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Abstract We provide explicit constructions of particularly convenient dual pairs of
Gabor frames. We prove that arbitrary polynomials restricted to sufficiently large
intervals will generate Gabor frames, at least for small modulation parameters. Un-
fortunately, no similar function can generate a dual Gabor frame, but we prove that
almost any such frame has a dual generated by a B-spline. Finally, for frames gener-
ated by any compactly supported function φ whose integer-translates form a partition
of unity, e.g., a B-spline, we construct a class of dual frame generators, formed by
linear combinations of translates of φ. This allows us to chose a dual generator with
special properties, for example, the one with shortest support, or a symmetric one in
case the frame itself is generated by a symmetric function. One of these dual genera-
tors has the property of being constant on the support of the frame generator.
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1 Introduction

The purpose of this paper is to provide simple and concrete constructions of pairs
of dual Gabor frames. As generators for the frame we will consider polynomials
restricted to compact intervals. Such a function can very well generate a Gabor frame;
however, we prove that none of its dual frame generators can have a similar form. We
provide sufficient conditions for other types of functions with compact support to
generate a dual frame, e.g., the Strang-Fix conditions. In particular, it turns out that
almost any Gabor frame generated by a compactly supported polynomial has a dual
frame generated by a B-spline.

Finally, for frames generated by any compactly supported function φ whose
integer-translates form a partition of unity, we construct a class of dual frame gen-
erators, formed by linear combinations of translates of φ. This allows us to chose a
dual generator with special properties, for example, the one with shortest support or
a symmetric one in case φ itself is symmetric. When applied to one of the B-spline
BN , defined by

B1 = χ[0,1], BN+1 = BN ∗ B1,

one of these duals has the property of being constant on the support of BN .
In the rest of this section we introduce some notation and state a few results from

the literature that will be used in the proofs.
For a, b ∈ R, consider the translation operator (Taf )(x) = f (x − a) and the mod-

ulation operator (Ebf )(x) = e2πibxf (x), both acting on L2(R). A Gabor frame is
a frame for L2(R) of the form {EmbTnag}m,n∈Z for some g ∈ L2(R) and a, b > 0;
recall that this means that there exist constants A,B > 0 such that

A‖f ‖2 ≤
∑

m,n∈Z

|〈f,EmbTnag〉|2 ≤ B‖f ‖2, ∀f ∈ L2(R). (1)

If at least the upper condition in (1) is satisfied, {EmbTnag}m,n∈Z is a Bessel sequence.
It is well known that if {EmbTnag}m,n∈Z is a Gabor frame, then there exists a

function h ∈ L2(R) such that {EmbTnah}m,n∈Z is a frame and

f =
∑

m,n∈Z

〈f,EmbTnah〉EmbTnag, ∀f ∈ L2(R). (2)

Any such function h is called a dual generator, and {EmbTnah}m,n∈Z is called a dual
frame of {EmbTnag}m,n∈Z. We will call (g,h) a pair of dual frame generators.

The starting point is the duality conditions for two Gabor systems; see [5] and [7].

Lemma 1.1 Two Bessel sequences {EmbTnag}m,n∈Z and {EmbTnah}m,n∈Z form dual
frames for L2(R) if and only if

∑

k∈Z

g(x − n/b − ka)h(x − ka) = bδn,0, a.e. x ∈ [0, a]. (3)
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It is well known that any Gabor system generated by a bounded and compactly
supported function forms a Bessel sequence. We will use the following elementary
fact (see, e.g. [2] or [4]):

Lemma 1.2 Let a, b > 0 be given. For g ∈ L2(R), consider the function

G(x) =
∑

k∈Z

|g(x − ka)|2.

Then the following hold:

(i) If {EmbTnag}m,n∈Z is a frame with bounds A,B , then

bA ≤ G(x) ≤ bB, a.e. x ∈ R;
(ii) If g is bounded and has support in an interval I with |I | < 1/b, then

{EmbTnag}m,n∈Z is a frame with lower bound A if and only if

bA ≤ G(x), a.e. x ∈ [0, a].

2 Gabor Frames Generated by Polynomials

Via a scaling, we can always restrict our attention to the case where the translation
parameter is a = 1. We obtain the following consequence of Lemma 1.1:

Lemma 2.1 Let g and h be real-valued, bounded, and compactly supported functions
in L2(R). Then, for b > 0 chosen small enough so that

suppTαg ∩ supph = ∅ for |α| ≥ 1/b,

the following two conditions are equivalent:

(i) {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z form dual frames for L2(R);
(ii)

∑

k∈Z

g(x − k)h(x − k) = b, a.e. x ∈ [0,1]. (4)

Our goal is to provide convenient constructions of a Gabor frame and a dual frame.
We first notice that the restriction of any polynomial to a sufficiently large interval
will generate a Gabor frame for small modulation parameters:

Proposition 2.2 Let N ∈ N, and consider any bounded interval I ⊂ R with |I | ≥ N .
Then any (nontrivial) polynomial

g(x) =
(

N−1∑

k=0

ckx
k

)
χI (x) (5)

generates a Gabor frame {EmbTng}m,n∈Z for b ∈]0, 1
|I | ].
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Proof Choose c ≥ 0 such that [c, c + N ] ⊆ I. For x ∈ [c, c + 1], and with ϕ(x) =∑N−1
k=0 ckx

k ,

G(x) =
∑

k∈Z

|g(x + k)|2 ≥
N−1∑

k=0

|g(x + k)|2 =
N−1∑

k=0

|ϕ(x + k)|2.

It is easy to check that the function
∑N−1

k=0 |ϕ(· + k)|2 is bounded below, so the con-
clusion follows from Lemma 1.2. �

Note that the condition on the relationship between the support size and the degree
of the polynomial is necessary in Proposition 2.2:

Example 2.3 Let

g(x) = (x − 1/2)(x − 3/2)χ[0,2](x) = (x2 − 2x + 3/4)χ[0,2](x).

Then

∑

k∈Z

|g(1/2 − k)|2 = 0,

so {EmbTng}m,n∈Z is not a Gabor frame for any b > 0.

In applications of frames, it is crucial that the frame generator and the dual frame
generator have a convenient form. The polynomials in (5) are very convenient, but
unfortunately no dual generator of a similar form exist:

Proposition 2.4 Let I and J be bounded intervals. Two compactly supported poly-
nomials

g(x) =
(

N∑

k=0

akx
k

)
χI (x)

and

h(x) =
(

M∑

k=0

bkx
k

)
χJ (x)

of degree ≥ 1 can not generate dual Gabor frames {EmbTng}m,n∈Z and
{EmbTnh}m,n∈Z for any b > 0.

Proof Assume that aN �= 0 and bM �= 0. If I ∩ J = ∅ it is clear from Lemma 1.1
that {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z do not form dual Gabor frames, so we will
assume that I ∩ J �= ∅. In that case I ∩ J contains an interval. It is easy to check
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that for x ∈ I ∩ J , the expression
∑

n∈Z
g(x + n)h(x + n) is a polynomial of degree

N + M . Thus, if (4) in Lemma 2.1 is satisfied, then necessarily N = M = 0. �

Remark A similar proof shows that even finite linear combinations of the type

g̃(x) =
∑

ckTkg, h̃(x) =
∑

dkTkh

with g and h as in Proposition 2.4 can not generate dual Gabor frames {EmbTng̃}m,n∈Z

and {EmbTnh̃}m,n∈Z.

We will now analyze how we can find compactly generated dual frames associated
to a Gabor frame generated by a compactly supported polynomial. In our first result,
we will search for a dual generator supported on the same interval as the frame gen-
erator itself. For k ∈ N, let Dkf denote the kth derivative of a function f : R → C.

Theorem 2.5 Let N ∈ N. Given a compact interval I ⊂ R, let

g(x) :=
(

N−1∑

k=0

ckx
k

)
χI (x).

Let h ∈ L2(R) be such that supph ⊆ I , and let b ∈]0, 1
|I | ]. Then the following are

equivalent:

(i) There exists β ∈ R such that g(x) and h̃(x) := βh(x) generate dual frames
{EmbTng}m,n∈Z and {EmbTnh̃}m,n∈Z;

(ii) The equations
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∑N−1
k=0 ck

Dkĥ(n)

(−2πi)k
= 0, n ∈ Z \ {0},

∑N−1
k=0 ck

Dkĥ(0)

(−2πi)k
�= 0,

(6)

hold.

Proof Let I := [a, a + |I |] and let N1 := �|I |�, where �·� denotes the ceiling func-
tion. If (i) holds, then by Lemma 2.1, for some β �= 0,

∞∑

k=−∞
g(x + k)βh(x + k) = b, x ∈ R;

due to the compact support of g, this is equivalent to

F(x) :=
N1−1∑

k=0

g(x + k)βh(x + k) = b, x ∈ [a, a + 1].
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Assuming that this condition is satisfied, it follows that

bδ0,n =
∫ a+1

a

F (x)e−2πinxdx

=
N1−1∑

k=0

∫ a+1

a

g(x + k)βh(x + k)e−2πinxdx

=
N1−1∑

k=0

∫ a+k+1

a+k

g(x)βh(x)e−2πinxdx

=
∫ a+N1

a

g(x)βh(x)e−2πinxdx

= β

∫ ∞

−∞
g(x)h(x)e−2πinxdx

= β

∫ ∞

−∞

N−1∑

k=0

ckx
kh(x)e−2πinxdx

= β

N−1∑

k=0

ck

Dkĥ(n)

(−2πi)k
,

where we used that

Dkĥ(n) = (−2πi)k
∫ ∞

−∞
xkh(x)e−2πinxdx

in the last equality (see [8, Theorem 9.2]). Therefore condition (6) is satisfied. On the
other hand, if (ii) holds, choose

β := b
∑N−1

k=0 ck
Dkĥ(0)

(−2πi)k

.

Then, reversing the above argument, g(x) and h̃(x) := βh(x) generate dual frames
{EmbTng}m,n∈Z and {EmbTnh̃}m,n∈Z for L2(R). �

With the aim of obtaining explicit constructions of pairs of dual frame generators
we will now restrict our attention to (potential) dual generators satisfying extra re-
quirements. Recall that a function h is said to satisfy the Strang-Fix conditions of
order N if

{
ĥ(0) �= 0;
Dkĥ(n) = 0, n ∈ N \ {0}, k = 0,1, . . . ,N − 1.

See [9] for more information about the role of that condition. We will now consider
a frame generator g of the type in Theorem 2.5, and search for a compactly sup-
ported dual generator h satisfying the Strang-Fix conditions. We split into two cases,
depending on the support of h:
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Theorem 2.6 Let N ∈ N. Given a compact interval I ⊂ R, let

g(x) :=
(

N−1∑

k=0

ckx
k

)
χI (x) (7)

be a nontrivial polynomial. Suppose that h ∈ L2(R) satisfies the Strang-Fix condi-
tions of order N . Let b ∈]0, 1

|I | ]. Then the following hold:

(a) If I = supph and

κ :=
N−1∑

k=0

ck

Dkĥ(0)

(−2πi)k
�= 0,

then g(x) and h̃(x) := b
κ
h(x) generate dual frames {EmbTng}m,n∈Z and

{EmbTnh̃}m,n∈Z.
(b) If supph is an interval with |supph| < |I |, then there always exist α,β ∈ R

such that g(x) and h̃(x) := βh(x − α) generate dual frames {EmbTng}m,n∈Z

and {EmbTnh̃}m,n∈Z.

Proof (a) follows from Theorem 2.5 and the Strang-Fix conditions.
For (b), let I := [a, a + |I |] for some a ∈ R. Let N1 := �|I |�. Choose an interval

J such that

α ∈ J ⇒ supph ⊂ I − α.

Letting g1(x) := ∑N−1
k=0 ckx

k, we can write g(x) = g1(x)χI (x). Note that g1 is a
polynomial of degree at most N − 1. Depending on the coefficients ck , the degree
might be smaller than N − 1; let us denote the exact degree by N0. For any choice of
α ∈ R, a Taylor expansion yields that

g1(x) =
N0∑

k=0

ckx
k =

N0∑

k=0

Dkg1(α)

k! (x − α)k.

By an argument similar to the one in the proof of Theorem 2.5, we have for α ∈ J ,

∫ a+1

a

N1−1∑

k=0

g(x + k)h(x + k − α)e−2πinxdx

=
∫ ∞

−∞
g1(x)h(x − α)e−2πinxdx

=
∫ ∞

−∞

N0∑

k=0

Dkg1(α)

k! (x − α)kh(x − α)e−2πinxdx

= e−2πinα

N0∑

k=0

Dkg1(α)

k!
∫ ∞

−∞
xkh(x)e−2πinxdx
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= e−2πinα

N0∑

k=0

Dkg1(α)

k!
Dkĥ(n)

(−2πi)k

=
(

N0∑

k=0

Dkg1(α)

k!
Dkĥ(0)

(−2πi)k

)
δ0,n, (8)

where we used the Strang-Fix conditions in the last equality. Define a polynomial H

by

H(x) :=
N0∑

k=0

Dkg1(x)

k!
Dkĥ(0)

(−2πi)k
. (9)

Note that the term corresponding to k = 0 in (9) is ĥ(0)g1(x). By assumption, ĥ(0) �=
0, so this term is a polynomial of degree N0. For all other values of k, the degree

of the term Dkg1(x)
k!

Dkĥ(0)

(−2πi)k
in (9) is smaller than N0; thus, the exact degree of the

polynomial H is N0. Take α0 ∈ J such that H(α0) �= 0, then, the above calculation
shows that the nth Fourier coefficient for the function

N1−1∑

k=0

g(x + k)h(x + k − α0), x ∈ [a, a + 1],

is H(α0)δn,0. Taking β := b
H(α0)

and using the knowledge of the support of g, we
arrive at

∑

k∈Z

g(x + k)βh(x + k − α0) = b.

Hence g(x) and h̃(x) := βh(x − α0) generate dual frames {EmbTng}m,n∈Z and
{EmbTnh̃}m,n∈Z for L2(R). �

Note that the proof of Theorem 2.6 shows how to choose suitable values for α and
β in (b).

Theorem 2.6 implies the rather surprising fact that functions of the type in (7)
usually have B-splines as dual generators:

Corollary 2.7 Let N ∈ N. Given a compact interval I ⊂ R, let

g(x) :=
(

N−1∑

k=0

ckx
k

)
χI (x)

be a nontrivial polynomial. Then the following hold:

(a) Assume that I = [0,N]. If b ≤ 1/N and

κ :=
N−1∑

k=0

ck

DkB̂N(0)

(−2πi)k
�= 0, (10)
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then g(x) and h(x) := b
κ
BN(x) generate dual frames {EmbTng}m,n∈Z and

{EmbTnh}m,n∈Z.
(b) If I � [0,N ] and b ∈]0, 1

|I | ], then there exist α,β ∈ R such that g(x) and h(x) :=
βBN(x − α) generate dual frames {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z.

For the proof, we just need to notice that the B-spline BN satisfies the Strang-Fix
condition of order N , see, e.g., [3, p. 101].

We will now give some concrete applications of Corollary 2.7. We first give an
example of a frame generated by a compactly supported polynomial, which does not
satisfy the condition (10). However, extending the support and using Corollary 2.7(ii)
we are able to obtain a pair of dual frame generators:

Example 2.8 Let

g(x) = (x − 1)χI (x) :=
(

1∑

k=0

ckx
k

)
χI (x).

First, let I = [0,2]. A direct calculation shows that B̂2(0) = 1 and DB̂2(0) = −2πi.

Thus we have

κ =
1∑

k=0

ck

DkB̂2(0)

(−2πi)k
= 0.

An immediate direct computation shows that

∑

k∈Z

g(x − k)B2(x − k) = 0.

Hence, by Lemma 2.1 the B-spline B2 is not a dual generator of g for any b > 0.
Now, let I = [−1,3] and let g1(x) = x − 1. As in (9), define

H(x) :=
1∑

k=0

Dkg1(x)

k!
DkB̂2(0)

(−2πi)k
= (x − 1) + 1 = x.

Choose α0 ∈ [−1,1] \ {0}. Then we have suppB2 ⊂ I − α0 and H(α0) �= 0. Let
β = b/α0. By Theorem 2.6(b), βB2(x − α0) is a dual generator of g for any choice
of b ∈]0, 1

|I | ].

Example 2.9 Let

g(x) := x2(5 − x)2χ[0,5](x) =
(

25x2 − 10x3 + x4
)

χ[0,5](x)

=:
(

4∑

k=0

ckx
k

)
χ[0,5](x).
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Fig. 1 Plots of the generators for b = 1/5 in Example 2.9: (a) g; (b) h

For the B-spline B5, we have

DkB̂5(0)/(−2πi)k =
⎧
⎨

⎩

20/3, k = 2;
75/4, k = 3;
331/6, k = 4.

Thus κ := ∑4
k=0 ck

DkB̂5(0)

(−2πi)k
= 103/3 �= 0. Hence h(x) := b

κ
B5 is a dual generator of

g(x) for any choice of b ≤ 1/5 by Corollary 2.7(a). See Fig. 1. Note that the frame
generator g and the dual generator are symmetric.

Example 2.10 Let

g(x) := x3(6 − x)2χ[0,6](x) =
(

36x3 − 12x4 + x5
)

χ[0,6](x)

=:
(

5∑

k=0

ckx
k

)
χ[0,6](x).

For the B-spline B6, we have

DkB̂6(0)/(−2πi)k =
⎧
⎨

⎩

63/2, k = 3;
1087/10, k = 4;
777/2, k = 5.

Thus κ := ∑5
k=0 ck

DkB̂6(0)

(−2πi)k
= 2181/10 �= 0. Hence h(x) := b

κ
B6 is a dual generator

of g(x) for any choice of b ≤ 1/6 by Corollary 2.7(a). See Fig. 2. Note that the dual
frame generator is symmetric, but not the frame generator itself.
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Fig. 2 Plots of the generators for b = 1/6 in Example 2.10: (a) g; (b) h

We notice that the results can be applied to other types of refinable functions than
the B-splines:

Corollary 2.11 Let N ∈ N. Given a compact interval I ⊂ R, let

g(x) :=
(

N−1∑

k=0

ckx
k

)
χI (x).

Suppose that m0 is a trigonometric polynomial that can be factorized as

m0(γ ) =
(

1 + e−2πiγ

2

)N

F(γ ),

where F is a trigonometric polynomial with F(0) = 1, and that ϕ ∈ L2(R) is the
refinable function associated with m0, that is,

ϕ̂(2γ ) = m0(γ )ϕ̂(γ ).

Then the following hold:

(a) Assume that I = suppϕ. If b ≤ 1
|I | and

κ :=
N−1∑

k=0

ck

Dkϕ̂(0)

(−2πi)k
�= 0,

then g(x) and h(x) := b
κ
ϕ(x) generate dual frames {EmbTng}m,n∈Z and

{EmbTnh}m,n∈Z.
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(b) If I � suppϕ and b ∈]0, 1
|I | ], then there exist α,β ∈ R such that g(x) and

h(x) := βϕ(x − α) generate dual frames {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z.

Proof It is known that ϕ satisfies the Strang-Fix conditions of order N , see [6, The-
orem 1.32]. Hence (a) and (b) follow from Theorem 2.6. �

3 Gabor Frames Generated by B-Splines

The principles discussed so far can be used to search for simple dual generators for
many other types of frame generators. For frames generated by a function g whose
integer-translates form a partition of unity, we can provide an explicit description of
a class of dual frame generators, all of which are formed by linear combinations of
translates of the given function g:

Theorem 3.1 Let N ∈ N. Let g ∈ L2(R) be a real-valued bounded function with
suppg ⊂ [0,N ], for which

∑

n∈Z

g(x − n) = 1.

Let b ∈]0, 1
2N−1 ]. Consider any scalar sequence {an}N−1

n=−N+1 for which

a0 = b and an + a−n = 2b, n = 1,2, . . . ,N − 1, (11)

and define h ∈ L2(R) by

h(x) =
N−1∑

n=−N+1

ang(x + n). (12)

Then g and h generate dual frames {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z for L2(R).

Proof Note that with the definition (12), we have

supph ⊂ [−N + 1,2N − 1],

thus Lemma 2.1 applies if b ∈]0, 1
2N−1 ]. Thus we only need to check that

b =
∑

k∈Z

g(x + k)h(x + k), x ∈ [0,1];

due to the compact support of g, this is equivalent to

b =
N−1∑

k=0

g(x + k)h(x + k), x ∈ [0,1]. (13)
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To check that (13) holds, let

gn(x) :=
N−1∑

k=0

g(x + k)g(x + k + n).

Note that for x ∈ [0,1] and n = 1,2, . . . ,N − 1,

g−n(x) =
N−1∑

k=0

g(x + k)g(x + k − n)

=
N−1∑

k=n

g(x + k)g(x + k − n)

=
N−1−n∑

�=0

g(x + � + n)g(x + �)

=
N−1∑

�=0

g(x + �)g(x + � + n)

= gn(x).

Putting this and (12) into the right-hand side of (13), we have that for x ∈ [0,1],
N−1∑

k=0

g(x + k)h(x + k) =
N−1∑

k=0

g(x + k)

N−1∑

n=−N+1

ang(x + k + n)

=
N−1∑

n=−N+1

an

N−1∑

k=0

g(x + k)g(x + k + n)

=
N−1∑

n=−N+1

angn(x)

= a0g0(x) +
N−1∑

n=1

(an + a−n)gn(x)

= b

[
g0(x) + 2

N−1∑

n=1

gn(x)

]
. (14)

On the other hand, for x ∈ [0,1] the partition of unity property implies that

N−1∑

n=−N+1

gn(x) =
N−1∑

n=−N+1

N−1∑

k=0

g(x + k)g(x + k + n)

=
N−1∑

k=0

g(x + k)

N−1∑

n=−N+1

g(x + k + n)
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=
N−1∑

k=0

g(x + k)

= 1.

Since g−n(x) = gn(x) for x ∈ [0,1] and n = 1,2, . . . ,N − 1, it follows that

g0(x) + 2
N−1∑

n=1

gn(x) = 1 for x ∈ [0,1].

This together with (14) implies that

N−1∑

k=0

g(x + k)h(x + k) = b for x ∈ [0,1].

This completes the proof. �

A special choice of the coefficients an in (11) leads to a dual generator with very
nice properties:

Corollary 3.2 Under the assumptions in Theorem 3.1, the function

h(x) = b

N−1∑

n=−N+1

g(x + n) (15)

generates a dual frame of {EmbTng}m,n∈Z. The function h satisfies that h = b on the
support of g. Furthermore, if g is symmetric, then h is symmetric.

Proof The function in (15) appears by the choice an = b in (11). For x ∈ [0,N ],
the partition of unity property together with the compact support of g implies that
h(x) = b. It is clear that h is symmetric in case g is symmetric. �

Another choice of the coefficients an leads to a dual generator considered already
in [1]. Among the dual frame generators in Theorem 3.1, it has the shortest support:

Corollary 3.3 Under the assumptions in Theorem 3.1, the function

h(x) = 2bg(x) + b

N−1∑

n=1

g(x + n)

generates a dual frame of {EmbTng}m,n∈Z.

Example 3.4 For the B-spline

B2(x) =
⎧
⎨

⎩

x, x ∈ [0,1[,
2 − x, x ∈ [1,2[,
0, x /∈ [0,2[,
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Fig. 3 (a) The B-spline B2 and the dual generator h2 in (16). (b) The B-spline B3 and the dual generator
h3 in (17)

we can use Theorem 3.1 for b ∈]0,1/3]. For b = 1/3 we obtain the symmetric dual

h2(x) =

⎧
⎪⎪⎨

⎪⎪⎩

1/3x + 1/3, x ∈ [−1,0[,
1/3, x ∈ [0,2[,
1 − 1/3x, x ∈ [2,3[,
0, x /∈ [−1,3[.

(16)

See Fig. 3(a). For the B-spline

B3(x) =

⎧
⎪⎪⎨

⎪⎪⎩

1/2 x2, x ∈ [0,1[,
−3/2 + 3x − x2, x ∈ [1,2[,
9/2 − 3x + 1/2 x2, x ∈ [2,3[,
0, x /∈ [0,3[,

and b = 1/5, we obtain the symmetric dual

h3(x) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1/10 x2 + 2/5 x + 2/5, x ∈ [−2,−1[,
−1/10 x2 + 1/5, x ∈ [−1,0[,
1/5, x ∈ [0,3[,
−1/10 x2 + 3/5 x − 7/10, x ∈ [3,4[,
1/10 x2 − x + 5/2, x ∈ [4,5[,
0, x /∈ [0,5[.

(17)

See Fig. 3(b).

Acknowledgements The authors thank Hong Oh Kim and the reviewers for suggestions improving the
presentation. The second author thanks the Department of Mathematics at the Technical University of
Denmark for hospitality and support during a visit in 2007.



16 J Fourier Anal Appl (2010) 16: 1–16

References

1. Christensen, O.: Pairs of dual Gabor frames with compact support and desired frequency localization.
Appl. Comput. Harmon. Anal. 20, 403–410 (2006)

2. Christensen, O.: Frames and Bases. An Introductory Course. Birkhäuser, Basel (2007)
3. Chui, C.K.: An Introduction to Wavelets. Academic Press, Boston (1992)
4. Heil, C., Walnut, D.: Continuous and discrete wavelet transforms. SIAM Rev. 31, 628–666 (1989)
5. Janssen, A.J.E.M.: The duality condition for Weyl-Heisenberg frames. In: Feichtinger, H.G., Strohmer,

T. (eds.) Gabor Analysis: Theory and Applications. Birkhäuser, Boston (1998)
6. Keinert, F.: Wavelets and Multiwavelets. Chapman & Hall/CRC, Boca Raton (2004)
7. Ron, A., Shen, Z.: Frames and stable bases for shift-invariant subspaces of L2(Rd ). Can. J. Math.

47(5), 1051–1094 (1995)
8. Rudin, W.: Real and Complex Analysis, 3rd edn. McGraw-Hill, New York (1986)
9. Strang, G., Nguyen, T.: Wavelets and Filter Banks. Cambridge Press, Wellesley (1997)


	On Dual Gabor Frame Pairs Generated by Polynomials
	Abstract
	Introduction
	Gabor Frames Generated by Polynomials
	Gabor Frames Generated by B-Splines
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


