that

T () < [T (@) = Tl (H O]+ T3 () (x)

< sup / FOIKL (. y)dps(y)
£>0(J(0,00)"\L(x),|x—y|>¢
+ sup / FO(KLx, y) = e y) T H? (x, y))d ()
e>0|JL(x),|x—y|>¢

+ T (@)

< / OIS e )1 ()
(0,00)"\L(x)
+/L( FOKE (o) = e ™ B oyl (09 4 T30
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=G (1 f D) + L f D) + T 5 (Hx), x €(0,00)". (34)

We are going to show the L”-boundedness properties for the operators Qf, L, and

Y}Z"Cj Throughout the remainder of this proof the constant C > 0 does not depend

on ¢.

3.2.1 The Operator TZ:)"C*A

For every j = (ji, ..., ja) € Z", the dyadic cube Q; is defined by
Q;={ye(0,00": 20 <y; <20t i=1,... n},

and the cube O j 18 given by

O;={ye(0,00": 207  <y; <22 i=1,... n}.

Itis clear thatif j € Z",x € Qj and y € L(x), then y € Qj. We can write

/ FOYx) T H? (x, y)dw ()
L(x),lx—y|>¢e

A
= f ) f(y)(z) H(x, y)dy
Qj.lx—y|>e X

A
_/~ f(y)<z> H?(x,y)dy, xe€Qj,jeZ"ande > 0.
O\L(x),|x—y|>¢ X

Let j = (ji, ..., ja) € Z" Tthas 0; \ L(x) = U{_;(QF, U 07,) where
Q;r, ={y€(0,00)": 2Tl <y, <2IF2 =1 on, C £ 2x <y <2j,v+2}
and

QJ_, ={y€0,00)": el <y <202 g1 b 2 <y <xi/2)

fori=1,...,n.
We have that

9 e—l—ylP/4

9t /2

2
oo e—lx—y\ /8t

oo
G [ e at < Clolixoco [

00 e—l/u

1
< ClléllLe©,00) x—" fo un/2+1d“

= CllollL=(0.00 . x,y€(0,00" (35)

lx — y|"
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By (35), for every ¢ > 0, we get

A
Q;\L(x),|x—y|>¢ X

A
5/~ |f(y>|(§) |H (x, y)ldy

Q;j\L(x)
< ) 1= ey + DI ) THO G ) ldy
of N X x
i=1 Jii Jii
. £ )l
<Clgll~q, / LSl
(0,00) ; QT,UQ;, (le + |xz _ y1|2)n/2
- 1)l
< C 00 _ ) i d i c N
<Cli¢llL (0,00) ;/QLUQN (22],- +|xi — yl|2)”/2 y X Qj

Then, for each x € Q;,

A
sup / ) f(y>(3> HY (x, y)dy
O;\L(x),lx—y|>e X

e>0

n
/)]
< Cllgl=o, / T dy. (36)
o ; 0f,u0;, QH+IE = FH

Foreveryi =1, ..., n, we define

—; _ 1
1zt e (7). 31 €(0,00" 7

) 2Jit+2
f£ii(3) =/2/__1 |FOIdyixg

From (36) it follows that

A
p / ) f(y)(X) H(x, y)dy
Oi\L(x),|x—y|>e X

su
>0
! fi.iGH :
<C 00 : — : d_l
<Cligl (O,o@; /«),m)nl Tt v =Y
n [e’s) =i
£, _
scnqsnmo,oo)Z(Zf e s dY
i=1 \k=0 s’){f-(;i)<\_§i7.?il<2k+ji+l (2 Tt |x, _yl| )n/

+/ fi.iGh 45
(0,000,551 <2ii (2271 4 |X = yT2)n/2
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o0

n
1 . .
=C ”"’””"<°~°°>Z(Zm [ 06045
i=1 —rl=s

k=0

1 / .
+ 5 fii(vh)dy
2"]1 |yi_ii|<2ji 1 l( )

n
1 »
< Cl@llL>,00) E ﬁMn—l(fj,i)(xl)’ xe€Qj.
i=1

Here, M,_; represents the Hardy-Littlewood maximal function on R"~!. We re-
call that M,,_; is a bounded operator from LP(R"!, dx) into itself, for every
1 < p < o0, and from L' (R"~!, dx) into L1 (R"~!, dx).

On the other hand, it is known that the maximal operator 7"* defined by

T"™*(f)(x) = sup

e>0

/I | FOVH? (x,y)dy|, xeR",
X—y[>¢&

is bounded from L?(R", dx) into itself, for every 1 < p < oo, and from L' (R", dx)
into L1 (R", dx). We denote by 177 *| ps p, 1 < p < 00, and || T"* |15 (1,00) the
norm of those operators.

We write, as usual, u;(E) = fE dpy(x), and, forevery i =1,...,n, uj(E) =
fE d s (x"), for each Lebesgue measurable set E in (0, c0)” and in (0, 00)"~ 1, re-
spectively.

Let y > 0. We have that,

wi(fx € (0,00)": T (/) (x) > 7})

=Y w({xe QTS () > y})

j c7n

<> (m({x €Q;: T"*((/x)" fxg,)®) > Cy})

jeZ’l
y A
/~ f(y)<—) H"’(x,y)dy‘>CV}>>
O\L() x

C i.
<y (—||Tm’*||m<1,oo>22f 1 xg, ey
JEZ

e>0

+ux<{erj:sup

+> m(fxe Q) Mya (f5.0)EF) > 2fny/||¢||Lw<o,oo>}))

i=1
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<y ( 1T e (oo 1 X g, 121 (0,000 s (00)

jezn

n

n
+ ZZ(ZM-H)]}' i ({il c 1_[ [2j(’ 2jg+l) . Mn—l(fj,i)(ii)
i=1

0=1,0£i

> 27 Cy /|l o (0,00) }))

Z (lle'* 11 (1,00) ||fXQj 210,00y d s (x))
ez

YIO

n
+ ||¢||L°°(0,00) Z ”f],l ||L1(Rn1)22]4)h)

i=1

(T e (1,000 + 120.000) D 1 %, 210,00 iz )
JezZr

(IT™* 1115 (1,00) + 1011 250,000 ) 1 11 L1 0,00y s ()

Ylﬁ YIQ

f € L'((0,00)", dpus(x)).

Hence, T, is bounded from L'((0,00)", dp;(x)) into L*((0, 00)", d ;. (x)),
and || 7,7 11 (1.00) < CUIB Nl Lo 0.00) + 1 T 115 (1.00))- Here, [IT07% [115 (1,00) de-
notes the norm of Tloc,k as a bounded operator from L!((0,00)", du; (x)) into
L1°°((0, 00)", duy(x)) . Also, if 1 < p < oo, we have

m,x p
” Tloc,)L (f) ” LP((0,00)",duy (x))

, p 2j-A
< Z ||7}Z1€j(f)XQ_,' ”LP(R”,dX)Z !
JezZr

<Ccy. ( /Q 7" (/0 fxg,) @)1 dx

jezn

n

2 : 1 =i =i 2j-
+ ||¢”i00(0‘oo) l 2ip ,/‘Q |Mn1(fj,i)(x’)|1’dxldxi)2 J

i= J

<c). (nTm’*n,’iH,,/Q_ |Gl

jezn

n 1 2Ji+1
p p 2jh
6000 X 575 ||f,-,i||L,,(Rn1)dx,->2 j
i=1
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< CIT™ s + 18l 2% 000)" 3 fQ F@)Pdx22?
J

Jjezn
< C(IT™ Ml ps p + 11120.00) " I UL b 0.00y7 e )

[ €LP((0,00)", dpy (x)).

It is proved that Tl':cj is bounded from L? ((0, 00)", d ;. (x)) into itself, and the norm

1Ty Nl ps p OF Ty satisfies that | 75l pis p < CUT™* [l s p + 11l L (0,00)), fOr
every 1 < p < oo.

3.2.2 The Operator L),
We have that

Lo fDhx) < /L( )If(y)lle(x,y) — () THH? (x, p)|dpa(y)

5/ lf(y)I/ 6|
L(x) 0

0
— (x.y)*gwt (x, )

d
EWz)\(x,y)

drdpy(y)
S | i (=i =iy O Ai

< ClpllL~0.00 Y o O | Wi (¥, ') 5 Wi (e i)
i=1 x

_ . .0
—(x.y) AWt(x',y’)g\\w,(xi,yi)

dtduy(y), x€(0,00)".
(37

We analyze the operator defined by the first summand. The other ones can be studied
similarly. It follows that, for each x € (0, c0)”,

s 3
ci(f)(x)z/ If(y)I/ ‘W}'(fl,yl)a—vv}'(xl,yo
L(x) 0 t

. 0
— (. TPW, (3, yl)gwtm, yn|dtd; (y)

5/ If(y)I/
L(x) 0

.0
— (xiyn)™M 5 Wien, )

0 A
EWZ (x1,¥1)

W (=1, 5" drdps ()

+ / If(y)lf CIR
; L(x) 0 s

0
—W ;
a7 (X1, y1)
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i—1
s [ TWe ey Gy )™ (W G, i) = Gy ™ W (e, i) |
j=2

n
)".
X 1_[ W, (xj, y)dtdu(y)
j=itl

=Y L (N,

i=1

We now use Lemmas 2.1(a), and 2.3(a) and (c), to obtain the following

|9
ﬁ,lx’l(f)(x)Z/ If(y)l/ Ia—WzM(xl,yl)
L(x) 0 t

d -1 _
- (mw)‘hgwt(xl,yl) Wi (&' 31 dtdps ()

T (xpy) ML ege?
< [f I / — 5 ¢
fL(x) 0 112

(xj *}{,’)2

X l_[( o T @Y i Tj)dt

+/oo< Ly 1)
X1)1 Y
X1y1 t)‘]"'% t%

(xj—yj)

2

)\,e 4t
x l_[( 1 + () NG

)dt}dm(y), (38)

for every x € (0, 00)".
Then, the operator Ei’l is controlled by operators of the following type:

n
2x¢41 2xp _2)\1_ 1
I <
X4l xn J
. ,

2 /:Z—i,-l

Aj(9)(x) = Sup

¢ (=Y )2

/2)C1 /sz l_[ ) e~ T 1a
- (xjyj) " ————gdu(y)|,
LI S R

where 0 <€ <n, £ € N. For each 0 < ¢ <n, £ € N, Aﬁ is bounded operator
from L ((0, 00)", duy (x)) into itself, for every 1 < p < oo, and from L'((0, c0)",
du; (x)) into L1°((0, 00)", diy(x)). Indeed, let k € N. We consider the maximal
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operators
(j=yj )2

2x1 2x K — L
/Y / [T s mduk )
SRS Vi

, x € (0,00,

Qp(g)(x) =sup
t>0

where 8 = (B1, ..., Br) € RF, dug(y) = ]_[1;=1 yiﬁjdy. We denote by u’;} the mea-
sure defined by ,ug(E) =/ £ du’lg(y), for every Lebesgue measurable set £ C
(0, 00)*. We also consider the maximal operator M, given by

My (g)(x) =sup , x€(0, oo)k.

t>0

e—lx—yI/161
————2g(y)d
/(O’oo)k 2 g(y)dy

For every j = (ji, ..., ji) € ZF we define

08 ={y=G1reee ) € (0,000 : 27 <y <20H! i =1, k),
and

Ok ={y=01e o) € (0, 00)k = 207 <y <202 =1 L k).

Assume that y > 0. Since, as it well known, the operator My is bounded from
L'((0, 00)¥, dx) into L1>°((0, 00)*, dx), we have

wh(fx € 0,00 : Qp() () > v})

= > uh({re 0 : Q) 0) > v})

jeZk

< D227 ug({x € (0,00 : Millglx o) (x) > Cy})
jezk !
¢ 2

<— 2 2P lgldy
v jezk Q;
c

<= leMldu (), g€ L'((0,00)", dug(x)).
Y J(0,00)%

Also, My is bounded from L7 ((0, oo)k, dx) into itself, for every 1 < p < oo, and it
has

/( L 19O

=c21 Y [ iap@eorx
JEZK g;

oy

IMi(1glxpt) (x)|Pdx
jezk 0.00)f !
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sc Y2 [ lgmidy

jezk Q;

<C /(0 L8O RbO). g€ L7(0.00) duh o).

and Qg is bounded from L7 ((0, oo)k, du’é (x)) into itself, for every 1 < p < oo.
On the other hand, it is not hard to see that, for every k e Nand 8 = (81, ..., Bx) €
R¥, the operator Z g defined by

2x1

o g e L k
Zp(g)(x) = ]_[xj ! / / /2 gMdug(y), x€(0,00)",
j=1 X Xk

1/2

is bounded from L” ((0, co)*, dulé (x)) into itself, for every 1 < p < oco.

Then, the L?-boundedness properties of operators Qg and Zg, 8 = (B1, ..., Br) €
(—-1/2, oo)k, k € N, allow us, by using [6, Proposition 1], to conclude that, for every
£ e N, 0 < <n, the operator Aﬁ is bounded from L? ((0, 00)", d ) (x)) into itself,
for every 1 < p < 0o, and from L'((0, 00)", duy(x)) into L12°((0, 00)", dja;.(x)).
Hence, the operator E/l\’l is bounded from L7 ((0, 00)", du, (x)) into itself, for every
1 < p < 00, and from L'((0, 00)", d;.(x)) into L'>°((0, 00)", d y (x)).

For everyi =2, ...,n, by using Lemma 2.1(a) and (d), we have

ﬁl’l(.f)(X)=f If(y)lf (x1yp) ™M a—Wz(m,yl)
L(x) 0 t

i—1
s TTWe ey Gy )™ [ W i, i) = Ceiy) ™ W (e, i) |
j=2

n
}".
< [T Wi . ypdrdus(y)
j=i+l

X 2

XiYi g7 o

§C/ 1)) / e 1
L(x) 0 t 2

i—1 5

@ —yi)

A —ri—1 _ i)

< [Ty ™ iy ™ Wiem ™=
j=1
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oo i—1 Z' L )])2 _ im?
[ Tlamp™ ( 1 +(x'y-)—*fi>
YiYi j=] i l% t)”i+% o NG

@j—y)?
I
X 1_[ < o T &Y i T)d[}duk(y), x € (0,00)".
Jj=i+1 !

(39)

Then, the operator E)IL ‘. i=1,....n, can be controlled by operator of type Af,

0 < ¢ < n. Thus, we conclude that £i ’, i=1,...,n,is bounded from L”((0, o0)",
du; (x)) into itself, for every 1 < p < oo, and from L'((0,00)", du;(x)) into
L12°((0,00)", dpu;.(x)).

From the assertions proved in (38) and (39), i = 2,...,n, we deduce that the
operator E; is bounded from L7 ((0, 00)", du, (x)) into itself, for every 1 < p < oo,
and from L' ((0, 00)", d;.(x)) into L1*°((0, 00)", d ;. (x)).

Thus, from (37), we conclude that the operator £, is bounded from L?((0, c0)”,
du;.(x)) into itself, and [|Ly|lpsp < Cll@llLo(0,00), for every 1 < p < oo, and
from L'((0,00)", du;.(x)) into L'®((0,00)", dur(x)), and [[Lxll1(1,00) <
CllgllLe,00)-

3.2.3 The Operator G,

It is clear that G, can be decomposed in a sum of operators like the following one

s’;’%g)(x)

2xk+1 2xy OO [ee)
/ // o [ kS i)
- Xo+1 2x,
2Xk+1 2x¢ [e'e) 00 .
—Z/ //k o [ ek e lun
" 2x¢41 2xp

=> S (@), x€(0,00)", (40)

i=1

where 0 <k <{¢<n,k#0orf#n,and

i i -z ol n
K (x,y)=/0 W) (&, )a W (xi, y)p (t)dt,  x,y € (0, 00)",

foreveryi=1,...,n. _
We now study the operators S’;’l”. According to Lemmas 2.1(b), and 2.3(b), we
infer

o~y /401

|°°l<g><x>|<C||¢||Loo<m)/ /2 |g(y>|/ S o)
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o0 o0 1
< Clléllz=, / / 2| . ()
( OO) 2)CI 2)‘)1 (Zn y]z')z‘le()“j'i’]/z)

Jj=1

o0 o0 1
§C||¢||Loo<o,oo)/ / 2] dy.
2x1 2xy, Yi---Yn

xe(0,00)"andi=1,...,n.

It is not hard to see that, for every k € N the operator

o0
1
Sk(g)(x) = : / g dy, x€(0,00),
2x1 2xk Y1 Yk

is bounded from L7 ((0, oo)k,dullg(x)) into itself, for every 1 < p < oo and 8 =
Br,.., B € (=1/2, oo)k

Hence the operator S " is bounded from L” ((0, 00)", d ;. (x)), and || SO 0.i | prs p
§C||¢||Loo(0,oo),forevery l<p<oocandi=1,...,n.

Letl,keN, 1<l <k,and B=(B1,...,Bk) € (—1/2, oo)k. We define the oper-
ator Hé by

-1
R d
HE () (x) = / / |g(y)|/ Hwﬂ%x, |5

x H W (o ypdiduh(v), x € 0,00,
j=t+1

W/ (xe, yo)

By taking into account symmetries, Lemmas 2.1(b), and 2.3(b), we get that

o—IxI2/401
{4 k
IHg(8)(x)] <C/ / Ig(y)lf tz G drdug(y)

(Z 2)2, 1(ﬁ,+1/2)/ / |8(y)|duﬁ(y)

x € (0, o). (41)

The operator Hg given by

1
H =
5(g)(x) (Z§:1x?)2§=1(ﬂj+1/2)

XTI ATk k k
/O /0 ¢y, x € (0, 00)

is bounded from L” ((0, co)*, d,ul/; (x)) into itself, for every 1 < p < oo, and from

LY ((0, co), d,ullg(x)) into L1-°°((0, co)*, du’fg(x)). Indeed, assume that y > 0. We
have
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wh({x € (0,00 : Hp () (0] > v })

k .
1 Yk Bi+1/2)
=< ME (!X € (0, Oo)k : Z.ij < <;”gHLl((O,oo)k,dp,g(x))) j=t
1 ST
Y @Bj+D
SME({XG(O, OO)kZOSXj = <)/”g”Ll((0 o)k, dﬂ,s(x))) =T

C k
;”g”LI((o 00)k, du (X))’ gGL ((0 00) dﬂﬁ(x))

Hence, Hy is bounded from L' ((0, 00)¥, du’; (x)) into L1-°°((0, co)*, du’; (x)).
On the other hand, we can write

Hye) ) < —— [ = [ [T ek, x e 00t
g)(x) = / [ —/ gWy)ldug(y), xe(U,00)".
p B o 2R o 2B B

Since, as it is well known, the Hardy type operator H,, given by, for every o > —1/2,

1 u
Hu @0 = oy [ s, ue 0,00,

is bounded from L”((0, 00), u**du) into itself, for every 1 < p < oo (see [15]), we
deduce that Hy is a bounded operator from L” ((0, oo)k, d ,ug (x)) into itself, for every
1 <p<oo.

Then, from (41) we infer that the operator 'qu is bounded from L7 ((0, co)*,

d,u,’;}(x)) into itself for every 1 < p < 00, and from Ll((O o0)k, d,ug(x)) into

.....

that S"’” is bounded from LP((O 00)", d/“(x)) into itself and 1Sy nl”pHp
C||¢||Lao(0 o), for every 1 < p < oo, and from L'((0, 00)", dpuy(x)) into

LY((0,00)", dus(x)), and [S}"™ l 11,000 < Cll@llL=©,00), for every
i=1,...,n
Assume that 1 <i <k < n. By using Lemmas 2.1(b), and 2.3(b), we have that

X1 Yk %) e’}
k,k,i (25 (0,00

| )»”(g)( )|<—C” “L ©. )/li / /2 /
S X 0 X1 2xp

oo e (2 Jj= Xj § j7k+1yj)/ 0t
x /
0

G124

sC||¢||Loo<o,oo>/ f

/00 o~ Li=1 /400 / / lg()] 1)
X Moy
S e R S S (I oA e

]k+1j

dtlg(y)dus(y)
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1
‘L xz_)lezl(ij/Z)

/ f (/ / 1£0)] dn...dym)duﬁ(y),
2xk+1 2Xn )’k+1

for every x € (0, 00)".

According to [6, Proposition 1] and by taken into account the L”-boundedness
properties of the operator Hj,, . ;, and S,_; we conclude that the operator Sk kiy
bounded from L”((0, co)", dm(x)) into itself, and [|S557| por < Clloll L (0.00)»
for every 1 < p <00, and from L'((0, 00)", du;.(x)) into L1°((0, 00)", d s (x)),
and ||S ||]H(1 oo) < Cll@|l120(0,00)- In @ similar way we can see thatif 0 <k <i <

< Cll@ll Lo (0,00)

n the operator S ' satisfies the same LP-boundedness properties.
Letl<i< k < n. By using Lemmas 2.1(a) and (b), and 2.3(b), we get

k 2Xk41 2xp =1%] 2 /40t
i <C x
[SE" (@) = ClgllL0.00 / / / / / g R
—(xj=yj)?/4t
e~ WiV
x H < 2041 + (jyi) A’T)dtlg(y)ld/u(y),
j=k+1
X € (0, OO)". (42)

Suppose that k < £ <n, £ € N, and define
2xp+1 2xp (Z/ 155 +Z, 1 (% — )’J) )/40t
k, Z
o= [ [T i
e kG214 (k) /2

s 1
x H (xrjy) ™ H T8I (). x € (0.00)".
Jj=k+1 j=t+1%;

Note that the operator in the right hand side of (42) is controlled by a linear combi-
nation of operators like SI;’Z. We have that, for each x € (0, c0)",

|Sk*f(g)(x>|

2xk+1 2x¢
se [T
Xk+| X¢

4 —A
[Tt Gy ™
(St + g (3 — 2y G002

1 2x¢41 2xn n 2
X(W/xHl / gl [T v dya-..dyers

=0+1% j 2 2 Jj=t+1

X

4
2\
< [Ty dye...dy. (43)
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Assume that r,s e N, 0 <s <r,and 8 = (B1,..., Br) € (—1/2,00)". We consider
the operator

2X541 2xr
Vi) = / / f /

[T =1 (YT Bi
T Dy — 3y T B

Xg()’)d,uﬂ()’), XE(O, Oo)r'

By proceeding as in the proof of Case 3 in [16] we can see that the operator Y él 5 is
bounded from L' ((0, c0)", d,ulr3 (x)) into L12°((0, oo)’ du;, (x)). Since the operator

Zigs1.... o is bounded from L1((0, c0)"~* ATz x dx) into itself, when n > ¢,

by [6, Proposition 1], we deduce from (43) that the operator Sx’ is bounded from
L1((0,00)", dpu;. (x)) into L"((0, 00)", d 5. (x)).
On the other hand we also have that

ISE4 () ()]
Z/ 1% 2 /401
<c / [ / e Tm g
IZ] L (j+1/2)+1
2x¢41 2xp
x —H” — / /

j=t+1%;
2Xk+1 2x; ¢ e—(xj_)’j)z/4t
X (sup/xw /Xl 1_[ (xjyj) -’T|g(}’)|
>0 /=5~ 7 j=k+l
£ o Lo
X l_[ ¥; ’dyg...dyk_,_]) 1_[ ¥; ’dyn...dyg_,_]} l_[yj Tdyy...dy
Jj=k+1 j=0+1 j=l1
3 2xe41 2xn
§C 2/\,+1/ / 2/\,+1 /;ﬂ /m
‘= j =04+1% 2 2
2Xk+1 2xy¢ n e—(xj_}’j)z/‘”
x supfx e T iy ™ ——12)!
(,>o Tl Y Vi

Y2 n
oA 2A
x | | Y; -’dyg...dka) | | ¥; "dyn...dyz+1}

j=t+1

k
< [Ty} dyr...dye. x€(0,00)".
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According to the L”-boundedness properties of the operators Qg, Zg, and Hg, g =
B1,---,Br) € (—1/2,00)", r € N, by using [6, Proposition 1], we obtain that Si’z is
bounded from L?((0, co)", du;\ (x)) into itself, for every 1 < p < oo.

We conclude that Sk M0 s bounded LP((0,00)", dp; (x)) into itself, and
||S])f L I pis p < Cllpll 10,00 for every 1 < p < oo, and from L' ((0, 00)", d 15 (x))
into L1°((0,00)"", dpux(x)), and 85" |15(1,00) < Cll$llL(0.00). provided that
1<i<k<n.

Suppose now that 1 <k < i <n. By using Lemmas 2.1(b), and 2.3(a), we obtain

“ s 2, _yx2/201
n,i )l <cC 0 / / / f /
155" (9) ()] < ClidllLo(0,00) o . tz, Lj+1/2)

n

1 Y e(j =) /108
x l_[ <x21j+1+(xiyi) ! N
J

J=k+1, j#i

L e~ Cimyi)?/10r o= iy /4
<(-xlyl)_ t3/2 + t)hi+3/2 >dt|g(Y)|dMA(Y)

s 2, — 3k 2201
< 00
Cli¢lliL=(, oo)/ / /;H, / / S0/

o=y )?/101

x H < 20+ +(xjyj)” A’T)dtlg(y)ldm(y),

Jj=k+1

x € (0, 00)".

Then, as above, Sk ™1 is bounded from L?P((0,00)",du, (x)) into itself, for every

1<p<wﬁmmmLWQmYJMuDmem«Qmﬂdma»WMM§
k<i<n.

By proceeding in a similar way we can see that the operator SI;’U is bounded
from L?((0, 00)", duy (x)) into itself, for every 1 < p < oo, and from L!((0, c0)",
dpy(x)) into L1%°((0, 00)", duy(x)), when 0 <k <€ <n,andi=1,...,n

By (40) we conclude that S~'“, 0 <k <€ <n, k #0 or £ # n, is bounded
from L?((0, 00)", duy (x)) into itself, for every 1 < p < oo, and from L'((0, c0)",
dp;.(x)) into L1°°((0, 00)", du;.(x)). Then, the operator G; has the same LP-
boundedness properties.

In all the above cases the norm of operators is controlled by C||¢|| 1 0,00)-

From (34) it follows that the maximal operator Tkm "* is bounded from L” ((0, 00)",
dp; () into itself, and | T [y p < CIGllL%0.00) + IT7* [l psp). for every
1 < p < o0, and from L'((0,00)", duy(x)) into L1%°((0, 00)", duy (x)), and
17" 11 (1.00) < CUIIL%(0.00) + 1T * 15 (1.00))-

Thus the proof of this theorem is completed.
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3.3 Proof of Theorem 1.4

The existence of the limit that defines the operator T’' and the L”-boundedness prop-
erties of T}’ can be proved by taking into account Theorems 1.2 and 1.3 and using
standard procedures.

Now we are going to show (8) and (9). We know that the Fourier multiplier 7"
takes the pointwise representation

T"(f)(x) =— lifg+ ([\(s)f(x) +/| ‘ FO)H? (x, y)dy), ae. xeR",
£~ x—y|>¢

for every f € LP(R"), 1 < p < 0o. Here H? is the function given by (7) and
A represents a measurable bounded function on (0, co0)" such that ||A||Loo(0 o0) <
Cll@ll L>(0,00), Where C > 0 does not depend on ¢.

For every x € (0, 00)", we define the local region L(x) as in the proof of Theo-
rem 1.3 and the operator

Tipe s (f)(0) == lim_ (Ms)f(x) + /L ()T H (x, y)f(y)dm(y)>,

(), |x=y|>¢
feC((0,00)").
We can write
T3 () = (T3 () = T 1 (D) + Tige 1 (),
feC((0,00)").
If G, and £, denote the operators defined in (34) we have that
T3 (HYO] =< (A2 0.0 + 1 AllL0.00)]f ()]
+G.(f D) + L2 D) + T , (O, (44

for every x € (0, 00)". We consider cubes Q; and Qj, j €Z", as in Sect. 3.2.1. It
follows that

A
Tipe s ()@) = — 111101+(A<s>f<x)+ /L - (X) H? (. y) f()xg, (9)dy
&~ X),|x—y|>¢e

X

A
- / (X) H"’(x,y)f(y)dy),
Oj\L(x),Jx—y|>e \ X

ae. xeQj, jeZ"

Then, for every j € Z",

ml((¥Y
(2 e

A
/~ (X) HO (e, y) f()dy|.
O;\L(x),|x—y|>e X

T ()] <

+ sup

e>0

ae. x€0j.
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By proceeding as in Sect. 3.2.1 we conclude that
1T sl p—p < C(I@ll2%0.00) + 1T | p—p). 1< p<o0,
and
I T 11 (1.00) < C (1Dl 0.00) + IT™ 15 (1.00))-

Moreover, according to the properties established in Sects. 3.2.2 and 3.2.3 we have
that

IMlp—p = CligpllL>@0,00, 1<p<oo0,

and

IN 1= 1,00) < Cll@ Nl L2(0,00)

where A represents the operators G, and L.
Hence, by combining the above estimates with (44) we obtain (8) and (9). Thus
the proof is completed.

3.4 Proof of Corollary 1.2

Let B € R. We define ¢g(t) = 17871 — iB), t € (0,00), and mg(y) =
NI e”‘y|2¢5(t)dt, y € (0, 00)". As it was mentioned A;ﬂ = Tkm’s. Also, AP =

T"™# . From Corollary 1.1 we deduce the L”-boundedness properties for Aiﬂ . More-

over, we have that
AL 11,000 < C (1981 L% 0,000 + IAP 1 (1,00)) -

According to [18], | A |1 (1.00) < C(1 +|B])"/?. Moreover, by [13, p. 14], we get

gl L 0.00) < CePT/2,

Then, we deduce that
AL 15 (1,00) < CeFIT/2,

On the other hand, since [[mg||Lx,00) = 1 and H is an isometry in L2((0, 00)",
du;. (x)), we have that ||T)fn b 22 = 1. By using now the classical Marcinkiewicz
interpolation theorem and standard duality arguments we conclude that, for every
1 <p<oo,

. 11
i Tli—1
”A)Lﬁ”p»—q)fcelm 12 pl-

Here, C > 0 is always a constant which does not depend on S.
Thus we complete the proof of this corollary.
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