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Abstract In this work we obtain boundedness on L?, for 1 < p < oo, of commuta-
tors Tp f =bT f — T (bf) where T is any of the Riesz transforms or their conjugates
associated to the Schrodinger operator —A + V with V satisfying an appropriate re-
verse Holder inequality. The class where b belongs is larger than the usual BMO. We
also obtain a substitute result for p = oo, under a slightly stronger condition on b.
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1 Introduction
Let us consider the Schrodinger operator
L£=—A+V

in R?, d > 3. The function V is non-negative, V = 0, and belongs to a reverse-
Holder class RH,; for some exponent g > d /2, i.e. there exists a constant C such

Communicated by Fernando Soria.

This research is partially supported by Consejo Nacional de Investigaciones Cientificas y Técnicas
(CONICET) and Universidad Nacional del Litoral (UNL), Argentina.

B. Bongioanni () - E. Harboure - O. Salinas
Instituto de Matemadtica Aplicada del Litoral CONICET-UNL, Santa Fe, Argentina
e-mail: bbongio @santafe-conicet.gov.ar

E. Harboure
e-mail: harbour @santafe-conicet.gov.ar

0. Salinas
e-mail: salinas @santafe-conicet.gov.ar

Birkhauser


mailto:bbongio@santafe-conicet.gov.ar
mailto:harbour@santafe-conicet.gov.ar
mailto:salinas@santafe-conicet.gov.ar

116 J Fourier Anal Appl (2011) 17: 115-134

that

1 . Va ¢
— | V(y)id <— | v(y)dy, 1
<IBI/B ) y) =151 ), (y)dy (nH

for every ball B C R4,
We associate to the differential operator £ the vector valued Riesz Transform

R=V(-A+V) /2

This operator has been considered in [11], where the author shows that it is bounded
on LP?(RY) for 1 < p < po, with py depending on ¢ in a way that if V RH, with
q > d, it results pg = co. Moreover, Shen shows that in that case R and its adjoint
R* are in fact Calderén-Zygmund operators (see [11]).

Asin [11], we will use the auxiliary function p defined for x € R? as

1
p(x):sup{r>0: Wj/ Vfl}. 2)
B(x,r)

Under the above conditions on V, we have 0 < p(x) < o0.
For 6 > 0, we define the class BMOg (p) of locally integrable functions b such that

0
)
_ b — bpld Cl1+ R 3
BGr)] gy P 7 O8Iy = ( p(x)) )

for all x € R? and r > 0, where bp = %fB b. A norm for b € BMOy(p), denoted
by [b]g, is given by the infimum of the constants satisfying (3), after identifying
functions that differ upon a constant. Notice that if we let & = 0 in (3) we obtain the
John-Nirenberg space BMO.

Now, with the above definition in mind, we define BYO(p) = | Jy-o BMOs (p).
Clearly BMO C BMOy(p) C BMOy (p) for 0 < 6 < 6, and hence BMO C
BMO(p). Moreover, it is in general a larger class. As an example, when p is
constant (which corresponds to V a positive constant) the functions b;(x) = |x;|,
1 < j <d, belong to BMOs(p) but not to BMO. Also, when V (x) = |x|2 and £ be-
comes the Hermite operator, we obtain p (x) =~ %IXI and we may take b(x) = |x; |2.

We denote by T either R or R*. For b € BMOo,(p) we will consider the commu-
tator operator

Ty f (x) =T (bf)(x) —b(X)Tf(x), xeR? “

Before stating the main theorems we introduce the definition of the reverse Holder
index of V as qo =sup{q : V € RH,}. It is known that V € RH, implies V € RH
for some € > 0 (see [5]). Therefore, under the assumption V € RH;/, we may con-
clude go > d/2.

Finally recall that V € RH, for some g > 1 implies that V satisfies the doubling
condition, i.e., there exist constants i > 1 and C such that

/ VgCtd“/ v, (5)
tB B

holds for every ball B and ¢t > 1.
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Now, we are in position to state our first result.

Theorem 1 Let V € RHy/2, b € BMOoo(p) and po such that 1/po = (1/g0 — 1/d)*,
where qq is the reverse Holder index of V.

1) If1 < p < po, then
IRs fllp < Coll fllp,

forall felLP.
(i) If py < p < oo, then
IR, flp < Coll fll ps

forall f eLP.
Moreover, Cyp, < [blg whenever b € BMOy(p).

In order to present our result concerning the behavior of commutators for p = co
we need the following definition.

The space BMOg¢ is defined as the set of functions f in L
exists a constant C such that for every ball B = B(x, r),

1
loc

satisfying that there

/ |f — fBl =CIBI,
B

if r < p(x), and

/ |fI <CI|B|,
B
if r > p(x).

This space was introduced in [4] as the appropriate substitute of BMO in the study
of the boundedness of operators associated to £.

Regarding the Riesz transforms, it was shown in [1] that R* preserves BMOg
when go > d/2, and the same occurs with R under the stronger assumption gg > d.
Since L is continuously embedded in BMO g, these results imply the L — BMOg¢
continuity of R and R*, under the stated hypothesis on gg. We point out that even
when R and R* are Calderén-Zygmund these results are sharper than those derived
from Calderén-Zygmund theory since BMOg C BMO.

It is a natural question to ask for the class of functions b such that R and R}
are also bounded operators from L* into BMO¢. For this purpose we introduce the
following definition.

For 6 > 0, we denote by BMOleog(p) the set of functions b such that

0
1 b bsl<C (I+r/pkx))

|B(x, 1)| JB(x,r) 1 +log™(p(x)/r)’

forallx e R4 and r > 0. Correspondingly, we define BMOL%g(p) = U9>0 BMO}QOg(,o).
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Our second result can be stated as follows.

Theorem 2 Let V € RHy /2 and b € BMOx(p), then

(i) Ri: L™ — BMOg if and only if b € BUOSE (p).
(1) If V € RHgy, the above result is also true for Ryp.

The contents of Theorem 1 were already known for functions b in BMO. In the
case go > d, since R and R* are Calderén-Zygmund operators, the boundedness of
commutators follows from the general theory (see [2] and [9] for instance). The result
for R}, when d/2 < qo < d was recently proved in [6]. The novelty of Theorem 1
relies on the extension of the L”-boundedness for b belonging to the larger class
BMOx(p). Theorem 2 is completely new for this kind of Riesz transforms. However,
there is a result in that direction for the classical case £ = —A in [7]. There, the
authors show that commutators of the Hilbert transform are never bounded from L
into BMO except for the trivial case when b is constant.

Our approach to handle commutators is the Stromberg technique that was also
used in [6]. That involves to obtain a point-wise majorization of the sharp maximal
function of the commutators. In this article we reduce the problem to estimate a more
appropriate and smaller sharp maximal function which takes into account only local
balls, namely those contained in a critical ball. In order to do so we prove a suitable
Fefferman-Stein inequality (see Lemma 2).

The clue that allows us to enlarge the class of functions b with respect to the clas-
sical case, relies on the stronger decay of the kernels and their modulus of continuity
outside critical balls, contained in Lemmas 3 and 4.

The paper is organized as follows. In the next section we present some properties
of the space BMO«(p) and a Fefferman-Stein type inequality. In Sect. 3 we collect
some useful estimates of the kernels of R and R*. Section 4 is devoted to prove some
estimates of averages and oscillations related to commutators that will be used in the
last section to prove Theorem 1 as well as Theorem 2.

2 Preliminary Lemmas and Propositions

Proposition 1 [11] Let V € RHy>. For the associated function p there exist C and
ko > 1 such that

ko

_k ko
C‘Ip(x>(1 i y') <o) = Cp(x>(1 i y')k(’“ ©)
p(x) p(x)

forall x,y e RY.
A ball B(x, p(x)) is called critical.

Proposition 2 [3] There exists a sequence of points {xi};2, in RY, so that the family
of critical balls Qi = B(xk, p(xx)), k > 1, satisfies
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O U 0 =R%.
(ii) There exists N such that for every k € N, card{j : 40; N4Q0r #W} < N.

Inequality (6) implies that if x, y € Q, and Q is a critical ball, then

p(x) < Cop(y) (N

where the constant Co depends on the constants C and kg in (6).

Proposition3 Let 0 > 0and 1 <s < o00.Ifb € BMOg(p), then

1 l/s< NG
— | |b—bg|* blo( 14+ —) . 8
(|B|/B' B') N“9< p(x)) ®

forall B= B(x,r), withx € R and r > 0, where 6’ = (ko + 1)0 and kq the constant
appearing in (6).

Proof From the standard John-Nirenberg inequality (see [8]), given a ball By and a
function g € BMO(By) we have, foreach 1 <s < 00,

1 1/s
<@/ lg _gB|A> < CllgllBMO(By) ©)]
B

for every ball B C By, where the constant C does not depend on the ball By.
Therefore, to prove (8) we only need to show the claim: if R > 1 and Q is a critical
ball, then we have b € BMO(R Q) and

IbllBMocro) < bl (1 + R) koD,

If this is true, an application of (9), gives that for any ball B C RQ,

1/s
(ﬁ/}glb—m) 5[b]e(1+R)(ko+1)9. 10

Now, let B = B(x,r) and Q = B(x, p(x)), with x € Réandr >0.If r < p(x),
we choose R = 1, and we may apply (10) to get (8). In the case r > p(x), we notice

that B = ﬁ Q. Then we apply (10) with R = p(’x) which yields (8).

It remains to prove the claim. Let B = B(z,r) C RQ, with z € R? and r > 0. Due
to (6), we have

)1+ R < p(2),

then, since » < Rp(x),

<+ Rrtkoty,
p(2)
Using that b € BMOg(p), it leads to

1
— < (ko+1)0
IBI/B|b byl S bl (1 + R)FotD?, -
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Lemma 1 Let b € BMOy(p), B = B(xq,r) and s > 1, then

() oo 25
2%B] Jyp' " ~ p(xo))

forall k € N, with 0 as in (8).

Proof Following standard arguments and Proposition 3, we have

1 1/s
L / b—bsl*
28] by
k

1 1/s

j=1

k

ir\?
§[b192<1+ 2 )

o p (xo0)

2k 4
<[blokl| 1 .
S [Blo ( +p(xo)> O

Given a > 0 we define the following maximal functions for g € L] (R?) and
x R4,

1
M, qg(x) = sup E/ lgl,
B

xeBeB, o

1
M? ,g(x)= sup —/ lg — gal,
P |B| Jp

xeBeBy o

where B, o ={B(y,r): y€ R?, and r < ap(y)}.
Also, given a ball Q C R?, forg e L\ (Q) and x € Q, we define

loc

1

Mpg(x)= sup lgl, (1)
xeBeF () BN Ol Jpno
and
Mjg(x)= sup : / | | (12)
g\X) = oo~ A 8 — 8BNQl;
= xeBeF(0) BN Ol JBno e

where F(Q) ={B(y,r): ye Q, r > 0}.

Let us note that if g is supported in Q, operators (11) and (12) coincide with the
standard definitions of Hardy-Littlewood and sharp maximal functions defined in Q
viewed as a space of homogeneous type with the Euclidean metric and the Lebesgue
measure restricted to Q.
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Lemma 2 (Fefferman—Stein type inequality) For 1 < p < oo, there exist B and y
such that if {Qx}72 | is a sequence of balls as in Proposition 2, then

p
M P< P :
L s s [l +§:|Qk|<|Q )

forall g e LI (RY).

loc
Proof The main tool to prove this lemma is the Fefferman-Stein inequality in the
setting of spaces of homogeneous type with finite measure given by Proposition 3.4
in [10]. We point out that in this case the finiteness of the L” norm of the maximal
function is not needed (in fact that assumption is only used to prove that the left
hand side of inequality (3.14) there is finite, but this follows immediately from the
finiteness of the measure of the space).
If Q is acritical ball and x € Q, it is not difficult to see that

M, gg(x) < Map(gx20)(x), (13)
with 8 = (where Cy is the constant appearing in (7)), and for x € 20,
M, (8x20)(x) S M’ 58(x). (14)

We give an outline of the proof of the last inequality since (13) is even easier.
In fact, given a ball B = B(y,r) € F(2Q), we divide the argument according to r

k

greater or less than S_Tgl @ where C and ko are the constants appearing in (6). In

the first case B N 2Q has measure comparable to 2Q which belongs to B, ». In the

other case we just use that B € B, 1 C B, 2 and that |[BN2Q| is comparable with |B|.
Now we use the decomposition of R? given by Proposition 2, the mentioned

Proposition 3.4 in [10], and inequalities (13) and (14), to obtain

Mop@1” =3 [ 1001
/Rd 0.8\8 Xk: o 0.8\8

<3 | 200007

Ok
<Z/ M5, (8x20,) |P+Z|2Qk|(|2Q lf |g|)
p
SZ/ |Mt4(8)|p+Z|Qk|< / |g|)
— )20 | Okl

p
5/ |Mﬁ4(g)IP+Z|Qk|(|Q |/ |g|> :

where in the last inequality we have used the finite overlapping property given by
Proposition 2. 0
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3 Estimates for the Kernels of R and R*
Let K and KC* be the vector valued kernels of R and R* respectively.

Lemma 3 If V € RH,>, then we have:

(1) Forevery N there exists a constant C such that

ca [x—z|\—N
IIC*(x,Z)IEM(/ @ g1 ) (15)
B

|x —z]41 (o lx—zl/4) lu — 2|41 |x —z|

Moreover, the last inequality also holds with p(x) replaced by p(z).
(i) For every N and 0 <& <min{l,2 —d/qo} there exists a constant C such that

IK*(x, 2) = K*(y, 2)|

C _ § 1 + [x—z|\—N
B

|x — z|d=1+8 (e lx—zl/4y lu —z)471 lx —z

whenever |x — y| < %|x — z|. Moreover, the last inequality also holds with p(x)
replaced by p(z).

(iii) If K* denotes the R? vector valued kernel of the adjoint of the classical Riesz
operator, then for every 0 <o <2 —d/qo,

IK*(x, 2) = K*(x, 2)|

C \% 1 — g
< (/ W g+ <'x Z') ) (17)
|x —z| B(z.|x—zl/4) 1t — 2| lx —z| \ p(x)

whenever |x — y| < p(x).
(iv) When qo > d, the term involving V can be dropped from inequalities (15), (16)
and (17).

Proof Inequalities (15) and (17) are basically contained in [11], and (16) can be found
in [6]. Statement (iv) for (17) is a consequence of Lemma 1 in [1] since it gives the
boundedness of the first term by the second one. The remaining inequalities follow
from the same lemma, applying (15) and (16) with perhaps a different N. O

Lemmad IfV € RHg, then we have:

(1) Forevery N there exists a constant C such that

( \X*Z|)7N

K(x,2)] < ﬁ (18)

(i) For every N and 0 <& <min{l, 1 —d/qo} there exists a constant C such that

Clx —yP (1 + 555H ™

p(x)
19
|x _ Z|d+8 (19)

IK(x,2) =K@, 2| <

2
whenever |x — y| < 5|x —z|.
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(iii) If K denotes the R? vector valued kernel of the classical Riesz operator, for

every 0 <o <2 —d/qo, we have
C _ o
d(|x Z'). (20)
lx —z|*\ p(2)

Proof Estimate (18) can be found in [11, inequality (6.5)]. Estimates (19) and (20)
are also basically contained in [11]. Details for (20) are given in [1]. As for (19) in
[11] it is proved for N = 0. Nevertheless, the same argument can be applied to any
positive N. g

IK(x,2) —K(x,2)| =

Remark 1 Let us observe that when V € RH;, (18) and (19) together with (16) and
Lemma 3(iv) imply that K and I* are Calder6n-Zygmund kernels.

4 Technical Lemmas

As usual we denote by M the Hardy-Littlewood maximal function and, for s > 1, by
Mj the operator defined as M, f = (M (f*))!/5.

Lemma5 Let V € RHy, 1/po=(1/q0 — 1/d)™, and b € BMOgy(p). Then, for any
s > p(’) there exists a constant C such that
1
O]

for all f e L{ (R?) and every ball Q = B(xq, p(xo)). Additionally, if qo > d, the

loc
above estimate also holds for R instead of R*.

/ Rif| < Clbl inf My f(y),
0 yeg

Proof Let f € LP(R?) and Q = B(xo, p(xg)). We first observe
R;;f:(b—bQ)R*f—R*(f(b—bQ)), 2D

and so we have to deal with the average on Q of each term.
By Holder’s inequality with s > p(, and Lemma 1,

1 1 , 1/s' 1 1/s
@/Ql(b—bQ)R*ﬂS<@/Q|b—bQ|s> <@fw IR*f|S>
1 1/s
S[b]e(@ /Q IR*fI‘Y> .

If we write f = f1+4 f> with fi = f x20 then, using that R* is bounded on L* (RY)

withs>p(’),
1 1/s< 1 1/s
- R* S - s
(|Q|/Q' fl') N(|Q|/2Q'f'>

< inf M, f(y). (22)
yeQ
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Now, for x € Q and using (15) in Lemma 3, we have

R* fox)] = ‘ / K*(r.2) £ (2) d
[x0—z]>2p(x0)

S hi(x) + b,

where
11 (x) =/ Lo
lo—z1>2p(x0) |x — z|4(1 + %)N
and
D(x) =/ o - / Lu)_dudz.
ro—2l>2p () [x = 24711+ BEEHY T aaipay =2l

To deal with /;(x), using that in our situation p(x) >~ p(xg) and |x — z| =~ |x¢ — z|,
we split into annuli to obtain

2—Nk

1 < —_— d
1)< Z o) /lxo—z|<2’<p(xo) | f(2)dz

k>1
< inf Mf(y). (23)
yeQ

To take care of I>(x), having in mind Lemma 3(iv) we may assume d /2 < go <d.
Then, since x € Q,

Iz(x)ﬁf /@) / ﬂdudz
|

xo—z>20x0) [x0 — 21471 (1 + BOZDN ey apng—py Ju — 2147
2Nk / V()
S N RNV ) | f ()] ——~ _dudz
; @GN Jixg—zl<2t+1 p(xp) B(x0. 24 p(xo)) 11— 2|77

Z—Nk /
ST [F1Z1(V X B g, 2% )
; (ka(x()))d_l xo—z2] <2% p (x0) B(x0,2% p(x0))

Let p, < s < d (this is always possible because go > 1, and also sufficient since
M, f increases with s). Using first Holder’s inequality and the boundedness of the
fractional integral Z; : L* + L9 with 1/g = 1/s" + 1/d, we obtain

/ LFITH (Y Xy 2 pao)
[xo—z|<2kp(x0)

< 1 XBxg, 24 o o s 121V X Bxg 2% p o)) 7

S XB o, 2 p0xon I 1Y X g, 24 p o) -
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Since V € RH,, from our assumptions on s, we obtain

—d/q'
IV X824 pixop lg (ka(xo)) /4 / 1%
B(x0.2%p(x0))

< QK An=d/) )=/’ / v
B(xo,p(x0))

< 2k(dufd/q/)p(XO)*d/q”rd*{ (24)

where in the last two inequalities we have used (5) and the definition of p respectively.
Therefore,

L(x) < plxo) W41y SR ENHIAR Iy p sty s (29)
k>1

Finally, observing that

d/s .
1 X2 ptaon s S (2000)) " inf My £()

and using that d/s — d/q’ = 1, we have

B(0) S inf M f(y) ) 2N, (26)
k>1

since N can be chosen large enough the last series converges.
To deal with the second term of (21), we split again f = f1 4+ f. Choosing p;, <

s < s and denoting v = %, using the boundedness of R* on L5 (R%) (see [11]) and
applying Holder’s inequality,

1/5
R*fi(b—b R*fi(b—bp)|®
|Q|f| i Q>|<<|Q|/| i Q>|>
- 1 A US
— b—by)|°
N(|Q|f2Q|f< Q)|>
1 1/s 1 1/v
<(— s — b—by)|"
N<|Q|/2Q'f'> (|Q|/2Q'( Q)')

S [le 325 M; f(y),

where in the last inequality we have used Proposition 3.
For the remaining term we have to deal with

5 b—>b
Il(x)z/ |f(Zd)( ‘XQL' N
lx—z[>2p(x0) |x —z|*(1 + ) )
and
) b—b v
feo— / Q)b ~bo)l / Y dudz,
lx—z|>2p(x0) |X — Z|d71(1 + p(x) )N Bz lx—zl/4) =l
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We start by observing that for | <§ <s and v = S;TSS’ using Lemma 1, we obtain

/(B —=b0)XB(xy, 2% pxon lI5

< W xBexo. 2 pxonlls 10 =00 X B(xg. 2% p (o) IIv

< (@ 000)™ inf My £k b1 27

For 1) (x) we proceed as for /1 (x), and using (27) with § = 1, we arrive to

- 2—Nk
1 < Py e— b(z) —b d
1(x>NI§(2kp(xo))d oty 7@ POl @12

Sblo inf My f () ) K2k
k>1

< b1y inf M f ().

To deal with I~2 (x) we argue as in the estimate for I;(x) with f(b — bg) instead
of f and § and § instead of s and g, where 1/§ = 1/5" + 1/d. In this way, as in (25),
using also (27), we have

L(x) S plxg)™ =40 Y " oHENFIdHR=dIE | £(b — b) X gy 2t pxon s
k>1

< [Plo Jof, Ms f ) D kb N2
k>1

S [ble ylgg M f(y), (28)

choosing N large enough.

Finally, we notice that in the proof above, we only have used the size of K* given
by (15) in Lemma 3, therefore in the case gy > d we also have the result for R in
view of Lemma 4. O

Remark 2 1t is easy to check that if the critical ball Q is replaced by 20, last lemma
also holds.

Lemma 6 Let V € RHy/ and b € BMOx(p), then for any s > p, and y > 1, there
exists a constant C such that

/(2 : IK*(x,2) = K*(y, 2)|Ib(z) — bl f ()| dz < C[blp inf My f(u), (29)
B)¢ ue

forall fandx,y € B= B(xg,r), withr < yp(xo). Additionally, if qo > d, the above
estimate also holds for K instead of K*.
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Proof Denoting Q = B(xg, yp(x0)), by (16), and since in our situation p(x) =~ p(xp)
and |x — z| >~ |xg — z|, we need to bound four terms

I = r5/ wd&
O\2B

|xO_Z|d+8

Iy — % o) / F@IbG) ~bsl

|xg — Z|d+8+N

QC
b(z) —b \%
= rs/ [ f (DI (Zd)—l+53| (uzl_1 duds.
o2 1x0—z| B(xo.4lxo—z)) 14 — 2|
and
| f (), |b(z) — bp| V(u)
I4=r5,0(x0)N/ ————dudz.

Ixo — 2|97 104N J (o no—z)y u — 21971

Splitting into annuli, we have
1 Jo

n<— 2*1'(‘”5)[ b —bgl,

1S b= b5l

j=2

where jj is the least integer such that 2J0 > yp(xo)/r.
By Holder’s inequality and Lemma 1 we obtain for j < jj,

/_ fllb— byl < jlblol2/ B] inf M, F(3).
2/ B yeB

Then,

< [blo inf M, f()’)ZJZ 7

Jj=2
< [blg inf M f ().
yeB

To deal with I, splitting into annuli, using Lemma 1 and choosing N > 6’, we
have

p(.X()) Z 2 ](d+5+N)\/\. |f||b_bB|
J

Jj=Jjo—1

< bl me 6 )</0(xo)> Z joi N =6

J=Jjo—1

S [blo inf M, f () Z j2r
J=Jjo—1

< [bls yigg M f(y).
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To deal with I3 and 14, due to Lemma 3(iv) we may assume d /2 < go < d. Now,
1 Jo )
IS = 27 fz [ @IbE) = baIT (Vi) () .

j=2

If py <35 <s,v=:= and ¢ such that 1/g = 1/§' + 1/d, then

/_ Lf116 = bBITi(V xai+28) < I1f X2i plls 10 — DB) X2i IV IZ1(V x254+28) I3
2/ B

< 7127 B [blg inf M fOIV Xas+25lg- (30)

where in the last inequality we use Lemma 1 and that j < jp.
Since V € RH, from our assumptions on §,

IV x2i+2gllg S 11V x0llg
Sp(xo)‘d/q/f v
0
S )12,
for all j < jo. Therefore, sinced/s =d+1—d/qand2—d/q >0,
df5—d+1 o

r . ~
I3 < [blo inf My f(y)———— Y j2~/@=1+8=d/5)
yeB oSO p(x0)>~d/a ;]

, 2—d/q Jo 245
< [b)g inf M )( > § j2-/ /g2t
0 o5 sf(Q (x0) j:2]

. \2-d/a oo Jo )
< [bly inf M ()<—> 200Q2=d/q) N o=
A VT 2

j=2
< [blg inf M f(y).
yeB
Finally, for 14 we have
< px0) —j(d—148+N) -
LS g0 Y. 2 f@IIbE) = bp|TI(V X2 ) dz.
rd=I+N- & 2B
Jj=jo—1
Now we proceed as in (30) to obtain, for j > jo,
) . (2jr)9/+d/§
/_ |f11b = bBIZ1(V xaj+2p) S [ble inf My f(¥)j———5— IV xai+2llq
2/B yeB p(x0)
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moreover,
IV xai+25llg S (277) v
2JB

—d/q'+dp
< itdp—asgH ™" f
~ p(xo) Jo
—d/q'+du
< pJjdn—d/q oo
p(x) =4+

With this estimate, choosing N large enough so that d —2+ N — 0’ —du > 0, we
have

o (xo)

Z jz—j(d—2+N—e/—cm+a)

)d—2+N—(9/—du 00
Jj=Jjo—1

[b]o lnfM fQy )(

S [blo inf M, f(y),
yeB

and we have finished the proof (29).
Now, suppose go > d. To obtain the estimate for IC we use (19) in Lemma 4 to get

/(2 : IK(x,2) = K, DIIb(2) = bpll f(2)dz S 11 + I,
BC

completing the proof of the lemma. 0
5 Proofs of the Main Results

Proof of Theorem 1 We will prove part (ii) and part (i) follows by duality. We start
with a function f € L?(R?) with Py < p < 00, and we notice that due to Lemma 5

we have R f € Ly, (RY).
By using Lemma 2, Lemma 5 with p; < s < p and Remark 2, we have

IR:£115 _/ (M5 (R5 )"

f| (RLF) |P+Z|Qk|<|QI[ Zfl)p
/! y(REF)I" + blaZ/ M, f1P.

By the finite overlapping property given by Proposition 2 and the boundedness of M
in L?(R?) the second term is controlled by [17]| £ |%. Thus, we have to take care of
the first term.
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Our goal is to find a point-wise estimate of Mg,y(R;’; f).Let x € R? and B =
B(xg,r), withr < yp(xg) suchthatx € B.If f = f; + f», with f1 = f x2p, then we
write

Ry f = b —bp)R*f —R*(fi(b — bp)) — R*(f2(b — bp)). €1V

Therefore, we need to control the mean oscillation on B of each term that we call Oy,
O, and O3.
Let s > p;,, an application of Holder’s inequality and Proposition 3 gives

o, <®/|(b bs)R* /|

1/s' 1 1/s
. s R* s)
<|B|/' B') <|B|/' 7l
S [l MR f (x),
sinceﬁ<y

To estimate O, let Po <§<sandv=-2 Then

0, < @/W b —bs) )|

1/5

<|B|/|R* b= me”)

1 AN\ /s
5(|B|/ I(b—bg)fl‘v>

1 1/v 1 1/s
< b_b v _ N
“<|B|/' B') <|B|/23'f')
<

blo M, f (x). (32)

For O3 we observe that

035 |B|z/f|R* Hrb—bp))w) —R*(fo(b—bp))(z)|dudz

and the integral is clearly bounded by the left hand side of (29). Therefore, Lemma 6
asserts

O3 S [blo M f (x). (33)
Therefore, we have proved that
M5, (Ry )| < 161 (MR* £ + M, ).

Since s < p, we obtain the desired result. (|
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Proof of Theorem 2 We first assume V € RH4, and we denote T either R or R* and
G either K or *.

Let f € L®(R?) and Q = B(x, p(x0)). In view of Proposition 2, it is not hard to
see that it is enough to consider averages over critical balls (see [4]). Due to Lemma 5,

1
O]
In order to deal with the oscillations, let B = B(xg, r) with r < p(xg). Notice that

by Lemma 5 the function 7}, f belongs to Lll0 . (RY).
We write as in (31)

/ Ty f1 < bl inf My £ () < [b1o 1 f e
0 yeQ

Tyf =(b—bp)Tf —T(fi(b— b)) — T(f2(b — bp)),

and its mean oscillations on B as O, O, and O3.

The estimate for terms O, and O3 are already done in (32) and (33) for R*. They
also can be performed for R as long as go > d, due to the boundedness of R in
L5 (RY) for § > 1 and Lemma 6. Thus, both terms are bounded by [Dlo|l f llco-

To deal with O we fixed u € B and write,

(b—bp)Tf = (b—bp)Tfi+ b —bp)(TH—ThHw)
+ T f21u)(b —bp) + T fro(u)(b —bp), (34)

where f> = f21 + f22, with f22 = f x40\28 and Q = B(xp, p(x0)). We denote each
oscillation O, Oj2, O3 and Oy4.
We observe that T f»1 (1) and T f2, (1) are finite for any u € B, since f € L° and

/ |G (u, 2)|dz < oo. (35)
(2B)¢

We will see that Oy, O and O3 are bounded under the condition b €
BMOx(p). For O11, choosing s so that T is bounded on L* (R?), we have

2
O = —/ (b= bs)T 1]
|B| Jp

1 ) 1/s' 1 /s
< |b—bB|S) (—/ ITf1|S>
<|B|/B |B| Jga
1 ) 1/s' 1/s
S\ |b—bB|s) < f |f|s>
<|B|/B 2B

S ol f lloo- (36)

=~

For Oy, we claim

ITf2(x) = T2 S 1 flloos

for any x and u in B.
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First, observe that when V € RH, the claim follows easily, since both kernels are
Calder6n-Zygmund. Therefore, for V € RH; and d/2 < g <d,and T = R* due to
(16) in Lemma 3, we only need to estimate

| f ()] V(u)
Ji = r‘s/. _ ———dudz,
0\2B 1x0 — 219718 J g0 aixg—zpy lu — z]471

e e V()
Jo =71°p(x0) /er Ixo — z|d-1F6+N [, — dudz.

(x0,4|x0—2z]) |M - Z|d !

and

Since the remaining term can be handled as in the Calderén-Zygmund case, we pro-
ceed as in Lemma 6 when estimating /3 and I4. In fact, splitting into annuli we have

||f||<>oz2 - 1+5>/ / Y
2iB J2it2B |u_Z|d !

£l L
o0 —j(d—2+9)
< [, v

j=2

d-2
p(x0) e
§||f||oo< ; ) 2~ Jod=2+8)
S flloos

and

p(xp)N d—148+N Vi)
< 9= Jjd=1+3+N) dud
2 S I ooy Z g Jarvap a1 4

Jj=Jo—1
—d 00
plx O)N 8 —j(d—2+8+N—du)
”f”oom Z 2. , v
Jj=jo—1
d=2+N-dp
S ||f||oo<p(x0)> 9—Jo(d—2+N—du—5)
S lloos

thus the claim is proved.
Then,

2
O < m |b(x) = bp||Tfo(x) —Tfr(u)dx
S loll flloo-

That O13 <[l f 0o is @ consequence of (35).
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Therefore, the theorem will follow if and only if there exists a constant Cp, such
that for any B € B, 1 and u € B,

1
—(/ |b(z)—b3|dz)‘/ Gu,z)f(z)dz
IBI\/B 40\2B

But, adding and subtracting K (u, z), the kernel of the classical Riesz Transform or
its adjoint accordingly to the case, estimate (37) will hold if and only if

1
— b(z) — bg|d
|B|</B| (z) — bl z)

In fact, by using (17) or (20), it is easy to check that f4Q |G(u,z) — K(u,z)|dz is
bounded independently of the critical ball Q, more precisely

1 |u—z|>0 _ 1
dz < p(xo) "/ ———dz< 1.
[lQ |u —Z|d< p(u) 40 lxo —z[4=°

Due to the self-improvement of the reverse-Holder inequality, we may assume
V eRH, ford/2 < g <d. Setting 1/s =1/d +1/q’, we have

1 V(w
40 |M_Z| B(z,|lu—z|/4) |w—Z|

dz 1/s
: (LQ m) I (V xa0) s

<o) NV xaolly S 1,

= Coll flloo- (37)

= Coll flloo- (38)

/ K(u,2)f(z)dz
40\2B

where in the last inequality we have used (24) for k = 2.
Note that up to this point we only have used b € BMOs(0).
Now, if we assume that b satisfies the stronger condition b € BMOL%g (p), since

[ K(u,2)f(z)dz| < Cpll flloolog(p(x0) /1), (39
40\2B

we conclude that (38) holds proving the boundedness of Tj,.

On the other hand if we suppose that 7} is bounded with b € BMO«,(p), then (38)
must hold for each component K;,i =1, ...,d, of K and for any f in L*°. Choosing
f =sg(u; — z;), and adding over i, inequality (38) implies

1 Yz — uil
— | |b(z) —bgld =l g, <C
|B|/B' @=bsldz | oy e —at BEC

since |z — u| 2 |z — xo|, performing the integration, the inequality

1 Cyp
— b — bpld _
|B|/B' @ = bl = T Gy
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must hold for any B € B, 1. Since we assume that b € BMOx(p), we conclude that

1
b € BMOSE(p). O
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