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Abstract We study necessary and sufficient conditions for embeddings of Besov and
Triebel-Lizorkin spaces of generalized smoothness Bgfép ’W)(R”) and F ;'Zp ’\I’)(R”),
respectively, into generalized Holder spaces A%; R™). In particular, we are able
to characterize optimal embeddings for this class of spaces provided g > 1. These
results improve the embedding assertions given by the continuity envelopes of
BYPY) (R and F')7") (R"), which were obtained recently solving an open prob-
lem of D.D. Haroske in the classical setting.
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1 Introduction

The aim of this paper is to improve the results obtained in [24], where the authors
computed the continuity envelopes (which are closely related to questions of sharp
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embeddings) for Besov and Triebel-Lizorkin spaces of generalized smoothness in a
limiting case—the so-called critical case s = %. In this situation it was proven that
the optimal index is oo. This assertion is surprising in comparison with all the previ-
ously known results, where the optimal index was always ¢ for the Besov spaces and
p for the Triebel-Lizorkin spaces. In particular, in [24] the former result of Haroske
in [20, Theorem 9.10] was improved and the open question posed by her in [20, Re-
mark 9.11] was answered. However, it turns out now that in this critical situation
the continuity envelopes of the spaces mentioned above do not yield optimal em-
bedding results. A similar situation occurred in [16] and [17], but in the context of
Bessel-potential-type spaces in the limiting case. However, the technics used there
were completely different from the ones considered here.
In this paper we prove that

B @Y > AR, (L.1)

if, and only if,

1 l
! dr\’ .d
sup / u(®) " — / W(s) 7 — il < 00
22€(0,1) \/ ¢ t 0 s

(with the usual modification if » = oo and/or ¢’ = 00), provided that 0 < p < oo,
0 <g <r <o0, V¥ is a slowly varying function such that (\II(Z_j)_l)jeNO € £y and
u € L, (see Theorem 3.2 and Remark 3.4 below and Sect. 2 for precise definitions).

In particular (cf. Corollary 3.3), when g > 1 and r € [g, 00], the embedding (1.1)
with 1 = A4y, where

s

Aqr<r>:=wu)q’—7</ W(s)~ q"f) , 1€(0,1],

is sharp with respect to the parameter s, that is, the target space Ak ()(R") in
(1.1) and the space Aig*,(')(R") (i.e., the target space in (1.1) with u = A,;) satisfy

A["O R") < A”() R™). The embedding with r = ¢ and u = A4, = A4 is optimal
(ie., 1t is the best possible embedding among all the embeddings considered in (1.1)).

~|—

An interesting case is the one with p = oo, concerning the space B(0 lI’)(R")
For example, if ¥ (¢) ~ (1 —1In#)?,
1.1

(2, (1-In0)%) a sy
By R > AL @Yy s A0 T @,
provided 1 < g <r <00,0 < p <00 and o > %, where the first embedding is
optimal.

If0 <g <1, we have % =0, and in this case

(4. (1=In0)®)
p.q

1
)76!‘*’7

—at+d
B (Rn) s A(()Ly_qlnt) q (Rn) s A(OIO}IHI (Rn),
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provided 0 < g <r <00, 0 < p < oo and o > 0, where the first embedding is opti-
mal.
. ! (4, (1-Inn)®) .

Note that when ¥ (¢) ~ (1 — In?)¥ with o < 7 the space B, (R") is
not embedded into L, (R"). Thus, it does not make sense to study embeddings into
Holder-type spaces but rather into Lorentz-Zygmund-type spaces. We refer to [8],
where the authors dealt with this situation, and to [33] and [20] concerning the clas-
sical situation.

In terms of F-spaces we obtain similar results, with the usual replacement of ¢
by p.

The paper is organized as follows. Section 2 contains notation, definitions, prelim-
inary assertions and auxiliary results. In Sect. 3 we state our main results, providing
necessary and sufficient conditions for the embeddings to hold, and derive optimal
weights and sharp embedding assertions.

2 Preliminaries
2.1 General Notation

For a real number a, let ay := max(a,0) and let [a] denote its integer part. For
p € (0, o], the number p’ is defined by 1/p’ := (1 — 1/p) with the convention
that 1/00 = 0. By ¢, c1, ¢, etc. we denote positive constants independent of ap-
propriate quantities. For two non-negative expressions (i.e. functions or functionals)
A, B, the symbol A < B (or A 2 B) means that A < cB (or cA> B). If A< B
and A > BB, we write A ~ B and say that A and B are equivalent. Given two quasi-
Banach spaces X and Y, we write X — Y if X C Y and the natural embedding is
bounded. Furthermore, L ,(IR"), with 0 < p < o0, is the usual Lebesgue space, with
respect to the Lebesgue measure, endowed with the usual quasi-norm |- | L, (R™)]|.
The space of all scalar-valued (real or complex), bounded and continuous functions
on R” is denoted by Cp(R"), which is equipped with the L, (R")-norm.

2.2 Slowly Varying Functions

Definition 2.1 A positive and measurable function W defined on the interval (0, 1] is
said to be slowly varying if
W (st)
im =
t—0+t W(t)

1, se(0,1] 2.1)

Example 2.2 The following functions are examples of slowly varying functions:

(i) W(x) =+ |logx)(1 +log(1l + |logx|))’, x € (0,1],a,b € R,
(i) W(x) =exp(|logx|),x € (0,1], c € (0,1).

We remark that the function in Example 2.2(i) is also an admissible function in
the sense of [12, 13], which means that W is a positive monotone function defined
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on (0, 1] such that W(272/) ~ W(27/), j € N. It can be proved that an admissible
function is, up to equivalence, a slowly varying function.

The proposition below collects some properties of slowly varying functions which
will be useful in what follows. We refer to the monograph [3] for details and further
properties.

Proposition 2.3 Let W be a slowly varying function.
(1) Forany § > 0 there exists ¢ = c(8) > 1 such that

lsa - W (st) < os

S S0 S , t,se(0,1].

(i) For each o > 0 there is a decreasing function ¢ and an increasing function ¢
such that
1T~ () and V() ~ @(1).

(ii1) Iffo1 \IJ(S)% < 00, then ¥ defined by \i—’(t) = fé \IJ(s)ds—“, t € (0,11, is a slowly
varying function such that

0)
im — =00
t—0+ V(1)
@iv) V', r e R, is a slowly varying function.

(v) If ® is a slowly varying function as well, so is WV ®.

Remark 2.4 Tt follows easily from the last proposition that
YO~ W2~ w2V e 270D 27], j e N,.

The next proposition provides a very useful discretization method, which coin-
cides partially with [24, Proposition 2.5].
Proposition 2.5 Let V be a slowly varying function.
(i) Then

[Iogz(]

/lxy(s)d—s~ > w(2), re©.27!
t s ’ ’ .

i=0
(ii) Moreover, iffol lI/(s)% < 00, then

e¢]

/txy(s)d—s~ Z w(277), te1]
0 s ' T

Jj=l[llogz|]

A corresponding assertion holds if we replace the integral and the sum by suprema.

We complement the previous proposition by a discrete version of [29, (3.2)], also
cf. [24, Lemma 2.6].
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Lemma 2.6 Let 0 < u < oo and V be a slowly varying function.

(i) Then

00 1/u
(Z 27 (27 )“) ~27Fp(27%), keN 2.2)
j=k

(with the usual modification if u = 00).
(i) Furthermore, we have

k 1/u
(sz”\y(z—f)‘”> ~2%u(27H)7! keN 2.3)
j=0
(with the usual modification if u = 00).

Proof Suppose that 0 < u < oo. In order to prove (i) let € € (0, u). Using the fact that
t2W ()" is equivalent to an increasing function, cf. Proposition 2.3(ii), we obtain for
keN,

22 /Mq_, 2= J ZzJ(S u) 2 J (2 )

[e's)
<( )y i
j=k
_ 2—k8qj 2k(£ M)sz(e u)

5 2—uk‘Ij (2—]{)” .

This completes the proof since the reverse inequality is clear. A corresponding proof
for (ii) can be found in [24, Lemma 2.6]. The proof in the case u = oo is analogous. [J

2.3 Function Spaces of Generalized Smoothness

In the sequel, let S(R") stand for the Schwartz space of all complex-valued rapidly
decreasing C* functions on R” and we denote by S’(R") its topological dual, the
space of all tempered distributions. Let gg € S(R") be a function such that

go(x)=1 for|x|<1 and suppgoC {x eR": |x|<2}. 2.4)
For each j € N, we define
@) =927 x) —o(27/Tx), xeR" 2.5)

Then, since Z?io @j(x) =1 forall x € R", the sequence (¢;) jeN, is a dyadic reso-

lution of unity. Given any f € S’, we denote by fand f its Fourier transform and
its inverse Fourier transform, respectively.
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Definition 2.7 Let 0 < p,qg <00, s € R and let W be a slowly varying function
according to Definition 2.1.

(i) Then B;f”qq’) (R™) is defined to be the set of all tempered distributions f € S’(R")

such that
00 . ‘ . 1/q
I 1B ()] = (Zzwzf)qn ona LP<R">||q) 26)
j=0

(with the usual modification if g = 00) is finite.
(i) Let0 < p < oo. Then F I(,f’q\p)(R") is defined to be the set of all tempered distrib-
utions f € &’(R") such that

L,R"| @7

00 1/q
(Z 2f~‘qw(z—f)q|<<pjﬂv<~)|q>

|10 ()] = \
j=0

(with the usual modification if g = 00) is finite.

Remark 2.8 The above spaces were introduced by Edmunds and Triebel in [12, 13]
and also considered by Moura in [25, 26] when W is an admissible function. For
basic properties of the spaces above, like the independence of these spaces from the
resolution of unity (¢;) jeN,, according to (2.4) and (2.5), in the sense of equivalent
quasi-norms, we refer to [14] in a more general setting. Taking W = 1 bring us back to
the classical Besov and Triebel-Lizorkin spaces denoted by BIS,’ q (R") and F IS,’ q (R™),

respectively. If V() = (1 + |10gt|)b , b € R, we obtain the spaces considered by
Leopold in [22] and [23]. Denoting by A either B or F, we have for all ¢ > 0 the
following elementary embeddings between classical spaces and spaces of generalized
smoothness

Ay (RY) = AL (R) > AL 7 (RT).

The next assertion on embeddings between Besov and Triebel-Lizorkin spaces
of generalized smoothness will enable us to handle embedding assertions involving
Triebel-Lizorkin spaces of generalized smoothness in a very simple way by using
the results for B-spaces. We refer to [9, Proposition 3.4, Example 3.5] for a proof in
the case of W being an admissible function and to [7, Lemma 1] for a more general
situation.

Proposition 2.9 Let ¥ be a slowly varying function. Let 0 < py < p < p1 < 00,
0 < g <ooandlets, sy, s €R be suchthat so—n/po=s—n/p=s1—n/pi1. Then

BV (R") — F&P(R") — BSW(R") if.and onlyif, 0<u<p<v<oo.
The following result gives a characterization of the Besov spaces of generalized

smoothness by means of Peetre’s maximal function. The proof runs in the same way
as that of [25, Theorem 1.7(i)] for ¥ being an admissible function.
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Theorem 2.10 Let (¢;)jecn, be a smooth dyadic resolution of unity as above. Let
0<p,qg <oc0,s e Randlet ¥ be a slowly varying function. Let a > n/p, then

o 1/q
| 7185, (R = (ZW\P @) Nei 1), ] LP(R")W>

j=0

(with the usual modification if g = 00) is an equivalent quasi-norm in Bz(;i’q\p)(R”),
where the Peetre’s maximal function ((p}f f)a is defined by

AV
((p;ff)a(x) = sup w Sforx e R".
zeRn (1+271z])

An important tool in our later considerations is the characterization of the spaces
of generalized smoothness by means of atomic decompositions. We state this here for
the B-spaces only.

We need some preparation. As for Z", it stands for the lattice of all points in R”
with integer components, Q,,, denotes a cube in R” with sides parallel to the axes
of coordinates, centred at 27"m = (27 "my,...,27"m,), and with side length 27",
where m = (my,...,my,) € Z" and v € Ny. If Q isa cube in R” and r > O then r Q is
the cube in R" concentric with Q and with side length r times the side length of Q.

Definition 2.11 Lets e R,0 < p <00, K € No, L+1 € Ngandd > 1. The complex-
valued function a € CX(R") is said to be an (s, p, V) k. L-atom if for some v € Ny
the following assumptions are satisfied

(1) suppa C dQ,,, for some m € 7",
(ii) D% (x)] <27 7Ty 21 for jo| < K, x e R",
(iii) fgn xPa(x)dx =0 for || < L.

If conditions (i) and (ii) are satisfied for v = 0, then « is called an 1 g -atom.

Remark 2.12 In the sequel, we will write a,,, instead of a, to indicate the localization
and size of an (s, p, V)g, r-atom a, i.e. if suppa C dQ,y. If L = —1, then (iii)
simply means that no moment conditions are required.

We define the relevant sequence spaces.

Definition 2.13 Let 0 < p,qg <ocand A = {A,,, € C:v € Ng,m € Z"}. Then

v=0 \meZ"

(with the usual modification if p = oo and/or g = 00).

The following theorem provides an atomic characterization.
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Theorem 2.14 Let 0 < p,q <00, s € R and WV be a slowly varying function. Let
d>1,K eNgand L + 1 € Ny with

K > (1 + [s])+ and L > max(—l, lop —s])

be fixed, where o, = n(— —1)4. Then f € §'(R") belongs to B(S \P)(R" ) if, and only
if, it can be represented as

o0
f= Z Z Avm@um, convergence being in S’(R"), (2.8)

v=0meZ"

where a,;, are 1k-atoms (v =0) or (s, p, V), 1-atoms (v € N), according to Defi-
nition 2.11, and A € by, ,. Furthermore
infl[Albp 4|, (2.9)

where the infimum is taken over all admissible representations (2.8), is an equivalent
. B(A ) R”
quasi-norm in (R™).

The previous theorem coincides with [25, Theorem 1.18(ii)] in case of W be-
ing an admissible function. The general case is covered by [14, Theorem 4.4.3] and
[4, Theorem 2.3.7(i)]. We refer as well to [15] and [32] for the classical situation.

The next result characterizes the embedding of B[(,'fép (R an. dFy, (”/ P Ry
into Cg(R"). The case of ¥ being an admissible function is covered by [8 Proposi-
tion 3.13]. We refer to [5, Corollary 3.10 & Remark 3.11] and to [7, Proposition 4.4]
for a more general situation.

Theorem 2.15 Let 0 < p, g < oo and ¥ be a slowly varying function.
(i) Then

B,(,'fép’\p)(R”) — Cp(R") if, and only if, (\D(Z_j)_l)jeNO €ly.
(i) Assume O < p < o0. Then
FgP (R < Cy(R") if, and only if,  (%(277)"), oy, € &

For each f € Cp(R"), w(/f,-) stands for the modulus of continuity of f and it is
defined by

w(f,1):=sup sup |A,f(x)|= sup | AnfILoo(RY)

|h|<t xeR" |h|<t

, t>0,

with A f(x):= f(x+h) — f(x), x,h eR".
Let r € (0,00] and let £, be the class of all continuous functions A : (0, 1] —

(0, 00) such that
Plod
/0 A(t)r =00 (2.10)
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and 1
(/1 1" dt)’
— ] <x (2.11)
o M)t

(with the usual modification if r = 00).

Definition 2.16 Let0 < r < oo and u € L,. The generalized Holder space A‘;O(Z (R™)
consists of all functions f € Cp(R") for which the quasi-norm

1
1 rd T

||f|Ag<§;3(R")||:=||f|LOO(Rn)||+ /[w(f’f)} dr
oL u@ 1t

is finite (with the usual modification if r = 00).

Standard arguments show that the space Agé), (R™) is complete, cf. [28, The-
orem 3.1.4]. Conditions (2.10) and (2.11) are natural. In fact, if (2.10) does not
hold, then Aé‘él (R™) coindices with Cg(R"). If (2.11) does not hold, then the space
A’Cféz (R™) contains only constant functions.

If r = 0o, we can assume without loss of generality in the definition of Ago(; (R™)
that all the elements p of £, are continuous increasing functions on the interval (0, 1]
such that 1im+ w(t) =0 (cf. [17]).

t—0

The space Agé;g,o(R"), cf. [27, Proposition 3.5], coincides with the space
CO1O(R™) defined by

x) —
IACOHO®D ] = sup [fol+  sup  LOTON
xeRn x,yeR", 0<|x—y|<1 u(lx =yl
If () =t,t e (0,1], then Ag.féo (R™) coincides with the space Lip(R") of the Lip-

schitz functions. If u(t) =t%, o € (0, 1], then the space A%;;(R”) coincides with
the space %" (R") introduced in [1]. Furthermore, if /() = 1| 10gt|ﬁ, B> % (with

B > 0 if r = 00), the space Agéi (R™) coincides with the space Lipg,lo’;ﬂ )(R") of
generalized Lipschitz functions presented and studied in [10, 11, 19].

2.4 Hardy Inequalities

In the sequel, discrete weighted Hardy inequalities will be indispensable for our
proofs. There is a vast amount of literature concerning this topic. We merely rely
on results as can be found in [18, pp. 17-20], adapted to our situation. In this context
we refer as well to [2, Theorem 1.5] and [30].

Let 0 < g,r <00 and (by)neny, (dn)nen, be non-negative sequences. Consider

the inequalities
o [/ r ; o0 é
=0 \k=0 n=0

for all non-negative sequences (a,)neN, (2.12)

Birkhauser



786 J Fourier Anal Appl (2011) 17:777-800

and
00 [ 00 r % 0 ql
(Z (Z akdk) b j’> < (Z al ) for all non-negative sequences (a,),eN,
j=0 \k=j n=0

(2.13)

(with the usual modification if » = 0o or g = 00).

Theorem 2.17
(1) Let 0 < g <r <o0. Then, (2.12) is satisfied if, and only if,
1

[e’s) N 7
sup( Y b7 ) (Do) <o (2.14)
Nz0\;_n k=0

and, furthermore, (2.13) is satisfied if, and only if,

r

N % 00 ) %
sup <ij’) (Z d;ﬂ) <00 (2.15)
k=N

N=0\—o

(with the usual modification if r = 00 or q’ = 00).
(i) Let 0 <r < g <o0. Then, (2.12) is satisfied if, and only if,

o] 0 % N 5 %
{Z(Zb,»’) b@(Zdﬂ’)li} <0 (2.16)
k=0

N=0 \j=N

and, furthermore, (2.13) is satisfied if, and only if,

sI=

00 N 5 o] f
iZ(Zbﬂ) b@(Zdﬂ’) } <o (2.17)
k=N

N=0\j=0

. . . oy 1.1 _
(with the usual modification if q" = 00), where -, 1=

3 Main Results

We start by providing extremal functions, which will play a key role for proving
necessity in the main theorem below. For related assertions, but different, see [33,
pp- 220-221], [6, Proposition 2.4] and [24, Proposition 3.1].

Proposition 3.1 Let 0 < p, g < oo and let V be a slowly varying function. Further-
1

more, let h be a compactly supported C* function on R defined by h(y) =e 1-*
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for|y| < 1 with th(y)dy =0andh(y) <0for|y| > 1. Foreach b = (b) jen, € {4,
let fp be defined by

fo(x) _Zb (27 Hh (27xk), x=(x)f_; eR". (3.1)

=0
(i) Then f, € BY)"Y) (R") and

| £5 1 BSP Y (RY) | < crlibley | 3.2)

for some c1 > 0 independent of b.
(i) If b; = 0, j € N, then

2
w(ﬁ’ ) 2"217 w2 ) ke, (3.3)
and
o(fp,27%) "
— gz > b2l w(277) ., keN,, (3.4)
j=0

for some ca, c3 > 0 depending only on the function h.

Proof Since the functions

n
aj() = w2 ) []r@x). x=@j_ eR", jeN,
k=1
are (up to constants, independently of j) 1x-atoms (j =0) or (n/p, p, ¥)k o-atoms
(j € N), for some fixed K € N with K > n/p, and b € £, then (3.2) is an immediate
consequence of the atomic decomposition theorem, cf. Theorem 2.14.
Let us now prove (ii). Let k € Ny and let n € (0, 1) be fixed. Then, putting tem-
porarily ¢ = [];_, h(0), we obtain

w(fp,275)

2 2%(f(0) — fp(—n27%,0,...,0))

_ZkZb (27 (h(0) = h(=n2/ ) -
> 23" b w(277) T (h(0) — h(—n277F)) - ¢
j=k

> 2" Y byw(27) 7 (3.5
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The second last estimate above holds true, since 4(0) — h(—n2f =5y > 0 for Jj <k.
The last inequality above follows from the fact that h(0) — h(—n2j —k ) >
h(0) — h(—n) > 0 for all j > k. This shows the estimate (3.3).

The proof of (3.4) is similar. We estimate

—k o0
2D Y b ) (0~ h(—n2 ) ¢
=0
k
= 243 (@) () — b2 ) e
j=0
k k
=23 b w ()T 2l W) ez ey b2l w ()T
— j=0

(3.6)

for some &j; € (—n277%,0), observing that for j < k, &jk € (—n,0) and hence
h (& jk) = c1 > 0 for some ¢ which is independent of j and k. O

The following theorem characterizes optimal embeddings of Besov spaces with
generalized smoothness into generalized Holder spaces in the limiting case when
s = 2. In this context we also refer to [16, Theorem 4] and [17, Theorem 1.6, Corol-
lary 1.7], where the authors obtained similar embedding results for Bessel-potential-
type spaces in the limiting case. There, the technics were completely different from
the ones considered here.

Theorem 3.2 Let0 < p <00,0<gq,r <00, u € Ly, and let V be a slowly varying
Sfunction with

i1
(W) )jeNOEEq/‘

1) If0<g <r <oo, then

B ®Y < A @Y, 37

if, and only if,

(X[m0t

(with the usual modification if r = 0o and/or ¢’ = 00).
(i) If 0 <r <q < oo, then

S

(i \p(zk)"/> Y 09

k=N

B ®Y) s AL @M, (3.9)
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if, and only if,

oo N 2-/ _rdt g 2—N _rd[
S, me (/ (o) —)
N=0\j=0 2—-(G+1) t 2—(N+1) t

x (Z q/(zk)‘/>q } <0 (3.10)

and

[ 2~ i 2N
: dr dr
2—]}’/ HT— .2—Nr / HT—
{é(g 2-(+D wlt) 1 ) ( 2—(N+1) ult) t

N £yl
x (Zz"fw(z—")‘qy } <00 (3.11)

k=0

(with the usual modification if " = 00), where -, := ©

Q=

Proof In the sequel we shall always assume that g and r are finite, since the limit-

ing situations (¢ = oo and/or r = oco) are proven in the same way with the obvious
modifications.

Step 1: In order to prove sufficiency in (i), assume that (3.8) holds.

Let f € Bég’;)(R”) and let a > 0. Then, by Theorem 2.15(i), we can make use of
the following estimate which can be found in [31, 2.5.12 formulas (8), (9)], stating
that for |h| <27/,

J
AR FILao @D S Y 2577 (07 £) | Loo R™ |
k=0

+ ) (@ ) Lo @®D]| (3.12)

k=j+1

(the constant involved is independent of f). Using the fact that w(f, -) is monotoni-
cally increasing, together with (3.12), we have

1 j 1
To(fn]d\ (&> Y
(/0 [ (o) } 7) (;O [ @t o 7)

o0 o 2—J _rdl %
S w(f2 f)f TORES
j N —— e

—(j+1)
Jj=0 2

=m;
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'S} J
< (zm,- {zzk-f (6t ), 1]
=0 Lik=0

Py ||(<P12“f)a|Loo||] )

k=j+1
1

< (izm [izk | (wi‘f)awoo”}r)r

k=0

=)
L

. (gm/[gnwzmwmn} ). o

=)
Setting
. 1
bj=2"Im;7, a =2 | (¢} f),ILoo and Gl
dy =2kw(27k) 7
an application of Theorem 2.17(i) to the first term of (3.13), yields
< (Z\p ) (i f |LOO||”) ~fIBLY N forall fe B R").
(3.15)
This can be seen as follows. Condition (3.8) gives
2_ dt N r
/ unw@) " —=< \11(2_ ) forall N,
2—(N+1) t
which together with (2.3) and (2.2) yields
1
/ q
sup Z 27 "m 22'“1 (2 -
N=>0
1
' -1
~ sup 27" m; | 2Nw (27N
(Z ) e
1
< sup Z w2y ) 2wy
N=0\ Ty
2 Ve MM (e M) T <1< oo (3.16)
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and (2.14) is satisfied. For the second term of (3.13), we put

1
r

bj=m;7, ax:=%(2 )| (¢ f), and dp:=w(279) " 3.17)

An application of Theorem 2.17(i) gives

an < (Z\y Y 1 (erf), |Loo”q>q ~ | £1BLY| forall f e BO D ®RM,
(3.18)

since, by (3.8),

k=N

N 2= dl‘% 00 /%
_ HT— w2k 3.19
w(S Lm0 g) (Svey) < om

and (2.15) is satisfied. Now, (3.13), together with (3.15), (3.18) and Theorem 2.15(i),
yields

Since, by Proposition 2.9,
W
Byt (R") — BV (®"),
we have the desired embedding

(n/P \IJ)(RH) N AM( -) (Rn)

Step 2: Concerning sufficiency in (ii) again we have (3.13). Let % = % - é Ap-
plying (2.16), using (3.14) we obtain for the first integral (I) the estimate (3.15), since

ey 27/ i 2N
{Z(Z 2 | u(t)"g> 2N < / M(t)_’g>
, 2=+ t 2—(N+1) t

N=0 \j=N
N VAL
x(Zqu\IJQ_k) q) } <00

k=0
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is bounded by (3.11). For the second integral (II) in (3.13), an application of (2.17)
yields (3.18), since inserting (3.17) we obtain

% 2-N ., dr
Z / f n() ™" —
2- (/+1) 2—(N+1) t

o A7)
X Z \11(2*1‘) < 00,
k=N
which is bounded by (3.10).
Step 3: Concerning necessity in (i) and (ii), assume we have the embedding
n s LI})
B,(Jf’,, RY) — ALRY), 0<g,r<oo,

which means that

! w(fvt) rdt % (%,\p) % .
</O ( w(r) ) 7) 5||f|Bp,q | forall f € B, (R ).

In particular, for each non-negative sequence (a,),eN,, using the function f, con-
structed in (3.1), Propostion 3.1, we have

1
lalegl 2 /1<_‘“(fa’f))rﬂ
“\Jo \ @) t
Z/ <a)(fl,,t))rt’_ldt
2—(k+1) t wn@)y
1
00 - r —k r
> w<fa’2k>> /2 et
N(IZ(:)( 2k 2—<k+1>“(t) ' dt
o) o) roo—k %
> k . —J -1 —r r—1
N(;)(z Jgka,\p(z ) )fz(m)u(r) t dt)

1
o] [os] roo—k r
_iy-1 _pdr
N(Z<Za,«y(z i) )/2(H1),,L(z) 7), (3.20)

k=0 \j=k

N=

where we used the fact that ‘”(f D
tion and the estimate (3.3). Puttlng

—ji—1 2 -r d
dj=v(2 /)" and b= uy =) , (3.21)
2—(k+1) t

is equivalent to a monotonically decreasing func-

~ =
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from (3.20) we obtain

1

00 [e'e] r r
laltqll 2 (Z (Z ajdj> bk’) for all non-negative sequences (ay)neNy>

k=0 \j=k
(3.22)

which is the Hardy-type inequality (2.13). Now the necessary conditions (3.8) and
(3.10) follow from Theorem 2.17. If we apply the estimate (3.4) instead of (3.3) in
(3.20), we obtain

(e ) 2 dt g
Ll = (22l | 2 nT— 3.23
lal q||N(l§<§)a, (27) ) fﬂmu() t) (323)

for all non-negative sequences (a,),eN,- Now setting

1 2 dt g
dj=¥(277) 2/ and bk=2_k<f M(r)—r—) , (3.24)
2—(k+1) t
we obtain

laleqll Z (i (i%%‘)rbk’)%

k=0 \j=0

for all non-negative sequences (d)neN, (3.25)

which is the Hardy-type inequality (2.12). Theorem 2.17 now yields (3.11). This
finally completes the proof. d

In terms of optimal weights we have the following result.

Corollary 3.3 Let 1 <g <00,0 < p,r <00, u € Ly, and let ¥ be a slowly varying
function with

_iv—1
(W) )jeNOGEfI/‘

Furthermore, let Ay, € L, be defined by

~|—

L+
/ t q
kq,(t):z\ll(t)qr</ \p(s)q@) . te(0,1]. (3.26)
0 N

We consider the embedding

(W)

By (R") < AMOL(®R™). (3.27)
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(1) If 1 <q <r <00, then (3.27) holds if, and only if,

X _ofz ey ()T

dry 1
N>0 (Z =0.J2- (J+l))hqr(t) rTl)’

< 00 (3.28)

(with the usual modification if r = 00).
() If 0<r <g <ooandq > 1, then (3.27) holds if, and only if,

0 ZN 2-J dt Y 1
E ( j - /“L(t) r_)u/q 2 u
Aj Of2 (j+1) t / M(S)fr ds < 00 (329)
N=0 (Z/ Of =+ )"qr(t) r—(it)“/r 2—(N+1) K

(with the usual modification if g = 00), where = l - 1

(iii) Letr € [gq, o0]. Among the embeddings in (3. 27) that one wzth W= Agy, is sharp
with respect to the parameter [L.
(iv) Among the embeddings in (3.27), that one with = Ayq andr =g, i.e.,

(" 'R < AL (R, (3.30)

is optimal.
Proof Concerning (i) Theorem 3.2 shows that (3.27) holds if, and only if,
1 1
7 [ee) —q' 7
su w2k < 00,
(L mot) (S )

which is equivalent to

1

1
LN A Y A ds

sup / n@®)~"— / W(s)~ 9 < 0. (3.31)
3€(0,1/2) \J > ! 0 S

Since

-
7

1 dt — 1 , Jds\ 7 dr —
/)\qr(t)_rT = /“I’(t)_q /\IJ(S) T — 5 "
5 1
N (/ . q/dt> ~</ . q/dt)
0 t 0 t

1
for all sz € <0, §:|, (3.32)

and as singularities of functions in question are only at 0, this means that (3.31) is
equivalent to (3.28).
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Turning towards (ii) the same argument used above shows that (3.10) is equiva-
lent to (3.29). Now, necessity follows from Theorem 3.2(ii). Let 5 = } — é As for
sufficiency, we observe that

u

1/2 1 —r 7] —r 1 - “q i
Al / (/ u(t) dt) e (/ Mdz) d%}
0 P t n x t
u u 1
1 1 —r q —r P q u
/(/ wo dt) 1) (/ w(z)‘q'g> d%}
0 » t » 0 t
! _,dr i dt
/ u(t)™" — / v~ —
N=o 2—(N+1) t 0 t

1
2-N u
d
x / wGo) (3.33)
2—(N+1) >

is bounded by (3.10). But now, since w(f, -) is increasing, [21, Proposition 2.1(ii)]
implies

N

A
2

)\qq( )(Rn) N Aﬂ( ) (Rn)
This and (3.27) (with i = A4y and r = g, which follows from part (i)), yield

n oy
B R ARy > AIRY), 0<r<g<oo, g>1. (3.34)

This completes the proof of (ii).
Let us now prove (iii). We need to show that the target space A“ ) +»(R™) in (3.27)
and the space A Farl )(R") (that is, the target space in (3.27) with u = A,4,) satisfy

ALO R > AR (R, (3.35)
Indeed, since w(f, -) is increasing, this last embedding holds if
([Lnm 47
1”—’(11 (3.36)
%E(O,%) (f% )\qr(l‘)ir%)7

(cf. [21, Proposition 2.1(i)], see also [17, Theorem 3.6(i)]), which is equivalent
to (3.28). The proof of (iii) is complete.
We turn our attention towards (iv). We need to show that the target space

Agé), (R™) in (3.27) and the space As¢ ’”( )(R") (that is, the target space in (3.27) with
1 = Agq and r = q) satisfy
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Since w(f, -) is increasing, this last embedding holds, for ¢ <r, if

Lo onrdey ! Lyt
p =TT L OO 55

1 1 _ 1
we0.) (fLrgq 71T ey ([ hgr (747

(cf. [21, Proposition 2.1(i)], see also [17, Theorem 3.6(i)]), which is equivalent to
(3.28). In the case r < g we obtained (3.34) when proving (ii), which gives the desired
embedding. O
Remark 3.4

(i) Theorem 3.2 could be improved as follows. If we had

o0 2-J
H(N=)r / a / hall 3.39
j;v 2—(.f+1) Z <;+1> (3-39)

forall u € L., N € N, then (3.10) implies (3.11) and therefore (3.11) could be
omitted. In particular, (3.39) seems to be natural since it holds true for functions

p®)y=1* a>0 and wu(r) =2, (),

defined in (3.26) with l <g <ocoand 0 <r < oo.
(ii) Note that condition (3.8) is equivalent to the following integral version,

1 1
1 r P
sup (/ u(:)—’g> (/ W(s)~ q’ds> <00 (3.40)
3e(0,1) \J ¢ t 0 s

(with the usual modification if r = oo and/or ¢’ = 00).
(iii) If 1 < g < oo, using the terminology of [24], the authors obtained in [24, The-

orem 3.4] that ()“I“fm, 00) is the continuity envelope of Bp,;q’ (R™), which
means in this situation that

(n "R s Ale0)

®R")

only holds when r = oco. Note that this also follows from Corollary 3.3, because
condition (3.28) is not satisfied when @ = A4 and r < oo (this follows by
applying 1’Hopital rule to the quotient in (3.38) and by Proposition 2.3(iii)), but
itis satisfied with u = A4 and r = 0o. Moreover, from Corollary 3.3(iv), (3.37)
and (3.38),

(” xqqo

"R <> Al b0

(R") > AE % (R™M).

Therefore, in this hmltlng case, we have an instance of the phenomenon where
the continuity envelope does not yield the optimal embedding, since Theo-
rem 3.2 provides an even better result. A similar situation occurs for Bessel-
potential-type spaces in the limiting case, cf. [16, Theorem 4, Remark 5] and
[17, Theorem 1.6, Corollary 1.7].
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(iv) If 0 < g <1, which is not considered in Corollary 3.3, similar results can be ob-
tained from Theorem 3.2 provided we impose, for instance, that the derivative
of W is negative on the open interval (0, 1) and lim,_, o+ W (#) = co. We refer to
the end of the introduction for an example. Under this circuntances, the contin-

n oy
uous envelope of B pf q )(R") was obtained in [24, Theorem 3.5]. Furthermore,
if ¥ = 1, condition (3.8) implies the violation of condition (2.10). Note that if
(2.10) is not satisfied, then AL (R") = Lo (R").

In terms of the Triebel-Lizorkin spaces our results read as follows.

Corollary 3.5 Let0 < p < 00,0 < gq,r <00, u € L, and let ¥ be a slowly varying
Sfunction with

_i—l
(P27)) jen, € o

() If0<p<r<ooandp <rifr =00, then
Fly @) > AR, (3.41)

if, and only if,

S
Nu>% (Z /; (/+1) )

(with the usual modification if r = 0o and/or p' = 00).
() If 0<r < p < oo, then

<=

<Z‘ w(zk)"’) T i (42)

k=N

Ly
Eyi ) R > AL (R, (3.43)

if, and only if,
> (& Y LA\ " _dr
Y — wn ™ —
N=0\i=0 2—- </+1) t 2—(N+1) t

x (Z \p(zk)”’)

k=N

=

} < 00 (3.44)

and

00 2 » 2-N
: dr dr
o—ir 2 2—Nr / HT—
<Z /2—<j+1> wo) t ) ( 2—(N+1) wo t )
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u 1
N AVAK
x(22"1’\p(2")"’> } <00 (3.45)
k=0
1

(with the usual modification if p' = 00), where % ==

S =

Proof Using Proposition 2.9 together with Theorem 3.2 we have

(579 (&%) (W) .
B, (R > Fyl) (R") > B, (R") = AR,

yielding the desired result. O

Remark 3.6 In particular, it turns out that for the F'-spaces our results are independent
of the parameter q.

Corollary 3.3 can now be reformulated as follows.

Corollary 3.7 Let 1 < p <00,0<r,q <00, u € Ly, and let ¥ be a slowly varying
function with

_iv-l
(W27) ) ey € o

Furthermore, let X, € L, be defined by

L+l
/ t P r
)»pr(t):z‘lf(t)pr</ \y(s)P’ds) . te(o,1]. (3.46)
0

s
We consider the embedding

(2, w)

F,h (RY) > AR R, (3.47)

) Ifl<p<r<ooandl < p<rifr=o00,then (3.47) holds if, and only if,

270 _rdind
g oGy w74y
sup Lizo Lok ®TDT (3.48)

N 2-J —rdt 1
N20 (3o Jymian Apr (7507

(with the usual modification if r = 00).
(1) If O<r < p <ooand p > 1, then (3.47) holds if, and only if,

o N 2 —rdiyu/p 02N g
Z (Z]:OIZ*U“)M(I) r) / (s)_rcl_s} < o0, (3.49)

N 27 —rdt -
N=0 Qim0 oG Apr ()" Hyu/r J2m VD

1._1_1
where;._r I
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(iii) Letr € [p, o0]. Among the embeddings in (3.47), that one with p = A, is sharp
with respect to the parameter |i.
(iv) Among the embeddings in (3.47), that one with = A, andr = p, i.e.,

( YRy o APt R, (3.50)

is optimal.
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