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Abstract The continuity envelope for the Besov and Triebel-Lizorkin spaces of gen-
eralized smoothness B

(s,�)
pq (Rn) and F

(s,�)
pq (Rn), respectively, are computed in the

critical case s = n/p, provided that � satisfies an appropriate critical condition. Sur-
prisingly, in this critical situation, the corresponding optimal index is ∞, when com-
pared with all the known results. Moreover, in the particular case of the classical
spaces, we solve an open problem posed by Haroske in Envelopes and Sharp Em-
beddings of Function Spaces, Research Notes in Mathematics, vol. 437, Chapman &
Hall, Boca Raton, 2007. As an immediate application of our results we give an upper
estimate for approximation numbers of related embeddings.

Keywords Function spaces of generalized smoothness · Continuity envelopes
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1 Introduction

There is a variety of recent contributions to the theory of envelopes of spaces of gen-
eralized smoothness of Besov or Triebel-Lizorkin type, denoted by B

(s,�)
pq (Rn) and
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F
(s,�)
pq (Rn), respectively. In [19] the continuity envelopes for spaces of generalized

smoothness have been studied in the case n/p < s < 1 + n/p. The so-called super-
limiting case s = 1 + n/p has been considered in [5]. For a more general setting we
refer also to [20]. In the present paper we supplement these investigations by com-
puting the continuity envelope functions for spaces of generalized smoothness in the
remaining limiting case—the so-called critical case s = n/p (cf. Proposition 3.2).
Moreover, we prove that in such critical situation the corresponding optimal index is
∞ (cf. Theorems 3.4 & 3.5). This assertion is surprising in comparison with all the
known results, where the optimal index was always q for the Besov spaces and p for
the Triebel-Lizorkin spaces. In particular, we are able to complete the picture of the
continuity envelopes for the classical spaces in the critical situation, improving the
former result by Haroske in [18, Theorem 9.10], and answering the open question
posed by her in [18, Remark 9.11].

The paper is organized as follows. Section 2 contains notation, definitions, prelim-
inary assertions and auxiliary results. In Sect. 3 we state and prove our main results,
give some examples and show an immediate application to approximation numbers.

2 Preliminaries

2.1 General Notation

For a real number a, let a+ := max(a,0) and let [a] denote its integer part. For
p ∈ (0,∞], the number p′ is defined by 1/p′ := (1 − 1/p)+ with the convention that
1/∞ = 0. By c, c1, c2, etc. we denote positive constants independent of appropriate
quantities. For two non-negative expressions (i.e. functions or functionals) A, B, the
symbol A � B (or A � B) means that A ≤ c B (or c A ≥ B). If A � B and A � B,
we write A ∼ B and say that A and B are equivalent. Given two quasi-Banach spaces
X and Y , we write X ↪→ Y if X ⊂ Y and the natural embedding is bounded. If not
otherwise indicated, log is always taken with respect to base 2.

2.2 Slowly Varying Functions

Definition 2.1 A positive and measurable function � defined on the interval (0,1] is
said to be slowly varying if

lim
t→0

�(st)

�(t)
= 1, s ∈ (0,1]. (1)

Remark 2.2 Any function of the form

�(t) = exp

{
−

∫ 1

t

�(s)
ds

s

}
, t ∈ (0,1],

where � is a measurable function on (0,1] with lims→0+ �(s) = 0, is slowly varying.
Actually this is a characterization: any slowly varying function is equivalent to a
function � of the above type for an appropriate function � (that can even be taken
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to be a C∞ function, cf. [1, Theorem 1.1.3]). Therefore, from now on we suppose
that this will be always the case, when such properties are technically important in a
proof.

The following functions are examples of slowly varying functions:

(i) �(x) = (1 + | logx|)a(1 + log(1 + | logx|))b , x ∈ (0,1], a, b ∈ R,
(ii) �(x) = exp(| logx|c), x ∈ (0,1], c ∈ (0,1).

We remark that the example in (i) is also an admissible function in the sense of [11,
12]. We recall that an admissible function � is a positive monotone function defined
on (0,1] such that �(2−2j ) ∼ �(2−j ), j ∈ N. It can be proved that an admissible
function is, up to equivalence, a slowly varying function.

The proposition below gives some properties of slowly varying functions that will
be useful in what follows. We refer to the monograph [1] for details and further prop-
erties, see also [27, Chap. V, p. 186], [13], and, more recently, [23, 24] and [2].

Proposition 2.3 Let � be a slowly varying function.

(i) For any δ > 0 there exists c = c(δ) > 1 such that

1

c
sδ ≤ �(st)

�(t)
≤ c s−δ, t, s ∈ (0,1].

(ii) For each α > 0 there is a decreasing function φ and an increasing function ϕ

such that

t−α �(t) ∼ φ(t) and tα �(t) ∼ ϕ(t).

(iii) If
∫ 1

0 �(s) ds
s

< ∞, then �̃ defined by �̃(t) = ∫ t

0 �(s) ds
s
, t ∈ (0,1], is a slowly

varying function such that

lim
t→0+

�̃(t)

�(t)
= ∞.

(iv) �r , r ∈ R, is a slowly varying function.

Remark 2.4 It follows easily from the last proposition that

�(t) ∼ �(2−j ) ∼ �(2−(j+1)), t ∈ [2−(j+1),2−j ], j ∈ N0.

The next proposition provides a very useful discretization method.

Proposition 2.5 Let u ∈ (0,∞] and let � be a slowly varying function such that
(�(2−j )−1)j∈N ∈ 	u. Then

(∫ t

0
�(s)−u ds

s

)1/u

∼
( ∞∑

j=[| log t |]
�(2−j )−u

)1/u

, t ∈ (0,2−1].

In the case u = ∞ the usual modification with supremum is required.
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Proof Let u ∈ (0,∞). For t ∈ (0,1], we have that 2−([| log t |]+1) ≤ t ≤ 2−[| log t |]. Tak-
ing advantage of the properties of slowly varying functions, as described in Proposi-
tion 2.3, we obtain, for t ∈ (0,2−1]

∞∑
j=[| log t |]

�(2−j )−u �
∞∑

j=[| log t |]+1

�(2−j )−u �
∞∑

j=[| log t |]+1

∫ 2−j

2−(j+1)

�(s)−u ds

s

�
∫ 2−([| log t |]+1)

0
�(s)−u ds

s
�

∫ t

0
�(s)−u ds

s

�
∫ 2−[| log t |]

0
�(s)−u ds

s
=

∞∑
j=[| log t |]

∫ 2−j

2−(j+1)

�(s)−u ds

s

�
∞∑

j=[| log t |]
�(2−j )−u.

When u = ∞, the proof is analogous to the previous case. �

The next result is a discrete version of the estimate [23, (3.2)].

Lemma 2.6 Let 0 < u < ∞ and � be a slowly varying function. Then

(
k∑

j=0

2ju�(2−j )−u

)1/u

∼ 2k �(2−k)−1, k ∈ N (2)

and

sup
j∈{0,...,k}

2j�(2−j )−1 ∼ 2k �(2−k)−1, k ∈ N. (3)

Proof We only prove the estimates (2), since the proof of the estimates (3) is similar.
Let ε ∈ (0, u). Using the fact that t−ε�(t)−u is equivalent to a decreasing function,
cf. Proposition 2.3(ii), we obtain, for k ∈ N,

k∑
j=0

2ju �(2−j )−u =
k∑

j=0

2j (u−ε) (2−j )−ε �(2−j )−u

� (2−k)−ε �(2−k)−u
k∑

j=0

2j (u−ε)

≤ 2uk �(2−k)−u 2u−ε

2u−ε − 1

� 2uk �(2−k)−u,

this completes the proof since the reverse inequality is clear. �
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2.3 Function Spaces of Generalized Smoothness

In the sequel, let S(Rn) stand for the Schwartz space of all complex-valued rapidly
decreasing C∞ functions on R

n and we denote by S ′(Rn) its topological dual, the
space of all tempered distributions. Furthermore, Lp(Rn), with 0 < p ≤ ∞, is the
usual quasi-Banach space with respect to the Lebesgue measure, quasi-normed by

‖f | Lp(Rn)‖ :=
(∫

Rn

|f (x)|p dx

)1/p

,

with the usual modification if p = ∞. Let ϕ0 ∈ S(Rn) be a function such that

ϕ0(x) = 1 for |x| ≤ 1 and suppϕ0 ⊂ {x ∈ R
n : |x| ≤ 2}. (4)

For each j ∈ N we define

ϕj (x) := ϕ0(2
−j x) − ϕ0(2

−j+1x), x ∈ R
n. (5)

Then since
∑∞

j=0 ϕj (x) = 1 for all x ∈ R
n, the sequence (ϕj )j∈N0 is a dyadic reso-

lution of unity. Given any f ∈ S ′(Rn), we denote by f̂ and f ∨ its Fourier transform
and its inverse Fourier transform, respectively.

Definition 2.7 Let 0 < p,q ≤ ∞, s ∈ R and let � be a slowly varying function
according to Definition 2.1.

(i) Then B
(s,�)
pq (Rn) is defined to be the set of all tempered distributions f ∈ S ′(Rn)

such that

∥∥f |B(s,�)
pq (Rn)

∥∥ :=
( ∞∑

j=0

2jsq�(2−j )q
∥∥(ϕj f̂ )∨ |Lp(Rn)

∥∥q

)1/q

(6)

is finite. In the limiting case q = ∞ the usual modification is required.
(ii) Let 0 < p < ∞. Then F

(s,�)
pq (Rn) is defined to be the set of all tempered distrib-

utions f ∈ S ′(Rn) such that

∥∥f |F (s,�)
pq (Rn)

∥∥ :=
∥∥∥∥∥
( ∞∑

j=0

2jsq�(2−j )q |(ϕj f̂ )∨(·)|q
)1/q ∣∣∣∣Lp(Rn)

∥∥∥∥∥ (7)

is finite. In the limiting case q = ∞ the usual modification is required.

Remark 2.8 The above spaces were introduced by Edmunds and Triebel in [11, 12]
and also considered by Moura in [21, 22] when � is an admissible function. These
spaces are independent of the resolution of unity (ϕj )j∈N0 , according to (4) and (5),
in the sense of equivalent quasi-norms. Taking � ≡ 1 brings us back to the classical
Besov and Triebel-Lizorkin spaces denoted by Bs

pq(Rn) and F s
pq(Rn), respectively.
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Denoting by A either B or F , we have for all ε > 0 the following elementary embed-
dings between classical spaces and spaces of generalized smoothness

As+ε
pq (Rn) ↪→ A(s,�)

pq (Rn) ↪→ As−ε
pq (Rn).

The next assertion on embeddings between Besov and Triebel-Lizorkin spaces
of generalized smoothness will enable us to handle continuity envelopes of Triebel-
Lizorkin spaces of generalized smoothness in a very simple way by using the results
for B-spaces. We refer to [7, Proposition 3.4, Example 3.5] for a proof in the case of
� being an admissible function and to [6, Lemma 1] for a more general situation.

Proposition 2.9 Let � be a slowly varying function. Let 0 < p0 < p < p1 ≤ ∞,
0 < q ≤ ∞ and let s, s0, s1 ∈ R be such that s0 −n/p0 = s −n/p = s1 −n/p1. Then

B(s0,�)
p0u

(Rn)↪→F (s,�)
pq (Rn)↪→B(s1,�)

p1v
(Rn) if, and only if, 0 <u ≤p≤v≤∞.

The following result gives a characterization of the Besov spaces of generalized
smoothness by means of Peetre’s maximal functions. The proof runs in the same way
as that of [21, Theorem 1.7(i)] for � an admissible function.

Theorem 2.10 Let (ϕj )j∈N0 be a smooth dyadic resolution of unity as above. Let
0 < p,q ≤ ∞, s ∈ R and let � be a slowly varying function. Let a > n/p, then

∥∥f |B(s,�)
pq (Rn)

∥∥∗ :=
( ∞∑

j=0

2jsq�(2−j )q
∥∥(ϕ∗

j f )a |Lp(Rn)
∥∥q

)1/q

(with usual modification for q = ∞) is an equivalent quasi-norm in B
(s,�)
pq (Rn),

where the Peetre’s maximal function (ϕ∗
j f )a is defined by

(ϕ∗
j f )a(x) := sup

z∈Rn

|(ϕj f̂ )∨(x − z)|
(1 + 2j |z|)a for x ∈ R

n.

An important tool in our later considerations is the characterization of the spaces
of generalized smoothness by means of atomic decompositions. We state this here
for the B-spaces only (cf. Theorem 2.13 below). We refer to [21, Theorem 1.18(ii)]
in case of � being an admissible function and to [2, 14] for a more general situation.

We need some preparation. As for Z
n, it stands for the lattice of all points in R

n

with integer components, Qνm denotes a cube in R
n with sides parallel to the axes

of coordinates, centred at 2−νm= (2−νm1, . . . ,2−νmn), and with side length 2−ν ,
where m = (m1, . . . ,mn) ∈ Z

n and ν ∈ N0. If Q is a cube in R
n and r > 0 then rQ is

the cube in R
n concentric with Q and with side length r times the side length of Q.

Definition 2.11 Let s ∈ R, 0 < p ≤ ∞, K ∈ N0, L+1 ∈ N0 and d > 1. The complex-
valued function a ∈ CK(Rn) is said to be an (s,p,�)K,L-atom if for some ν ∈ N0
the following assumptions are satisfied
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(i) supp a ⊂ dQνm for some m ∈ Z
n,

(ii) |Dαa(x)| ≤ 2−ν(s− n
p

)+|α|ν
�(2−ν)−1 for |α| ≤ K , x ∈ R

n,
(iii)

∫
Rn xβa(x) dx = 0 for |β| ≤ L.

If conditions (i) and (ii) are satisfied for ν = 0, then a is called an 1K -atom.

Remark 2.12 In the sequel, we will write aνm instead of a, to indicate the localization
and size of an (s,p,�)K,L-atom a, i.e. if suppa ⊂ dQνm. If L = −1, then (iii)
simply means that no moment conditions are required.

Theorem 2.13 Let 0 < p ≤ ∞, 0 < q ≤ ∞, s ∈ R and � be a slowly varying func-
tion. Put σp := n(1/p − 1)+. Let K ∈ N0 and L + 1 ∈ N0 with

K ≥ (1 + [s])+ and L ≥ max(−1, [σp − s])
be fixed. Then f ∈ S ′(Rn) belongs to B

(s,�)
pq (Rn) if, and only if, it can be represented

as

f =
∞∑

ν=0

∑
m∈Zn

λνmaνm, convergence being in S ′(Rn), (8)

where aνm are 1K -atoms (ν = 0) or (s,p,�)K,L-atoms (ν ∈ N) and λ ∈ bpq . Fur-
thermore

inf‖λ |bpq‖, (9)

where the infimum is taken over all admissible representations (8), is an equivalent
quasi-norm in B

(s,�)
pq (Rn).

The next result characterizes the embeddings of B
(n/p,�)
pq (Rn) and

F
(n/p,�)
pq (Rn) into C(Rn), the space of all complex-valued bounded uniformly con-

tinuous functions on R
n, equipped with the sup-norm as usual. The case of � being

an admissible function is covered by [8, Proposition 3.11]. We refer to [3, Corol-
lary 3.10 & Remark 3.11] and to [6, Proposition 4.4] for a more general situation.

Theorem 2.14 Let 0 < p,q ≤ ∞ and � be a slowly varying function.

(i) Then

B
(n/p,�)
pq (Rn) ↪→ C(Rn) if, and only if,

(
�(2−j )−1)

j∈N
∈ 	q ′ .

(ii) Assume 0 < p < ∞. Then

F
(n/p,�)
pq (Rn) ↪→ C(Rn) if, and only if,

(
�(2−j )−1)

j∈N
∈ 	p′ .

2.4 Continuity Envelopes

The concept of continuity envelopes has been introduced by Haroske in [17] and
Triebel in [26]. Here we quote the basic definitions and results concerning continuity
envelopes. For further details on this subject we refer to [17, 18, 26].
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Recall that the classical Lipschitz space Lip1(Rn) is defined as the space of all
functions f ∈ C(Rn) such that

‖f |Lip1(Rn)‖ := ‖f |C(Rn)‖ + sup
t∈(0,1)

ω(f, t)

t
(10)

is finite, where ω(f, t) stands for the modulus of continuity,

ω(f, t) := sup
|h|≤t

sup
x∈Rn

|�hf (x)| = sup
|h|≤t

‖�hf |L∞(Rn)‖, t > 0,

with �hf (x) := f (x + h) − f (x), x,h ∈ R
n.

Definition 2.15 Let X be some function space on R
n such that X ↪→ C(Rn).

(i) The continuity envelope function E X
C : (0,∞) → [0,∞) is defined by

E X
C (t) := sup

‖f |X‖≤1

ω(f, t)

t
, t > 0.

(ii) Assume X �↪→ Lip1(Rn). Let ε ∈ (0,1), H(t) := − logh(t), t ∈ (0, ε], where h

is a continuous monotonically decreasing function equivalent to E X
C in (0, ε],

and let μH be the associated Borel measure. The number uX , 0 < uX ≤ ∞, is
defined as the infimum of all numbers v, 0 < v ≤ ∞, such that

(∫ ε

0

(ω(f, t)

t E X
C (t)

)v

μH (dt)

)1/v

≤ c ‖f |X‖ (11)

(with the usual modification if v = ∞) holds for some c > 0 and all f ∈ X. The
couple

EC(X) = (
E X

C (·), uX

)
is called continuity envelope for the function space X.

As it will be useful in the sequel, we recall some properties of the continuity
envelopes. In view of (i) we obtain—strictly speaking—equivalence classes of con-
tinuity envelope functions when working with equivalent (quasi-) norms in X as
we shall do in the sequel. However, for convenience we do not want to distinguish
between representative and equivalence class in what follows and thus stick at the no-
tation introduced in (i). Note that E X

C is equivalent to some monotonically decreasing
function; for a proof and further properties we refer to [17, 18]. Concerning (ii) it is
obvious that (11) holds for v = ∞ and any X. Moreover, one verifies that

sup
0<t≤ε

g(t)

E X
C (t)

≤ c1

(∫ ε

0

(
g(t)

E X
C (t)

)v1

μH (dt)

)1/v1

≤ c2

(∫ ε

0

(
g(t)

E X
C (t)

)v0

μH (dt)

)1/v0

(12)
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for 0 < v0 < v1 < ∞ and all non-negative monotonically decreasing functions g on
(0, ε]; cf. [26, Prop. 12.2, p. 183–184]. So—passing to a monotonically decreasing
function equivalent to ω(f,t)

t
, see [9, Chap. 2, Lemma 6.1, p. 43]—we observe that

the left-hand sides in (11) are monotonically ordered in v and it is natural to look for
the smallest possible one.

In the important case when H happens to be continuously differentiable in (0, ε],
we have μH (dt) = H ′(t)dt , and for the functions we want to integrate we can calcu-
late the integrals as improper Riemann integrals.

The proposition below gives some properties of continuity envelope functions
which will be useful in the sequel. A proof can be seen in [18, Propositions 5.3 &
6.4].

Proposition 2.16

(i) Let Xi ↪→ C(Rn), i = 1,2, be some function spaces on R
n. Then X1 ↪→ X2

implies that there is some positive constant c such that for all t > 0,

E X1
C (t) ≤ cE X2

C (t).

(ii) Let Xi ↪→ C(Rn), i = 1,2, be some function spaces on R
n with X1 ↪→ X2. As-

sume for their continuity envelope functions

E X1
C (t) ∼ E X2

C (t), t ∈ (0, ε),

for some ε > 0. Then, for the corresponding indices uXi
, i = 1,2, we have

uX1 ≤ uX2 .

3 Main Results

In this section we present our main results. We first derive the envelope functions
for the Besov and Triebel-Lizorkin space of generalized smoothness B

(s,�)
pq (Rn) and

F
(s,�)
pq (Rn), respectively, in the critical case s = n/p, provided that � satisfies an

appropriate critical condition. We start with the next result about extremal functions,
which plays a key role in obtaining the lower estimates for the envelope functions.
For related assertions, but different, see [26, pp. 220–221] and [5, Proposition 2.4].

Proposition 3.1 Let h be the compactly supported C∞ function on R defined by

h(y) = e
− 1

1−y2 for |y| < 1 and h(y) = 0 otherwise. Let 0 < p ≤ ∞, 0 < q ≤ ∞
and let � be a slowly varying function with (�(2−j )−1)j∈N ∈ 	q ′ . For each b =
(bj )j∈N ∈ 	q , let f b be defined by

f b(x) :=
∞∑

j=1

bj �(2−j )−1
n∏

k=1

h(2j xk), x = (xk)
n
k=1 ∈ R

n. (13)
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(i) Then f b ∈ B
(n/p,�)
pq (Rn) and

‖f b |B(n/p,�)
pq (Rn)‖ ≤ c1 ‖b |	q‖ (14)

for some c1 > 0 independent of b.
(ii) If bj ≥ 0, j ∈ N, then

ω(f b,2−k)

2−k
≥ c22k

∞∑
j=k

bj�(2−j )−1, k ∈ N, (15)

for some c2 > 0 depending only on the function h.

Proof Since the functions

aj (x) := �(2−j )−1
n∏

k=1

h(2j xk), x = (xk)
n
k=1 ∈ R

n, j ∈ N,

are (up to constants, independently of j ) (n/p,p,�)K,−1-atoms, for some fixed K ∈
N with K > n/p, and b ∈ 	q , then (14) is an immediate consequence of the atomic
decomposition theorem, cf. Theorem 2.13.

Let us now prove (ii). Let k ∈ N and let η ∈ (0,1). Then, putting temporarily
c = ∏n

k=2 h(0), we obtain

ω(f b,2−k)

2−k
≥ 2k

(
f b(0) − f b(−η2−k,0, . . . ,0)

)

= 2k
∞∑

j=1

bj�(2−j )−1(h(0) − h(−η2j−k)
) · c

≥ 2k
∞∑

j=k

bj�(2−j )−1(h(0) − h(−η2j−k)
) · c

≥ c12k
∞∑

j=k

bj�(2−j )−1.

The last but one estimate above holds true, since h(0) − h(−η2j−k) > 0 for j < k.
The last inequality above follows from the fact that h(0) − h(−η2j−k) ≥ h(0)−
h(−η) > 0 for all j ≥ k. This shows the estimate (15). �

In the next proposition we present the continuity envelope functions for the Besov
an Triebel-Lizorkin spaces of generalized smoothness in the critical case.

Proposition 3.2 Let 0 < p,q ≤ ∞ (with p < ∞ in the F -case) and � be a slowly
varying function. Let φu be defined in (0,1] by

φu(t) := 1

t

(∫ t

0
�(s)−u ds

s

)1/u

if 0 < u < ∞
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and

φu(t) := 1

t
sup

s∈(0,t)

�(s)−1 if u = ∞,

provided that (�(2−j )−1)j∈N ∈ 	u.

(i) Assume (�(2−j )−1)j∈N ∈ 	q ′ . Then

E B
(n/p,�)
pq

C (t) ∼ φq ′(t), 0 < t ≤ 1

2
.

(ii) Assume (�(2−j )−1)j∈N ∈ 	p′ . Then, if p < ∞,

E F
(n/p,�)
pq

C (t) ∼ φp′(t), 0 < t ≤ 1

2
.

Proof Taking into account the embeddings

B
(n/p0,�)
p0p (Rn) ↪→ F

(n/p,�)
pq (Rn) ↪→ B

(n/p1,�)
p1p (Rn) (16)

for 0 < p0 < p < p1 ≤ ∞—cf. Proposition 2.9—together with the properties of the
continuity envelope function described in Proposition 2.16(i), we shall be concerned
only with the Besov space case.

Step 1. We start by proving the upper estimate for the envelope function, that is,

E B
(n/p,�)
pq

C (t) � 1

t

(∫ t

0
�(s)−q ′ ds

s

)1/q ′

for 0 < t < 1 (17)

(usual modification if q ′ = ∞, that is, if 0 < q ≤ 1).
The first ingredient is the following estimate. Let k ∈ N0, a > 0 and |h| ≤ 2−k ,

then

‖�hf |L∞(Rn)‖ ≤
k∑

j=0

2j−k‖(ϕ∗
j f )a|L∞(Rn)‖+

∞∑
j=k+1

‖(ϕ∗
j f )a |L∞(Rn)‖ (18)

(cf. [25, formulas (8), (9) on p. 111]).
Suppose that q ∈ [1,∞]. By (18), Hölder’s inequality, Theorem 2.10 and

Lemma 2.6, we have

ω(f,2−k)

2−k
≤

k∑
j=0

2j�(2−j )�(2−j )−1‖(ϕ∗
j f )a|L∞(Rn)‖

+2k

∞∑
j=k+1

�(2−j )�(2−j )−1‖(ϕ∗
j f )a|L∞(Rn)‖

≤
(

k∑
j=0

2jq ′
�(2−j )−q ′

)1/q ′( ∞∑
j=0

�(2−j )q‖(ϕ∗
j f )a|L∞(Rn)‖q

)1/q
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+2k

( ∞∑
j=k+1

�(2−j )−q ′
)1/q ′( ∞∑

j=0

�(2−j )q‖(ϕ∗
j f )a |L∞(Rn)‖q

)1/q

∼
(

k∑
j=0

2jq ′
�(2−j )−q ′

)1/q ′

‖f |B(0,�)∞q (Rn)‖

+2k

( ∞∑
j=k+1

�(2−j )−q ′
)1/q ′

‖f |B(0,�)∞q (Rn)‖

∼ 2k�(2−k)−1‖f |B(0,�)∞q (Rn)‖

+2k

( ∞∑
j=k+1

�(2−j )−q ′
)1/q ′

‖f |B(0,�)∞q (Rn)‖

� 2k

( ∞∑
j=k

�(2−j )−q ′
)1/q ′

‖f |B(0,�)∞q (Rn)‖ (19)

(with the usual modification if q = ∞ or q ′ = ∞). Now, (19) together with the ele-
mentary embedding B

(n/p,�)
pq (Rn) ↪→ B

(0,�)∞q (Rn) yields

ω(f,2−k)

2−k
� 2k

( ∞∑
j=k

�(2−j )−q ′
)1/q ′

‖f |B(n/p,�)
pq (Rn)‖. (20)

Let us now prove a corresponding upper estimate when 0 < q ≤ 1. Making use of
inequality (19) with q = 1, we have

ω(f,2−k)

2−k
� 2k

(
sup
j≥k

�(2−j )−1
)
‖f |B(0,�)

∞1 (Rn)‖.

This together with the elementary embeddings B
(0,�)∞q (Rn) ↪→ B

(0,�)
∞1 (Rn), since 0 <

q ≤ 1, and B
(n/p,�)
pq (Rn) ↪→ B

(0,�)∞q (Rn) gives

ω(f,2−k)

2−k
� 2k

(
sup
j≥k

�(2−j )−1
)
‖f |B(0,�)∞q (Rn)‖

� 2k
(

sup
j≥k

�(2−j )−1
)
‖f |B(n/p,�)

pq (Rn)‖. (21)

Now, for t ∈ (0,1] let k ∈ N0 be such that 2−(k+1) < t ≤ 2−k . Then, by (20), (21)
and Proposition 2.5 we arrive at

ω(f, t)

t
� ω(f,2−(k+1))

2−(k+1)
� 2k+1

( ∞∑
j=k+1

�(2−j )−q ′
)1/q ′

‖f |B(n/p,�)
pq (Rn)‖
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∼ 2k

(∫ 2−(k+1)

0
�(s)−q ′ ds

s

)1/q ′

‖f |B(n/p,�)
pq (Rn)‖

� 1

t

(∫ t

0
�(s)−q ′ ds

s

)1/q ′

‖f |B(n/p,�)
pq (Rn)‖

(with the usual modifications if q ′ = ∞, that is 0 < q ≤ 1) which finishes the proof
of (17).

Step 2. Let us now prove the lower estimate. We make use of Proposition 3.1.
Suppose that 1 < q ≤ ∞. For each J ∈ N we denote by f b

J the function f b in (13)
with b = (bj )j∈N given by

bj :=
{

�(2−j )1−q ′
(
∑∞

k=J �(2−k)−q ′
)−1/q for j ≥ J ,

0 otherwise.

It is clear that bj ≥ 0, j ∈ N. Moreover, we check at once that ‖b|	q‖ = 1. By (14)
and (15) we obtain

E B
(n/p,�)
pq

C (2−J ) ≥ ω(c f b
J ,2−J )

2−J
� 2J

∞∑
j=J

bj�(2−j )−1

= 2J

( ∞∑
j=J

�(2−j )−q ′
)1/q ′

. (22)

Suppose now that 0 < q ≤ 1. Let J ∈ N. For each k ≥ J , let us consider the
sequence bk = (bk

j )j∈N defined by

bk
j :=

{
1 for j = k,
0 otherwise

For each k ≥ J , we denote by f bk
the function f b in (13) with b = bk . For each

k ≥ J it is clear that bk
j ≥ 0, j ∈ N. Moreover, we check at once that ‖bk|	q‖ = 1.

From (14) and (15) we obtain

E B
(n/p,�)
pq

C (2−J ) ≥ sup
k≥J

ω(c f bk
,2−J )

2−J
� 2J sup

k≥J

�(2−k)−1. (23)

Finally, for 0 < t ≤ 1/2 choose J ∈ N such that 2−J−1 < t ≤ 2−J . Now, Proposi-

tion 2.5, the properties of E B
(n/p,�)
pq

C as described in Sect. 2.4, (22) and (23) yield

E B
(n/p,�)
pq

C (t) � E B
(n/p,�)
pq

C (2−J ) � 1

t

(∫ t

0
�(s)−q ′ ds

s

)1/q ′

(with the usual modification if q ′ = ∞, that is 0 < q ≤ 1) which finishes the proof. �
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We refer to [15, Theorem 3.2] and [16, Remark 5 (iv)] for a similar envelope func-
tion in the context of Bessel potential type spaces modelled upon Lorentz-Karamata
spaces.

Now, we give some examples which follow from Proposition 3.2.

Examples 3.3 Let 0 < p,q ≤ ∞ (with p < ∞ in the F -case).

1. Let a, b ∈ R and let � be the slowly varying function defined in (0,1] by

�(x) = (1 + | logx|)a(1 + log(1 + | logx|))b, x ∈ (0,1].
(i) If a > 1

q ′ , b ∈ R, then

E B
(n/p,�)
pq

C (t) = 1

t
(1 + | log t |)−a+ 1

q′ (1 + log(1 + | log t |))−b, 0 < t <
1

2
.

(ii) If a = 1
q ′ and b > 1

q ′ , then

E B
(n/p,�)
pq

C (t) = 1

t
(1 + log(1 + | log t |))−b+ 1

q′ , 0 < t <
1

2
.

(We can take a = 0 and b ≥ 0 when 0 < q ≤ 1.)
(iii) If a > 1

p′ , b ∈ R, then

E F
(n/p,�)
pq

C (t) = 1

t
(1 + | log t |)−a+ 1

p′ (1 + log(1 + | log t |))−b, 0 < t <
1

2
.

(iv) If a = 1
p′ and b > 1

p′ , then

E F
(n/p,�)
pq

C (t) = 1

t
(1 + log(1 + | log t |))−b+ 1

p′ , 0 < t <
1

2
.

(We can take a = 0 and b ≥ 0 when 0 < p ≤ 1.)
2. Let a ∈ (0,1) and let b ∈ R.

(i) Let � be the slowly varying function defined in (0,1] by

�(x) = (1 + | logx|)−(a−1)/q ′
exp(b(1 + | logx|)a), x ∈ (0,1].

If b > 0, then

E B
(n/p,�)
pq

C (t) = 1

t
exp(−b(1 + | log t |)a), 0 < t <

1

2
.

(We can take b ≥ 0 when 0 < q ≤ 1.)
(ii) Let � be the slowly varying function defined in (0,1] by

�(x) = (1 + | logx|)−(a−1)/p′
exp(b(1 + | logx|)a), x ∈ (0,1].

If b > 0, then

E F
(n/p,�)
pq

C (t) = 1

t
exp(−b(1 + | log t |)a), 0 < t <

1

2
.
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(We can take b ≥ 0 when 0 < p ≤ 1.)

More examples of slowly varying functions (with appropriate modifications) that
satisfy the conditions of Proposition 3.2, can be seen in [24, Remarks 5.7 & 5.8].

In the next theorem we calculate the continuity envelope for the spaces
B

(n/p,�)
pq (Rn) with q > 1 and for the spaces F

(n/p,�)
pq (Rn) with p > 1.

Theorem 3.4 Let 0 < p,q ≤ ∞ (with p < ∞ in the F -case) and � be a slowly
varying function.

(i) Assume 1 < q ≤ ∞ and (�(2−j )−1)j∈N ∈ 	q ′ . Then

EC(B
(n/p,�)
pq (Rn)) = (φq ′(t),∞)

(ii) Assume 1 < p < ∞ and (�(2−j )−1)j∈N ∈ 	p′ . Then

EC(F
(n/p,�)
pq (Rn)) = (φp′(t),∞)

Proof By virtue of Proposition 3.2, it only remains to prove that
u

B
(n/p,�)
pq (Rn)

= ∞ and u
F

(n/p,�)
pq (Rn)

= ∞. Furthermore, taking into account the em-

bedding (16), Proposition 3.2 and Proposition 2.16, it is sufficient to prove that asser-
tion for the Besov space case.

Let 1 < q ≤ ∞. Assume that for some v ∈ (0,∞) there is a positive constant c(v)

such that
(∫ ε

0

(
ω(f, t)

t φq ′(t)

)v

μq ′(dt)

) 1
v ≤ c(v)‖f | B(n/p,�)

pq (Rn)‖ (24)

holds for all f ∈ B
(n/p,�)
pq (Rn), where μq ′ is the Borel measure associated with

− logφq ′ in (0, ε] for some small ε > 0.
Since φq ′ is continuously differentiable in (0, ε] (cf. Remark 2.2), the integral on

the left-hand side of (24) can be calculated as the improper Riemann integral

∫ ε

0

(
ω(f, t)

tφq ′(t)

)v −φ
′
q ′(t)

φq ′(t)
dt. (25)

By the definition of φq ′ , we have

−φ
′
q ′(t)

φq ′(t)
= t−1

(
1 − 1

q ′
�(t)−q ′

∫ t

0 �(s)−q ′ ds
s

)
, for t ∈ (0, ε),

and since

lim
t→0+

�(t)−q ′
∫ t

0 �(s)−q ′ ds
s

= 0
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(cf. Proposition 2.3 (iii)&(iv)), there is δ > 0 such that

−φ
′
q ′(t)

φq ′(t)
∼ 1

t
, 0 < t < δ. (26)

We can assume, without loss of generality, that ε ≤ δ and let k0 ∈ N be such that
2−k0 < ε ≤ δ.

Let b = (bj )j∈N ∈ 	q be a sequence of non-negative numbers and let f b be the
corresponding function according to (13). Then Proposition 3.1 yields

‖f b|B(n/p,�)
pq (Rn)‖ ≤ c1‖b|	q‖ (27)

and

ω(f b,2−k)

2−k
≥ c22k

∞∑
j=k

bj�(2−j )−1, k ∈ N, (28)

with constants that do not depend on b and k, respectively. From (24), (25), (26),

using (27), (28), the monotonicity of φq ′ and ω(f b,t)
t

(up to equivalence), we obtain

‖b | 	q‖ �
(∫ 2−k0

0

(
ω(f b, t)

tφq ′(t)

)v

μq ′(dt)

)1/v

∼
(∫ 2−k0

0

(
ω(f b, t)

tφq ′(t)

)v dt

t

)1/v

∼
( ∞∑

k=k0

∫ 2−k

2−(k+1)

(
ω(f b, t)

tφq ′(t)

)v dt

t

)1/v

�
( ∞∑

k=k0

(
ω(f b,2−k)

2−k

)v

2−kv

( ∞∑
j=k

�(2−j )−q ′
)−v/q ′)1/v

�
( ∞∑

k=k0

( ∞∑
j=k

bj�(2−j )−1

)v( ∞∑
j=k

�(2−j )−q ′
)−v/q ′)1/v

. (29)

Let 	 ∈ N with 	 ≥ k0. Then the right-hand side of (29) can be further estimated from
below by

(
	∑

k=k0

( ∞∑
j=k

bj�(2−j )−1

)v( ∞∑
j=k

�(2−j )−q ′
)−v/q ′)1/v

�
( ∞∑

j=	

bj�(2−j )−1

)(
	∑

k=k0

( ∞∑
j=k

�(2−j )−q ′
)−v/q ′)1/v

.
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Consequently, we arrive at

‖b | 	q‖ �
( ∞∑

j=	

bj �(2−j )−1

)(
	∑

k=k0

( ∞∑
j=k

�(2−j )−q ′
)−v/q ′)1/v

. (30)

Let us take

bj :=
{

�(2−j )1−q ′
, for j ≥ 	

0, otherwise.

Then clearly b = (bj )j∈N ∈ 	q , due to the hypothesis on � . After plugging in this
sequence into (30), we conclude that

( ∞∑
j=	

�(2−j )−q ′
)(

	∑
k=k0

( ∞∑
j=k

�(2−j )−q ′
)−v/q ′)1/v

�
( ∞∑

j=	

�(2−j )−q ′
)1/q

.

This is equivalent to saying that

(
	∑

k=k0

( ∞∑
j=k

�(2−j )−q ′
)−v/q ′)1/v( ∞∑

j=	

�(2−j )−q ′
)1/q ′

≤ c,

for some positive constant that doesn’t depend on 	. Therefore

sup
	≥k0

(
	∑

k=k0

( ∞∑
j=k

�(2−j )−q ′
)−v/q ′)1/v( ∞∑

j=	

�(2−j )−q ′
)1/q ′

< ∞

which is equivalent to

sup
	≥k0

∑	
k=k0

(
∑∞

j=k �(2−j )−q ′
)−v/q ′

(
∑∞

j=	 �(2−j )−q ′
)−v/q ′ < ∞. (31)

Now remark that, using l’Hôpital rule (since the numerator and the denominator tend
to ∞),

lim
x→0+

∫ 2−k0

x
(
∫ t

0 �(s)−q ′ ds
s
)−v/q ′ dt

t

(
∫ x

0 �(s)−q ′ ds
s
)−v/q ′ ∼ lim

x→0+

∫ x

0 �(s)−q ′ ds
s

�(x)−q ′ = ∞,

(cf. Proposition 2.3 (iii)&(iv)). By Proposition 2.5 and a similar discretization pro-
cedure for the first integral in the numerator on the left-hand side of the previous
estimate, this contradicts (31). Therefore, there is no v ∈ (0,∞) such that (24) holds
and hence u

B
(n/p,�)
pq (Rn)

= ∞. �

Theorem 3.5 Let 0 < p,q ≤ ∞ and � be a slowly varying function with
(�(2−j )−1)j∈N ∈ 	∞.
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(i) Let 0 < q ≤ 1 and assume that either � ∼ 1 or � is monotonically decreasing
with limt→0+ �(t) = ∞. Then

EC
(
B

(n/p,�)
pq (Rn)

) = (
φ∞(t),∞)

(ii) Let 0 < p ≤ 1 and assume that either � ∼ 1 or � is monotonically decreasing
with limt→0+ �(t) = ∞. Then,

EC
(
F

(n/p,�)
pq (Rn)

) = (
φ∞(t),∞)

.

Proof Analogously to Theorem 3.4, we only need to prove that u
B

(n/p,�)
pq (Rn)

= ∞.

Let 0 < q ≤ 1. Recall that

φ∞(t) = 1

t
sup

s∈(0,t)

�(s)−1, t ∈ (0,1],

and, due to Remark 2.2, we can assume that

�(t) = exp

{
−

∫ 1

t

�(s)
ds

s

}
, t ∈ (0,1], (32)

with � being a C∞ function on (0,1] with limt→0+ �(t) = 0. Under our conditions,
we can take either �(t) = 0, t ∈ (0,1], or limt→0+ �(t) = 0−.

In our case, we have

φ∞(t) = 1

t
�(t)−1, t ∈ (0,1],

and, using also (32), we obtain

−φ
′
∞(t)

φ∞(t)
= (

1 + �(t)
)1

t
∼ 1

t
, 0 < t < δ,

for some δ > 0. Following the ideas of the proof of Theorem 3.4, let us assume that
for some v ∈ (0,∞) there is a positive constant c(v) such that

(∫ ε

0

(
ω(f, t)

tφ∞(t)

)v

μ∞(dt)

) 1
v ≤ c(v)‖f | B(n/p,�)

pq (Rn)‖

holds for all f ∈ B
(n/p,�)
pq (Rn), where μ∞ is the Borel measure associated with

− logφ∞ in (0, ε] for some small ε > 0 with ε < δ. Let k0 ∈ N be such that 2−k0 < ε,
let b = (bj )j∈N ∈ 	q be a sequence of non-negative numbers and let f b be the corre-
sponding function according to (13). We have again (27) and (28), and as the coun-
terpart of (29) we have

‖b | 	q‖ �
(∫ 2−k0

0

(
ω(f b, t)

tφ∞(t)

)v

μ∞(dt)

)1/v
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∼
(∫ 2−k0

0

(
ω(f b, t)

tφ∞(t)

)v dt

t

)1/v

∼
( ∞∑

k=k0

∫ 2−k

2−(k+1)

(
ω(f b, t)

tφ∞(t)

)v dt

t

)1/v

�
( ∞∑

k=k0

(
ω(f b,2−k)

2−k

)v

2−kv
(

sup
0<s<2−k

�(s)−1
)−v

)1/v

�
( ∞∑

k=k0

( ∞∑
j=k

bj�(2−j )−1

)v(
�(2−k)−1)−v

)1/v

.

Then, for 	 ∈ N with 	 ≥ k0, instead of (30), we obtain

‖b | 	q‖ �
( ∞∑

j=	

bj�(2−j )−1

)(
	∑

k=k0

�(2−k)v

)1/v

. (33)

Taking

bj :=
{

1, for j = 	

0, otherwise,

leads us to

1 � �(2−	)−1

(
	∑

k=k0

�(2−k)v

)1/v

for all 	 ≥ k0,

which is clearly impossible if � ∼ 1. If limt→0+ �(t) = ∞, it cannot hold as well
because, by l’Hôpital rule (since the numerator and the denominator tend to ∞),

lim
t→0+

∫ 2−k0

t
�(s)v ds

s

�(t)v
= lim

t→0+
−1

v�(t)
= ∞.

Therefore, there is no v ∈ (0,∞) such that (32) holds and hence u
B

(n/p,�)
pq (Rn)

= ∞. �

Remark 3.6 Note that under the condition (�(2−j )−1)j∈N ∈ 	∞, we have that
lim inft→0+ �(t) �= 0. Additionally, if lim supt→0+ �(t) �= ∞ then � ∼ 1 in (0,1].

As an immediate consequence of our results, we give an upper estimate for ap-
proximation numbers.

The following result can be found in [4].

Proposition 3.7 Let X be some Banach space of functions defined on the unit ball U

in R
n with X(U) ↪→ C(U), where C(U) stands for the space of all complex-valued
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bounded uniformly continuous functions on U equipped with the sup-norm. Then
there is some c > 0 such that for all k ∈ N

ak

(
id : X(U) −→ C(U)

) ≤ ck−1/nE X
C (k−1/n),

where the k-th approximation number ak of id : X(U) −→ C(U) is defined by

ak(id : X(U) −→ C(U)) := inf
{‖id − L‖ : L ∈ L(X(U),C(U)), rankL < k

}
,

with rankL the dimension of the range of L.

Combining Proposition 3.2 with the above stated proposition, we obtain the fol-
lowing upper estimate for approximation numbers.

Proposition 3.8 Let 0 < p,q ≤ ∞ (with p < ∞ in the F -case) and � be a slowly
varying function.

(i) Assume (�(2−j )−1)j∈N ∈ 	q ′ . Then

ak

(
id : B(n/p,�)

pq (U) −→ C(U)
) ≤ c

( ∞∑
j=[ log k

n
]
�(2−j )−q ′

)1/q ′

(usual modification if q ′ = ∞).
(ii) Assume (�(2−j )−1)j∈N ∈ 	p′ . Then

ak

(
id : F (n/p,�)

pq (U) −→ C(U)
) ≤ c

( ∞∑
j=[ log k

n
]
�(2−j )−p′

)1/p′

.

(usual modification if p′ = ∞).

Remark 3.9 Assume the conditions from Proposition 3.8.
If q > 1, it follows from Proposition 3.8(i) that

ak

(
id : B(n/p,�)

pq (U) −→ C(U)
) → 0 as k → ∞.

Consequently, the embedding id : B(n/p,�)
pq (U) −→ C(U) is compact if q > 1.

Similarly, by Proposition 3.8(ii), the embedding id : F
(n/p,�)
pq (U) −→ C(U) is

compact if 1 < p < ∞.
When 0 < q ≤ 1 for the Besov spaces or 0 < p ≤ 1 for the Triebel-Lizorkin

spaces, the embeddings mentioned above are not compact (cf. [10, Theorem 2.7.3]
for the particular case of � ∼ 1, and [18, Proposition 11.13] for the more general
case).
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