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Abstract We prove that there does not exist an orthonormal basis {b,} for LZ(R)
such that the sequences {u(by)}, {,u(l;,;)}, and {A(bn)A(l;;L)} are bounded. A higher
dimensional version of this result that involves generalized dispersions is also ob-
tained. The main tool is a time-frequency localization inequality for orthonormal se-
quences in LZ(R?). On the other hand, for d > 1 we construct a basis {b,} for LZ(R¢)
such that the sequences {u(by,)}, {M(E:,)}, and {A(bn)A(l;\”)} are bounded.
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1 Introduction
1.1 Preliminaries and Known Results

Let f € L2(R), || fll» =1, then

1/2
n(f) = /R t1f@®)|*dt  and A(f>=(/R (r—u(f)>2|f|2dr)
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are called the time mean of f and the time dispersion of f respectively. The Fourier
transform of f € L2(R) is defined by

7o) = fR F)e 2T .

Then u(f) and A(f) are called the frequency mean and frequency dispersion of f.
The classical Heisenberg uncertainty principle reads

-~ 1
ANAS) =z~ ey

forany f € L% with || fllo =1.
Clearly,

Ixf COlI3 = w(£)* + A2(f).

The Heisenberg inequality may be also written in the form

_ 1
Ixf N3 + 1EFEI3 > Ellfllﬁ, )

where f € L?(R) is arbitrary. Various versions of the uncertainty principle can be
found in the survey articles [1, 10] and in the monograph [12].

In this article we consider uncertainty inequalities for orthonormal sequences and
bases. For some of the first results related to uncertainty inequalities for orthonor-
mal bases we refer the reader to [17] and the references therein. The construction of
Y. Meyer yields a wavelet basis {¢, }°° | for L2(R) such that

n=1

sup A(¢pn) A(y) < +o0.

A similar basis is obtained for L2(R?) as well, see [17] for details. J. Bourgain proved
that there is an orthonormal basis {bn}fj":l for L%(R) such that

~ 1
Ay, A(b,) < ——= + ¢,
(b)), A(by) W
see [4]. This result was generalized recently by J. Benedetto and A. Powell [2]. The
technique was also used by A. Powell to construct orthonormal bases with other prop-
erties, see [18]. The result of J. Bourgain implies that for each € > 0 there is an or-
thonormal basis such that

~ 1
sup A(by)A(by) < — + ¢,
n 4
so inequality (1) can not be improved for an orthonormal basis.

On the other hand H. Shapiro proved a number of uncertainty inequalities for
orthonormal sequences that are stronger than corresponding inequalities for a single
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function. For example, using compactness argument, see [19], one can conclude that
for any orthonormal sequence { f,,}° ; in L*(R)

sup [lxfu |13 + 11 full3 = o0, 3)
n

so inequality (2) can be refined for an orthonormal sequence. It is also proved in [19]
that if ¢, ¥ € L>(R), ¢, ¢ > 0, then any orthonormal sequence { f,,} that satisfies

il <o, 1hl <, 4)

is finite. This statement is referred to as the Umbrella Theorem.

Quantitative versions of H. Shapiro’s results appeared in a recent article by
Ph. Jaming and A. Powell [14], which contains in particular the following sharp Mean
Dispersion inequality.

Let {ek}zzo be an orthonormal sequence in L2(R) then

n

D (e + A% + n@)? + A%@) =
k=0

(n+1)>2
2 ©)
The equality is attained for the sequence of Hermite functions, see [14]. This inequal-
ity implies (3). Further, using results of D. Slepian, H.O. Pollak, and H.J. Landau on
time-frequency localization, Ph. Jaming and A. Powell give a quantitative version of
the Umbrella Theorem and obtain a number of inequalities for orthonormal basis and
also for Riesz basis for L2(R).

1.2 Motivation

Our interest in the uncertainty principles for orthonormal bases was initiated by dis-
cussions with Yu. Lyubarskii and H. Fiihr that led to the following question:

Does there exist an orthonormal basis for L*(R) for which both time and frequency
means are bounded and the products of dispersions are bounded?

In many instances, it is the product of dispersions that has some “physical meaning”,
but we will not speculate on this here.

It is not difficult to construct an infinite orthonormal sequence with zero time and
frequency means and bounded product of dispersions (see Example 1 in Sect. 4.1).
However the following is true.

Theorem 1 There does not exist an orthonormal basis {b,};° | for L2(R) such that

the sequences {1 (b)Y |, (L)), and {A(by) A (b)), are bounded.

A number of results on time-frequency localization of orthonormal sequences and
bases have been obtained by J. Benedetto in [1] and A. Powell in [18]. In particular,
another example of a condition on means and dispersions which can be satisfied by an
infinite orthonormal sequence but never by an orthonormal basis is due to A. Powell.
It is proved in [18] that there is no orthonormal basis with bounded (both) disper-
sions and bounded time means. Theorem 1 can be derived from the Mean Dispersion
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inequality. We will not do it, instead we consider a more general problem in higher-
dimensional spaces.

1.3 Main Results

The main goal of this work is to give a version of time-frequency localization that
yields a number of precise uncertainty inequalities for orthonormal sequences and
bases. The results complement those in [13, 14, 18]; our approach is simple and
works in R for any d. We consider the operator that first time-limits the function
and then frequency-limits it, following [20]. However we don’t need the theory of
Prolate Spheroidal Wave Functions and the celebrated 2W T approximation theorem
that was used in [14]. Instead we use an elementary calculation of the trace of the
corresponding self-adjoint operator, which can be found for example in [9, 10]. We
obtain the following localization inequality.

Theorem 2 Let {qbn}f:’:l be an orthonormal system in L>(R?) and let T and W be
measurable subsets of R%. Assume that

/T|¢>n|2=1—a,%, /W@;F:l—bg.

Then
N

3 3
> (1 — 5an = Ebn) <ITIIWI.

n=1

This result provides a quantitative estimate for the Umbrella Theorem in RY as
well as a number of inequalities for orthonormal sequences. For any p > 0 and ¢ €
L%(RY) we define

(@)= | IxIPlp(x) | dx.
Rd

Clearly 7,(¢) € [0, +00] and 7,(¢) > 0 when ¢ # 0. Holder’s inequality implies
that 7,(¢) < 7,(¢) when p < ¢q and | ¢||2 = 1. The localization inequality implies
the following generalization of the Mean Dispersion inequality.

Theorem 3 Let p be positive and let {¢y,}, be an orthonormal sequence in LZ(Rd).
Then

N

> (T @) + 1 (@n)) = CNHP2 (6)

n=1

where C depends on d and p only. Further,

3 (Tp ) + Tp () 7 < oo, ™)

n

forany € > 0.
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It is well known that the Hermite functions are extremal in many problems con-
cerning the uncertainty principle, see for example [3, 10], and [14]. In Sect. 2.4 we
will use products of the Hermite functions to show that (6) is sharp up to a (multi-
plicative) constant and that (7) does not hold in general when € = 0.

Another application of the localization principle gives a higher dimensional ver-
sion of Theorem 1. We prove the following:

Theorem 1' Let p > d and let {b, Yoo, be an orthonormal basis for L2(RY). If se-
quences {q,}22 | C R? and {r}o2, C R? are bounded then

sup / X — gul” by |*dx / |& — ralP|bp|?dE = +o0.
n R4 R4

Clearly Theorem 1 follows from Theorem 1’. The next theorem shows that the re-
striction p > d in Theorem 1’ is necessary.

Theorem 4 For p < d there exists an orthonormal basis {bn},‘;o:1 for LZ(Rd) and
bounded sequences {q,},° | C R? and {r}o2, C R? such that

sup / x — gnl? by |*dx / |& — ralP by |?dE < +o0. 8)
n JRY R4

It follows from the prove that for any a > 0 we may choose such a basis with g, =0
and |r,,| < a; however we will see below that no orthonormal basis satisfies (8) with
qn = rn = 0. We use an argument similar to one in [4] to prove the theorem for p < d,
some additional technical details are needed to make the argument work for p =d.
The proof of the last theorem implies that

For d > 2 there exists a basis for L*(R?) with bounded time and frequency means
and bounded products of dispersions.

1.4 Other Uncertainty Inequalities

Various versions of the uncertainty principle are known for functions in L>(R%). We
consider two particular inequalities. The first one is a multidimensional version of the
inequality of M.G. Cowling and J.F. Price and is due to J. Bnedetto [1]. For any a > 0
there exists K (a) > 0 such that

Ix 1 F O NEI FE 2 = K @] 113, ©

whenever f € L?(R?). The second is a recent inequality of B. Demange [8]. Let

v(x) = |xp* .. xg|™, (10)
where a = (a1, ...,04), and aj > 0 for j =1,...,d. There exists K(a) > 0 such
that

@) fF@I21vE FE 2 = K@ 13, (11)
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for any f € LZ(R%).
As we will show in Theorem 5, the localization inequality implies that for any
orthonormal basis {b,} > | for L*(R%) and anya >0

sup [|x[“Bn 121111 By ll2 = +o0. 12)
n

We remark that the above statement holds for any @ > 0 in contrast to Theorem 1.
The reason is that we don’t allow any time-frequency shifts now, while in Theorem 1’
bounded shifts (¢, r,,) are allowed.

Inequality (12) can be regarded as a version of the uncertainty inequality (9) for
orthonormal bases. If we consider (11) instead of (9) the situation becomes different.
We show that for any v of the form (10) there is an orthonormal basis {b,}7° | for

L2(RY), d > 1, such that

sup [|v(x)by 1210 (€)b 12 < +oc. (13)

Here our argument is a simple version of that of J. Bourgain, see [4].

The article is organized as follows. Time-frequency localization is discussed in
the next section, we prove Theorem 2 and obtain its various applications including
Theorem 3; at the end of the section we use the Hermite functions to show that The-
orem 3 is sharp. Section 3 is devoted to Theorem 1’; we use localization result to
show that there is no orthonormal basis with given properties, we also prove (12). In
the last section various orthonormal bases are constructed, we prove Theorem 4 and
show that there is a basis with bounded means and bounded products of dispersions
for Lz(Rd ) when d > 1; finally we construct a basis that satisfies (13).

2 Time-Frequency Localization
2.1 Proof of Theorem 2

Let T and W be two measurable subsets of R? and {¢n}£’= | be an orthonormal se-

quence in L%(R?). Denote by xr and xw the characteristic functions of 7 and W;
we consider the operators Pr and Py on L?(RY) defined by

Pr(f)=fxr, and Pw(f)=F '(xwFf),

where F stands for the Fourier transform, F : L?>(R?) — L2(R?). Then Py Pr is an
integral operator with the kernel (see [9, 10])

q(s. 1) = xr(5) / AT gy,
w

A standard calculation in [10] shows that Py Pr is a Hilbert-Schmidt operator and
|| Pw Pr ||%1 s = |WI|T|. The corresponding self-adjoint operator

Q = (Pw Pr)* Pw Pr = Pr Py Pr
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is of trace class (see also [9]) and
tr(Q) = || Pw Pr 375 = IWIIT|.
Applying Theorem 5.6 from Chap. IV, [11], we obtain

N

> (O ¢n) <tr(Q) = |WI|T].

n=1

On the other hand,

(Q¢n, n) = (Pw Pron, Pryn)
= {Pn, on) — (Pn — Prdn, ¢n) — (Prdn. dn — Pwon)
— (Pw Prén, ¢n — Pro).
Hence (Q¢y, ¢u) > 1 —2a, — b, and

N
> (1 —2a, —by) < |W||T|.

n=1

If we consider the operator Q = (Pr Pw)* Pr Py, we get similarly

N
> (1 —a, —2b,) < |T|IW].

n=1

And the desired time-frequency localization inequality follows.
2.2 Inequalities for Orthonormal Sequences

In this subsection we follow the ideas of [14], where various inequalities for ortho-
normal sequences were derived from a one-dimensional localization principles. We
apply the time-frequency localization proved in the previous section to obtain rather
accurate inequalities.

The following corollary is an immediate consequence of Theorem 2.

Corollary 1 Let {<l>,1}111\':1 be an orthonormal system in L*(R?) such that ¢, is -
concentrated on a ball {|x| < ro} and ¢, is e-concentrated on a ball {|&| < po}, for
eachn=1,...,N,i.e.

/ P = 1= €, / GE=1—e
|x|<ro |&]<po

d.,.d d

N < s 1’0,00
— d .
(1 =360 + 1)

Then
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Another immediate application of the localization inequality is a quantitative ver-
sion of Shapiro’s Umbrella Theorem. We employ localization on arbitrary measurable
subsets. Let € be positive and w € L?*(R%), define

K, (€) =inf{|T| :f lo|* < 62} )
RI\T

Corollary 2 Let ¢, be non-negative functions in L>(R?) and let { fn}fl\/:1 be an
orthonormal sequence that satisfies

<o, Il <y

Then N < (1 —3€)"'K4(e)Ky (€) for each € € (0, 1).

Proof Let w be a non-negative function in L*(R?),we denote by w* its non-
increasing rearrangement defined on [0, 4+-00). For each € > 0 there exist Ty, (€),

{@> 0" (Ku(€)} C Ty(e) C o= 0" (Ku(e)},

such that | T, (¢)| = K, (¢) and

/ lw|? = €.
RA\T,(€)

Then for each n we obtain

f | fal? > 1 — €%, / A
Ty (€) Ty ()

Thus by Theorem 2, N(1 —3¢) < Ky (€)Ky (). O
2.3 Proof of Theorem 3

Let {¢,}» be an orthonormal sequence in L2(RY). For each k € Z we define
P = {n: max{z,(¢n), 7p(@n)} € [2°71,29)).
Then
/Rd %17 () *dr <27 and /R E17 160 (&) 2dE <27,

whenever n € P,. This implies that ¢, is %—concentrated on the ball B(0, 2k+%)
both in time and frequency. From Corollary 1 we get that the number of elements
in UI;=1 P; is less than ¢ (p, d)4%  where ¢ (p, d) is a constant that does not de-
pend on k. In particular, we see that there exists kg such that Py is empty for all
k < ko. (The last statement follows also from a theorem of M. Cowling and J. Price,

see [7].)
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For given N > 2¢1(p, d) choose k such that 2¢{ (p, d)49% > N > 2¢{(p, d)49%*=D),
Then at least half of {1, ..., N} does not belong to U’]‘;} P; and we obtain

Z(r,f(¢n)+r,€’(¢n)>> N0 5 a(p. ayNHP24

n=1

For N < 2¢i(p,d) we have " (¢7(n) + ) (¢n)) = N2*0=DP and (6) follows.
In order to prove (7) we note that

Z (tp(dn) + r,,(q’ﬁ:,))’z"*f < i Z 2(1=k)(2d+e€)

n k=kone Py

o0
< ) e(p. d)a? 2P < oo,
k=kg

2.4 Hermite Functions and Sharpness of Theorem 3

The Hermite functions are defined by

21/4 1 ke, gk 2
h()="=(—-—) ™ —e 2", k=0,1,2,....
k() ﬁ( f2n> € dtke

These functions form an orthonormal basis for L2(R) and satisfy ﬁ;{ =i Ky,

—~ ~ 2k +1
wu(hr) = p(hy) =0, A(hg) = Ahg) = I
Remind that (see, for example, [10])
Vk+1
xhi(x) = N ——— g1 (x) + 2\/—hk 1(x).

Note that 12" (hy) = |x"hg(x) ||2 for each positive integer n. Then using the orthogo-
nality of the Hermite functions, we obtain that there exists ¢, such that

e e+ 1" <13 () < ek 4+ 1), (14)

for each k > 0. By Holder’s inequality, we have also 7, (hi) < 72, (hi) for 0 < p <
2n. Thus for each p > 0 there exist «,, such that

Tp(he) <kpvk+1, k=0.
We consider the following orthonormal sequence in L?(R%)
¢1(x) =hi; (x1)hiy(x2) .. hi;(xg), where I =(y,...,iq), im >0.
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For p > 0 we have

d d p/2
@) =1h(@1) <c Y T (hi,)<C (Z(z‘m + 1)) :

m=1 m=1

where C depends on p and d only. We consider
Mj={I=(1.....i0) eN" 2 |I| =iy + - +ig = j}

and note that

j+d—1 A
Nj=|Mj|=( i )Scud g

We see also that
K K .
j+d—1 K+d d
N = N: = = > K4,
Z / Z( d—1 ) ( a )=

Then we obtain

K .
Y @@ +T@n) <2y (’ Zf; 1)(1 +d)? < C K
[1|<K j=1

< NP/,

Thus inequality (6) is sharp up to a multiplicative constant.
Now we look at (7). Let p < 2n then

Y (o@D + @) =D (ran(@) + T2n(@D)
1

1

By (14) the last sum is finite if and only if

+d—1
PUERIREEDY (’ Z_ | )(j +d)~/?
- ‘

J

is finite, which holds if and only if a > 2d. Thus

Z (CACHES Tp(q’;l))_Zd = +4o00.

I

3 Unbounded Product of Dispersions
3.1 Preliminary Lemmas

Our proof of Theorem 1" formulated in the Introduction is based on the following
lemmas.
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Lemma 1 Let p be a positive number and {‘f’n},[,vzl be an orthonormal system in
L*(RY) that satisfies t,(¢n) < J and t,(¢y) < K. Then

N <co(p, d)(TK)“. (15)

Proof Clearly, each ¢, is e-concentrated on the ball {|x|” < e~2J”} and each é&; is
e-concentrated on the ball {|&|? < e 2K?}. Applying Corollary 1 with € = %, we
obtain N < co(p, d)(JK)4. O

We note that for d = 1 and p =2 the Mean Dispersion inequality (5), see [14],
implies (15) with ¢o(2, 1) = 2. The results of Ph. Jaming and A. Powell on one-
dimensional time-frequency localization give also an estimate on N when d = 1 and
p>0.

Another lemma we need is known, it follows for example from Chap. 3.2.5B in
[12] or [5, pp. 822—-823], we give a proof here for the convenience of the reader.

Lemma 2 Let b and c¢ be positive numbers, there exists a nonzero function f in

L2(R?) such that f(x) =0 when |x| < b, and f(€) =0 when |§] <c.

Proof Tt is enough to consider d = 1, if g is a required function for d = 1 (and
appropriate by and c1) we take f(x) = g(x1)...8(xn).

Let PW_ be the space of f € L?(R) such that f(é ) =0 when |&| > c. There exists
a such that

I fll2 <allf xgxi>nyll2, (16)

forany f € PW,, see e.g. [15]. The last inequality implies that the traces of functions
from PW, on {|x| > b} form a closed subspace in L>({|x| > b}) which is obviously
not the whole space. Thus there exists f € L({|x| > b}) such that

/ - f(x)g(x)dx =0,

for any g € PW.. We extend f by zero on {|x| < b} in order to get the required
function. 0

Functions discussed in Lemma 2 are called the Sonine functions (at least when
d = 1) and explicit constructions of such functions are due to J.-P. Kahane and
J.-F. Burnol, we refer the reader to [5] and [6] for details. Inequality (16) can be
also considered as a simple case of the Logvinenko—Sereda theorem, see [12] and
references therein. An improvement of constants in Logvinenko—Sereda theorem is
due to O. Kovrijkine, [16].
3.2 Proof of Theorem 1’

Let f € L2(Rd), p>0,anda € R?. We define
r,é’(f,a)szd ¥ —al?|f (0)Pdx.
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Assume that {b,,}°° | is an orthonormal basis, and the sequences {g,}; ;. {rn}oo .

and {7, (by, q,,)rp(l;,;, rn)};’loz1 are bounded for some p > d. Let
D2:5upfp(bn»CIn)Tp([7:nrn)7 and MzmaX{SUPV]nLSUPVnI}.
n n n

‘We consider
Sk = {bn : Tp(by, gn) € (D27, D275},

where k € Z. Clearly, {b, g‘;l = Uk Sk. Note that rp(l;;l, ) < 2% D for b, € Si. For
b, € Sy we have

Tp(by) < Tp(bpy gn) +lgnl <27¥'D+ M and  7,(b,) <2¥D + M.

It follows from Lemma 1 that Si is finite, and if N} is the number of elements in Sy
then

Ni < co(p, d)CMT'D + MY (D + M) < a(p, d)2¢¥ (D + M)*. a7)

Let R be a positive number, we take a function f € L2RY), || fllo = 1, that van-
ishes on {|x| < M + R}, and whose Fourier transform vanishes on {|§| < M + R},
see Lemma 2. Then we have

L=0£1P=)" )" Kfba)l™ (18)

k bpeSy

Now if b, € S, k > 0 then

\(f ba)| < / 0B () ldx < R—P/Z/ 1% — gulP/21£ () b () ldx
|x|>M+R RY

2
<R PP P2(p (L 19
= ||f||2Tp (b, qn) < k=T R . (19)

Similarly, for b, € Sy, k' <0, we have

o *p\""*?
|<f,bn/>|=|<f,bn/>|s<T) : (20)

Combining the inequalities (17), (18), (19), and (20), we obtain

o0

D \* ./ D\”? A(p,d, D, M) <,
[} ] [} (d*)
123 (50) M2 () M= R LR

k=1 k=0

Choosing R large enough, we get a contradiction. The theorem is proved.
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3.3 Another Unbounded Product

We complete this section by proving (12).

Theorem 5 If {b,}>° | is an orthonormal basis for L>(R%) and p is positive then
Sup 7y (bn) T (ba) = 0.

Proof Assume that there exists an orthonormal basis such that 7, (b,)t, (I;;,) <C2
Let

A ={ba:p(by) € 275 C, 27 ),
where k is integer. Clearly for b, € Ay we have rp(l;,) < C2*. Then each b, € Ay
is }T-concentrated on the ball {|x|? < C27%} and b, is }T-concentrated on the ball
{|€|P < C2¥}. Thus, by Corollary 1, the number of elements in Ay is bounded by a
constant that does not depend on k. Let once again use Lemma 2, we take a function
fin L2(RY), || fll» = 1, that vanishes on B(0, R) with its Fourier transform. When
k> 0and b, € Ay we get

(£, ba)I> < R™PT] (by) <2CR™P2THP.
When k < 0 and b,, € Ay similarly

~~ 2 _
[(f,ba) > = [(F, ba)|” < CR™P2'P.

As above >, |{f, bn)|? = 1 and choosing R large enough we get a contradiction. [J

4 Existence of Some Orthonormal Bases for LZ(R%)

4.1 Orthonormal Sequences in One Dimension

We start with two examples of orthonormal sequences in L2(R).

Example 1 Let ¢ be a real-valued even C°°-function, supp(¢) C [—2, —1]U[1,2]

and ||¢|l2 = 1. Then A(¢), A(@) < +o0. Consider ¢, (x) = 2"/2¢ (2" x), where n is
integer, then {¢,},, form an orthonormal sequence such that

() = 1(d) =0,  Alpn)Aldn) =c.

This is an example of an infinite orthonormal sequence with zero means and bounded
products of dispersions.

Example 2 There exists a real function ¢ and a corresponding wavelet basis
Um.n(t) = 2242t — n); such that A(¥) < 400 and A(Y) < 400, see [1, 17].
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One has

W Wmn) =27 (W) 1) 1 Wmn) = 2" 1 (D);
AWmn) =2""AW);  AWmn) =2"AW).
Thus AWmn)AWmn) = c and u(Pmn) = 0, since ¥ (—&) = ¥ (£). So we have an

example of an orthonormal basis for L>(R) with zero frequency means and bounded
products of dispersions. However the time means (1, ,) are unbounded.

4.2 Some Orthonormal Sequences in Higher Dimensions

In this section we obtain preliminary results that we use later to prove Theorem 4.
First we construct an orthonormal sequence with required properties that is large in
some sense.

Let x be the characteristic function of the cube

x=(1,...,x0): 52 <xp, <T7/2,m=1,...,d}

and  be a smooth radial function supported in B(0, 1/2). Then ¢ = x *w is a smooth
non-negative function, define ¥ (x) = qb(x)l/ 2 Then

(W (x), &by (x)) = p(b) = X (b)d(b) =0

wheneverb € Z9, b # 0. Further define W (x) = ayr (4x), where a is chosen such that
|¥||2 = 1. Clearly,

supp(W) C {x =(x1,...,xq): 1/2 <xp, < 1}.
We have
(W (@), ST (@) = a4 Y (@), Y (1) = dP4TIGb/H =0 (21)
when b € 4Z¢, b # 0. For every positive integer s we define

W (x) =27 BTN (275 y),  where j = (i, ..., ja) €429, |ji] <2°.
(22)

Lemma 3 Let V; ; be defined as above. Then
supp(W; ) C{x = (x1,...,xa) 1 2° 1 <y <2, m=1,....d}),  (23)

the sequence {V; s} ;¢ is orthonormal, and for each p > O there exist C1,C, > 0
such that

T, (W) =2°Cl,  1,(¥;5,27))=27"Cy. (24)
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Proof The supports of W; ¢ and W/ ¢ are disjoint when s % s’. When s = 5" and
J # j we have by (21)

(W5, Wirs) = 274w (@), 20D 20w (27 x) =0,

Further, for any p > 0,
(W) = /d lx|P27 W (275 x) [Pdx = 2571 (W) = 2°PCY.
R
Clearly W, = 2%5/2¥ (25 — j) and

fﬁ(ﬂ?,s,z—m=/R[|s—2—“j|f’|\17,s<s>|2ds=2—“’ /Rdmv’@(nnzdn
=27 ¢f (W). O

Remark We enumerate j for fixed s > 2 as {j (n, s)},f‘;l,

where
Js — (2371 + l)d > 27d2Sd

and write W), s =W, o) s forn=1,..., J;.

Lemma 4 Let V; g satisfy (22), where supp¥ C [—1, 119 and let q be a positive
integer. Then there exists A(q, V) such that for any s and any R(x) = Zj ajWV; the
following inequality holds

19 RIZ < AP 9) >l
J

herem € {1, ...,d} and 0,, denotes the partial derivative with respect to x,.

Proof By (22) we have R(x) =27%//2P(27°x)W (2 *x), where P(y)=)_ ; ar;e*™/")
is a trigonometric polynomial. We have

q
105 RIIZ =274 ||k (PW) (13 <2729 A(q) > _ lloy, Pofl " w3
r=0

Now supp(¥) C Q =[—1, 1]¢, the functions ¢>*/¥ are orthogonal on this cube and
have the same norms. We obtain

195, PO W13 < Arllxgdp, PI3 < A2 Y Loy Qmjm)" > < A2 Y " oy 2,
J J

where A1, Az, A3 depend on g and W. The required inequality follows. U
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4.3 Proof of Theorem 4. Case I: p < d

We use the construction described in [4] to replace an orthonormal sequence by a
basis, we repeat the details of the construction for the convenience of the reader.

Let a sequence { fi};2, of smooth functions with compact supports be dense on
the unit sphere in L?(R?). The basis {by}52, is obtained as | J; Bx, where each By
is a finite orthonormal system. Suppose that a finite orthonormal system of smooth
functions By, ..., Br—1 with compact supports is already obtained, let Bx_; be the
linear span of these functions, we also put By = {0}. We define

f=Je—=Pp_ fi-
Then f is a smooth function with compact support and 1,(f), I p(f) < 400, where
(= [ s+ D71f 0P (5)

We take s large enough such that (i) the supports of W; ; defined by (22) do not
intersect the supports of f and of functions in Bi_1, (ii) the following inequality
holds

Jy = 27% > max(I,(f), 2P 1,()). (26)
Remark The condition p < d is used here.

We enumerate W, ; as in the Remark before Lemma 4. Following [4] further,
define

0
= —= + \Il 3
B ﬁf iWis
B o froV s+ v
= (e} s
2 m 1¥1s Y2¥2 s
0
B3 = \/J_sf +o1Vis + 02V s+ y3Wsg, (27
0
Bi, = ﬁf to1Wis+ - tos-1Vi—1s+ Vi Viss
here 6 € (0, 1/3) will be specified later. Clearly, §; are orthogonal to Bi—;. The con-
stants o1,...,0y,—1 and y1, ..., yy, are chosen to make {,31}11;1 an orthonormal se-
quence. Thus
92 -1
v —1——||f||2 Z an=-7If13=3 0. (28)
S n=1
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Clearly, |y;| < 1 and, by induction, one has

2 262 0
vl =Inl"=1- and |o7| < —. (29)
Js Js
We take 0 = 1/4 and estimate 7, () first
-1 2
”(ﬁn_ﬁf |x|P|f|2dx+3/ |x|p|wzs|2dx+3/ xXI” Y 0uW, | dx.

n=1

The first term is bounded by 1,(f) JS_l < 1 < 2%, the second term is less than
2°Pconst, see (24). To estimate the last term, note that supp(W¥) € [—1, 11 and (22)
implies

/ |x|?

2

dx = 2”’/ [y|?
< ZSPdP/Z/
< e

-1
=2%dP1* Y "o, > < 27 dP?.

n=1

2
| (y)[*dy

ZO_ e27nj(n 5)y

n=1

Eanns
n=1

-1 2

Z O_n62m'j (n,s)-y
n=1

| ()2 dy

Thus 7,(B;) < C2*, where C depends on p,d, and on V.
For the Fourier transform we estimate 7, (8;,27° j;), where j; = j(I,s) was de-
fined in Remark in Sect. 4.2. We have

rﬁ(E,2*s11>—/ -2 le”lﬁzlzdésﬁf (& + 17| F2de

+3/ & =270 7| B Pde
Rd

3 [l (30)
R4

-1
Zan“yn K
n=1

The first term is bounded by / ,,(f) J! and is less than 277 due to our choice of s.
Identity (24) implies that the second term is less than 27°7 C;,. We want to show that
the third term is small enough. We have

f|s 275 jIP

2

-1
ZG” n,s

dt < A(d)/ (1 + Zs”) RiPds,  GD)
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where R;(x) = Y1~} 0, W, (x). Clearly,

n=1

-1

IRIG=IRI5=) o> < 7" <2977 (32)
n=1
Further,
d d
> / & RIPdE = @m) 72 Y o Rill3. (33)
m=1 R m=1

Using Lemma 4, we obtain
-1
195 Rill5 < AW, d) Y lonl* < Ar (W, d)27*. (34)
n=1
Finally we get
th (B, 270 j) < C(W,d)27*7.

Thus 7, (B)Tp (,37, 27%j) < C. Weset By = {Bi, ..., B7,} and continue the procedure.
We want to check that the resulting orthonormal sequence is complete, once again
we follow [4]. First,

].Y
Py fi=Po_ i+ Y (. BB

=1

and
k 2 16 2 16'

Suppose that the orthonormal sequence | Ji=; Bk is not complete; let B be its closed
span. Then there exists g € L*(R%) such that ||g|l, =1 and g is orthogonal to B. For
some k we have ||g — fill2 < 1/4 since { f¢} is a dense sequence on the unit sphere
of LZ(R?). Then we obtain a contradiction

1 1
T I Ps, (fll3 < | Pe fill5 = 1 Pe(fi — )13 < Il fi — gll3 < e

4.4 Proof of Theorem 4. Case II: p =d

Our argument in the preceding section does not work when p = d. We use strict
inequality when on each step we take a function fi, construct f = fx — Pp,_, fx and
choose s that satisfies (26). We will adjust the argument to prove the result for p =d.

As before, we start with a sequence { fx}2, of smooth functions with compact
supports that is dense on the unit sphere in LZ(Rd). The basis {b,} is obtained as
U « B, where By is a finite orthonormal system; but this time we will have
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Suppose that an orthonormal system of functions By, ..., Bk—1,Ci k. ..., Ci—1,x with
compact supports is obtained, let B; x—; be the linear span of these functions. We
define

8t = fk - PB;,kflf]o

As before, g; is a smooth function with compact support and using notation (25) we
have I;(g;), 1;(g;) < +00. We define also

d
Ign =) /R e 12 g,
m=1

then we have I;(g;) < c(d)(1 + 1(g)).
We take s big enough so that the supports of W; s do not intersect the supports of
g: and of functions in B; x—1 and also

Js 2270 > 1a(g).
Further we repeat construction (27-29) with f = g, and
0=6=0+1g) "?€(©,1/3).

We set Cyx = {B1, ..., By}
As earlier f; are orthogonal to B; ;1. We estimate t7(8;) as above, t;(8;) < C2°.
For the Fourier transform we once again estimate 7;(8;, 27* j;). We have as before

362
Js

rj<31,2—‘j,>=f & — 27 [ 4|BiPdE < /(|§|+1)d|§|2ds
Rd Rd

+3 / & — 275 |9y 4 |dg
Rd
2

3 [ -2 d.
R4

The first term is bounded by 3931d(§)J;1. Using our choice of 6; and repeating
estimates for the second and third terms from Case I, we get

-1
Zanan,s
n=1

(B, 270 ) < C(W)2~".

Thus 7q(B)ta(B1,27°j) <C.

Now, in contrast to Case I, the projection of f; onto the subspace spanned by
Bi,....Bk=1,Cik, .- Ci—1k,Cs k could be small if 6; is small. So we use the same
function fj again to continue the procedure. Note that

Js

Je
9 s

81 =fi— Pooi fk=8— Y (8- Bu)Bn=28 — —=llgl3 D> Pn-
Vs o

n=1
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And, inserting formulas for §,,, we obtain

A J,
B 9 s
g1 =8(1=07gl3) - ﬁ||gt||§(yn+<1s —m)on) W s =i+ Y kn Wy,
N

n=1 n=1
where 1, =1 —62||g/[I3 < 1 and

0; 2 20; 5
— + (Jy —n)o,| < — . 35
m||gt||2|7n (Js —n)oul \/J—Sllgzllz (35)

n] =

We have

d d
HEMEDY f Jen g Pde = @m0y T loggi 3.
R
m=1

m=1

According to our choice of s the support of g; does not intersect the supports of W, .
Then
2

d
[(gre) =271(g) +Qm) 2 Y

m=1

7
851 (Z Kn qln,s)

n=1

2
Now Lemma 4 implies

T
2 (Z w)
n=1

Combining the last two inequalities with (35), we obtain

2

Js
<A Y)Y lkal®.

2 n=1

t
I(g41) <A71(g) + B, W)O2 g3 < I(g1) + B(d, W) > 071 8ull3-

u=1

‘We note also that

1> 1Po,, oy Sl = fk — g1 I = 1 fe — &3+ 67 1&g 113

t
=lfi—gl3+ ) 0:lgul

u=1

Thus 7(g;+1) <1(g1) + B(d, V) and Otz > 9+ 1(g1)+ B, W))~! for each . We
take Ty > 9+ 1(g1) + B(d, V) and for By = By, -1 we get

Ty
1P, fill3 = fi — 1113 + Y 67 llgulls-

u=1

If for each u we have ||g, |2 > 1/2, then

T B 1
I1Ps, fill3 = %(9+1<g1>+3<d,\10) >
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If || gull2 < 1/2 for some u, then

2 oL
I Pay fillz = Il fi gu||224.

We let By = UtT £, C; and finish the proof as above.

4.5 Classical Means and Dispersions

We remark that in Theorem 4 we don’t claim that ¢, and r,, are generalized means
of b, and b, respectively, for the definition of generalized means we refer the reader
to [14]. However for p = 2 the construction above yields

Corollary 3 For d > 2 there exists a basis {b,}°° , for L>(R?) such that the se-

n=1

quences {u(bp)}o2 {,LL’(\bn)};'lO:1 and {A(b,,)A(E\n)}flO:1 are bounded.
Proof We repeat the construction described in the previous sections, but start with

a function W© = %(\If (x) + ¥(—x)). Then \Ilﬁes) has the same properties as W
above with (23) replaced with

supp(\llﬁ.?) Cla=(p, . x0): 2 V< lxml <2 m=1,....d).

" (e) _w®
In addition we get |\IJj’S )| = |\Ilj’s (—x)| and

p(w) =/ x| W) (x)Pdx =0. (36)
s Rd s
Now for d > 2 and any f; in (27) we have
(B s/ &1 (8)7dE 5/ Q+ 18 =27 j1P)BiE)Pde < Cy.

R4 R4

Clearly,
ABDAB) 5/ |x|2|ﬁz(x>|2dx/ & =27 jP1B1®)* < Ca.
R4 R4

Finally, to estimate w(f8;) we use (36)

oy _ 0
(B = 1 (B) — nn D < — fR I @Pda

= Js
+/ x|
R4

2

— v ()2

dx.

-1
D o W) + y ¥ (x)
n=1
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The first term is bounden by Js_llz( f) < 1. (Here g; should replace f for the case
d =2.) We estimate the second term by

2

2
(H?)/Rd x| dx+2*SAl|x|\ylwl(,i)<x>\ dx

=d +2S)25/ |yl

[—1,1

-1
> 0 W)
n=1

-1
Z Gne27fij(n,s)-y w@ (y)

n=1

@l
O I
[—1,1

2
dy

-1
<22y oul +Vd = Va1 +22T T < G,

n=1

Thus (B;) are bounded. g
4.6 Degenerate Homogeneous Weights

We now consider uncertainty inequalities with homogeneous weights in R, obtained
by B. Demange, see [8]. We describe a simple construction of a bases of functions
which have uniformly bounded weighted norms with there Fourier transforms. The
construction is once again based on the argument form [4]. This time a simple version
of the argument implies

Lemma 5 Let u, v be non-negative functions on R?. Suppose that there exists an
orthonormal sequence {¢; }?il in L2(R%) of compactly supported smooth functions
such that

/u(x)|¢,~<x>|2dxsc% and /v(é)@@)ﬁdésc%,
R4 R4

for each j. We assume also that the supports of ¢ ; form a locally finite family of sets;
i.e. each compact set intersects only finite number of these supports.

Suppose also that there is a sequence { fi}7° | that is dense in the unit sphere of
L2(RY) and such that the functions fi are smooth, have compact supports, and

/Rdu(x)m(xnzdx <oo and /R v(E)I i (@) Pdg < oo, (37)
for each k.
Then for each € > O there is an orthonormal basis {b, ZO: | Jor L2(RY) such that

/ u(x)|by(x)?dx < (C1 +€)*  and / V(E) b (8)2dE < (C2 + €)%,
R4 R4
for each n.
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Using this lemma we prove the following.

Theorem 6 Letd > 1 and ay, ..., oq > 0 then there exists an orthonormal basis for
L2(RY) such that

sup < f X1 |xg ] by (x) |Pdx + / &1 ...|sd|“d|@<s>|2ds) < o0o.
n R4 R4

Proof First, there exists a dense sequence { fk},‘zil in the unit sphere of L%(RY) that
consist of smooth functions with compact supports; it satisfies (37) for

u(x) =v(x) = x| ... |xq|%.

To apply the lemma above we need to construct an orthonormal sequence bounded
with their Fourier transforms in L2(R%, u(x)). Let ¢ be a smooth function such that
its support is contained in the unit cube [—1, 1]¢ and ||¢ |2 = 1. We define

() =23 @Dy o oy
¢j('x)_2 2 ¢(2 x1_372 2x27x37"'7-xd)'

Then clearly ||¢;l2 = 1 and the support of ¢; is contained in the set

. . i
Ej={xeR:x; €277, 2772 |xy] <277, x| < 1,5 =3,....d},

these sets are disjoint and hence the sequence {¢;} is orthogonal. Further,

[ gy ordx = [ Ll iy oPdx <2072 g < 220

Ej
The Fourier transforms satisfy
~ Cajtla e L%y~ . _iY
$i (&) = 2 a2 "R G0ig 2 me, L gy,
Thus
/ u(€)|g; (§)1dé = / |61 €212 ... |£4|%|p (&) 2 dE = C.
R? R4
The theorem follows. Il
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