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Abstract Let A be any 2 x 2 real expansive matrix. For any A-dilation wavelet v,
let 1} be its Fourier transform. A measurable function f is called an A-dilation
wavelet multiplier if the inverse Fourier transform of (f fp\) is an A-dilation wavelet
for any A-dilation wavelet . In this paper, we give a complete characterization of
all A-dilation wavelet multipliers under the condition that A is a 2 x 2 matrix with
integer entries and |det(A)| = 2. Using this result, we are able to characterize the
phases of A-dilation wavelets and prove that the set of all A-dilation MRA wavelets
is path-connected under the L?(R?) norm topology for any such matrix A.
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1 Introduction

One natural problem in wavelet theory concerns the construction of different
wavelets. Naturally, one may attempt to construct new wavelets from an existing one.
This approach leads to the concept of wavelet multipliers [6]. In the one-dimensional
case, wavelet multipliers have been studied extensively and characterized completely
[16, 20]. Another area of study in wavelet theory concerns the topological properties
of various classes of wavelets. One well known problem in this area asks whether the
collection of all or some orthonormal wavelets is path-connected under the LZ(R)
norm [6, 20]. In fact, it is still an open question whether the set of all orthonormal
wavelets is path-connected under the LZ(R) norm. However, it is proved in [20] that
the set of all MRA wavelets is path-connected under the L?(R) norm. Furthermore,
the use of wavelet multipliers played a key role in the establishment of this important
result.

The main purpose of this paper is to extend the above mentioned results to the
two-dimensional case.

Let A be a 2 x 2 real expansive matrix, i.e., a matrix with real entries whose
eigenvalues are all of modules greater than one. Let L?(R?) be the set of all square
Lebesgue integrable functions in R?. An A-dilation wavelet is a function € L2(R?)
such that the set

{|det A|Z Y (A"t —€) :n e Z, 0 e 7%

forms an orthonormal basis for L2(R?). For any function f(t) € L' (R?) N L2(R?),
its Fourier transform is defined by

. 1 .
(FfHs) = fs)= o /Rz f®e™"%dp, (1.1

where 1 denotes the Lebesgue measure in R? and t o s is the standard inner product
of the vectors s, t € R%. The inverse Fourier transform will be denoted by F .

A measurable function f is called an A-dilation wavelet multiplier if the inverse
Fourier transform of (f 1’/;) is an A-dilation wavelet for any A-dilation wavelet .

A matrix is called an integral matrix if its entries are all integers. In this paper,
we will only consider 2 x 2 expansive integral matrices A such that |det(A)| = 2.
Although it is possible for the dilation matrix A to be non-integral, such a matrix
must be accompanied by a full rank lattice I" that is compatible with it (namely that
AT C I must hold). (A, I') is called an “admissible pair” in [14]. For an admissible
pair (A, I'), one can simplify the problem by a suitable linear transformation x — Px
which takes (A,T") to (PAP’l, PT). If one chooses P such that PT" = 72, then
PAP~! is an integral matrix. In other words, we can always simplify the problem
to the case where A is integral. Furthermore, in this paper we are only interested in
MRA systems generated by a single wavelet function. It is known that in the higher-
dimensional case, such system exists only when |det(A)| =2 [12, 17]. From now on,
all matrices will be 2 x 2 matrices with such properties unless otherwise stated.

There have been some attempts to characterize A-dilation wavelet multipliers
in the two-dimensional case. For example, in [15], a characterization of A-dilation
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wavelet multipliers is given for the following two specific 2 x 2 matrices

1 1 0 2
A:(1 _1) or A:(1 0).

Moreover, it is proven there that for any given A-dilation wavelet ¥y (under the above
choices of A), the set My, = {¢ : fﬁ\ = mﬁo} where v is an A-dilation wavelet
multiplier is path-connected.

In this paper, we generalize the above result to all 2 x 2 expansive matrices with
integer entries such that |det(A)| = 2. We will derive an explicit formula that can
be used to construct all A-dilation wavelet multipliers for such matrices A. We then
prove that the set of all A-dilation MRA wavelets is path-connected under the L2(R?)
norm. We also obtain a characterization of the phases of A-dilation MRA wavelets as
an application of the wavelet multipliers.

The rest of the paper is organized as follows. In the next section, we introduce the
notations and terms needed for this paper, with some preliminary results needed in
later sections. In Sect. 3 we discuss the relationship between wavelets with integrally
similar dilation matrices and show that we need only to consider six dilation matrices.
Section 4 gives two special MRA wavelets which will be used in Sect. 7. In Sect. 5
we characterize wavelet multipliers in the two-dimensional case. Section 6 is devoted
to the phases of A-dilation MRA wavelets. Finally, in Sect. 7 we prove that the set of
all A-dilation MRA wavelets is path-connected.

2 Notations, Definitions and Preliminary Results

For a given expansive integral matrix A (such that |det(A)| = 2), we will use T,
D, as the translation and dilation unitary operators acting on L*(R?) defined by

(TLFY() = f(t—0), (Daf)(t) = |det(A)|2 f(At) ¥ f € L2(R?), t e R and € € 7.

Definition 2.1 A sequence {V; : j € Z} of closed subspaces of L%(R?) is called an
A-dilation multi-resolution analysis (or A-dilation MRA for short) if the following
hold:

i) V;CVj1,Vje;
(i) ez Vi =10, Ujep Vs = L(R2);
(iii) f(t) € V;ifand only if f(A™/t) € Vy for j € Z; and
(iv) There exists ¢(t) in Vj such that {¢(t — £) : € € Z?} is an orthonormal basis
for Vj.

The function ¢ (t) defined in (iv) above is called an A-dilation scaling function
for the MRA. In our case, it is known that a single A-dilation wavelet can be derived
from the above A-dilation MRA [17]. An A-dilation wavelet ¥r so obtained is called
an MRA wavelet (and ¥ € Vi N VOL). Forany f eV, f (A~'t) € V) hence we have

f®© =Idet(A)] Y cop(At—0). 2.1)

Lez?
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If we define m ¢ (s) Y rere qe"zc’s then by taking Fourier transform on both sides
of (2.1) we obtain f (Afs) m f(s)¢(s) where AT is the transpose of A. In particular,
we have

P(ATs) = m(s)¢(s) 2.2)

for some function m(s) of the form similar to (2.1). The function m(s) is called the
low pass A-dilation filter of the corresponding A-dilation MRA.

Recall that a measurable function f is called an A-dilation wavelet multiplier if
the inverse Fourier transform of ( f 1&) is an A-dilation wavelet whenever ¥ is an A-
dilation wavelet. A measurable function f(t) € L?(R?) is called a 27 Z>-translation
periodic if f(t4 27€) = f(t) a.e. on R? for any £ € Z?, and f is called A-dilation
periodic if f(At) = f(t) a.e. on R%. Furthermore, f is called A-dilation-translation
compatible if there exists a 27 Z>2-translation periodic function k(t) such that f(At) =
k(t) f (t). Apparently, the function m ¢(s) and the low pass A-dilation filter defined
above are 277 Z*-translation periodic functions.

The following lemmas are well known results and can be easily obtained by stan-
dard arguments [1, 9, 13].

Lemma 2.1  is an A-dilation wavelet iff the following conditions hold
@ lyll=1

(i) Y jez W ((ATY/9)]> =1/(2n)* a.e. and

(i) 3520 (AT )Y (A7) (s +270)) =0 ae. VL € Z2 \ ATZ2.

Lemma 2.2 An A-dilation wavelet v is an A-dilation MRA wavelet iff

Dy (s) = Z D IWAY s+ 2m0)* =

n=1¢e72

)2 a.e. 2.3)

Lemma 2.3 ¢ is an A-dilation scaling function for an MRA iff the following condi-
tions hold

() Yper 1B+ 2702 = 1/2m)2 aes
(i) lim;_ 00 |¢>((A’) /s)| =1/2m a.e. and
(i) there exists a 2w 7>*-translation periodic function m(s) € L?>([—n, )?) such

that (ATs) = m(s)d(s).

Lemma 2.4 Suppose that  is an A-dilation MRA wavelet with scaling function ¢,
then

B =D 1P (A9 ae. 24)

j=1
Since |det(A)| = 2, the quotient group Z>/ATZ? has only 2 elements. Let

¢ 4+ ATZ? be the non-zero element in Z?/ATZ?, where £ € Z? is a representative of
the corresponding coset. Then we have (A"l Q/Zz. Since |det((At)_1)| = % and
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2(A7™)~! is an integral matrix, there is a unique element hy € {(1/2,0)7, (0, 1/2)7,
(1/2,1/2)7} such that (A7)~ € hg + Z?. Let u be a constant vector such that
hp ou=1/2. We have the following two propositions.

Proposition 2.1 Let ¢ € L>(R?) be an A-dilation scaling function for an A-dilation
MRA {V;} and let m be its associated low pass filter. Let y € Wy = V1 N VOL, then
(Y (t —0) : €€ Z? is an orthonormal basis for Wy iff

U (ATs) = e°"v(ATs)m(s + 2 ho)d(s) a.e., (2.5)

where v is a 2w Z*-translation periodic measurable function with |v(s)| = 1 a.e.
2
on R-.

Let us give an outline of the proof for Proposition 2.1. From the discussion follow-
ing (2.1), we have (ﬁ (ATs) =my, (s)z?; (s) for some 27 Z>2-translation periodic function
my, . Again, standard arguments show that {y/(t—£) : £ € 72} is an orthonormal basis
for Wy iff equations |m(s)|? + [m(s 4+ 2ho)|> = 1, [my (s)|? + [my (s +27ho)|* = 1
and m(s)my (s) + m(s + 2mwhg)my (s + 2whg) = 0 hold. The reader can verify that
the solution for my (s) (in terms of m(s)) is of the form given in the proposition.

Proposition 2.2 Let v be an A-dilation MRA wavelet. Then eis°“1|$(s)| is the
Fourier transform of an A-dilation MRA wavelet, where u; = A~ u and u is the
constant vector defined before Proposition 2.1.

Proof Let ¢ be the corresponding scaling function with low pass filter m, then
F~1(|¢)) is also an A-dilation scaling function whose associated low pass filter is
|m| by Lemma 2.3. Thus, the function y; defined by

U1(ATs) = &5V |m(s + 2ho)(s)| = [ (ATs)|

is an A-dilation MRA wavelet. The result follows after a simple substitution t =
ATs. 0

3 Systems with Integrally Similar Dilation Matrices

Two d x d integral matrices B and C are said to be integrally similar if there exists
an integral d x d matrix P such that |det(P)| =1 and P! BP = C.In such cases we
write B ~ C. The main result of this section is the following theorem which reveals
the relation between wavelets under integrally similar dilation matrices.

Theorem 3.1 For any 2 x 2 integral matrix P with |det(P)| = 1, let ®p :
L>(R?) —> L%(R?) be the operator defined by ®p(g(t)) = g(Pt). If B and C are
two 2 x 2 integral, expansive matrices such that P~'BP = C, then the following
statements hold

(i) v is a B-dilation wavelet iff ® p (V) is a C-dilation wavelet,
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(i) A function f € L*(R?) is a B-dilation wavelet multiplier iff the function
@ pry-1(f) is a C-dilation wavelet multiplier.

Proof (i) It suffices to show that {D%T“ﬁ(t)} (n€Z and £ € Z?) is an ortho-
normal basis of LZ(RZ) iff {Dg thpc} is an orthonormal basis of L2(R2), where
Ye = Pp(¥). Since |det(P)| =1, P72 =72 a simply variable substitution Pt =
s shows that {|det(B)|"/2y/(B" Pt — P{)} is an orthonormal basis of L%(R?) iff
{|det(B)|"/?y(B"t — £)} = {D, T*y (1)} is an orthonormal basis of L?(R?). But a
direct computation shows that
DET Ye(t) = DET Y (PY) = DLy (P(t— 0))
= |det(C)|">y (P(C"t — £)) = |det(B)|"/*¢ (PC"P~') Pt — P¥)
= |det(B)|"/?>y (B" Pt — PY).

(ii) Let f be a B-dilation wavelet multiplier and let /¢ be a C-dilation wavelet.
By (i) above, there exists a B-dilation wavelet ¥ such that yc (t) = ¥ (Pt). We have

IZE(S) = i/‘ I/fc(t)e_itosdtZ L/ W(Pt)e_itosdt
27 R2 21 R2

1 e 1 . e
— _/ w(t)e—lP Itosdt: _/ w(t)e—lto(P ) ]Sdt
21 Jr2 27 Jr2
=9((P)s).
Thus,

A 1 R '
f_l(fcl/fC)(t) = 2_/ f((PT)_ls)w((PT)—ls)elsotds
T JRr2

:i/ F(s)¥(s)e' P s
2 RrR2

1

= —/ F(s)¥(s)e*° tds
2 R2

= F (fP)(PY.

By the definition of f, Fr fp\)(t) is a B-dilation wavelet. Thus by (i) again,
FI( f 1//7)(Pt) (hence F~I( fc %)(t)) is a C-dilation wavelet. This proves that f¢
is a C-dilation wavelet multiplier. On the other hand, if f¢ is a C-dilation wavelet
multiplier, reversing the above argument shows that f is a B-dilation wavelet multi-
plier. U

Remark 3.1 The linear operator ®p : L?(R?) — L%(R?) defined above is obvi-
ously continuous and unitary (since |det(P)| = 1). In the case that P is also integral
and P~!BP = C, then Theorem 3.1 asserts that pY¥ : Wp —> W is a continuous
and bijective mapping, where Wp is the set of all B-dilation wavelets and W is the
set of all C-dilation wavelets.
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Remark 3.2 Using (2.3) and IZE(S) = {ﬂ\((PT)_ls) as shown in the proof of Theo-
rem 3.1(ii), it is easy to see that in the case B ~ C by the relation P~1BP =, the
operator ® p is also a bijection between the set of all B-dilation MRA wavelets and
the set of all C-dilation MRA wavelets.

We will now turn our focus on 2 x 2 integral expansive matrices A with the prop-
erty |det(A)| = 2. It turns out that there are exactly six integrally similar classes of
such integral matrices [14]. A representative from each of these classes is listed be-

low.
0 2 0o 2
w=(1 o) =(5 9)
1 1 0o 2
A3=<_1 1>, A4=(_1 1>,

and A5 = — A3, Ag = —Ay.

For the rest of this paper, we will only consider the case where A is one of the
above six matrices. By Theorem 3.1 (as well as Remarks 3.1 and 3.2), the discussion
of a different 2 x 2 expansive integral matrix B (with |det(B)| = 2) can be converted
to a discussion concerning one of the six matrices listed above by applying the oper-
ator @ p for some suitable P. For the sake of convenience, let us give the vectors hy,
uand A 'u used in Propositions 2.1 and 2.2 here. We can choose u = (1, 0)* for all
cases. ForA=Ajor A=Ay, hy=(1/2,0)",u; = A lu=(0, 1/2)%; for A = £A3,
ho = (1/2,1/2)%, uy = A~ 'u = £(1/2,1/2)7; for A = +A4, hg = (1/2,0)7 and
u=Alu= +(1/2,1/2)". Throughout the rest of the paper, hg, u and u; are so
defined with respect to their corresponding dilation matrix A.

4 Examples of Haar and Shannon Type A-dilation Wavelets
Example 4.1 The construction of the Haar-type A-dilation wavelet given here can be

found in [4, 11, 14]. The low pass filter m is m(s) = %(1 +e7i°) &(s) is defined by
¢(s) = (1/27) [132, m((A%)~/s), and ¥ is defined by

¥ (s) = e Mm((AT)"Is + 2rhg)p((AT) 's). (4.1)

Example 4.2 The Shannon type A-dilation MRA wavelet in this example is con-
structed using the concept of wavelet sets [6, 7, 12]. For each matrix A, we construct
a scaling set F such that the set E = AT F \ F is an A-dilation wavelet set, i.e., the
function % xE 1s the Fourier transform of an A-dilation wavelet. Let Q2 be the set

[—7, )%, The low pass filter, scaling function and wavelet are given by

1 S
m(s)|q = Xar)-1q, ¢(8) = 25 X and ¥ (s) = Eels "xaro\q-

Notice that m(s) is a 277 Z>-translation periodic and the above formula gives its de-
finition in one complete period (i.e., @ =[—m, 7)2). The wavelet set E = ATQ\Q
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Fig.1 The supports of m, $and ;/7: (a) is for the case of A = A or A = Ay, (b) is for the case of A = A3,
As and (c) is for the case of A = Ay, Ag

(which is the support of 1//;), the supports of a(s) (i.e., 2) and m(s) (within ) are
shown in Figs. 1(a) to 1(c) for each case of A.

Remark 4.1 In fact, the function {ﬁ\o(s) = % xaro\q is itself the Fourier transform
of an A-dilation MRA wavelet. From this fact, the above results on ¥ can also be
derived from Proposition 2.2 directly.

5 A-dilation Wavelet Multipliers

In this section, we characterize the A-dilation wavelet multipliers. A necessary con-
dition for a function f to be an A-dilation wavelet multiplier is that | f| =1 [6, 15,
20]. Thus in the following we will limit our discussion to such functions. Instead of
trying to characterize the scaling function multiplier or the low pass filter multiplier
(which is the approach used in [15]), we will use a different approach. Let us call a
function f with the property | f| = 1 a unimodular function.

Theorem 5.1 A unimodular function f € L®(R?) is an A-dilation wavelet multi-
plier iff the function k(s) = f(ATS)/ f(s) is 2w Z*-translation periodic.

Proof “<=" Assume that f € L°°(R?) is a unimodular function and that k(s) =
f(ATs)/f(s) is 2w Z>-translation periodic. To show that f is a wavelet multiplier,
we need to show that for any A-dilation wavelet v, n = F~1(f {ﬁ) is also a wavelet.
It suffices to verify that 7 satisfies condmons (i1) and (iii) i in Lemma 2.1. It is easy
to see that (ii) holds for 7 since 7] = |1p| and (ii) holds for w Applying the relation
f(A%s) = k(s) f(s) repeatedly, forany j > 1 and £ € 7?2, we obtain

FUATY 8) =k((AT) " 1s) - k(ATs)k(s) f (5), (5.1)

and
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FUATY (s+270)) = k((AT) "1 (s + 2w )k (A7) (s + 27 0))
k(AT (s+2m0)k(s 4+ 27L) f (s + 27 L)
=k((AT)/ " s)---k(ATs)k(s) f (s + 27 0).

Since k(s) is unimodular, this leads to

FATYS) - f((AT) (s +2))
=k((A")"'8) - k(ATS)k(s) f (8) - k((AT)/~15) - - k(ATS)k(s) f (s + 27 L)
=f()f(s+2n¢)

for any j > 0 and £ € Z*. Thus

D AATY )N(AT) (s + 27 0))

J=0

f((A )8) F((AT) (s +270)) - Y ((AT) ) (A7) (s + 2 0))]

FOF+2n0Y (A )Y (A (s + 27 0))

= fOF+210 Y F(AY )Y (AT (s+270) =0

j=0

for any £ € Z>\ AT Z?. So condition (iii) of Lemma 2.1 holds for 7 as well.

“=—=" We need to show that k(s) = f(A"s)/f(s) is 27 Z2-translation periodic.
Let ¢ be any A-dilation MRA wavelet such that supp(@) =TR2. Such y exists. For
example the A-dilation wavelet constructed in Example 4.1 has such a property. By
Proposition 2.2, the function v (¢) defined by

U1 = SN P (s)] = e P ()] (5.2)

is an A-dilation wavelet. Since F~!(f ﬁ) is also an A-dilation wavelet, % and f %
both satisfy condition (iii) of Lemma 2.1, i.e.,

S TI(ATYS) - TI(AD)I (s+270) =0 a.e. and (5.3)

Jj=0

Y FUAY )PI(ATYS) - FUAT) (s + 2 0) Y1 ((AT) (s +27£) =0 ae.
j=0
5.4

for any £ € Z* \ ATZ2. Since £ € Z* \ ATZ?, there exists £1 € Z?* such that £ = £y +
AT0; = A% (hg + £1). It follows that £ou; = AT(hg+ £1) o A" "u= (hg + £{) ou =
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1/2 4+ m, where hg o u by the definition of hy and u, and m = £ o u is an integer.
Thus

VIOV1(s+270) = T (9)] - e STTOM (s 4 27 0)|
= T2 )] - [P (5 +2m0)| = —[G1(8)] - [P (s + 27 0)].

On the other hand, for any j > 0, (A’)jﬁ ou; =40 A~/lueZ and hence

U1((ATY )P ((AT)I (s 4 270))
— el'(AT)jSOlll |%((A‘L')/s)| . e—l‘((Az)j(S+2JTE)OI.I| |a((AT)j(s + 27T€))|
= [U1((ATY )| - [§1((AT) (s + 2 0))].

Thus, (5.3) and (5.4) can be rewritten as

Y1) - 1¥1(s + 270)]

=Y [1((AY )| - [§1((AT) (s +270))|  and (5.5)
j=1

O FE+270) - 1¥1(9)] - [1(s + 27 0)]

=Y FUATY ) F((AD) (s + 2w D) Y1 (A7) 8)| - [P1((ATY (s + 2 £))]. (5.6)
j=1

Since f is unimodular, f = 1/f. Hence (5.6) can be rewritten as

fs&) —~ —~
mhﬁl(sﬂ (s + 27 e)|
_ i f(ATYs)

(AT (s + 27 0)) [V1((AT) )] [y (AT (s +2me)].  (5.7)

j=1

Combining this with (5.5) then leads to

ST WIATY )] - LAY (s +2710)]
=1

Y1 ((AT)8)] - [¥1 ((AT) (s + 2 0))].
(5.8)

Zif(HZn@) f(AT)s)
= e f(AD s+270)

TyJj
Let ;(s) = L5 wkiameny ReBi(S) = a;(s). Imp;(s) = b;(5). Then (5.8)

can be rewritten as

D (1 —aj() (AT 9)] - [ (AT (s + 27 0)))|

j=1
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=i Y bi)P1((AY )] [F1((A7) (s + 27w 0))], (5.9)

j=1
and hence we have

3 (1 —a; DT CATYS)] - [F1((A) s +270)[ =0 and  (5.10)

j=1
D b (AT )] [Y1((AT) (s + 27 0))| = 0. (5.11)
Jj=1

Since B; is unimodular by its definition, we have a;(s) < 1. So we must have a (s) =
I a.e. in order for (5.10) to hold. Of course this would then imply that b;(s) =0 a.e.
as well since ajz(s) + b? (s) = 1. Thus,

fs+2n0)  f((ADs)
&) fUATY (s+2m8)

For j =1, the above is equivalent to

a.e.

Bj(s) =

f(ATs)  f(A"(s+270))
f(s)  f(s+2ml)

If ¢ € ATZ?, then £ — £o ¢ ATZ? since £y ¢ ATZ>. We have

Ve e 72\ ATZ2.

k(s+2ml) =k(s+2mly+2m (£ — £y)) = k(s + 2w Ly) = k(s).
Therefore, k(s) is 27 72 -translation periodic. O

Next, we show that all A-dilation wavelet multipliers can be constructed in the
way described in the following theorem. Recall that an A-dilation wavelet set E in
RR? is a measurable set such that 7! (% XE) is an A-dilation wavelet. It is known that
E is an A-dilation wavelet set iff both the sets {A”E : n € Z} and {E + 27 : £ € Z?}
are partitions of R2 modulo a null set [7].

Theorem 5.2 Let E be an A-dilation wavelet set, and let k(s) be a measurable uni-
modular 2 Z2-translation periodic function and g(s) be a measurable unimodular
function defined on E. Define

g(s), seE,

k((AT)71s) - k((A¥)™"s) - g((A¥)™"s), se€(AY)"E,n>1,
k(s)k(ATs)---k((AT)""1s) - g((A")"s), se€(A")"E,n>1,
1, 0.

f(s)=

Then f is an A-dilation wavelet multiplier. Moreover, any A-dilation wavelet multi-
plier can be constructed this way.
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Proof Since k(s) is 27 Z*-translation periodic, it suffices (by Theorem 5.1) to show
that f(A"s) = k(s) f(s) in order to show that f is an A-dilation wavelet multiplier.

Case 1. s€ E. Then A"s € ATE and
[(ATS) =k((A) ' ATs)g((AT) ' A"s) = k(s)g(s) = k(s) f (5).
Case 2. s€ (A")"E where n > 1. Then A%s € (A")"t!E and
F(ATS) = k((AT)T'ATs) - k((AT) "D ATs)g((AT) "D ATS)
=k(©k(A)'s) - k((AT)"9)g((AT)™"s)
=k(s) f(s).

Case 3. s (A") ' E.Then A%s € E and f(s) = k(s)g(ATs), so f(ATs) = g(ATs) =

k(s) f (s).
Case 4. s€ (A")™E where n > 1. Then A’s € (A")""~DE and

S(ATS) = k(ATs)- - k((AT)"2ATs)g((AT)" "' ATs)

= k(s)k(s)k(ATs)---k((AT)""15)g((A")"s)
=k(s) f(s).

Since {(A")"E : n € Z} is a partition of R? modulo a null set, the above four cases
have exhausted all possibilities for a.e. s € R,

Now suppose that f(s) is an A-dilation wavelet multiplier. Let g(s) = f(s) for
s€ E, and k(s) = f(A"s)/f(s). Then k(s) is 27 7Z2-translation periodic and is uni-
modular. We leave it to our reader to verify that f(s) has the form given in the theo-
rem. |

6 Phases of A-dilation MRA Wavelets

The linear phase filtering problem is considered in signal processing where wavelets
and scaling functions are considered as filter functions. For more detailed discussions
on the linear-phase problems concerning wavelet and scaling functions, interested
reader may refer to [3, Sect. 5.5].

A function f(¢) € L?(R?) is said to have a linear phase if its Fourier transform
has the form

F&) =) e ae.

for some constant vector a € R?, which is the phase of f(s).
The following theorem concerning the phase of an A-dilation MRA wavelet in
L?(R?) is an application of the results obtained in Sect. 5.

Theorem 6.1 Let (1) € L*(R?) be an A-dilation MRA wavelet. Then
U(s) =™ f($)|¥ (9|

for some A-dilation wavelet multiplier f(s).
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Proof By Proposition 2.1, the Fourier transform of an A-dilation MRA wavelet ¥/ (¢)
has the form

U (s) = €M u(s)m((AT)"Is + 2rhg)p((AT) ls), (6.1)

where v is some unimodular and 27 Z2-translation periodic function. Recall from
(2.2) that a (/I\4TS) = m(s)@(s) and tha}\the low pass filter /I\/I/l(S) is ZnZZ—translatiop\ pe-
riodic. Let ¢p(s) = g(s)¢(s)|. Then ¢(A"s) = g(ATs)[¢(A"s)| = g(ATs)|m(s)¢(s)]
and ¢(ATs) = WL(S)¢(S) = m(s)g(s)|¢(s)|. Thus 8(A%s)/g(s) = m(s)/Im(s)|. Now
let E = Supp(¢) For any s € (AT)"'E, A’s € E so0 0 # ¢>(Afs) m(s)¢(s) It fol-
lows that a(s) #0so s € E. This shows that (A7) "' E C E (which then implies that
(AD'E C (A)"™LE for any n € Z). Since m(s) is 27w Z>-translation periodic and
the support of m(s) contains (A)VE, g(ATs)/g(s) is 2 Z*-translation periodic on
(A")"'E as well. Thus the restriction of g(As)/g(s) on (A?)"'E can be extended
to a 277 Z2-translation periodic function ko(s) over the set | J @ezz((Af)_lE + 2ml).
We then define a unimodular and 27 Z2-translation periodic function k(s) by

k(s) = ko(s), s€Upezp(ADTLE +270),
11, otherwise.

We will now use k(s) to extend the domain of g to R%. If s € E, g(s) is already
defined by its definition a(s) = g(s)|$(s)|. Ifse ATE\E, then g((AT)_ls) is defined
since (AT)~!s € E. Thus we can define g(s) = k((A%)!s) - g((A7)"'s). In general,
assume that g(s) has been defined on (A%)" E, then for any s € (ADE\(A™)'E,
define g(s) = k((A")"'s) - g((A")~'s). The support of ¢ is contained in ATE by
(6.1). By Lemma 2.1(ii), UneZ(A’)”E R2 modulo a null set. Thus the extended
g has been defined on the entire R2. The function g is an A-dilation wavelet mul-
tiplier since k(s) = g(A’s)/g(s) is unimodular and 27 7Z2-translation periodic. For
s € (A")"'E, we have m(s) = $(A7s)/P(s) = k(s)|m(s)|. For s € E \ (A")"'E,
H(A”s) = m(s)¢(s) = 0 while ¢(s) # 0. So m(s) = 0. Thus m(s) = k(s)|m(s)| also
holds. This means m(s) = k(s)|m(s)| holds for all s € R? since m(s) is 2w Z>-
translation periodic and | J;z2 (E + 278) = R? modulo a null set by Lemma 2.3(i).
Finally, (6.1) becomes

U (s) = 5" u(s)k((A7)~Ts + 27hg)|m((A")"'s + 27ho)|
x g((A)'9)|p((AT)'s)|
= Sy (s)k((AT)~Is + tho)g((Af)fls)|$(S)|.

Let f(s) = v(s)k((AT)~!s 4+ 2whg)g((AT)~'s). Since the support for each of v(s),
k(s) and g(s) is R2, the support for f(s) is R2. Furthermore,
f(ATs) V(ATS)k(s + 2mhg)g(s)
) (kAT s+ 2h)g((A)s)
= (V(A"S)/v(8))k(s + 2rh)k((A") ~'s + 2rh)k((AD) 7 's).  (6.2)
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Since (v(ATs)/v(s))k(s 4+ 2hy) is 27 Z2-translation periodic by the definitions of
v and k, we only need to show that k((A7)~'s 4+ 2ho)k((AT) " !s) is also 27w Z>2-
translation periodic. If ¢ € ATZ? then it is obvious that k((A7)~'(s 4+ 27€) +
2mh)k((AT) (s 4+ 27m0)) = k((A™)~'s 4+ 2hg)k((AT)~'s). Otherwise, we have
0 =10y + AT, = AT(hg + ¢;) for some ¢; € Z2. It follows that k((AT)"'(s +
278) + 2ho)k((AT) (s + 27€)) = k((A")7's + 27w€; + dwho)k((AT) s +
2781 + 2mhg) = k((AT)~'s + 2hg)k((AT)~s) since 2hg € Z>. This proves that
f(ATs)/f(s) is indeed 27 Z2-translation periodic. f(A"s)/f(s) is unimodular since
every term in the right side of (6.2) is unimodular. Thus f is an A-dilation wavelet
multiplier by Theorem 5.1. g

Corollary E.l For every A-dilation wavelet r, there exists an A-dilation wavelet ¥’
such that |Yr| = |¥'| and W' has a linear phase —u; = —A~ .

Proof By Theorem 6.1, there exists an A-dilation wavelet multiplier f such that

U (s) = %M f(5)| P (5)].

Since f is unimodular, multiplying f on both sides of the above equation yields

FEU(s) = MNP (s)| = > [F(s) Y (s)].

Since f is also an A-dilation wavelet multiplier, ¥ defined by @ s =f (S)‘(’//\ (s) is
also an A-dilation wavelet. By definition, —u; is a linear phase of v'. g

Remark 6.1 If B is a2 x 2 integral expansive matrix with |det(B)| =2and P~'AP =
B for some integral matrix P with |det(P)| = 1, then for any given B-dilation wavelet
¥, there exists a B-dilation wavelet ¥, such that Vgl = || and ¥ has a linear
phase of the form —P"uj.

7 Path-connectivity of the Set of A-dilation MRA Wavelets

As another application of Theorem 5.1, in this section we prove that the set of A-
dilation MRA wavelets is path-connected under the L?(R?) norm topology. In the
one-dimensional case, the path-connectedness of the set of all orthonormal wavelets
is still an open question, although many results have been obtained for special classes
of wavelets and frame wavelets. In [19], Speegle showed that the class of all min-
imally supported frequency (MSF) wavelets is path-connected. Paluszynski et al.
showed the connectivity for the class of MRA tight frame wavelets [18]. Garrigds
et al. showed that the class of all tight frame wavelets satisfying certain mild condi-
tions on their spectrum is also connected [10]. Dai et al. showed that the sets of s-
elementary tight frame wavelets (for any given frame bound) and s-elementary frame
wavelets are all path-connected [5, 8]. These efforts were further extended to the set
of all frame wavelets by Bownik [2], where he showed that this much larger set is
path-connected under a differently defined norm called Li(R) (he also showed that
this result holds in the higher-dimensional case). Despite all these efforts, so far there
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has been little activity in attacking the path-connectivity problem of MRA wavelets
in higher dimensions. While it is generally expected that the set of all MRA wavelets
is path-connected in the higher-dimensional case, the establishment of such a result
is not a trivial generalization of the one-dimensional case due to the complexity in-
troduced by the dilation matrices.

Our main result of this section is the following theorem.

Theorem 7.1 For any two A-dilation MRA wavelets o and V1, there exists a con-
tinuous map y : [0,1] — LZ(RZ) such that y (0) = Yo, y(1) =1 and y(t) is an
A-dilation MRA wavelet for V¥ t € [0, 1].

We will prove the theorem by directly constructing a continuous path connect-
ing the two MRA wavelets. The proof is given for the case where A is one of
the matrices Ay, Ay, £A3 and £A4. In general, if B ~ A for one of the matrices
A above, then we can simply apply the unitary operator ®p to the set of all A-
dilation MRA wavelets (recall Remark 3.2). The proof is of constructive nature and
long. So we break it into several lemmas. For a given A-dilation wavelet ¥, define
My, =1{¥: {p\ = v(/rB for some A-dilation wavelet multiplier v}, and Wy, = {y :
Y is an A-dilation wavelet with || = [1g|}. Furthermore, in the case that ¢ is an
A-dilation MRA wavelet with ¢ being the corresponding A-dilation scaling function
for the MRA, define Sy, = {y : ¢ is an A-dilation MRA wavelet with |[¢| = |¢o|}.

Lemma 7.1 For any A-dilation MRA wavelet Yo we have Sy, = My, =Wy, .

Proof Wy, C Sy, follows from equation (2.4) of Lemma 2.4. My, € Wy, by defi-
nition. Sy, € My, follows from an argument similar to the one used in the proof of
Theorem 1.2 in [15] and Proposition 2.1. U

Lemma 7.2 Let Yy be an A-dilation MRA wavelet. Then My, is path-connected.

Proof This is proved in [15] for a special case of A. However the proof for the general
case is similar and thus omitted. 0

By Lemma 7.1 we have Sy, = My, . Thus, to show that any two A-dilation MRA
wavelets are connected by a continuous path, it suffices to show that for any A-
dilation MRA wavelet 1, there exists a ¥; € Sy, such that ¢ is path-connected
to the generalized Shannon wavelet v defined by

N 1 isou|
1//0(S)=E€ Xaro\Q(s). (7.1)

We will choose ¥1 € Sy so that it is associated with a scaling function ¢; such that
¢1>0and m; >0 and

Vi (s) = " m ((AT) " 's + 2rhg) 1 ((AT) " 1s). (7.2)

The existence of such a ¥ is guaranteed by Lemma 2.3 and Proposition 2.2. Note
that the corresponding scaling function and low pass filter of g are given by ¢p(s) =
(1/27) xq and mo(s)|@ = X(ar)-1q> respectively.
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We will now build a path that connects the low pass filters first, then use it to
construct the path for the scaling functions and the connected path for the wavelet
functions. We will describe the construction for the case of A = Aj3. The other cases
can be dealt with similarly. Notice in this case 2mhg = (77, 7)" and sou; = (s; +
§2)/2 where s = (s1, s2)". Fort € [0, 1], s € Q = [, 71)2, define

(1 — t)mo(s) + tmi(s), se(AD7'e\ 1 -n@4Hle,
1, se(1-0AH1Q,
V1I=Im(s+ (. -2 seRy,

M=) T s+ @mOP. se R
V1I=I|m(s+ (-7, 1))  seRs,
V1I—Imi(s+ (=7, —m))2, se Ry,

where the regions R; (1 < j <4) are as marked in Fig. 1(b). The general m,(s) is
then defined by extending the above 27 Z2-periodically. Of course, for = 0 and
t =1, my(s) is just the mo(s) and m1(s) given before. Furthermore, it is easy to see
that |m;(s)| < 1 for any ¢ by its definition and that m, (s) satisfies the equation

lme (8)|* + |mq(s + (r, 1)D)|* = 1.

Define:
Iy 1 = 4
bils) =~ 1"[1m,((Af>‘Js), (7.3)
J=
D) = ¢ T2 m((AD s+ (1)) (A7) Ls) (7.4)

fors € R2. Then J)\t is well defined since 0 < m;(s) < 1, sois fﬁ\, Furthermore, for r =
O and t =1, ¥ coincides with the ¥y and yr; defined in (7.1) and (7.2), respectively.
To complete the proof of Theorem 7.1, we need to show

1. ¢, is an A-dilation scaling function, so v, is an A-dilation MRA wavelet.
2. The mapping [0, 1] — L*(R?) defined by 7 — v, is continuous.

These two statements will be proved in the next three lemmas.

Lemma 7.3 For each t € [0, 1], let ¢, and ; be functions as defined in (7.3) and
(7.4), respectively. Then ¢, is an A-dilation scaling function and \; is an A-dilation
MRA wavelet.

Proof The statement holds trivially for t = 0 and 1, so we only need to consider the
case 0 < ¢ < 1. From the definition of ¢, we have

¢:1(ATS) = m (), (s), seR? (1.5)

b (s) = i, se(l—1)Q. (7.6)
27
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So é)\, (s) satisfies conditions (ii) and (iii) of Lemma 2.3. We will prove that ¢, satisfies
condition (i) of Lemma 2.3 as well, which then implies that ¢, is a scaling function.

For Vs € Q, we have (A7) /s € (AT)"!Q V j > 1. So by the definition of m,(s),
we have m;((A7)"7/s) > 1 — ¢. Since A is expansive, for any fixed 0 < < 1, we can
choose kg sufficiently large such that (AT)_]‘SZ C (1 — )2 when k > kg. Hence, if
s € Q and k > ko, then (;ﬁ;((AT)_kS) = 1/2m by (7.6) and

- g .
¢,<s)=gj]:[lmt(<A’>—fs> Hm((A) “s) H m;((A")*s)

k=ko+1

ko ko
~ 1 1
- ¢>,(<A’r"0s>£[1 mi((A7) Fs) = — ]El mi (A7) 2 7 (1=
This implies that xqo(s) < 27, (s)/(1 — 1)¥0. Define

k
1 .
ek (S) = Em((A’)‘"s) : f[lmt«A’)—Js), k>1.
J=

Then

ATk -~
u,,k(s)_Mﬂ (A7) g = 2

(1—nk (1—pk’

For k > 2, we have

f e k(®) P ds
R

k
= 22 |, (@079 - [Timican) ) - e7inds

j=1

/ 1_[|m ((A )k ]S)|2 —lno((AT)kS)ds

~ 4n2

- / 1‘[|mt<<A yis)Pe o4 g
T

/ i (s)|? nlmt((A )i s)[2eme(A)S) g

Let R; and T; (1 < j <4) be the regions marked in Fig. 1(b) and let U; = R; U T;.
To compute the last integral in the above equality, we divide €2 into these smaller
regions. We have

/ it i (5) >~ ds
RZ
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k—1

2k . .
=12 f my ) [T Ime (AT 5)Pe oA 9)gs
47[2 Ure; Uy

j=l1

Z/ |m,(s)| 1_[|mt((A )js)|2 —mo((AT)ks)ds.

We have

k—1
/ @ [T e (A7) 5)Pe= A g

j=1

/ I Hlm (ATYs) 2o me(A) 9 gg
R

j=l1

/ Imy ()1 l_[lm,((A )i s)[2e=me((ATS) gg
j=l1
k—1

- / [T 1m: (A7) s)Pe oA ) gs,

T

where the second equality is obtained by substituting s with s — (;r, —)" in the
integral over T together with the equality that lm; (8)|2 + |my(s + (r, —m))|> = 1
for any s € R;. Similarly, for each j* =2, 3 and 4 we also have

k—1

f |mt(5)|2l_[|mt((A Ys)|%e —ino((A"*s) 7¢
U

J j=1
k—1 .
=/ [T me (AT s)2emetA 95

So

/ |k (9) [P~ ds
R2

2k k—1

=" AT )2 —ino((A™)¥ 9 ds
47.[2/; T,l_[|mr(( )s)|e

I<j/<4%j j=1

J (2, —ino((AT)s)
= 4x? /Af) IQl_[lrm((A )/s)|%e ds

/ Hlmf((A )is)[2e =AY 1S) g

4712
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- / a9 s,
R:

Repeating the above procedure then leads to
/ |2,k (5)>e ™ %dss
R2
= [ P s
R2
1 _ - —ino
:m/RZ'XQ((’”) ') - Imi ((AT)'s)Pe 7%

2 (AT
_ = \m; (S)|26_an(A S)ds
472 Q

2 —ino(A's) 1 f —i
=— e e ds=— | e '™%ds =b,9.
47T2 /(Ar)—IQ 47T2 Q n.0

So [lir.xl1? = 1. Clearly limg_ o0 1.4 (S) = b1 (S) for all s € R?. Thus ¢, € L*(R?) by

Fatou’s Lemma. Since u; x(s) is dominated by (1(/): Es))ko .

we get

lim / () PemeSds = / 161 (5)]2e ™5 ds = 5.0
k—o00 R2 R2

by Lebesgue’s dominated convergence theorem. This is equivalent to the condition
that D", 52 [ (s + 2m0))? = # a.e. By Lemma 2.3, ¢, is a scaling function for
some MRA. Consequently, ¥, is an A-dilation MRA wavelet. g

Lemma 7.4 1im;_;, ¢;(S) = ¢y, (5) a.e. for any 1o € [0, 1].

Proof By the definition of mt(s) the mapping 1~ my(s) is continuous with re-
spect to ¢ a.e. for s € RR2. Since qbl >0, llmj_>oo¢1((A )“is) = 1/271 a.e. For any
given ¢ > 0 and s € R2, there exists a positive integer nq such that ¢1 ((A") 's) >
1/2m —e/2 and (A7) ™"s C (A7)~'Q for any n > ny. It follows that m; (A7) ™"s) is

either 1 or (1 — 1) 4+ tm((A¥)™"s) for any ¢ € [0, 1]. In either case, m;((AT)™"s) >
m1((A")™"s). So the following inequality holds for any 7 € [0, 1]:

- - .
H(ADT"8) = — [ [m(an AN ™s)
j 1

- . ~
>~ H H(AT) T (AT) ") =1 ((AT) "s).

Since @(s/ ) < 1/27 for any s’ € R? by its definition, it follows that for any 1,
t» € [0, 1], we have

¢, ((AT) ") — ¢, (A7) "'s)| < £/2. (7.7)
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On the other hand, since ¢ m,(_(AT)_j s) is continuous for each j, we have that
the mapping ¢ — ]_['J"’:l m;((A")77/s) is continuous. Hence for each #y € [0, 1], there
exists § > 0 such that for |t —fy| < S and ¢ € [0, 1],

no no
[ A s) = [ [mu (A s)| <.
j=1 j=1

Now, we obtain

161 (5) — G1y (5)]

1 00 ) 1 00 ]
== [ [ma")s) = = [ [ miy((AT) s)
2 izl 2 il 0

no L)
=] [m: (A9 (AT)75) — [ [ sy (A7) T )by ((AT) ™)

j=1 j=1

no no
=] [m:((AD)8) - g (AT)08) — [ [ g (A7) T ), ((AT) ™)

j=1 j=1

no no
+ [ [ (A T 9)6, (AT 708) = [ [ may (A7) /)iy (AT)™"05)

j=1 j=1

1|2 ‘ ny ‘ R R
fﬂqlwwmﬁ”‘nmﬂmww>H@Wﬁﬂm—mﬂmr%n

j=1

8+€
<—+=-<e.
2 2

Therefore we have proved that lim;_, &)\, (s) = 5,; (). O
By the continuity of m;(s) and q’ﬁ\,, we now have lim;_, 4, @(s) = 17/70(5) a.e.
Lemma 7.5 For ty, 1 € [0, 1], lim, ., [, — ¥ |12 = 0.

Proof Since |1V | = W I> = 1, 1Yn — V> = (I — Yigo ¥ — Vi) =2 —
(W1, ¥y) = (Yg ¥ir). Thus it suffices to show that limy— 4, (7, ¥y) = 1.

Since ¥, € L*(R?), for any given & > 0, there exists a sufficiently large number
r > 0 such that (fls\>r |17f70(s)|2ds)% < &/4. By Holder Inequality, we then have

ﬁ U1 (S) — Yy (9)] - [ ¥y (8)|ds

1

ﬂ@@—%@(/ %ﬁWﬁY<w2

|s|>r
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since
17:(8) = Tr Ol < 18 ) + 1P, () | =2.
On the other hand, we have
19i(8) — Yy ()| < 1/
since
Wil <127 and [Y, ()] < 1/27

by (7.3), (7.4) and |m;| < 1. Thus by the dominated convergence theorem, we have

lim [ () — Yy (8)|ds = 0.

=10 Jis|<r

Therefore, there exists a number § > 0 such that fIS|<r |@(s) - @)(s)lds <me/2
whenever |t — fy| < §. Combining the above leads to

(W, W) — 1 = [ (W, W) — (Vg Vrg) | = ‘/Rz(@(s) — Uiy (8)) - Uy (5)ds

s/l |(@<s>—szzO(s))xZ;(s)|ds+/| |(1(8) — Yo () Vg (8) Il < .

So lim, ¢, |9 — ¥y |2 = 0. m

Since the inverse Fourier transform is continuous, we know that the mapping ¢
Yy is continuous. This completes the proof of Theorem 7.1.

Let us end this paper with the following discussion about the possibility of ex-
tending the results of this paper to higher dimensions. One apparent limitation of the
approach used here is that the proof depends heavily on the reduction of the number
of dilation matrices that need to be considered. It is difficult to find all the equivalent
classes of integrally similar dilation matrices for higher dimensions. Even if we have
found all these classes, there is no guarantee that the construction we used here will
still work since the situation can be much more complicated. Therefore, a general
approach that does not depends on the specific structure of a dilation matrix will be
more desirable.
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