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Abstract In this paper, we construct a new family of Hermite-type interpolating scal-
ing vectors with compact support, of which the Hermite interpolation property gener-
alizes the existing results of interpolating scaling vectors and Hermite interpolants. In
terms of the Hermite interpolatory mask, we characterize the Hermite interpolation
property, approximation property and symmetry property in detail. To illustrate these
results, several examples with compact support and high smoothness are exhibited at
the end of this paper.
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Sum rule · Symmetry
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1 Introduction and Motivation

Wavelet analysis is a very powerful tool in applied mathematics, and wavelet algo-
rithms have been successfully applied in signal processing, computer graphics and
many other fields as well. In general, a wavelet is derived from a scaling vector
via a multiresolution analysis. We say that a function vector φ := [φ1, . . . , φr ]T ∈
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(L2(R))r is a scaling vector with multiplicity r and a dyadic factor if

φ(x) := 2
∑

k∈Z

a(k)φ(2x − k), a.e. x ∈ R, (1.1)

where a : Z �→ C
r×r is called the (matrix) mask. When the multiplicity r = 1, φ is

called a scaling function. In the frequency domain, the matrix refinement equation in
(1.1) can be rewritten as

φ̂(2ξ) = â(ξ)φ̂(ξ), ξ ∈ R, (1.2)

where â is the Fourier series of the mask a given by

â(ξ) :=
∑

k∈Z

a(k)e−ikξ , ξ ∈ R, (1.3)

where i denotes the imaginary unit such that i2 = −1. The Fourier transform f̂ of
f ∈ L1(R) is defined to be f̂ (ξ) := ∫

R
f (x)e−ixξ dx and can be extended to square

integrable functions and tempered distribution. Throughout the paper, for a smooth
function f , f (j) denotes the j th derivative of f .

In the recent years, motivated by the practical applications, interpolating scaling
vectors with various additional properties, such as short support, smoothness and
symmetry, become of great and increasing interest. Several examples of interpolating
scaling functions and their wavelets were studied by Dahlke in [1, 2]. However, the
classical wavelet setting is somewhat restricted, re. [3]. To bypass the lack of flex-
ibility, the concept of interpolating scaling vectors was introduced by [16]. There,
some interesting examples were also presented. Following the result in [16], some
similar approaches were derived in [4, 17]. As a generalization of the work in [1],
Koch in [15] presented a systematic construction method and obtained a family of
interpolating scaling vectors possessing orthogonality property. On the other hand, as
an important subdivision scheme, Hermite interpolants are always of interest in the
computer graphics, re. [5, 7, 8, 11]. By linking with Hermite interpolation property,
several interesting results of scaling function have been presented by [7]. A complete
mathematical characterization of Hermite interpolants in terms of their interpolatory
masks is given in [8].

This paper is large motivated by [8] on Hermite interpolants and by [15] on dyadic
interpolating scaling vectors. In this paper, we would like to consider the general
case of interpolating scaling vectors and investigate their properties. That is, we are
interested in a new family of compactly supported interpolating scaling vectors with
multiplicity 4 possessing the following Hermite interpolation property.

Definition 1.1 A scaling vector φ = [φ1, . . . , φ4]T ∈ (L2(R))4 is Hermite-type inter-
polating if φ is continuously differentiable and for p ∈ Z, j,ρ ∈ {0,1} and λ ∈ {1,2},

[
φ2ρ+λ(·)

](j)
(

p

2

)
= δλ−j−1δp−ρ, (1.4)

where δ is a Dirac sequence such that δ0 = 1 and δk = 0 for all k �= 0.
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For 1 � � � 4, let E� denote the �-th unit coordinate column vector in R, that is, E�

is the 4 × 1 column vector whose only nonzero entry is located at the �-th component
with value 1. Obviously, for all p ∈ Z, (1.4) may be rewritten equivalently as follows,

[φ(·)](j)

(
p

2

)
= δp−ρE2ρ+j+1, (1.5)

where ρ, j ∈ {0,1}. One advantage of Hermite-type interpolating scaling vector with
compact support satisfies a Shannon-like sampling theorem, i.e., for any compactly
supported function f : R

s �→ C, the function f can be interpolated and approximated
by,

f̃ (x) =
∑

k∈Z

[
f (k), f (1)(k), f

(
k + 1

2

)
, f (1)

(
k + 1

2

)]
φ(x − k).

Since φ is Hermite-type interpolating and compactly supported, f̃ (j)(k/2) =
f (j)(k/2) for all k ∈ Z, that is, f̃ (j) agrees with f (j) on 2−1

Z for j = 0,1.
This paper is organized as follows. In the following section, we shall present a

complete mathematical characterization for the Hermite-type interpolating scaling
vectors in terms of their masks. In Sect. 3, we shall study approximation property
and symmetry property of Hermite-type interpolating scaling vectors by construct-
ing a family of Hermite-type interpolatory masks with high orders of sum rule and
symmetry structure. Finally, in Sect. 4, some examples of Hermite-type interpolating
scaling vectors with their smoothness exponents will be presented.

2 Characterization of Hermite-type Interpolating Scaling Vectors

In this section, we shall provide a complete mathematical characterization for
Hermite-type interpolating scaling vectors with compact support in terms of their
masks.

Before proceeding further, let us recall some necessary notions and auxiliary re-
sults. For 0 < α � 1 and 1 � p � ∞, we say that f ∈ Lip(α,Lp(R)) if for all h > 0,
there is a constant Cf such that ‖f − f (· − h)‖Lp(R) � Cf hα . The Lp smoothness
of a function f ∈ Lp(R) is measured by

νp(f ) := sup
{
n + α : n ∈ N ∪ {0},0 < α � 1, f (n) ∈ Lip(α,Lp(R))

}
. (2.1)

For a function vector φ = [φ1, . . . , φr ]T , we denote νp(φ) := min1���r νp(φ�).
By (�0(Z))r×s we denote the linear space of all finitely supported sequences of

r × s matrices on Z, and for 1 � p � ∞, (�p(Zs))r×s denotes the linear space of all
sequences v of r × s matrices on Z

s such that ‖v‖(�p(Zs ))r×s := (
∑

β∈Zs ‖v‖p)1/p <

∞ for 1 � p < ∞ and ‖v‖(�∞(Zs ))r×s := supβ∈Zs ‖v(β)‖ where ‖ · ‖ denotes a matrix
norm on r × s matrices.

In the following, let us recall an important quantity νp(a;2) from [8], which will
play an important role in our investigation of Hermite-type interpolating scaling vec-
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tors. The convolution of two sequences v1 and v2 as

[v1 ∗ v2] (α) :=
∑

k∈Z

v1(k)v2(α − k), v1 ∈ (�0(Z))�×r , v2 ∈ (�0(Z))r×s .

Here, v̂1 ∗ v2 = v̂1v̂2. For a matrix mask a with multiplicity 4 and a dyadic factor,
we say that a satisfies the sum rule of order k + 1 if there exists a sequence y ∈
(�0(Z))1×4 such that ŷ(0) �= 0 and

[
ŷ(2·)̂a(·)](j)

(kπ) = δkŷ
(j)(0), k = 0,1, j = 0, . . . ,k. (2.2)

For y ∈ (�0(Z))1×4 and a non-negative integer k, we define the space

Vk+1,y :=
{
v ∈ (�0(Z))4×1 : Dj

[
ŷ(·)̂v(·)] (0) = 0, ∀ j = 0, . . . ,k

}
, (2.3)

and by convention, V0,y := (�0(Z))4×1. It is noted that the equations in (2.2) and (2.3)
only depend on the values ŷ(j)(0), j = 0, . . . ,k. As in [8], for a matrix mask a with
multiplicity 4, a sequence y ∈ (�0(Z))1×4 and a dyadic factor, we define

ρk(a;2,p, y) := sup
{

lim
n→∞‖an ∗ v‖1/n

(�p(Z))4×1 : v ∈ Vk,y

}
, k ∈ N ∪ {0} , (2.4)

where ân(ξ) := ∏n
j=1 â(2j−1ξ). For 1 � p � ∞, define

ρ(a;2,p) := inf{ρk(a;2,p, y) : (2.2) holds for some k ∈ N ∪ {0}
and y ∈ (�0(Z))1×4 with ŷ(0) �= 0}. (2.5)

As presented in [8], we define the following important quantity:

νp(a;2) = 1/p − 1 − log2 ρ(a;2,p), 1 � p � ∞. (2.6)

The quantity νp(a;2) plays an important role in characterizing the convergence
of a vector cascade algorithm in a Sobolev space Wk

p (R) := {f ∈ Lp(R) : f (j) ∈
Lp(R),∀ j = 0, . . . ,k} and in characterizing the Lp smoothness of a dyadic scaling
vector. It was shown in [8, Theorem 4.3] that the vector cascade algorithm associ-
ated with mask a and a dyadic factor converges in the Sobolev space if and only if
νp(a;2) > k. In general, νp(a;2) � νp(φ) always holds. Moreover, if the shifts of
a scaling vector φ associated with mask a and a dyadic factor are stable in Lp(R),
then νp(a;2) = νp(φ), re. [8, Theorem 4.1], that is, νp(a;2) characterizes the Lp(R)

smoothness exponent of a dyadic scaling vector φ in this case. Moreover, we always
have ν∞(a,2) � ν2(a,2) − 1/2. More details can be consulted in [7–9, 13].

Since the stability and linear independence of a scaling vector will be needed
in this paper, let us recall their definition here. For a compactly supported function
vector f := [f1, . . . , fr ]T in Lp(R) for 1 � p � ∞, we say that the shifts of f are
stable in Lp(R) if there exist two positive constants C1 and C2 such that

C1

r∑

�=1

∑

k∈Z

|c�(k)|p �
∥∥∥∥∥

r∑

�=1

∑

k∈Z

c�(k)f�(x − k)

∥∥∥∥∥

p

Lp(R)

� C2

r∑

�=1

∑

k∈Z

|c�(k)|p
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for all finitely supported sequences c1, . . . , cr in �0(Z). For a compactly supported
function vector f := [f1, . . . , fr ]T , we say that the shifts of f are linearly indepen-
dent if for any sequences c1, . . . , cr : Z �→ C such that

r∑

�=1

∑

k∈Z

c�(k)f�(x − k) = 0, a.e. x ∈ R, (2.7)

then one must have c�(k) = 0 for all � = 1, . . . , r and k ∈ Z. It is known in [14]
that if the shifts of a compactly supported function vector f in Lp(R) are linearly
independent, then the shifts of f must be stable in Lp(R). Concerning the Hermite
interpolation property of φ in (1.4), it is easy to see that the shifts of φ are linearly
independent. More precisely, by setting x = p/2 + m with p ∈ {0,1} and m ∈ Z, we
have

0 =
4∑

�=1

∑

k∈Z

c�(k)[φ�(·)](j)(p/2 + m − k)

=
1∑

ρ=0

2∑

λ=1

∑

k∈Z

c2ρ+λ(k)δλ−j−1δp−ρδm−k = c2p+j (m),

where j ∈ {0,1}. So the shifts of φ in (1.4) are linearly independent, which deduces
that the shifts of φ are stable and for 1 � p � ∞, νp(a;2) = νp(φ) always holds
here.

Based on these discussions, let us characterize the compactly supported Hermite-
type interpolating scaling vectors as follows.

Theorem 2.1 Let a : Z �→ C
4×4 be a finitely supported sequence of 4 × 4 matri-

ces on Z. Let φ = [φ1, . . . , φ4]T be a compactly supported scaling vector such that
φ̂(2ξ) = â(ξ)φ̂(ξ). Then φ is Hermite-type Interpolating, that is, φ is continuously
differentiable and (1.4) holds if and only if the following statements holds:

(1) ν∞(a;2) > 1;
(2) [1,0,1,0] φ̂(0) = 1;
(3) a is a Hermite interpolatory mask, that is, a satisfies the sum rule of order 2 with

respect to a nonzero sequence y ∈ (�0(Z))1×4 which satisfies

ŷ(0) = [1,0,1,0] , ŷ(1)(0) =
[

0, i,
i

2
, i

]
, (2.8)

where

a(p)Ej+1 = 2−j−1δp−ρE2ρ+j+1, (2.9)

where ρ, j ∈ {0,1} and p ∈ Z.

Proof Necessity: Following (1.1) and (1.5), for j ∈ {0,1} and p ∈ Z, we have

[
φ

(
p

2

)](j)

= 2
∑

k∈Z

a(k) [φ(·)](j) (p − k) = 2
∑

k∈Z

a(k)δp−kEj+1 = 2 · a(p)Ej+1.
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Considering (1.5) again, we deduce that

a(p)Ej+1 = 2−j−1 [φ(·)](j)

(
p

2

)
= 2−j−1δp−ρE2ρ+j+1.

Hence, (2.9) holds.
Due to the stability of the shifts of Hermite-type interpolating scaling vector φ,

note that φ is continuously differentiable, by [8, Corollary 5.1], ν∞(a;2) > 1 must
hold, that is (1).

On the other hand, based on [8, Theorem 4.3], there must exist a nonzero sequence
y ∈ (�0(Z))1×4 such that ŷ(0)φ̂(0) = 1 and the mask a satisfies the sum rule of order
2 with respect to y, where the values ŷ(0) is determined uniquely by the mask a. By
[8, Proposition 3.2], we may have [̂y(·)φ̂(·)](j)(0) = δj and [̂y(·)φ̂(·)](j)(2πk) = 0
for j ∈ {0,1} and all k ∈ Z\{0}, which is equivalently to

∑

k∈Z

1∑

�=0

p(�)(k)
[−iŷ(·)](�) (0) [φ(·)](j) (x − k) = p(j)(x), p (x) ∈ �1, (2.10)

where j ∈ {0,1} and �k denotes the linear space of all polynomials with total degree
no greater than k, re. [8]. Taking x = λ/2 with λ ∈ {0,1}, since φ is Hermite-type
Interpolating, we deduce from (1.4) that for ŷ(0) = [̂y1(0), . . . , ŷ4(0)],

1∑

�=0

p(�)(0)
[−iŷ2λ+1(·)

](�)
(0) = p

(
λ

2

)
,

1∑

�=0

p(�)(0)
[−iŷ2λ+2(·)

](�)
(0) = p(1)

(
λ

2

)
.

By taking p (x) = 1 and p (x) = x respectively, we may have

ŷ(0) = [1,0,1,0] , ŷ(1)(0) =
[

0, i,
i

2
, i

]
.

Hence, (3) holds.
Combining with ŷ(0)φ̂(0) = 1 and (3), we must have (2).
Sufficiency: Recalling [8, Corollary 5.2], there exists a Hermite interpolant d =

[d1, d2]T with dyadic factor, of which the mask satisfies the sum rule of order 2
with respect to a nonzero sequence y1 ∈ (�0(Z))1×2 such that ŷ1(0) = [1,0] and
[−iŷ1(·)](1)(0) = [0,1]. Therefore, the following formula always hold for j ∈ {0,1}.

[
ŷ1(·)d̂(·)](j)

(0) = δj ,
[
ŷ1(·)d̂(·)](j)

(2πk) = 0, ∀ k ∈ Z\{0}. (2.11)

Define a function vector as follows f (x) := [d1(2x), 2−1d2(2x), d1(2x − 1),
2−1d2(2x−1)]T , of which the Fourier transform is f̂ (ξ) = 2−1 ·[d̂1(ξ/2), 2−1d̂2(ξ/2),
e−iξ/2d̂1(ξ/2), 2−1e−iξ/2d̂2(ξ/2)]T . Note that from the first formula of (2.11), we
may have d̂1(0) = 1. Hence linking with (2.8) and (2.11), we have

[1,0,1,0] f̂ (0) = 2−1 [1,0,1,0]
[
d̂1(0),2−1d̂2(0), d̂1(0),2−1d̂2(0)

]T = 1.
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In addition, by substituting φ in (2.10) with f and setting ŷ = [̂y1, e
iξ/2ŷ1], a

simple computation may obtain that for all k ∈ Z\{0} and j = 0,1, f satisfies
[̂y(·)f̂ (·)](j)(2πk) = 0 with respect to y. By [8, Theorem 4.3], it follows from (1)

that the cascade algorithm associated with mask a, dyadic factor and the initial func-
tion vector f converges to φ in (C1(R))4×1. More precisely, let us define the cascade
sequence fn, n ∈ N ∪ {0} to be f0 := f and

fn := Qa,2fn−1 := 2
∑

k∈Z

a(k)φ(2x − k), n ∈ N,

then limn→∞ ‖fn − φ‖(C1(R))4×1 = 0.
Now we show by induction on n that

[
fn(·)

](j)
(

p

2

)
= δp−ρE2ρ+j+1, ∀p ∈ Z, (2.12)

where ρ, j ∈ {0,1}. Apparently, with the definition of the initial function vector f0 =
f , (2.12) holds for n = 0. By the definition of f and (2.9), we deduce that for p ∈ Z

and the induction hypothesis for n − 1,

[
fn(·)

](j)
(

p

2

)
= 2j

[
fn

(
p

2

)](j)

= 2j+1
∑

k∈Z

a(k)
[
fn−1(·)

](j)
(p − k)

= 2j+1a(p)Ej+1

= δp−ρE2ρ+j+1,

where ρ ∈ {0,1}. Now by induction, (2.12) holds for all n ∈ N∪{0}. From the discus-
sions before, it is concluded that φ is continuously differentiable and (1.4) holds. �

In fact, the Hermite interpolatory condition given by (2.9) can be rewritten as
follows

â(ξ) =

⎛

⎜⎜⎜⎜⎝

1
2 0 ∗ ∗
0 1

4 ∗ ∗
1
2e−iξ 0 ∗ ∗

0 1
4e−iξ ∗ ∗

⎞

⎟⎟⎟⎟⎠
, (2.13)

where ∗ denotes some 2π -periodic trigonometric polynomials.

3 Additional Properties

3.1 Approximation Property

In the following, we shall investigate the structure of the vector ŷ in the definition of
the sum rules. Note that the sum rule condition in (2.2) can be rewritten equivalently
as

ŷ(2ξ) â(ξ + π�) = δ� ŷ(ξ) + O(|ξ |k+1), ξ → 0, � ∈ {0,1} . (3.1)
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Now we shall express the sum rule condition above in terms of the cosets of â(ξ).
Define the cosets â�(ξ) of â(ξ) by

â�(ξ) :=
∑

k∈Z

a(2k + �)e−iξ(2k+�), � ∈ {0,1} . (3.2)

Noting that â(ξ) = â0(ξ) + â1(ξ) and â�(ξ + πp) = e−iπp �â(ξ) for p ∈ Z, we can
rewrite (3.1) as follows

ŷ(2ξ) â0(ξ) + e−ipπ ŷ(2ξ) â1(ξ) = δp ŷ(ξ) + O(|ξ |k+1), ξ → 0, p ∈ {0,1} ,

which equals that,

ŷ(2ξ) â�(ξ) = 1

2
ŷ(ξ) + O(|ξ |k+1), ξ → 0, � ∈ {0,1} . (3.3)

The following result will present the vector ŷ in the definition of sum rules for Her-
mite interpolatory mask in this paper, which plays an important role for construction
of Hermite interpolatory mask with a given order of sum rules later.

Lemma 3.1 Let d be a positive integer such that d > 1. Let a be a supported se-
quence of 4 × 4 matrices on Z. If for a positive integer k � 1, a ∈ (�0(Z))4×4 is a
Hermite interpolatory mask, which satisfies the sum rules of order k + 1 with respect
to a nonzero sequence y ∈ (�0(Z))1×4 and (2.8) holds, then

ŷ(ξ) =
[
1, iξ, eiξ/2, iξ · eiξ/2

]
+ O(|ξ |k+1), ξ → 0. (3.4)

Proof Note that the first two columns in the right side of (2.13) can be rewritten as

â�(ξ) [E1,E2] = e−i�ξ
[
2−1E2�+1,2−2E2�+2

]
, � ∈ {0,1} . (3.5)

Since a satisfies the sum rule of order k + 1 with respect to the vector ŷ, it can be
obtained from (3.3) that as ξ → 0 and � ∈ {0,1},

ŷ(ξ) [E1,E2] =2 ŷ(2ξ) â�(ξ) [E1,E2] + O(|ξ |k+1)

=ŷ(2ξ) e−i�ξ
[
E2�+1,2−1E2�+2

]
+ O(|ξ |k+1).

Following ŷ(ξ) = [̂y1(ξ), . . . , ŷ4(ξ)], the formula above can be expressed detailedly
as follows,

ŷ2�+1(2ξ) = ei�ξ ŷ1(ξ) + O(|ξ |k+1), ŷ2�+2(2ξ) = 2ei�ξ ŷ2(ξ) + O(|ξ |k+1),

(3.6)
where � ∈ {0,1}. Thereupon by taking � = 0, we could have

ŷ1(ξ) = ŷ1(2
−1ξ) + O(|ξ |k+1), ŷ2(ξ) = 2 ŷ2(2

−1ξ) + O(|ξ |k+1). (3.7)

Combining with (2.8), by taking ξ → 0, it can be recognized that for � = 1,2 and j =
2, . . . ,k, the values ŷ

(j)
� (0) are completely and uniquely determined by the system
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of linear equations in (3.7). Therefore for � = 1, . . . ,4 and j = 2, . . . ,k, the values
ŷ

(j)
� (0) are uniquely determined by the relation (3.6), that is, if there is a solution to

(3.6), then the solution must be unique.
In the following, we shall show that the system of linear equation in (3.6) indeed

has a solution. Let ζ(ξ) = [1, iξ, eiξ/2, iξ · eiξ/2]. Then we have ζ(0) = [1,0,1,0]
and ζ (1)(0) = [0, i, i/2, i]. In addition, a straightforward calculation can verify that
ζ(ξ) satisfies (3.6). Therefore, if setting ŷ(j)(0) = ζ̂ (j)(0), it is a solution to the sys-
tem of linear equations in (3.6). By the uniqueness of the solution, we must have
(3.4), which completes the proof. �

For discussion conveniently, let [A]k,j denote the (k, j)-entry of the matrix A. We
have the following result with regard to Hermite interpolatory masks.

Theorem 3.1 Let μ, k be two positive integers and a ∈ (�0(Z))4×4 be a Hermite
interpolatory mask. Then a satisfies the sum rule of order k + 1 with k � 1 if and
only if

∑

k∈Z

1∑

t=0

1∑

m=0

[a(2k + �)]2t+m+1,3+p 2m(t − � − 2k)μ−m�μ(m) = 2p−μ−1�μ(p),

(3.8)
holds for 0 � μ � k with k � 1, �,p ∈ {0,1} and k ∈ Z, where �μ(k) is a piecewise
function such that �μ(k) = 1/(μ − k)! for μ � k and �μ(k) = 0 for μ < k.

Proof Following the remarks mentioned before, by introducing (3.4) and (3.5) into
the left side of (3.3), it can be obtained that for � ∈ {0,1},

ŷ(2ξ) â�(ξ) [E1,E2] = 2−1 [1, iξ ] = 2−1 [
ŷ1(ξ), ŷ2(ξ)

]
, ξ → 0.

Therefore by (3.3), it is sufficient and necessary to require

ŷ(2ξ) â�(ξ) [E3,E4] = 2−1 [
ŷ3(ξ), ŷ4(ξ)

] + O(|ξ |k+1), ξ → 0.

Substituting (3.2) into the formula above and applying Lemma 3.1, we have that for
�,p ∈ {0,1},

∑

k∈Z

1∑

t=0

1∑

m=0

[a(2k + �)]2t+m+1,3+p (i2ξ)meiξ(t−�−2k) = 2−1(iξ)peiξ/2 + O(|ξ |k+1),

(3.9)
where ξ → 0. By taking μ-th derivative on both sides of (3.9) at ξ = 0 and applying
the Leibniz differentiation formula, we see that as μ = 0,

∑

k∈Z

1∑

t=0

[a(2k + �)]2t+1,3 = 2−1,
∑

k∈Z

1∑

t=0

[a(2k + �)]2t+1,4 = 0, (3.10)
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and as 1 � μ � k,

∑

k∈Z

1∑

t=0

1∑

m=0

[a(2k + �)]2t+m+1,3+p

2m(t − � − 2k)μ−m

(μ − m)! = 2p−μ−1

(μ − p)! , (3.11)

where �,p ∈ {0,1} and k ∈ Z. By introducing the piecewise function �μ(k) as defined
in Theorem 3.1, we have (3.8) by (3.10) and (3.11), which completes the proof. �

Theorem 3.1 develops the relevant results in [15] and presents an executable com-
puting approach to obtain Hermite interpolatory mask a with a given order of sum
rules. More precisely, by applying (3.8) in Theorem 3.1 up to the given order of sum
rules with regard to the unknown coefficients of the mask a as depicted in (2.13), a
system of linear equations can be obtained. Particularly, as for the system of linear
equations given by (3.8), we note that its coefficient matrix is a confluent Vonder-
monde matrix and the number of the linear equations determines the sum rule order.
Therefore for a given support, if the corresponding coefficient matrix derived from
(3.8) is square, that is, invertible, then there exists a maximal sum rule order, and the
corresponding Hermite interpolatory mask is unique.

3.2 Symmetry Property

As an important complementary, we shall introduce the symmetry property of
Hermite-type interpolating scaling vectors in this section. As known, if for a func-
tion φ on R, φ(2c − x) = ±φ(x), then we say that the symmetry center of φ

is c and φ is symmetric or antisymmetric about the point c. It is easy to see

that φ(2c − x) = ±φ(x) for all x ∈ R if and only if φ̂(ξ) = ± ei 2cξ φ̂(ξ) for all
ξ ∈ R. Moreover, φ is real-valued, that is, φ(x) = φ(x) for all x ∈ R, if and only if

φ̂(ξ) = φ̂(−ξ) for all ξ ∈ R.
Suppose that φ = [φ1, . . . , φ4]T is a Hermite-type interpolating scaling vector, and

for � ∈ {1, . . . ,4}, the symmetry center of each component function φ� is c�. Then the
interpolation property of φ in (1.4) implies for all p ∈ Z, j,ρ ∈ {0,1} and λ ∈ {1,2},

δλ−j−1δp−ρ = [
φ2ρ+λ(·)

](j)
(

p

2

)

= [
φ2ρ+λ(·)

](j)
(

2 c2ρ+λ − p

2

)
= δλ−j−1δ4c2ρ+λ−p−ρ,

and consequently 2 c2ρ+λ = ρ. A simple computation may obtain that for ρ ∈ {0,1},
φ2ρ+1 is symmetric about the point c2ρ+1 = ρ/2 and φ2ρ+2 is antisymmetric about
the point c2ρ+2 = ρ/2.

As a consequence, the following theorem can be derived directly from [10, Lemma
2.4].

Theorem 3.2 Let φ = [φ1, . . . , φ4]T be a Hermite-type interpolating scaling vector
with mask a ∈ (�0(Z))4×4. If for all x ∈ R, ρ ∈ {0,1} and λ ∈ {1,2}, φ2ρ+λ(ρ − x) =
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(−1)λ−1φ2ρ+λ(x), then φ̂(ξ) = S(ξ)φ̂(ξ) and â(ξ) = S(2ξ )̂a(ξ)S(ξ)−1, where

S(ξ) := diag(1,−1, eiξ ,−eiξ ). (3.12)

In fact, if a is real-valued, then for t, ρ ∈ {0,1} and λ ∈ {1,2},

[̂a(−ξ)]2ρ+λ,3+t = (−1)λ+t−1e(−1)1−ρ iξ [̂a(ξ)]2ρ+λ,3+t .

4 Examples

In this section, we shall present several examples of Hermite interpolatory masks, of
which the corresponding Hermite-type interpolating scaling vectors will be shown as
well. More precisely, for each given support, we shall present a Hermite interpolatory
mask a with the maximal sum rule order and a Hermite interpolatory mask asym with
symmetry satisfying the possible highest order of sum rules respectively.

For discussion conveniently, let [̂a]:,3:4 denote the 3-th and 4-th column of Her-
mite interpolatory mask â(ξ). By observing (2.13), it is necessary and sufficient to
construct [̂a]:,3:4 of the Hermite interpolatory mask a. Therefore for expression con-
cisely, [̂a]:,3:4 will be presented detailedly in the following examples.

Example 4.1 Let a be supported in [−1,1]. Then we can obtain a Hermite interpola-
tory mask a satisfying the sum rules of order 4 and a symmetric Hermite interpolatory
mask asym satisfying the sum rules of order 4, of which the Fourier series is given by

[̂a]:,3:4 =

⎛

⎜⎜⎜⎜⎜⎝

243
1024eiξ + 1

4 + 13
1024e−iξ 405

512eiξ − 3
4 − 5

512e−iξ

− 81
2048eiξ + 1

32 + 3
2048e−iξ − 81

1024eiξ − 1
16 − 1

1024e−iξ

13
1024eiξ + 1

4 + 243
1024e−iξ 5

512eiξ + 3
4 − 405

512e−iξ

− 3
2048eiξ − 1

32 + 81
2048e−iξ − 1

1024eiξ − 1
16 − 81

1024e−iξ

⎞

⎟⎟⎟⎟⎟⎠
,

[
âsym

]
:,3:4 =

⎛

⎜⎜⎜⎜⎜⎝

1
4 (eiξ + 1) 3

4 (eiξ − 1)

− 1
32 (eiξ − 1) − 1

16 (eiξ + 1)

1
4 (1 + e−iξ ) 3

4 (1 − e−iξ )

− 1
32 (1 − e−iξ ) − 1

16 (1 + e−iξ )

⎞

⎟⎟⎟⎟⎟⎠
.

Then we have the critical Sobolev exponent ν2(a,2) ≈ 2.7723 and ν2(asym,2) =
2.5000, that is, ν∞(a,2) � ν2(a,2) − 1/2 ≈ 2.2723 > 1 and ν∞(asym,2) � 2.0 > 1.
Therefore, the scaling vector φ associated with a is C2 Hermite-type interpolating
and the symmetric scaling vector φsym associated with asym is C1 Hermite-type in-
terpolating.

Example 4.2 Let the support of a be [−1,2]. Then we can obtain a Hermite-type
interpolatory mask a with the sum rule of order 8 and a symmetric Hermite-type
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Fig. 1 Hermite-type interpolating scaling vector φ = [φ1, . . . , φ4]T associated with mask a in [−1,2] of
Example 4.2, of which the mask a satisfies the sum rule of order 8 and possesses ν2(a,2) ≈ 2.0243

interpolatory mask asym with the sum rules of order 6. Their Fourier series are given
respectively as

[̂a]:,3:4 =

⎛

⎜⎜⎜⎜⎜⎝

243
1024 eiξ + 225

1024 + 13
1024 e−iξ + 61

3072 e−i2ξ 405
512 eiξ − 435

512 − 5
512 e−iξ + 155

4608 e−i2ξ

− 81
2048 eiξ + 225

2048 + 3
2048 e−iξ + 5

2048 e−i2ξ − 81
1024 eiξ + 15

1024 − 1
1024 e−iξ + 13

3072 e−i2ξ

13
1024 eiξ + 425

3072 + 243
1024 e−iξ + 125

1024 e−i2ξ 5
512 eiξ + 3085

4608 − 405
512 e−iξ + 75

512 e−i2ξ

− 3
2048 eiξ − 25

2048 + 81
2048 e−iξ + 75

2048 e−i2ξ − 1
1024 eiξ − 155

3072 − 81
1024 e−iξ + 55

1024 e−i2ξ

⎞

⎟⎟⎟⎟⎟⎠
,

[
âsym

]
:,3:4 =

⎛

⎜⎜⎜⎜⎜⎝

9
32 (eiξ + 1) 3

4 (eiξ − 1)

− 9
128 (eiξ − 1) − 3

64 (eiξ + 1)

11
256 (eiξ + e−i2ξ ) + 45

256 (1 + e−iξ ) − 3
128 (eiξ − e−i2ξ ) + 93

128 (1 − e−iξ )

− 3
512 (eiξ − e−i2ξ ) − 9

512 (1 − e−iξ ) 1
256 (eiξ + e−i2ξ ) − 15

256 (1 + e−iξ )

⎞

⎟⎟⎟⎟⎟⎠
,

with the critical Sobolev exponents ν2(a,2) ≈ 2.0243 and ν2(asym,2) ≈ 2.4945,
that is, ν∞(a,2) � ν2(a,2) − 1/2 ≈ 1.5243 and ν∞(asym,2) � ν2(asym,2) − 1/2 ≈
1.9945. The corresponding scaling vectors, that is, φ and φsym are graphed in Fig. 1
and 2 respectively.

Note that ν2(φ) = ν2(a;2) here. In Table 1, we shall summarize the L2 smooth-
ness exponents of Hermite-type interpolating scaling vectors derived from this paper
and interpolating vectors constructed by the methods in [7, 15] for comparison. It can
be concluded from Table 1 that for a given support, on the assumption that both pos-
sess their own maximal accuracy orders, besides paying for with a vector of length
four instead of two, compactly supported Hermite-type interpolating scaling vector
constructed in this paper usually provides slightly better smoothness than the result in
[7, 15]. In addition, it also shows that the smoothness exponent of scaling vector can
not increase with respect to the sum rule order, or equivalently, the support size. Re-
calling the results in [7, 15], based on optimality of conditions, we can get a smoother
scaling vector with less sum rule order than the relevant result in this paper.

At the end of this section, we shall explicitly present the L2 smoothness exponents
of some function vectors generated from the masks constructed by Theorem 2.1,
Theorem 3.1 and Theorem 3.2 in Table 2 and Table 3. Here, if ν2(φ) > 1.5, then the
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Fig. 2 Symmetric Hermite-type interpolating scaling vector φ = [φ1, . . . , φ4]T associated with mask
asym in [−1,2] of Example 4.2, of which the mask asym satisfies the sum rule of order 6 and possesses
ν2(asym,2) ≈ 2.4945

Table 1 For some given supports, the L2 smoothness exponents of some types of scaling vectors, includ-
ing φH-Iv, φH-I and φIv with and without symmetry are presented, where φH-Iv denotes Hermite-type
interpolating scaling vector constructed in this paper, φH-I denotes the function vector constructed in [7]
and φIv denotes the function vector constructed in [15]

Support [−1,1] [−1,2] [−2,2] [−2,3] [−3,3] [−3,4]

ν2(φH-Iv) 2.7723 2.0243 3.5751 3.1271 3.8641 3.4343

ν2(φH-Iv
sym ) 2.5000 2.4945 3.3950 3.0518 3.7620 3.6465

ν2(φH-I) 2.5000 2.5000 2.5000 2.7006 3.3950 3.3950

ν2(φIv) 1.7173 1.8916 2.7581 2.3109 3.4059 2.6654

ν2(φIv
sym) 1.5000 1.8390 2.4408 2.1598 3.1751 2.6762

Table 2 The L2 smoothness
exponents ν2(φ) of dyadic
Hermite-type interpolating
scaling vectors associated with
Hermite interpolatory masks a

supported in [K1,K2]

K1\K2 1 2 3 4 5 6

0 0.5000 0.4486 −3.7962 −3.8059 −7.4539 −7.4732

−1 2.7723 2.0243 2.0245 0.1473 −0.0808 −2.8494

−2 2.5940 3.5751 3.1271 2.9977 1.4181 1.1810

−3 2.4422 2.9327 3.8641 3.4343 3.3565 2.3126

−4 −0.0724 2.9075 3.5033 3.9999 3.7780 2.8254

corresponding function vector is Hermite-type interpolating. Specifically, the masks
in Table 2 don’t possess symmetry and satisfy the sum rule of order 4�K2−K1+1

2 
,
where � · 
 denotes a round estimate towards zero, and in Table 3, the masks possess
symmetry and satisfy the sum rule of order 4K − 2c.
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Table 3 The L2 smoothness exponents ν2(φsym) of symmetric dyadic Hermite-type interpolating scaling
vectors associated with Hermite interpolatory masks asym supported in [c − K,K]

c\K 1 2 3 4 5

0 2.5000 3.3950 3.7620 3.9732 4.0000

1 0.5000 2.4945 3.0518 3.6465 3.7912
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