J Fourier Anal Appl (2010) 16: 1-16
DOI 10.1007/s00041-009-9074-0

On Dual Gabor Frame Pairs Generated by Polynomials

Ole Christensen - Rae Young Kim

Received: 8 January 2008 / Revised: 14 October 2008 / Published online: 27 March 2009
© Birkhduser Boston 2009

Abstract We provide explicit constructions of particularly convenient dual pairs of
Gabor frames. We prove that arbitrary polynomials restricted to sufficiently large
intervals will generate Gabor frames, at least for small modulation parameters. Un-
fortunately, no similar function can generate a dual Gabor frame, but we prove that
almost any such frame has a dual generated by a B-spline. Finally, for frames gener-
ated by any compactly supported function ¢ whose integer-translates form a partition
of unity, e.g., a B-spline, we construct a class of dual frame generators, formed by
linear combinations of translates of ¢. This allows us to chose a dual generator with
special properties, for example, the one with shortest support, or a symmetric one in
case the frame itself is generated by a symmetric function. One of these dual genera-
tors has the property of being constant on the support of the frame generator.
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1 Introduction

The purpose of this paper is to provide simple and concrete constructions of pairs
of dual Gabor frames. As generators for the frame we will consider polynomials
restricted to compact intervals. Such a function can very well generate a Gabor frame;
however, we prove that none of its dual frame generators can have a similar form. We
provide sufficient conditions for other types of functions with compact support to
generate a dual frame, e.g., the Strang-Fix conditions. In particular, it turns out that
almost any Gabor frame generated by a compactly supported polynomial has a dual
frame generated by a B-spline.

Finally, for frames generated by any compactly supported function ¢ whose
integer-translates form a partition of unity, we construct a class of dual frame gen-
erators, formed by linear combinations of translates of ¢. This allows us to chose a
dual generator with special properties, for example, the one with shortest support or
a symmetric one in case ¢ itself is symmetric. When applied to one of the B-spline
By, defined by

Bi = xpo,11, Byn+1 = By * B,

one of these duals has the property of being constant on the support of By .

In the rest of this section we introduce some notation and state a few results from
the literature that will be used in the proofs.

For a, b € R, consider the translation operator (7, f)(x) = f(x —a) and the mod-
ulation operator (Ep f)(x) = e27hX £ (x), both acting on L*(R). A Gabor frame is
a frame for L%(R) of the form {EmbTha8)m.nez for some g € L?*(R) and a, b > 0;
recall that this means that there exist constants A, B > 0 such that

AIFIP < D7 W EmTuag)? < BIFIP, Yf € L*(R). (1

m,ne’

If at least the upper condition in (1) is satisfied, { £, Tyq & }m.nez 1s a Bessel sequence.
It is well known that if {E;,pTha8}m.nez is a Gabor frame, then there exists a
function 4 € LZ(R) such that {E;;p Thah}m nez 1s a frame and

f= (f EmTuah) EmpTuag. Vf € L*(R). )

m,ner

Any such function # is called a dual generator, and {Ey,p Tah}m nez is called a dual
SJrame of {EpTya8Ym.nez. We will call (g, h) a pair of dual frame generators.
The starting point is the duality conditions for two Gabor systems; see [5] and [7].

Lemma 1.1 Two Bessel sequences {EppTya8}m.nez, and {Ep Tnah}m nez form dual
frames for L*(R) if and only if

> glx —n/b—ka)h(x —ka) =b8,0, a.e.x€[0,al. (3)
keZ
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It is well known that any Gabor system generated by a bounded and compactly
supported function forms a Bessel sequence. We will use the following elementary
fact (see, e.g. [2] or [4]):

Lemma 1.2 Let a, b > 0 be given. For g € L*(R), consider the function

Gx)=Y_ |glx —ka)*.

keZ
Then the following hold.
W) IFAEnbTha8lm.nez is a frame with bounds A, B, then

bA<G(x)<bB, a.e.xekR;

(i) If g is bounded and has support in an interval I with |I| < 1/b, then
{EmbTra8}m nez is a frame with lower bound A if and only if

bA<G(x), a.e.xe€[0,a].

2 Gabor Frames Generated by Polynomials

Via a scaling, we can always restrict our attention to the case where the translation
parameter is a = 1. We obtain the following consequence of Lemma 1.1:

Lemma 2.1 Let g and h be real-valued, bounded, and compactly supported functions
in L>(R). Then, for b > 0 chosen small enough so that

suppTog Nsupph =0  for |a| > 1/b,

the following two conditions are equivalent:

() {EmbTng)mnez and {EppTyh}m nez form dual frames for L*(R);
(ii)

> gtx—kh(x —k)=b, a.e.x€[0,1]. 4)
keZ

Our goal is to provide convenient constructions of a Gabor frame and a dual frame.
We first notice that the restriction of any polynomial to a sufficiently large interval
will generate a Gabor frame for small modulation parameters:

Proposition 2.2 Let N € N, and consider any bounded interval I C R with |I| > N.
Then any (nontrivial) polynomial

N—1
gx) = (Z ckxk> X1(x) )
k=0

generates a Gabor frame {EypTn8}m nez for b €10, ﬁ].
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Proof Choose ¢ > 0 such that [¢,c + N] € I. For x € [c, c + 1], and with ¢(x) =

o cxt,
N-—1 N-—1
G)=) lg+hIP =) g+ =" lpkx+k).
keZ k=0 k=0

It is easy to check that the function Z,ICVZ_OI l¢(- + k)|? is bounded below, so the con-
clusion follows from Lemma 1.2. O

Note that the condition on the relationship between the support size and the degree
of the polynomial is necessary in Proposition 2.2:

Example 2.3 Let
g(x) = (x — 1/2)(x — 3/2) x0.21(x) = (x> — 2x + 3/4) x10,21 (x).
Then

> 18(1/2=k)> =0,

keZ

$0 {Emp T, 8}m.nez 1s not a Gabor frame for any b > 0.

In applications of frames, it is crucial that the frame generator and the dual frame
generator have a convenient form. The polynomials in (5) are very convenient, but
unfortunately no dual generator of a similar form exist:

Proposition 2.4 Let I and J be bounded intervals. Two compactly supported poly-
nomials

N
gx) = (Z akxk> X1 (x)
k=0

and

M
h(x) = (Z ka") X7 (x)
k=0

of degree >1 can not generate dual Gabor frames {EnpT,8}mnez and
{Emb’[;1h}m,n€Zf0r any b > 0.

Proof Assume that ay # 0 and by # 0. If I N J =@ it is clear from Lemma 1.1

that {E,p 71,8 }m nez and {Epp T h}m nez do not form dual Gabor frames, so we will
assume that 7 N J # (. In that case I N J contains an interval. It is easy to check
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that for x € I N J, the expression ) _, ., g(x +n)h(x + n) is a polynomial of degree
N + M. Thus, if (4) in Lemma 2.1 is satisfied, then necessarily N = M =0. O

Remark A similar proof shows that even finite linear combinations of the type

g0 =) alig, hx)=) dTih

with g and h~as in Proposition 2.4 can not generate dual Gabor frames {E,,5 1,8} m nez
and {E Tnh}m,neZ-

We will now analyze how we can find compactly generated dual frames associated
to a Gabor frame generated by a compactly supported polynomial. In our first result,
we will search for a dual generator supported on the same interval as the frame gen-
erator itself. For k € N, let D* f denote the kth derivative of a function f : R — C.

Theorem 2.5 Let N € N. Given a compact interval I C R, let

N—-1
g(x) = (Z Ckxk> X1 (x).
k=0

Let h € L>(R) be such that supph C I, and let b €10, ﬁ]. Then the following are
equivalent:

(i) There exists B € R such thcit g(x) and fl(x) := Bh(x) generate dual frames
{Emang}m,neZ and {Emanh}m,nez;

(ii) The equations

DFh(n)

(=2mi)k

D¥h(0)
(=27 )"7'é

Zko Ck =0, neZ\{0},

(6)
Zk =0 Ck

hold.
Proof Let I :=[a,a + |I|] and let Ny := [|I|], where [-] denotes the ceiling func-
tion. If (i) holds, then by Lemma 2.1, for some § # 0,

[e.e]

3 g+ kph(x+k)=b, xeR;

k=—o00
due to the compact support of g, this is equivalent to

Ni—1

F(x):= Y glx+kphx+k)=b, xela.a+]1].
k=0

BIRKHAUSER



6 J Fourier Anal Appl (2010) 16: 1-16

Assuming that this condition is satisfied, it follows that

a+1 )
bSo., = / F(x)e 2% gy
a

Ni—1

Z / g(x + k)Bh(x + k)e M dx

Nl— a+k+1 _
=y / g(x)Bh(x)e " dx
k=0 a+k

a+N; X
=/ g(xX)Bh(x)e " dx

= ﬂ/oo g()h(x)e M dx

0o N—1

= ﬂ/ Z crxh(x)e 7 i dx
k=0
N—1

Z kh(”)
k 9
o i)
where we used that
A OO .
DFi(n) = (—Zni)k/ xFh(x)e 2T gx
—0Q

in the last equality (see [8, Theorem 9.2]). Therefore condition (6) is satisfied. On the
other hand, if (ii) holds, choose

pi=

N—1 _ Dkh(0) *
k=0 k2t

Then, reversing the above argument, g(x) and ﬁ(x) := Bh(x) generate dual frames
{Emang}m,nEZ and {Emanh}m,nGZ for LZ(R)~ O

With the aim of obtaining explicit constructions of pairs of dual frame generators
we will now restrict our attention to (potential) dual generators satisfying extra re-
quirements. Recall that a function % is said to satisfy the Strang-Fix conditions of
order N if

{Mm#m
D¥h(n)=0, neN\{0}, k=0,1,...,N — 1.

See [9] for more information about the role of that condition. We will now consider
a frame generator g of the type in Theorem 2.5, and search for a compactly sup-
ported dual generator £ satisfying the Strang-Fix conditions. We split into two cases,
depending on the support of A:
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Theorem 2.6 Let N € N. Given a compact interval I C R, let

N—-1
gx) = (Z Ckxk) xr(x) @)

k=0

be a nontrivial polynomial. Suppose that h € L*>(R) satisfies the Strang-Fix condi-
tions of order N . Let b €0, |17|]. Then the following hold:
(a) If I =supph and
N-1
K = Ck—————1
k=0

D¥h(0)
(=2mi)k 70,

then g(x) and h(x) Q h(x) generate dual frames {EnmpTn8}m.necz and

{EmbT h}m,neZ-

(b) If supph is an interval with |supph| < |I|, then there always exist «, € R
such that g(zc) and h(x) := Bh(x — «) generate dual frames {E;npTn8}m.nez
and {Emanh}m,nEZ-

Proof (a) follows from Theorem 2.5 and the Strang-Fix conditions.
For (b), let I :=[a,a + |I|] for some a € R. Let N1 := [|I|]. Choose an interval
J such that

aeJ=supphCl—a.

Letting g1(x) := Z/i\:ol crx®, we can write g(x) = g1(x)xs(x). Note that g1 is a
polynomial of degree at most N — 1. Depending on the coefficients cy, the degree
might be smaller than N — 1; let us denote the exact degree by Ny. For any choice of
o € R, a Taylor expansion yields that

DF
g1(x)—ZCkx —Z 8

By an argument similar to the one in the proof of Theorem 2.5, we have for o € J,

a+1M—1
/ Z g +k)h(x +k —a)e T dx
= / 1) h(x —a)e ¥ gx

Dk .
f gl(a)( —a)kh(x _Ol)e—Zmnxdx
k=0

— 672nina Z Dkgl(a) / kh( )ef2mnxdx

k=0
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N ~
_ - 2rina Z D¥gi(@) D*hin)

Kkl (=2mi)k

k=0

No ok k7
. D*gi(a) D*h(0)
- (Z Kl (—2ni)k>8°’”’ ®

k=0

where we used the Strang-Fix conditions in the last equality. Define a polynomial H
by

No -k kj
D"g1(x) D"h(0)
Hoo = kZ_O K (—2mif ©

Note that the term corresponding to k = 0 in (9) is fz(O) g1(x). By assumption, fl(O) #+
0, so this term is a polynomial of degree Ny. For all other values of k, the degree
of the term W% in (9) is smaller than Np; thus, the exact degree of the

polynomial H is Ny. Take g € J such that H(«g) # 0, then, the above calculation
shows that the nth Fourier coefficient for the function

Ni—1

Z gx+kh(x+k—oay), x€la,a+1],

k=0

is H(a0)d,,0. Taking B :=
arrive at

% and using the knowledge of the support of g, we

Zg(x +k)Bh(x +k —ap) =b.
keZ
Hence g(x) and h(x) := Bh(x — ap) generate dual frames {EnpT,8}m.nez and

{EmpTyhym nez for L2(R). O

Note that the proof of Theorem 2.6 shows how to choose suitable values for & and
B in (b).

Theorem 2.6 implies the rather surprising fact that functions of the type in (7)
usually have B-splines as dual generators:

Corollary 2.7 Let N € N. Given a compact interval I C R, let

N—-1
g(x) = (Z cm") x1(x)

k=0
be a nontrivial polynomial. Then the following hold:
(a) Assume that I =[0, N].Ifb <1/N and
N-1

_ D*By (0)
K.—];)Ckm 750, (10)
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then g(x) and h(x) := %BN(x) generate dual frames {E,pTn8}m nez and
{Emanh}m,n€Z~

() If1 2[0,N]andb €]0, ﬁ], then there exist a, B € R such that g(x) and h(x) :=
BBN(x — ) generate dual frames {EmpTng}m nez and {EmpToh}m nez.-

For the proof, we just need to notice that the B-spline By satisfies the Strang-Fix
condition of order N, see, e.g., [3, p. 101].

We will now give some concrete applications of Corollary 2.7. We first give an
example of a frame generated by a compactly supported polynomial, which does not
satisfy the condition (10). However, extending the support and using Corollary 2.7(ii)
we are able to obtain a pair of dual frame generators:

Example 2.8 Let

1
g =(x = Dy (x) = (chxk> X1 (x).

k=0

First, let I = [0, 2]. A direct calculation shows that B;(0) = 1 and DB, (0) = —27i.
Thus we have

An immediate direct computation shows that

Zg(x —k)By(x —k) =0.

keZ

Hence, by Lemma 2.1 the B-spline B; is not a dual generator of g for any b > 0.
Now, let I =[—1,3] and let g1(x) =x — 1. As in (9), define

1 k kB
HE =y 21w DB O)

k! (=2mi)k

=x-D+1=x.
k=0

Choose o € [—1, 1] \ {0}. Then we have supp By C I — ap and H(xg) # 0. Let
B =b/ag. By Theorem 2.6(b), BB>(x — «g) is a dual generator of g for any choice
of b €10, 77l.

Example 2.9 Let

g(x) 1= x2(5 — )2 (0.5 (x) = (25x2 — 1063 + x4> X10.51(0)

4
= (Z ckxk) X[O,S](x)~
k=0
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Fig. 1 Plots of the generators for b = 1/5 in Example 2.9: (a) g; (b)

For the B-spline Bs, we have

. 20/3, k=2
D*Bs0)/(—2xi)k =1 75/4, k=3;
331/6, k=4.

=
Thus « := Zi:o ck?_f—;g)k) =103/3 # 0. Hence h(x) := §B5 is a dual generator of

g(x) for any choice of b < 1/5 by Corollary 2.7(a). See Fig. 1. Note that the frame
generator g and the dual generator are symmetric.

Example 2.10 Let

g(x) == x (6 — )% x10.6/(x) = (36363 —12x* + x5> X[0,61(x)

5
= (Z ckxk) X[0,6] (x).
k=0

For the B-spline Bg, we have

R 63/2, k=3;
D*Bs(0)/(—27i)* = { 1087/10, k=4;
777/2,  k=5.

Thus « := Zi:o Ck D_kf;g)z =2181/10 # 0. Hence h(x) := %B6 is a dual generator

of g(x) for any choice of b < 1/6 by Corollary 2.7(a). See Fig. 2. Note that the dual
frame generator is symmetric, but not the frame generator itself.

BIRKHAUSER



J Fourier Anal Appl (2010) 16: 1-16 11

2501 0.0004+
2007 0.0003]
150 ]

1 0.0002
100 ]

] 0.0001 1
50: 7

0 2 6 0 2 4 6

X X
(a) (b)

Fig. 2 Plots of the generators for » = 1/6 in Example 2.10: (a) g; (b) 1

We notice that the results can be applied to other types of refinable functions than
the B-splines:

Corollary 2.11 Let N € N. Given a compact interval I C R, let

N—1
g(x) = (Z Ckxk> X1 (x).

k=0
Suppose that my is a trigonometric polynomial that can be factorized as

N

1 —2miy
mo(y) = (%) F(y).

where F is a trigonometric polynomial with F(0) = 1, and that ¢ € L*(R) is the
refinable function associated with my, that is,

$Q2y) =mo(y)@(y).
Then the following hold:

(a) Assume that [ =suppe.Ifb < |17| and

N—1 koA
D"¢(0)
=Y G 0,
o k:OC"(—zm')k7é

then g(x) and h(x) = %(p(x) generate dual frames {EupT,8}mnez and
{Emanh}m,nEZ'
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(b) If I 2 suppe and b €]0, ﬁ], then there exist a, 8 € R such that g(x) and

h(x) := Bo(x — a) generate dual frames {EupTn8}m nez and {EmpTnh}m nez.

Proof It is known that ¢ satisfies the Strang-Fix conditions of order N, see [6, The-
orem 1.32]. Hence (a) and (b) follow from Theorem 2.6. Il

3 Gabor Frames Generated by B-Splines

The principles discussed so far can be used to search for simple dual generators for
many other types of frame generators. For frames generated by a function g whose
integer-translates form a partition of unity, we can provide an explicit description of
a class of dual frame generators, all of which are formed by linear combinations of
translates of the given function g:

Theorem 3.1 Let N € N. Let g € L>(R) be a real-valued bounded function with
supp g C [0, N1, for which
Yo gx—m=1.

nez

Let b €]0, Tl—l]' Consider any scalar sequence {an},]:/;_l]\,_H for which

a=b and a,+a_,=2b, n=1,2,...,N—1, (11

and define h € L*>(R) by

N-1

h)y= Y angle+n). (12)

n=—N+1

Then g and h generate dual frames {E ., Ty 8Ym.nez and {EppTph}m nez for L%(R).

Proof Note that with the definition (12), we have
supph C[-N +1,2N — 1],

thus Lemma 2.1 applies if b € ]0, ﬁ]. Thus we only need to check that
b= Zg(x +k)h(x +k), xel0,1];
keZ
due to the compact support of g, this is equivalent to

N—1
b= gx+kh(x+k), xel01]. (13)
k=0
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To check that (13) holds, let

N-1
gn(x) =) g(x+k)gx+k+n).
k=0
Note that forx € [0, 1]andn=1,2,..., N — 1,

N-1
g-n(@¥) =) g+ kgl +k—n)
k=0
N—-1
= Zg(x+k)g(x+k—n)
k=n
N—1-n
= ) g+ l+mglx+0
£=0
N-1
= Zg(x+£)g(x+€+n)
£=0
= gn(x).

Putting this and (12) into the right-hand side of (13), we have that for x € [0, 1],

N—-1 N—-1 N-—1
g(x+k)h(x+k)=2g(x+k) Z ang(x +k +n)
k=0 k=0 n=—N+1
N-—1 N-—1

D ) g+ kgl tk+n)
n=—N+1 k=0
N—1
= ) angnx)
n=—N+1
N-1
a0g0(x) + ) (@n +a—)gn(x)

n=1

N-1
=b [80(}6) +2) gn<x>] : (14)
n=1
On the other hand, for x € [0, 1] the partition of unity property implies that
N-1 N-1 N-1
Yo oaw= )Y D eb+hgx+k+n)
n=—N+1 n=—N+1 k=0
N-1 N-1
=Y gx+k) Y glx+k+n)
k=0 n=—N+1

BIRKHAUSER



14 J Fourier Anal Appl (2010) 16: 1-16

z
L

g(x +k)

Il
—_
I

Since g_,(x) =gn(x) forx €[0,1]andn =1,2,..., N — 1, it follows that

N—1
g0(X)+2 ) ga(x)=1 forxel0,1].

n=1
This together with (14) implies that

N-—1
Y g+ kh(x+k)=b forxel0,1].
k=0

This completes the proof. g
A special choice of the coefficients a, in (11) leads to a dual generator with very

nice properties:

Corollary 3.2 Under the assumptions in Theorem 3.1, the function

N-—1
h(x)y=b > glx+n) (15)

n=—N+1

generates a dual frame of {Epp T, 8}m nez. The function h satisfies that h = b on the
support of g. Furthermore, if g is symmetric, then h is symmetric.

Proof The function in (15) appears by the choice a, = b in (11). For x € [0, N],
the partition of unity property together with the compact support of g implies that
h(x) = b. Itis clear that & is symmetric in case g is symmetric. g

Another choice of the coefficients a, leads to a dual generator considered already
in [1]. Among the dual frame generators in Theorem 3.1, it has the shortest support:

Corollary 3.3 Under the assumptions in Theorem 3.1, the function

N-1
h(x)=2bg(x)+b Y g(x+n)
n=1
generates a dual frame of {Ep T, 8}m nez.
Example 3.4 For the B-spline
X, x €0, 1],
Bx)=3{2—-—x, xe€el[l,2],
0, x ¢10,2[,
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-

] 0.7
0.8 0.6
] 0.5
0.6
0.4 0.3

0.4

Fig. 3 (a) The B-spline B and the dual generator /4, in (16). (b) The B-spline B3 and the dual generator
h3 in (17)

we can use Theorem 3.1 for b €0, 1/3]. For b = 1/3 we obtain the symmetric dual

1/3x+1/3, xe[—1,0],

13, x €[0,2[,
=11 "1/8x,  xer 3l (16)
0, x ¢[—1,3[.
See Fig. 3(a). For the B-spline
1/2 x2, x € [0, 1,
_ ) 324322 xe[l2]
B =19p_3ct12x2 xel3L
0, x ¢1[0,3[,
and b = 1/5, we obtain the symmetric dual
1/10 x> 4+2/5x +2/5, xe[-2, -1,
—1/10 x> +1/5, xe[—1,0[,
) 1ys, x €[0,3],
ha(x) = —1/10x2+3/5x —7/10, x€[3,4], an
1/10 x> —x +5/2, xe[4,5],
0, x ¢[0,5[.

See Fig. 3(b).
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