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Abstract In this note we establish the sharp maximal inequalities for Herz spaces
and Morrey spaces by use of good A-inequality. As an application, we obtain esti-
mates of some bilinear forms which include usual product of functions and the non-
linear term of Euler and Navier-Stokes equations on Herz spaces and Morrey spaces.
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1 Introduction

The present paper has two purposes. The first one is to establish the sharp maximal
inequality, so-called Fefferman-Stein’s inequality, for Herz and Morrey spaces. The
second one is to extend bilinear estimates, which were shown by Kozono and Tani-
uchi [18], by using the sharp maximal inequality. This article is based on Miyachi’s
unpublished paper.

The sharp maximal inequality stands for an inequality of the form

Iflx <cllfPlx,

with some quasi-Banach space X, where 17 denotes the Fefferman-Stein sharp max-
imal function. It was firstly introduced in [12]. We will show the inequality with a
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more general sharp maximal function flm). Indeed, fg(ol) = f*. For the precise de-

T
finition of flﬁy), see Sect. 2. Such maximal function were studied by DeVore and

Sharpley in [9]. The prototype of the maximal function was introduced in papers of
Calder6n [4] and Calderén and Scott [5]. The sharp function contain information on
the smoothness of functions. For instance, the following equivalence due to Calderén
holds: for 1 < p < oo and a positive integer m,

1
V" e = 12 e

In this connection, Cho [7] studied the inequalities
1
1 £, < el fie e

for some exponents r, g, s, p and 0 < o < 1, where A';, q is the Besov space B; q Or

Triebel-Lizorkin space F ».q- Moreover, this maximal function was used for the exten-
sion problem of functions belonging to Triebel-Lizorkin spaces [9] and the modified
sharp function was used to characterize Besov spaces and Triebel-Lizorkin spaces
with smoothness index s > 0 [34, 37]. See also [3, 20, 25, 36], for several variants of
the sharp maximal functions.

The sharp function is useful for real interpolation theory [2] and for pointwise
estimates of several operators appearing in harmonic analysis, for example, singular
integrals [35], pseudodifferential operators [29], or Coifman-Rochberg-Weiss type
commutators [14]. Furthermore, combining these pointwise estimates with the sharp
maximal inequality enables us to estimate these operators. As an application of the
sharp maximal function to the theory of partial differential equations, Krylov [19]
used pointwise estimates of the sharp function of second-order derivatives to study
L?-theory of divergence and non-divergence elliptic and parabolic equations with
discontinuous coefficients. Also, in [30], Rogers and Seeger applied it to the esti-
mate for the Fourier multipliers related to the initial value problem for the dispersive
equation i d;u + (—A)*?u =0 for a € (0, 1) U (1, o0), u(-,0) = f.

There are several ways to obtain the sharp maximal inequality for L?. For exam-
ple, by the duality argument [20, 35], by using the non-increasing rearrangement [1]
and by a good A-inequality [15, 28]. Similarly, the weighted inequality is shown by
these techniques, see, for example [11]. When we use the first or the second, the du-
ality and the Hardy’s inequality prevent the exponents to extend to the large range.
Meanwhile, when we use the good A-inequality, the exponents are not restricted,
[28]. To enjoy this favor, we use a good A-inequality. On Morrey spaces, Sawano and
Tanaka [33] showed the sharp maximal inequality with non-doubling measures by
applying a good A-inequality. Their good A-inequality is slightly different from ours.
Their statement does not include the exponents p, g less than 1, but it seems that their
proof also works even for the case p, g < 1. Our inequalities cover their inequality as
special cases. The main results in the first half of this paper are the following maximal
inequalities. For the precise definitions of K;"” and MY, see Sect. 2.

Theorem 1.1 Let 0 < p <00, 0 <gq,r <00, —n/q <a < oo and l € Ny. Then,
there exists a constant ¢ such that for f € L’ _(R"\{0}) satisfying (ka [ fI7d)Y/" —

loc

Birkhauser



J Fourier Anal Appl (2011) 17: 265-289 267

0 as k — 00, where Q) = (—2k, 2kyn\ (=2k=1 2k=Tyn,

N
1 Fllger < el f75 "% o,

where

I/p
89005 kap  (2OQF b
175 e = (215 g

keZ
and Q5 = Qk—1U Or U Qiy1.

Theorem 1.2 Let 0 <g < p <00, 0 <r,s <00 and |l € Ny. Then, there exists a
constant ¢ such that for f € L _ satisfying that (J[Ik | fI7 )Y — 0 as k — oo, for

loc
some cube I, where I}, = 2k,

g(r), 1.
I lage <cllfyo " e
q , q

where

L - #0r),1
||f[ﬁ(()r) ||M5 := sup ikas l/q”fl’(()r) lLacry,
I
where the supremum is taken over all cubes.

Remark 1.1 1.1t is not hard to modify the argument of the proof of Theorem 1.1 to
check that the same inequalities hold for the nonhomogeneous Herz space an PR,
2.In [16], Komori showed the inequality above in the context of nonhomogeneous

. _ . . . q
Herz space with & = —n/q in the following sense; for 1 <g <ooand f e L, .,

8
0

1f liemor = cll fo0"ll g oo

where CMO1 is a space of functions of central mean oscillation and equipped with
the norm

1/q
I fllcmos == sup <JC |f = fB(O,R)|qu) .
B(O,R)

R>1

3. The decay condition on the average of function in Theorem 1.2 is equivalent to
the one for all cubes 1.

4. The sharp maximal inequalities above fail for any P € P;\{0}. Because we must
exclude the case, the decay condition seems natural. Indeed,

1/r
(f |P|’dx> ~|Pllocgp A 0. ask — oo,
Ok

for every polynomial P # 0.
The latter half of this article is motivated by Miyachi’s unpublished paper, and

the basic ideas of this half are based on it. Also, the spirit of Miyachi in the unpub-
lished paper are collected in [31]. Thanks to his idea, we can establish same bilinear
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estimates as (ii) of Theorems 1.4 and 1.5 for function spaces on which the Fefferman-
Stein inequality holds and the Hardy-Littelewood maximal function is bounded.

In the latter half, we consider the estimate of the bilinear form fV™g, (m e NU
{0}), which includes the nonlinear term uVu of Euler and Navier-Stokes equations.
Our main tools are the sharp maximal inequality and pointwise estimate of the sharp
maximal function of fV™g.

Our purpose is to estimate products of functions. Many estimates of these are
known. It seems that the most famous inequality of product of functions is Holder’s
inequality. The inequality says that if f € LY and g € L" then a product fg belongs
to L? when 1/p = 1/q + 1/r. In this connection at endpoint p = ¢, the following
inequality is well known;

1 /gher < (I F1erliglamo + 1 flamoligller)
which is a consequence of a pointwise inequality for the sharp function of fg;

(£ (x) = (M, F)lglamo + 11 smoM, ().

where M, f = M(|f|" )1/ ", M is the Hardy-Littlewood maximal function and 1 <
r < oo. Miyachi showed the above bilinear estimate with 0 < p < oo by using point-
wise estimate of the sharp function of fg. There is a similar bilinear inequality with
the derivatives. In [18], Kozono and Taniuchi showed the following bilinear inequal-
ity by the use of the boundedness of the bilinear Fourier multipliers due to Coifman
and Meyer [8]: for f, g € WP with Vf, VgeBMO and 1 < p < o0,

17Vellr =e(1flLrIVeliauo + IV flismoligler )-

In his unpublished paper, Miyachi gave a proof of this bilinear estimate by us-
ing pointwise estimate of the sharp maximal function of f3fg with |8| =1 and
1 < p < oo. Their bilinear inequality played an important role in the study of the
blow-up phenomena of smooth solutions to the Navier-Stokes equations. It is clear
that || fglly;1.» also can be dominated by the right hand side. Here, WP is the ho-
mogeneous Sobolev space. Moreover, there is a similar estimate due to Christ and
Weinstein [6] with the fractional derivative;

1£8ll s, 21D () lLr < (I 1Dl + 10" Fler gl )
~ (17050, Il is, + 1SN gl ).

where D* is a Fourier multiplier operator D° f = F~![| - |*F f], where F is the
Fourier transform, F—! is the inverse Fourier transform and 0 < s < 1. There are
other bilinear estimates for fg in several function spaces by using the paraproduct
of Bony. For instance, in [17], the authors showed the following bilinear estimate in
Triebel-Lizorkin spaces,

. < - . . .
1781y, < (I Negra I8l i, + 1SN g g s )

with some exponents.
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Our bilinear estimates are the following. For the precise definitions of H K;‘ P
KBMO and HMq, see Sect. 2.

Theorem 1.3 Let0 < p <00, 0<g <oocand —n/q <o < 0.

o,p 0,00
(i) There exists a constant ¢ such that for any f, g € K NKy BMO>

1 £8llger < c(1LF e llglgox + 11/l gooe gl ger )-
(i1) Let m € N. There exists a constant ¢ such that for any fe Ka PN Llloc with
V" fe KBMO and g € HKa N Llloc with V" g € KBMO’

m . X m m .
19" 8lger = (I 4o 19" 8lgoo + 19" Fllgoce gl 57 ).

Theorem 1.4 Let 0 <g < p < 0.
(i) There exists a constant ¢ such that for any f, g € /\/lg NBMO,

1781y = (17 1agg gm0 + 1L £ lawoliglagg )-
(i) Let m € N. There exists a constant ¢ such that for any f € Mp N L}Oc with
V" f eBMO and g € HML ML) with V"g € BMO,

loc

179" gl g < (1 1agg 19" 8llawo + 19 £ lwo gl pa )-

Remark 1.2 1. The inequalities in Theorem 1.3 also hold for the nonhomogeneous
Herz space.
2. It is clear that the inequality

19" glger < (1L f w0l V" gliger + 19" £ 1l g I8 so)

fails for f € BMO with V" f € Kg’p and g € BMO with V"'g € Hkg’p. In fact, if
we take f = c € C\{0}, then the left hand side is not zero in general while the right
hand side must be zero.

3. Since (ii) in Theorems 1.3 and 1.4 are proved by using a pointwise inequality,
they have some variants. For example, we can obtain the bilinear estimates for the
Campanato norm replacing BMO norm.

4. Since these inequalities are derived from a good A-inequality and pointwise
estimate, we also obtain the weighted versions of the ones in the sense of B. Muck-
enhoupt. See Remarks 3.1, 3.2, 3.3 and 4.1.

5. By the results below, the following local estimate can be shown; for 0 < g, r <
00, cube Q and f, g € LY(Q) with V" f, V"¢ € BMO(Q),

1F V" gllzacoy < (I fllLa V" gllBmoce) + IV fllBmoco) gllLaco)
+1OIMVT Vgl )

with a constant ¢ independent of f, g and Q.
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6. In [38], the above bilinear estimate will be applied to study the blow-up phe-
nomena of solutions to the Navier-Stokes equations with the initial data in the Herz
space.

2 Preliminaries

Throughout this paper we use the following notations. Let €2 be a nonempty subset
of R". Ng :=NU{0}. For x € R" and ¢ > 0, B(x, t) denotes the ball, centered at x of
radius ¢. By a “cube” Q we mean a cube in R” with sides parallel to the coordinate
axes. Its side length and center will be denoted by /(Q) and c¢(Q). Also, fora > 0,aQ
means the cube with the same center as Q whose side length is a times that of Q. The
set of all dyadic cubes is denoted by Q, and set Q := (—2k, 2kym\ (—2k=1 2k=Tyn for
k € Z. Let P; be the space of polynomials of degree at most /. For a measurable set E,
xE denotes the characteristic function of E and the slashed integral fE fdx denotes
the average fg = ﬁ [ fdx, where | E| is the Lebesgue measure of E. V"™ f stands
for the vector of all derivatives 0% f with |«| =m and |V f||x = Zlalzm 1% fll x
with some quasi-Banach space X. In what follows ¢ denotes a constant that is inde-
pendent of the functions involved, which may differ from line to line.

In this section, we recall the definitions and fundamental properties of function
spaces and also collect several lemmas about polynomials which are used to study
the sharp maximal function. In particular, Lemmas 2.3 and 2.6 play an important role
in Sect. 4.

Definition 2.1 Let 0 <7, t < oo and [/ € Ny be such that [t] — 1 <. For functions

f €L}, (2), one defines the two maximal functions
1/r
MPCf(x):= sup [Q[/" (JC Iflrdy> )
xeQCQ (0]
and

1/r
%@ = sup mf|Q|—f/"<f If - P|dy) :

erCQ

where the supremum is taken over all cubes Q containing x and included in €2. In
particular, we write f% = f(;i(l) and M; & MO’Q. Omit r and 2 when » = 1 and

Q = R", respectively. Also, Mr f and flt( 72 mean the dyadic maximal function
and the dyadic sharp maximal function of f, respectively. That is

1/r
M9 ()= sup |Q|’/”(f T dy) ,

xEQCQ

and

1/r
FFO2 @) = sup mleI‘””(JC f - P|dy) ,

xeQc PeP;
0€Q
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where the supremums are taken over all dyadic cubes Q containing x and included
in Q. In particular, we write MrQ = M?’Q

Definition 2.2 Let 0 < p,g < 0o and o € R. Define the (homogeneous) Herz space

Kg’p as

1/p
KgP(R") = { f € L, RN\{OD: || fllger = <Z dl fnfq(Qk)) < oo},

keZ

and

Koo @®") :={f € L}, (R"\{0}); 1N .o :—SUP IfllBmocop) < o0}
where Q7 := Q-1 U Qx U Q41 and
I o = sup i f 1 — clx,
where the supremum is taken over all cubes Q included in 2.

Itis trivial that || f || po.o < || f BMO, 1.6. BMO — Kg%. Moreover, Kg}l% strictly
BMO

includes BMO. Indeed, a function i (x) := — x>0 log|x|, appearing in [13, p. 121],
is not in BMO(R) but in Kg}‘%(R). It is well known that —log|x| is in BMO. Then
it is clear from the definition that

Al goco < || —loglx] lIBmo < oc.
BMO

Definition 2.3 Let 0 < g < p < 00. Define the Morrey space M} (R") as

1/q
My R") := {f € Lipe: 1 lpag = sup |1|1/P(J€|f|‘fdy) < oo},
where the supremum is taken over all cubes.

It is easy to see the equivalence ”f”/\/lg N SUpseo |I|1/”(fl | fl4dy)l/a.
Above two function spaces extend Lebesgue spaces; for all 0 < p < oo,

KyP =17 =Mb.
In particular, Herz spaces include also Lebesgue spaces with power weight, i.e.
Ky? = LP(|x|*Pdx).
Note that, for nonhomogeneous Herz spaces, we have
Kp? = LP((x)*Pdx),

where (x) = (1 + |x|2)V/2.
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Morrey spaces have the following inclusion property:
ME = LP < LP*°(Lorentz space) <> MY}, < MY, forO<gr <qi <p <oc.
Further, the following inclusion holds; for 0 < g < p < oo
Mg s I'(;(l/p—l/q),oo.

To define Hardy type spaces for the above two function spaces, we fix a test func-
tion ¢ € C3° which is supported in the unit ball B(0, 1) and whose integral is not
zero. For a distribution f € £’ we define the radial maximal function ¢ (f) by

¢+ (Hx)= sup [(f, d:(x =),

O<t<oo
where ¢;(x) =t "¢d(x/1).

Definition 2.4 Let p and g be the same as in Definition 2.2 and —n/q < a < c0.
Define the Herz-type Hardy space HK," as

HKJP(R") :={f € D'; 1 g gz = ()l ger).

Definition 2.5 Let p and g be the same as in Definition 2.3. Define the Morrey-type
Hardy space HM} as

HMYR") :={f € D; 1 e pp = 1+ (N pgz -

Remark 2.1 1. HK, f; ‘P and H ./\/lf; are independent of the choice of ¢. The fact about
Herz-type Hardy space was shown in [23]. As for H M,‘;’ , this was shown in [32].

2. It is known in [22] that if 0 < p <00, 1l <g <00, —n/qg <a <n(l —1/q)
then HK,"" coincides with Kg*”. Similarly, for 1 < ¢ < p < oo, HM} = M}
with norm equivalence. Indeed, from an inequality ¢ (f) < cMf, the inclusion
/\/lf; C H/\/lf; is clear. The reverse inclusion is also deduced from the Banach-
Alaoglu theorem, see [21].

Many authors studied the mapping properties of several operators on Herz spaces
and Morrey spaces. We use the boundedness of the Hardy-Littlewood maximal oper-
0,R" .
ator M = M"" in the sequel.

Proposition 2.1 M is a bounded operator on Kg'¥ if 0 < p <00, 1 < g < 0o and
—n/qg <a<n(l—1/q).

Proposition 2.2 M is a bounded operator on /\/lf; ifl<g<p<oo.
The first lemma is well known.

Lemma 2.1 [27, Lemma 3.1] The following inequalities hold for all cubes Q C R"
and all polynomials P € P;.
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(i) For0<r < oo,

1/r 1/r
(f |P|’dy) 5||P||Loo<Q>5c(f |P|fdy> ,
0 0

where the constant ¢ depends on n,l and r only.
(i) Foreacha > 1,

IPllz@o) < ca' | PllL=(0),

where the constant ¢ depends on n and [ only.
(iii) (Markov’s inequality) For each multi-index g,

182 Pl ooy < cl Q17| Pl 1),

where the constant ¢ depends on n and | only.

We define the specific polynomial class IT;(f, L"(Q)). In the proofs of Proposi-
tions 3.1 and 3.2, we use polynomials in these classes.

Definition 2.6 Let 0 <r < oo, [ € Ng, Q be a cube in R" and f a measurable
function. Define

I(f,L"(Q) ={m Py | f —nllLro)= Pilellf)l Il f = PllLro)}-

The next lemma is fundamental to deal the above function spaces with g < 1.

Lemma 2.2 [27, Lemma 3.3] Let O <r <00, [ € Ny, Q be a cube in R" and f a
measurable function. Then the following (i), (ii) and (iii) hold.

@ I (f, L"(Q)) # 9.

(ii) There exists a constant c = c(n, L, r) such that for all & € T1;(f, L"(Q)),

1/r
||n||Loo(Q>5c(fQ|f|’dy) .

(iii) For any positive number 8 < 1 there exists ¢ = c(n, 1, r, §) such that for Q; C Q
with |Q;| > 8|Q| and 7t; € T1;(f, L"(Q;)), i = 1,2,

1/r
w1 — mallLe(@) < ¢ inf (JC lf— P|rdy> .
PeP; 0

The following property of the sharp maximal functions is important. A similar
inequality can be found in [9].

Lemma 2.3 Let 1 <r <oo, leNand f €L, .1If0*f € L], forall |a| =1, then
the inequality

FERe =230 0 neG @)

|a|=l

holds for any open subset Q2 in R" and x € Q.
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Miyachi proved Lemma 2.3 with » = 1 and / = 1 in his unpublished paper. To
verify Lemma 2.3 in that case, he used the following two lemmas. Once these are
proved, it is easy to check Lemma 2.3.

We write fLP,, if [ fPdx=0forall P € Py, for fe L] .

The first lemma follows easily from the duality.

Lemma 2.4 Let Q beacube,meN, 1 <r <oo, 1/r+1/r'=1, fe L’ and

loc
A™(Q) = (¢ € CF(Q); 9 LPy,, and |lgll,» < |Q|7/"="/ny.

Then, the equality

inf Q"™ f = PliLrgy= sup ' f fodx
PeP, PEA™(Q)

holds.
The proof of the second lemma is similar to that of [26, Lemma 2].

Lemma 2.5 [26, Lemma 2] Let Q be a cube, m e N, 1 <r <oo, 1/r+1/r' =1
and

B"(Q) = {9 €C Q9= dVj,

j=1
where yrj € C3°(Q), ¥ LPy_1 and |l < 2|Q|1/’<’”“/"}.

Then, the inclusion A™(Q) C B™(Q) holds.

We end this section with the following lemma which is a key to the proof of (ii)
in Proposition 4.1 and is interesting of its own right in itself. To state the lemma, we
define the grand maximal function.

Definition 2.7 Let k € Ny. For x € R" and 0 < # < 00, define 7;(x, t) as the set of
all functions ¢ € C3° so that supp ¢ C B(x,t) and [|0%¢ || e < =1l for || < k.
For f € D, set

fi ) =sup{l(f, d)|; ¢ € Up<i<oo Tk (x, 1)}

Lemma 2.6 Let 1 < p < oo, Q be a cube, B a non zero multi-index and k a non-
negative integer. Suppose that g € D' and 9P g € LP(Q). Then, there exists a constant
A satisfying both

I6Pg — AgllLrig) < ¢ inf 18P g —cllLr(g) and

|Agl < c|OI7'PV/™ inf gf (&),
EeQ
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1

loc» then we

where the constant ¢ depends on n, p, B and k only. Moreover, if g € L
also have

Aol <clQI /" inf f|g—P|dy.
PEPV”,I Q

This lemma improves the result by Miyachi in the case |§| = 1. The following
proof is based on the idea due to [10], and differs from that of Miyachi. Naturally
enough, the average (97 g) o does not satisfy the second estimate. Since A ¢ is defined
by integral of 3fg and the bound of |A | is dominated by C|Q|~!#l/ fQ |gldy, the

second estimate is stronger than Markov’s inequality for polynomials.

Proof Let p € Cg°(R") be such that supp o C B(0, 1/2) and [ pdx = 1. For a func-
tion f, we write
0= 01" FESLD)
f o1 f 10)

It is obvious that supp pQ C B(c(0),1(Q)/2) C Q. We define A by
/ 0Pg p@dx = (=11 QI (g, 87 p)?)).
9]

Since the integral of p€ equals to 1, it is easy to check that A satisfies the first
property. Let X :=n"*/2max 4 <t [|3%+# p|| L. Then we have [3% (3% p)2) (x)| <
X (V/nl(Q))~ @D for all |a| < k. Because supp (8 )2 C Q C B(£, /nl(Q)) and

@p)2/X € Ti (g, /nl(Q)) for all £ € B(c(Q), 4I(Q)), we obtain the require in-
equality in the following ways;

Aol = X101/ (g, (8% p)2/ X)|

< X|Q| 1Al inf 8 (&)
£€B(c(Q), 41 1(0))

< X|QI7PV" inf g (©).
§eQ
For every P € P|g|_1, we can write

Ag= / po ()’ (g(x) — P(x))dx.

Therefore, in the case g € L lloc, the desired inequality follows from integration by

parts. g

3 Proof of Theorems 1.1 and 1.2
The following lemma is our good A-inequality that we mentioned in the Sect. 1 and

is the key to the proofs of Theorems 1.1 and 1.2. Miyachi proved Lemma 3.1 in his
unpublished paper. For convenience for readers, we give his proof.
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Lemma 3.1 Let 0 < r < 00 and | € Ny. Then, there exist B= Bn,r,l1) > 1, Co=
Co(n,r,1) > 0sothat foreach Q € Q, f € L"(Q), A > (fQ LF17 )Y and 0 < 8 < 1

lix € 0; M2 f(x) > B, f,(’)Q<6x}|<c0( ) lx € Q: M2 f(x) > A}, (1)

Proof The constant B > 1 will be chosen later. We put
={xe Q: M2 f(x) > BA, fi"¢ <63
and

wi=f{x e Qs ML f(x) > A).

We may assume that both E; and €2, are not empty. Then we can find a family of
dyadic cubes R = {R} satisfying R # Q and (fR | £17dy)Y" > x. We collect maximal
dyadic cubes {R;}jen from R. It is clear that | J;cy Rj = Q. Therefore, it suffices
to prove

l{x € O: MQf(X)>Bk}ﬂR|<Co<5>|RI (@)

assuming X ; = {x € 0; fig"%(x) <A} N R; #0.
Let R~j be the dyadlc double of R; and we take 7 € IT;(f, L" (R~j)) and x € R; such
that M,Q f(x) > BX. Holder’s inequality yields that

Bx < M2 f(x)

< max (1,37 (LS = 1) @) + FL(S sgn )06 + 2 1))

Because of the maximal property of R;, we have that

1/r
M (fXRn\R )(x) = sup <J{:|fXRn\R~j|rdy>
xelCQ 1
1€Q

1/r
= (flfon\R I dy) <A,
xEIR CICQ

IeQ

and by o0 < n/r and by (ii) of Lemma 2.2,

M2y )0 = sup |17V lxg ey = sup 1177l lleray
xelcQ xelCR;
1€Q 1€Q

1/r
< IIJT||LO<>(R~_/_)y(ﬁ~ IfI’dy> <ch.
J
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Hence we obtain

~0 )
M= ((f — ”)XRI.)(X) > <W -1- C))\.

Here if B satisfies

<#—1—c>k> #A,

max(1, 31/7-1) 3141

then we have

re QM2 f(x) > BANR; C{x € Q: ME((f —m)xg,)(0) > B/~ 4 D)a).
From this inclusion and the L™ — L™** boundedness of M, , we have

||(f—7T)XR”/. ||u>’

770 ‘ o AR
lx € Q; M2 f(x) > BAJNR;| < c(B/(31/r_1 i

RV int 77 &)

< ek r<C ° rlR |
C - il
= B =-0\B) "

which is exactly the inequality (2). Here we have used the assumption X ; # @ for the
above last inequality. g

Remark 3.1 By using (2) and the reverse doubling inequality, we can obtain that for
all j and we Aso N RH ] 1¢,

ry &/(1+€)
w({xeQ;M,Qf(x)>Bk}ﬂRj)§c<Co(E> ) w(R;)

with a constant ¢ independent of j. Here, A is the Muckenhoupt weight class and
RH; the reverse Holder class, that is, for a positive locally integrable function w,
w € Ao if and only if Mw(x) < cw(x) a.e. x € R" and w € RH, if and only if
(fQ wédx)Ve < ¢ fQ wdx for all cubes Q C R". Therefore, we have the weighted

version of (1);
S r\ &/(1+¢)
w(Ey) SC<C0<E> ) w(€2,).

3.1 Proof of Theorem 1.1

In this subsection, we prove Theorem 1.1 by using Lemma 3.1. But, since it is clear
that Corollary 3.1 and Proposition 3.1 below imply Theorem 1.1, we omit the details
of the proof of Theorem 1.1.

Corollary 3.1 Let 0 < p <o0, 0 <gq,r <00, o € Randl € Ny. Then, there exists
a constant ¢ such that for every f € L} (R™\{0}),

loc

1(r), Q"
Ifllger = C(llflp llger + ||f||,¢g+n<1/q—l/r),p)-
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Proof Once we prove the following inequality, the proof is completed;

~ - 1/r
||M,Qkf||Lq<Q,{>sc<||ff§{>’Qk||Lq<Q,{>+|Qk|‘/‘1<3€2 Iflrdy> ) 3)
k

Let A > (2" (2" — 1))1/’(f L F17dy)Y". We decompose Qy into 2" (2" — 1) disjoint

2m (2"
}(

congruent cubes whose sidelengths are 2]‘ !, We denote by {Q7 % =D these dis-

joint cubes. Since the volume of each Q i €quals to 27" (2" — 1)~ 1|Qk|, we see that
A > (JCQ; | £1"dy)'/" for all j. Then, from Lemma 3.1 there exist constants B > 1 and
k

Co > 0 so that for all j the inequality (1) with Q = Q,{ holds. Now we remark that

~ 0’ ~ . J » .
M,Qk f coincides with M2* £, and flti(()r)ka coincides with ff\t(()r)’Q" on Qj. Hence,
we obtain that '

(x € Qf: M2 f(x) > Bi, fy "% (x) < 6a)]

)
< C0< ) ltx € Qf; M2 f(x) > A}

for all j. By taking the sum of these inequalities over j, we have the following good
A-inequality for Qg:

l{x € Qs M2 f(x) > B, fg "% (x) < 64}
< @(%) l(x € O FI2 £ (x) > 2.

The same computation as [33, Theorem 1.3] gives us the norm inequality (3). The
rest of the proof is easy. 0

Remark 3.2 By the last inequality in Remark 3.1, we have the weighted version
of (3);

- 1/r
M2 fll a0, <€ (nf,“ Qk||Lq(Qk)+w<Qk>1/‘1<fQ Iflrdy> )
k

where, of course, the constant c¢ is independent of k. Then, it is easy to see that for
w; € Ao, (i =1,2),

8, 0
||f||K Pwywy) = (”fl ”Kg’p(wl,w)

p/r\1/p
+<Zwl(Qk)pa/nw2(Qk)p/q(J€2 IfI’dy> ) )

keZ

where f(; P(wy, wy) is the weighted Herz space, see [24], for the definition of
weighted Herz spaces.
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Proposition 3.1 Let0 < p <00, 0 < gq,r <00, —n/q <a andl € Ng. Then, there
exists a constant ¢ so that for f € Lj (R"\{0}) satisfying that (JCQ» | FI7 )Y — 0
J

()L
as j — oo,

)., Qr
1 fllgeor <l £ Nger,

where g =a +n(l/qg —1/r).

Proof From the same decomposition as Corollary 3.1, we can write

202" —1) 1/p
Ifllgeor <c Z szaop“fnl’
)
j=1 keZ

Then it suffices to prove

l/p
k p g, 0F
<Zz U, g ) <l £ g,

keZ

We take polynomials 73 belonging to IT;(f, L” (Q,{)) for every j and k. From a chain
of inequalities

”f_nk”Lf(Q]{) —Ignf I f— P”L’(Q = |Qk|1/r lean fﬁ(f) Qk(é)
k

N
< |QJ|1/r l/q”fl k”L‘i(Q,{)’

we have

1/p
(Zz"“opnf— kni,(Q,) el £ Nger.

keZ

Therefore, we have only to show the inequality
e N
r
(Z 2K || || ) <cllfio " Nger )
"(Qp) a
keZ

From our assumption, for every integer k, we can take a sufficiently large integer
Nk > k + 1 satisfying

- v 5r). Q"
r
| Q] (@@otn/r£D/n (JC] |f|’dy) =Ifio" ™ Nger-

O,

We decompose in the following way;
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17l gy = 1QK1 Ikl o
Ny—1—k

<1 D0 Ik = kit | oy QU TN o )
i=0

=:1+1L

We shall prove

(szaop Ip) < C”f-l 8(r), Q¥ ||K;va. (5)

keZ
A geometric observation shows that
Qi C2004i41 C Okti U Qiyit1 U Qiyiya = Qf ;1. and
O C3Q14i41-
foreveryk € Zandi =0, ..., Ny — 1 — k. Then, by using (ii) in Lemma 2.1 we have

Pl y = IPll

L=(0] LGB0,y

< .
= C” P||LOO(2Q£+1’+1)7

for any polynomial P, k€ Z and i =0, ..., Ny — 1 — k. From this inequality and
(iii) in Lemma 2.2, we obtain

”nk+i — TTk+i+1 ”LOO(Q 7y = c”ﬂk+l T+i+1 |ILOO(2Q1<+I+I)

<c inf )
PeP; 20/

Qk+i+l

1/r
lf— Plrdy)

2
<o inf [0,

E€Q; i
—1 ), 2Qk+r+1
= C|Qk+z+l| s ||L‘1(Qi+,~+1)
k N
<c2” ¢ +t)n/q||f k+i+1 ||L‘1(Q,{+i+])'

Hence in order to prove (5), it suffices to prove that

8. 0F "\
r
(2 :2’““0*"/”"(2 27 lqu@z)) )

keZ i=k

kapy (40,0 p e
<[ Do2PUfy Moo ) - (6)

keZ
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If 0 < p <1, then (6) can be shown as follows

1(r), Of "\
—i r),<;
(E 2k(a°+n/r)p<2 2 ln/q”f;,o ||Lq(Q7)) )

keZ i=k

i 1/p
i g(r), QF —i
iap i P i(a+n/q)p k(ao+n/r)p
s(}jz 10 17, )2 3 okt )

i€eZ k=—o00

kapy 2000 )7
<c[ Y2780 W0y )

keZ

Here we have used the assumption —n/q < «. If p = oo, then (6) can be seen imme-
diately as follows;

o
k@o+n/r) Zz—in/q I flﬁg%Q?
i=k ’

o
oy 0.0 »
= (Supzla”fz,o ||Lq(Qf)>2k(a°+"/” Y " pietn/a)
i€Z 4
i=k

”Lq(Q-,-’d

4(r), 0%
< csup2k® If 0" llLacon-
keZ

Here we have again used the assumption —n /g < «. Finally, the case 1 < p < oo can
be proved by the use of interpolation.
Next, we shall prove

1
kaop T7P I (), 0*
E 2 II < C||fl,0 ||K(7p

keZ
Since Q7 C 30} .» We obtain

”nNk ”Loo(Qi) = ”nNk ”LOOGQ{;J/() = C||7TNk ||LOC(Q5\1k)
1/r N
< c( f | Ifl’dy) < cp Kot /rEDy pED T e,
N, ‘ !
which imply the inequality above and completes the proof of Proposition 3.1. g

Remark 3.3 From the last inequality in Remark 3.2, we obtain the following result.
We omit the detail of the calculation.

Let p,q, o, a0,7, 5,7 be the same as in Proposition 3.1 and 0 = 0. Let w; €
Ay, (i =1,2) with 1 < p; <00 and wy € RHi4. Also, put §(a) = p1 if @ >0,
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=¢/(1+e¢)if —n/q < o <O0. In the case w; = wy, we have that

PIT\ P 8(r). 0F
(Zwl(gk)l’“/"wz@k)f’/q(f IfI’dy) ) <clfio” 1&er wywy-

keZ Qk

On the other hand, in the case w; # w», if ¢d(o) > —np>2/q, then we have the same
inequality.

3.2 Proof of Theorem 1.2

In the subsection, we consider Theorem 1.2. Sawano and Tanaka proved similar re-
sults to Corollary 3.2 and Proposition 3.2 with 1 < g and r = 1. It is trivial that
Corollary 3.2 and Proposition 3.2 complete the proof of Theorem 1.2. The arguments
in this subsection are similar to those in [33] and are more simple than the one in the
case Herz space. But we shall give the proof of Corollary 3.2 and Proposition 3.2 for
the sake of completeness.

Corollary 3.2 Let 0 <g < p <00, 0 <r < o0 and l € Ny. Then, there exists a

,
constant ¢ so that for any f € L}, ,

#(r), 1.
1 g < (IS gy + £ g )-

Proof Since we have a “locally” good A-inequality in Lemma 3.1, the argument in
[33, Theorem 1.3] implies that for all dyadic cubes 1,

1/r
N .
||M,’f||m<1)5c(||ﬁg” ||Lq<1)+|1|1/Q(f|f|rdy> )
1

which says that the required inequalities hold. Here we have used the equivalence of
the norm of Morrey space mentioned after Definition 2.3. 0

Proposition 3.2 Let 0 <g < p <00, 0 <r < p and |l € Ny. Then, there exists a
constant c so that for f € L], satisfying (flk | FI7d)Y" — 0 as k — oo, I =21,
for some cube I € R",
A
Iz < el f767 e

Proof As a mentioned in Remark 1.2, it follows from the decay condition that for all

cubes I, we have
1/r
(J( |f|’dy) — 0 ask— oco.
I

Let wg € I;(f, L"(R)) for any cubes R. Going through a similar argument as the
proof of Proposition 3.1, we obtain

1/r
1
|R|‘/P<f If —nery) <clfig" g
R
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for every cube R. Then it only remains to verify for each R

Vr 5.1
|R|”f’(f |nR|’dy) < el fE .
R

To do this, we decompose

N-1

1/r
(J[ |7fR|rdy> = Z 7R, — Ry lLoo(r) + IRy | o0 (R) S
R ,
i=1

with a large integer N satisfying

1/r
L1
|R|”P(£ IfI’dy) <156 e
N

Now because that R C R; C R;41, it readily follows that

1/r
TR, — TR, co(gy < inf —P'd
I, = i) < ( f e y)
- #(r),Ri
<c|Rit1l l/qllfl,or MlzaRis)-
Therefore, we can conclude the desired inequality as follows;

N-—1 N—-1
1 1 -1 8(r), R;
IRIYP >k, — 7y e ry < elRIVP Y IRt~ Lo ri)
i=1 i=1
N
< el 55 e

and

1/r
1), 1.
IRIMP ||7gy Lo Ry < C|R|l/p(f |f|’dy> = C“f“()r) g O

Ry

4 Proof of Theorems 1.3 and 1.4

In this section, we prove the bilinear estimates in Theorems 1.3 and 1.4 by using
Theorems 1.1 and 1.2 and the following pointwise estimate for the sharp maximal
function of fV™g. Miyachi showed the inequality (ii) of Proposition 4.1 with m =1
in his unpublished paper. The statement (iii) is an analogy of (ii) which is not used in
the present paper. Let p4 = max(p, 1).

Proposition 4.1 Let 0 <r <s <oo, 1/r=1/s+1/s', m € N and B be a multi-
index with | B| = m. Then, there exists a constant c such that the following (i), (ii) and

(iii) hold.
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G If fe Llac(Q) and g € L (R2), then for x € Q,

loc

(F0 0 = e(MErghy ) + £ S oMPe ).

(i) If f e L}, .(Q) and g € D" with g e Lloc(Q) then for x € Q and k € Ny,

25,92

PR E ) = (ML 95" () + £ F gk ).

(iil) If f € L, (). g € L} () with 3Pg € LY (Q) and V"*'g € BMO, and
s’ <1, then for x € Q,

Q
(foP )i < c(MAJ’Qf(x)||vm+1g||BMo<Q> + R Mg )).

Proof (i) Let Q be acubein Q withx € Q. Let mo(f) € Io(f, L*(Q)) and mp(g) €
Mo(g, L* (Q)). From the estimate

1/r
(JCQ |fg— nQ(f)nQ(g)Irdy>

1/s ) 1/s'
<c<<fQ|f—nQ<f>|‘dy> (fQ gl dy)
1/s , 1/s'\ 1/p
+(J[Q|f|‘dy> (JCQ g~ 7o)l dy) ) ,

1/r
sup (f |fg_7TQ(f)7TQ(8)|rdy)

xeQCQ

< c(MErmely S+ 55 CcomPe ).

we see that

(i) Let Q be such a cube. For any polynomial P € P,,, we shall estimate
(fQ |fofg — AQP|’dy)1/r where Ao is the constant appearing in Lemma 2.6.

Holder’s inequality and the properties of A give us that

1/r
(fQ|faﬂg—AQP|’dy>
1/s , 1/s' L/r
< (f Iflsdy> (f 9Pg — Aol dy) +(J[Q|f—P|’dy> Aol

<c(MQf(x) inf |Q7 4 19Pg — el

1/r
+ (fQ If - P|’dy) |Q|’"/"g;:(x>).

Therefore, we have

55,9

(PP = (ML 5" 00 + F 208 ().
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(iii) Let Q be a cube in 2 with x € Q. We take 7 € I1,,+1(g, LS/(Q)). Remark
that, in this setting, we see that

D,
g2 eL'(Q) and

{CON?;
gm+1,m+l

@)

(x) <oo ae.xeQ.

In fact, by Theorem 6.2 in [9], we have a chain of inequalities

#(1),0 1/2) 8,0
”gm,m+l||L1(Q) =clQ| / ”gm,m+1||L2(Q)

< c|QI"2IV™ gl 12y < 0.

On the other hand, because g;(i)lg 41 1s dominated by g

follows from the first one. (7) imply the inequality

{CONY

mmal> the second assertion

885(y) — 9P (») <101V 12 (3. ae. y € Q. ®)

For the proof of this estimate, see [9, Lemma 5.2 and Corollary 5.7].
Hence, (i1) in Lemma 2.2, Lemma 2.3, (8) and Markov’s inequality yield that for

any P € Py,
1/r
<J[ [fafg — Paﬂnrdy)
0

1/s 1/s'
< (f Iflsdy> (f |aﬂg—aﬁn|s’dy)
0 0
1/s , 1/s'
+(f If—Plsdy> (f P dy)
0 0

55).

a )
5c(M§’Qf<x> 3 10%950” Clieo

loe|=m+1

1/s
1 (fQ - P|de) M?g(x)).
Thus, we obtain

(FOP L () < c(MI2 F IV gllamow) + F25 Mg ().
This is what we desired. g
4.1 Proof of Theorem 1.3

Proof (i) Let 0 <r <min(1/2, g/2). Since

1/r )
(f |f2|’dy) <2 HED| f %0, -0, asj— o0,
. q

J
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we can use Theorem 1.1 and hence, we have

PN
12 IIKaP<C||(f) 0 llgers

2,8, 07

”g ”K‘”’ <C||(g )00 ”Kf{"”

Then we obtain the required inequality in the following way;

2,1/2

I7gliger = 120 Ko lg® e

2.4 1/2 (r), 1/2
<l ||/ g5 ||/

1/2

#(2r), 1/2 g(r), 1/2
<clMay f f557% ||/ M2 gy ||/

1/2 1/2 1/2 1/2
<cllflle / N s = I /wngu /

BM 0

=c(If1 Kg-l’llgll goco + 1F L goee N8l goo)-

(ii) Firstly we shall show that if / € Kg}%, then we have

JC |h|ldx = O(k), ask— oo. C)
Ok

We remark the equivalence

JC |h|dx ~ max JC |h|dx.
Ok I<j<2n(2n—1)

Recall that each of Q % is a subcube of O, appearmg in the proof of Corollary 3.1

and Proposition 3.1. Let 7r; € (A, L! (Q’)) Since Q Q 1 C 2QhLl C Ql+1,we
obtain

k—1

1, |h—m|dxsf b=l + 3 i — i

k i=1

<c inff |h — P|dx+cz 1anC |h — Pldx
PeP; Q] Pep; Q]
< ckllhll go.s

which imply (9). Applying (9) to Vg one obtains that for any & > O,
2ek ka |[V™gldy — 0 as k — o0, and as a consequence, we have

1/r
( f IfV’”glrdy) -0
Ok

Birkhauser



J Fourier Anal Appl (2011) 17: 265-289 287

ask — ooforall0 <r < ¢g/(q+1). Hence, from Theorem 1.1, we obtain Fefferman-
Stein’s inequality;

8(r), OF

IfV"gllger < cl(FV" )0~ lger

with sufficiently small . Combining the above inequality with (ii) of Proposition 4.1
and Lemma 2.3 leads us to the following estimate; for sufficiently large k,

m . . m m * .
179" 8liger < (I f 1ger 978l oo + 19" fllgoas g g0 )-

Finally, the estimate [|g || KeP <cliglly KeP follows from Uchiyama’s pointwise es-
timate in [39];

8 X) < Myjuin) ($4()(x). =
Remark 4.1 As we mentioned in 4 of Remark 1.1, Remarks 3.2, 3.3 and Proposi-
tion 4.1 yield the weighted version of Theorem 1.3. See [24] for the boundedness of
M on the weighted Herz spaces.

4.2 Proof of Theorem 1.4

Proof (i) Let 0 < r <min(1/2,¢/2). Since f, g € ML, f* and g2 satisfy the decay
assumption in Theorem 1.2. Then we obtain

L
12z < el e

)ﬁ(r) L

le* e =cliCg (pYTE

By these inequalities and (i) of Proposition 4.1, we have

1/2 1/2 1,1/2 I1,1/2
178lpg < 17710 187 < el R0 1 1™ 105

2r),1. 1/2 2 I 1/2
<cllfys™ rfn/ (ke /

1/2 1/2 1/2

1/2
IIfIIBMOIIgII/ gl ghro

<cllflly,

< c(||f||M;;||g||BMo + 1 flswo g pep)-

(ii), (iii) The same arguments as the proof of Theorem 1.4 complete the proof. [J

Remark 4.2 In the proof of Theorems 1.3 and 1.4, we showed the following interpo-
lation inequalities;
1/2 1/2
L1l ¢ ¢l =clflige 2 I1£1 /ooo,
BMO

1/2 1/2
171z = €l 7150 1/ o
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