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Abstract A general summability method, the so-called θ -summability method is
considered for Gabor series. It is proved that if the Fourier transform of θ is in a
Herz space then this summation method for the Gabor expansion of f converges to f

almost everywhere when f ∈ L1 or, more generally, when f ∈ W(L1, �∞) (Wiener
amalgam space). Some weak type inequalities for the maximal operator correspond-
ing to the θ -means of the Gabor expansion are obtained. Hardy-Littlewood type max-
imal functions are introduced and some inequalities are proved for these.
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1 Introduction

It is known that the partial sums of the Fourier series of an f ∈ Lp(T) (1 < p < ∞)

converge to f in norm and almost everywhere (see Carleson [5]). This result is not
true for p = 1 and p = ∞. However, for some well known summability methods,
such as those named after Fejér, Riesz, Weierstrass, Abel, etc., the corresponding
means σnf of the Fourier series of f converge to f uniformly as n → ∞ if f is
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continuous, and in Lp norm and almost everywhere if f ∈ Lp(T) for some p, 1 ≤
p < ∞ (see, e.g., Fejér [14], Zygmund [32], Butzer and Nessel [4], Stein and Weiss
[28] or Trigub and Belinsky [29]).

A general method of summation, the so called θ -summation method, which is
generated by a single function θ is studied intensively in the literature (see, e.g.,
Butzer and Nessel [4], Trigub and Belinsky [29] and Weisz [30, 31] and the refer-
ences therein). If the Fourier transform of θ is integrable then the norm convergence
results just mentioned hold for the θ -summation method, too (see Butzer and Nes-
sel [4], Trigub and Belinsky [29] or Feichtinger and Weisz [10]). The issue of almost
everywhere convergence for the θ -summation method is much more complicated. We
proved in [11] that σnf → f a.e. (more precisely, at each p-Lebesgue point of f )
for all f ∈ Lp(Td), whenever θ̂ is in the homogeneous Herz space Ėp′(Rd) where
1 ≤ p < ∞ and 1/p + 1/p′ = 1.

In this paper we will consider the analogous results for summation of Gabor ex-
pansions

∑

k,n∈Zd

〈f,MβnTαkg〉MβnTαkγ

of f ∈ W(Lp, �q)(Rd), where α,β > 0, g,γ ∈ W(L∞, �1)(R
d), and M denotes the

modulation operator and T the translation operator. Here W(Lp, �q)(Rd) denotes the
Wiener amalgam spaces and note that W(Lp, �p)(Rd) = Lp(Rd). We suppose that
the window functions g and γ generate dual Gabor frames for L2(R

d). Gröchenig,
Heil and Okoudjou [19, 20] proved the norm convergence of the partial sums of the
Gabor series of f ∈ W(Lp, �q)(Rd), 1 < p < ∞,1 ≤ q < ∞. The same result was
also shown by Grafakos and Lennard [17] for Lp(Rd) (1 < p < ∞) functions and for
special window functions from the Schwartz class. If θ̂ is integrable and 1 ≤ p < ∞
then Feichtinger and Weisz [12] verified the norm convergence of the θ -summation
method (see also Grafakos and Lennard [17] for the Fejér means). The main result in
[12] is that if θ̂ is in a suitable Herz space and f ∈ W(Lp, �∞)(Rd) with 1 < p < ∞
then the θ -means of the Gabor series of f converge to f a.e. Note that the space
W(Lp, �∞)(Rd) contains W(Lp, �q)(Rd) for each 1 ≤ p < ∞,1 ≤ q ≤ ∞.

Unfortunately, the proof of the a.e. convergence of the θ -means just mentioned
does not work for p = 1. In the present paper this theorem will be proved for p = 1
which demands completely different ideas. This is a significant generalization of the
result in [12] since W(L1, �∞)(Rd) ⊃ W(Lp, �∞)(Rd) for 1 < p < ∞. First, we
rewrite the θ -means σ θ

K,Nf of the Gabor series of f as an integral operator and
prove some elementary results about the θ -kernels. From this it follows easily that
the operator σ θ

K,N is bounded on Lp(Rd) (1 ≤ p < ∞) for all K,N ∈ N, whenever

θ̂ ∈ L1(R
d). We estimate the supremum of the θ -means (called maximal θ -operator)

of the Gabor series by a new Hardy-Littlewood type operator pointwise (see The-
orems 6 and 7). The most complex part of the paper, which needs essentially new
ideas, is to estimate the weak (and strong) Lp-norms of this Hardy-Littlewood type
operator by the corresponding norm of f (see Theorems 2 and 3). This generalizes
the well known inequalities with respect to the classical Hardy-Littlewood operator.
From this it follows that the maximal θ -operator is bounded on the Wiener amalgam
spaces. As the main result of this paper we show that the θ -means σ θ

K,Nf of the Gabor
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series of f converge almost everywhere to f for all f ∈ W(Lp, �∞)(Rd) ⊃ Lp(Rd),
whenever θ̂ is in the Herz space Ėp′(Rd), where 1 ≤ p < ∞, 1/p + 1/p′ = 1. Of
course, this includes the convergence result for each f ∈ W(L1, �∞)(Rd). As spe-
cial cases of the θ -summation method we investigate all well known summability
methods, such as the summation methods of Fejér, Riesz, Weierstrass, Abel, Picard,
Bessel, Riemann, de La Vallée-Poussin and Rogosinski.

2 Wiener Amalgam Spaces

Let us fix d ≥ 1, d ∈ N. For a set Y �= ∅ let Y
d be its Cartesian product Y × · · · × Y

taken with itself d-times. For x = (x1, . . . , xd) ∈ R
d and u = (u1, . . . , ud) ∈ R

d set

u · x :=
d∑

k=1

ukxk and |x| := max
k=1,...,d

|xk|.

The norm (or quasi-norm) of the usual Lp(Rd) space is given by ‖f ‖p :=
(
∫

Rd |f |p dλ)1/p (0 < p ≤ ∞), where λ is the Lebesgue measure. The space of con-
tinuous functions with the supremum norm is denoted by C(Rd).

The weak Lp space, Lp,∞(Rd) (0 < p < ∞) consists of all measurable functions
f for which

‖f ‖Lp,∞ := sup
ρ>0

ρλ(|f | > ρ)1/p < ∞,

while we set L∞,∞(Rd) = L∞(Rd). Note that Lp,∞(Rd) is a quasi-normed space
(see Bergh and Löfström [3]). It is easy to see that for each 0 < p ≤ ∞,

Lp(Rd) ⊂ Lp,∞(Rd) and ‖ · ‖Lp,∞ ≤ ‖ · ‖p.

Translation and modulation of a function f are defined, respectively, by

Txf (t) := f (t − x) and Mωf (t) := e2πıω·t f (t) (x,ω ∈ R
d).

For a set H we use the notation TxH := H −x. The Fourier transform of f ∈ L1(R
d)

is

F f (x) := f̂ (x) :=
∫

Rd

f (t)e−2πıx·t dt (x ∈ R
d),

where ı = √−1.
Let Q and Qα denote the cubes

Q = [0,1)d, Qα = [0, α)d (α > 0).

A measurable function f belongs to the Wiener amalgam space W(Lp, �q)(Rd) (1 ≤
p,q ≤ ∞) if

‖f ‖W(Lp,�q ) :=
( ∑

k∈Zd

‖f (· + k)‖q

Lp(Q)

)1/q

=
( ∑

k∈Zd

‖f · Tk1Q‖q
p

)1/q

< ∞,
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with the obvious modification for q = ∞. It is easy to show that the norm

‖f ‖ :=
( ∑

k∈Zd

‖f · Tαk1Qα‖q
p

)1/q

< ∞

is an equivalent norm on W(Lp, �q)(Rd). If we replace the space Lp(Q) by Lp,∞(Q)

then we get the definition of W(Lp,∞, �q)(Rd). The smallest closed subspace of
W(L∞, �q)(Rd) containing continuous functions is denoted by W(C,�q)(Rd) (1 ≤
q ≤ ∞). The space W(C,�1)(R

d) is called Wiener algebra.
Observe that W(Lp, �p)(Rd) = Lp(Rd),

W(Lp1 , �q)(Rd) ←↩ W(Lp2 , �q)(Rd) (p1 ≤ p2)

and

W(Lp, �q1)(R
d) ↪→ W(Lp, �q2)(R

d) (q1 ≤ q2)

(1 ≤ p1,p2, q1, q2 ≤ ∞). Thus

W(L∞, �1)(R
d) ⊂ Lp(Rd) ⊂ W(L1, �∞)(Rd) (1 ≤ p ≤ ∞).

In this paper the constants C and Cp may vary from line to line and the constants
Cp are depending only on p, α and β .

3 Gabor Frames

Given a window g ∈ L2(R
d) and α,β > 0 we say that the collection

G(g,α,β) := {MβnTαkg : k,n ∈ Z
d}

is a Gabor frame for L2(R
d) if there exist constants A,B > 0 such that

A‖f ‖2
2 ≤

∑

k,n∈Zd

|〈f,MβnTαkg〉|2 ≤ B‖f ‖2
2

for all f ∈ L2(R
d). In this case there exists a dual window γ ∈ L2(R

d) such that
G(γ,α,β) is also a Gabor frame for L2(R

d) and

f =
∑

k,n∈Zd

〈f,MβnTαkg〉MβnTαkγ =
∑

k,n∈Zd

〈f,MβnTαkγ 〉MβnTαkg (1)

for all f ∈ L2(R
d). This series converges unconditionally in L2(R

d) and the �2 norm
of the Gabor coefficients (〈f,MβnTαkγ 〉) is an equivalent norm on L2(R

d). For more
details we refer to Daubechies [6, Chap. 3] or Gröchenig [18, Chap. 5].

Under some stronger condition on g and γ , (1) is valid for other function spaces,
too. If g,γ is in the Feichtinger’s algebra then (1) holds for modulation spaces (see
Feichtinger and Zimmermann [13] and Gröchenig [18]) and if g,γ ∈ W(L∞, �1)
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then for Lp and amalgam spaces (Gröchenig, Heil and Okoudjou [19, 20] and Fe-
ichtinger and Weisz [12]). In the last case the convergence is conditional, first we
sum over n and then over k.

Recall that the nth Fourier coefficient of a 1/β periodic function h ∈ L1(Q1/β) is
given by

ĥ(n) := βd

∫

Q1/β

h(t)e−2πıβn·t dt (n ∈ Z
d).

For g ∈ W(L∞, �1)(R
d) and f ∈ W(Lp, �q)(Rd) (1 ≤ p,q ≤ ∞) define the 1/β-

periodic function mg,k by

mg,k(x) := β−d
∑

n∈Zd

(f · Tαkg)(x − n/β) (k ∈ Z
d). (2)

It is proved in Gröchenig, Heil and Okoudjou [20] and Feichtinger and Weisz [12] that
mg,k ∈ Lp(Q1/β) and the sum converges unconditionally in Lp(Q1/β). Moreover,
m̂g,k(n) = 〈f,MβnTαkg〉 for all n ∈ Z

d and so the Fourier series of mg,k is

mg,k(x) ∼
∑

n∈Zd

〈f,MβnTαkg〉e2πıβn·x .

If 1 < p < ∞ then the rectangular partial sums of this Fourier series converge to mg,k

in Lp(Q1/β) norm (cf. Zygmund [32] or Weisz [31]).
The following theorem is proved by Gröchenig, Heil and Okoudjou [19, 20] (see

also Feichtinger and Weisz [12] and Balan and Daubechies [1]).

Theorem 1 ([19, 20]) Assume that g,γ ∈ W(L∞, �1)(R
d) and f ∈ W(Lp, �q)(Rd)

for some 1 ≤ p,q ≤ ∞. Then the series defining the operator

Rg,γ f :=
∑

k∈Zd

mg,kTαkγ (3)

converges unconditionally in W(Lp, �q)(Rd) norm if 1 ≤ q < ∞ and uncondition-
ally in the weak∗ topology of W(Lp, �∞)(Rd) if q = ∞. Moreover, Rg,γ is bounded
on W(Lp, �q)(Rd), i.e.

‖Rg,γ f ‖W(Lp,�q ) ≤ C‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(Lp,�q ). (4)

If G(g,α,β) is a Gabor frame for L2(R
d) with dual frame G(γ,α,β) then

Rg,γ f = f .

4 Hardy-Littlewood Type Operators

In this section we introduce new operators, which are analogous to the well known
Hardy-Littlewood operator. The investigations about these operators will play an im-
portant role in the proof of the pointwise convergence of the θ -summability method.
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First we introduce a slight modification of the classical Hardy-Littlewood operator.
For 1 ≤ p ≤ ∞ let us define

Mpf (x) := sup
x∈I

(
1

|I |
∫

I

|f |p dλ

)1/p

(x ∈ R
d)

with the usual modification for p = ∞, where the supremum is taken over all cubes
with sides parallel to the axes. Usually the operator with p = 1 is called Hardy-
Littlewood operator. We have for 1 ≤ p ≤ ∞ that

‖Mpf ‖Lp,∞ ≤ Cp‖f ‖p (f ∈ Lp(Rd)) (5)

and

‖Mpf ‖r ≤ Cr‖f ‖r (f ∈ Lr(R
d),p < r ≤ ∞) (6)

(see Stein [27] or Feichtinger and Weisz [11]).
Depending on the two window functions g and γ we introduce the Hardy-

Littlewood type maximal function by

Mg,γ,pf (x) = sup
x∈I

|I |−1/p

(∫

I

|fg,γ (x, t)|p dt

)1/p

, (7)

where

fg,γ (x, t) :=
∑

k∈Zd

∑

n∈Zd

|f (t + n/β)||Tαkg(t + n/β)||Tαkγ (x)|

and the supremum is taken over all cubes with sides parallel to the axes.
The classical inequalities (5) and (6) are extended in the next theorem.

Theorem 2 Let g,γ ∈ W(L∞, �1)(R
d) and 1 ≤ p ≤ ∞. Then

‖Mg,γ,pf ‖Lp,∞ ≤ Cp‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖p (8)

for all f ∈ Lp(Rd). Moreover, for every p < q ≤ ∞ and f ∈ Lq(Rd),

‖Mg,γ,pf ‖q ≤ Cq‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖q . (9)

By taking the supremum over all cubes I for which |I | ≤ 1, only, we define the
local Hardy-Littlewood type maximal function, i.e.,

mg,γ,pf (x) = sup
x∈I,|I |≤1

|I |−1/p

(∫

I

|fg,γ (x, t)|p dt

)1/p

.

Recall that

‖f ‖W(Lp,∞,�∞) = sup
k∈Zd

sup
ρ>0

ρ λ(|f | > ρ, [k, k + 1))1/p.

The analogous results to Theorem 2 for the local maximal function are given in the
next theorem.
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Theorem 3 Let g,γ ∈ W(L∞, �1)(R
d) and 1 ≤ p ≤ ∞. Then

‖mg,γ,pf ‖W(Lp,∞,�∞) ≤ Cp‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(Lp,�∞) (10)

for all f ∈ W(Lp, �∞)(Rd) and

‖mg,γ,pf ‖Lp,∞ ≤ Cp‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖p (11)

for all f ∈ Lp(Rd).

The next corollary follows easily from Theorem 2.

Corollary 1 Let g,γ ∈ W(L∞, �1)(R
d), 1 ≤ p < q ≤ ∞ and 1 ≤ r ≤ ∞. Then

‖mg,γ,pf ‖W(Lq,�r ) ≤ Cq‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(Lq,�r )

for all f ∈ W(Lq, �r)(R
d).

5 The Summability Kernel

The N th square partial sum of a function h ∈ Lp(Q1/β) is denoted by SNh,

SNh(x) :=
∑

|n|≤N

ĥ(n)e2πıβn·x (N ∈ N).

The Lp(Q1/β) norm (1 < p < ∞) convergence of SNh can be found in Zygmund
[32] or Weisz [31]. Moreover, according to one of the deepest results in harmonic
analysis, SNh converges a.e. to h ∈ Lp(Q1/β) (1 < p < ∞) (see Carleson [5], Hunt
[23] and in the higher-dimensional case Fefferman [7] and also Grafakos [16]), i.e.

SNh → h in Lp(Q1/β) norm and a.e. as N → ∞. (12)

If p = 1 then the results in (12) are not true. However, using a summability
method, say the Fejér’s method, we can extend (12). Summability methods are used
quite often in Fourier analysis. For the theory of summation see e.g. Butzer and Nes-
sel [4], Trigub and Belinsky [29] and Weisz [31]. The N th Fejér mean of the Fourier
series of h ∈ L1(Q1/β) is given by

σNh(x) :=
∑

|n|≤N

( d∏

j=1

(
1 − |nj |

N + 1

))
ĥ(n)e2πıβn·x (N ∈ N).

Then

σNh → h in Lp(Q1/β) norm and a.e. as N → ∞, (13)

whenever 1 ≤ p < ∞ (see Marcinkiewicz and Zygmund [26, 32] or Weisz [31]).
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Instead of Fejér summation we may take a general summability method, the so
called θ -summability defined by one single function θ . For θ ∈ W(C,�1)(R

d) the
N th θ -mean of the Fourier series of h ∈ L1(Q1/β) is defined by

σ θ
Nh(x) :=

∑

n∈Zd

θ

( −n

N + 1

)
ĥ(n)e2πıβn·x .

If θ = 1(−1,1)d then we get the partial sums, if θ(x) = ∏d
j=1 max(0,1−|xj |) then the

Fejér means.
In Feichtinger and Weisz [10, 11] we verified the analogous statements to (13) for

θ -summability. If θ̂ ∈ L1(R
d) then

σ θ
Nh → θ(0)h in Lp(Q1/β) norm as N → ∞ (14)

for all h ∈ Lp(Q1/β) (1 ≤ p < ∞).
The a.e. convergence of σ θ

Nh is much more complicated. In Feichtinger and Weisz
[11] we applied the homogeneous Herz spaces in summability theory. Ėq(Rd) con-
tains all measurable functions f for which

‖f ‖Ėq
:=

∞∑

k=−∞
2kd(1−1/q)‖f 1Pk

‖q < ∞,

where Pk := {x : 2k−1 ≤ |x| < 2k}. These spaces are special cases of the Herz spaces
[22] (see also Feichtinger [8], Garcia-Cuerva and Herrero [15]). It is easy to see that

L1(R
d) = Ė1(R

d) ←↩ Ėq(Rd) ←↩ Ėr (R
d) ←↩ Ė∞(Rd), 1 < q < r < ∞.

In this way we obtained ([11]) the following result: if θ̂ ∈ Ėp′(Rd) then

σ θ
Nh → θ(0)h a.e. as N → ∞ (15)

for all h ∈ Lp(Q1/β), where 1 ≤ p < ∞ and 1/p + 1/p′ = 1. Actually, the con-
vergence holds at every Lebesgue point. Some sufficient conditions for θ such that
θ̂ ∈ Ė∞(Rd) and many examples can be found in Sect. 8.

These results are generalized for Gabor series as follows. The partial sums and the
θ -means are defined for Gabor series by

Sg,γ,K,Nf := SK,Nf :=
∑

|k|≤K

∑

|n|≤N

〈f,MβnTαkg〉MβnTαkγ

and

σ θ
g,γ,K,Nf := σ θ

K,Nf :=
∑

|k|≤K

∑

n∈Zd

θ

( −n

N + 1

)
〈f,MβnTαkg〉MβnTαkγ,

respectively, where g,γ ∈ W(L∞, �1)(R
d), f ∈ W(L1, �∞)(Rd) and θ ∈

W(C,�1)(R
d). Note that the summation method just defined is not symmetric. It is
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taken in the frequency domain, only. As we can see later we obtain results for the
partial sums in the time domain and for the summability means in the frequency do-
main, so it is not necessary to consider summability in the time domain, because we
verify “better” results. However, we can define a symmetric summability method, see
Theorem 9 later. Observe that the last series is absolutely convergent, because

|〈f,MβnTαkg〉| ≤ ‖f ‖W(L1,�∞)‖g‖W(L∞,�1)

and
∑

n∈Zd

∣∣∣∣θ
( −n

N + 1

)∣∣∣∣ ≤ (N + 1)d‖θ‖W(C,�1) < ∞. (16)

The following convergence theorem is known for Gabor series (see Gröchenig,
Heil and Okoudjou [19, 20] and Feichtinger and Weisz [12]). Note that Fejér sum-
mation of Gabor series for L1(R

d) spaces and for special window functions from the
Schwartz class was investigated in Grafakos and Lennard [17], too. Another type of
summation method was considered for L2(R

d) spaces in Lyubarskii and Seip [25].

Theorem 4 ([12, 19, 20]) Assume that g,γ ∈ W(L∞, �1)(R
d) such that G(g,α,β)

is a Gabor frame for L2(R
d) with dual frame G(γ,α,β). Let f ∈ W(Lp, �q)(Rd).

(i) If 1 < p < ∞ and 1 ≤ q ≤ ∞ then

lim
K,N→∞SK,Nf = f a.e.

If 1 ≤ q < ∞ then the convergence holds in W(Lp, �q)(Rd) norm.
(ii) If θ̂ ∈ Ėr ′(Rd), 1 ≤ r < p < ∞, 1/r + 1/r ′ = 1 and 1 ≤ q ≤ ∞ then

lim
K,N→∞σ θ

K,Nf = θ(0)f a.e.

If θ̂ ∈ L1(R
d), 1 ≤ p < ∞ and 1 ≤ q < ∞ then the convergence holds in

W(Lp, �q)(Rd) norm.

Unfortunately, the case p = r in (ii) concerning the a.e. convergence is not in-
cluded in Theorem 4 and it cannot even be proved with the method of [12]. This
means, that the a.e. convergence is not proved for the most important case, i.e. for
functions f ∈ L1(R

d) or f ∈ W(L1, �∞)(Rd). Note that W(L1, �∞)(Rd) is the
largest space between the spaces W(Lp, �q)(Rd), 1 ≤ p,q ≤ ∞.

In this paper we will recover this gap using new ideas. To this end we define and
investigate first the summability kernel. Let

Fθ
K,N(x, t) :=

∑

|k|≤K

∑

n∈Zd

θ

( −n

N + 1

)
e2πıβn(x−t)Tαkg(t)Tαkγ (x)

be the θ -kernels.
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Theorem 5 If θ ∈ W(C,�1)(R
d), g,γ ∈ W(L∞, �1)(R

d) and f ∈ W(L1, �∞)(Rd)

then

σ θ
K,Nf =

∫

Rd

f (t)F θ
K,N (x, t) dt.

Moreover, for K,N ∈ N,

‖σ θ
K,Nf ‖W(L1,�∞) ≤ Cα(N + 1)d‖θ‖W(C,�1)‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(L1,�∞).

In the next result we can see that the θ -means are bounded on the Lp(Rd) spaces.

Corollary 2 If θ ∈ W(C,�1)(R
d), θ̂ ∈ L1(R

d) and g,γ ∈ W(L∞, �1)(R
d) then

‖σ θ
K,Nf ‖p ≤ Cp‖θ̂‖1‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖p

for all K,N ∈ N and 1 ≤ p ≤ ∞.

6 Pointwise Summability

We consider the maximal θ -operator of Gabor series defined by

σ θ
g,γ,∗ := σ θ∗ f := sup

K,N∈N

|σ θ
K,Nf |.

It is known for Fourier series that
∥∥∥ sup

N∈N

|SNh|
∥∥∥

p
≤ Cp‖h‖p (1 < p < ∞),

∥∥∥ sup
N∈N

|σ θ
Nh|

∥∥∥
q

≤ Cq‖θ̂‖Ėp′ ‖h‖q (1 ≤ p < q < ∞)

and ∥∥∥ sup
N∈N

|σ θ
Nh|

∥∥∥
Lp,∞

≤ Cp‖θ̂‖Ėp′ ‖f ‖p (1 ≤ p < ∞),

whenever θ̂ ∈ Ėp′ (see Carleson [5], Hunt [23], Fefferman [7], Grafakos [16] and
Feichtinger and Weisz [11]). Now we prove similar inequalities for Gabor series.

Theorem 6 Let θ ∈ W(C,�1)(R
d), g,γ ∈ W(L∞, �1)(R

d), 1 ≤ p ≤ ∞ and 1/p +
1/p′ = 1. If θ̂ ∈ Ėp′(Rd) then

‖σ θ∗ f ‖Lp,∞ ≤ Cp‖θ̂‖Ėp′ ‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖p

for all f ∈ Lp(Rd). Moreover, for every p < q ≤ ∞ and f ∈ Lq(Rd),

‖σ θ∗ f ‖q ≤ Cq‖θ̂‖Ėp′ ‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖q .
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A similar result to Theorem 6 for Wiener amalgam spaces reads as follows.

Theorem 7 Let θ ∈ W(C,�1)(R
d), g,γ ∈ W(L∞, �1)(R

d), 1 ≤ p ≤ ∞ and 1/p +
1/p′ = 1. If θ̂ ∈ Ėp′(Rd) then

‖σ θ∗ f ‖W(Lp,∞,�∞) ≤ Cp‖θ̂‖Ėp′ ‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(Lp,�∞)

for all f ∈ W(Lp, �∞)(Rd). Moreover, for every p < q ≤ ∞ and f ∈ W(Lq,

�∞)(Rd),

‖σ θ∗ f ‖W(Lq,�∞) ≤ Cq‖θ̂‖Ėp′ ‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(Lq,�∞).

Using Theorem 7 we will prove some pointwise convergence results for Gabor
series. Note that W(Lp, �∞)(Rd) ⊃ W(Lp, �q)(Rd) for 1 ≤ q ≤ ∞.

Theorem 8 Assume that θ ∈ W(C,�1)(R
d) and g,γ ∈ W(L∞, �1)(R

d). If 1 ≤
p < ∞ and θ̂ ∈ Ėp′(Rd) then

lim
K,N→∞σ θ

K,Nf = θ(0)Rg,γ f a.e. (17)

for all f ∈ W(Lp, �∞)(Rd). If G(g,α,β) is a Gabor frame for L2(R
d) with dual

frame G(γ,α,β) then σ θ
K,Nf converges to θ(0)f a.e.

Finally we remark that we can define a symmetric summation method in the time
and frequency domain by

σ
η,θ
K,Nf :=

∑

k∈Zd

∑

n∈Zd

η

( −k

K + 1

)
θ

( −n

N + 1

)
〈f,MβnTαkg〉MβnTαkγ,

where g,γ ∈ W(L∞, �1)(R
d), f ∈ W(L1, �∞)(Rd) and η, θ ∈ W(C,�1)(R

d) with
η(0) = 1. (Instead of η ∈ W(C,�1) it is enough to suppose that η ∈ W(L∞, �1)(R

d)

is continuous at 0.) If η(x) = 1[0,1](|x|) then σ
η,θ
K,Nf = σ θ

K,Nf . Let

σ
η,θ∗ f := sup

K,N∈N

|ση,θ
K,Nf |.

Under these conditions on η all the above results can be shown for σ
η,θ
K,Nf and σ

η,θ∗ f

without difficulties in the same way.

Theorem 9 If in addition η ∈ W(C,�1)(R
d) with η(0) = 1 then in Theorems 6, 7

and 8 σ θ∗ f (resp. σ θ
K,Nf ) can be replaced by σ

η,θ∗ f (resp. σ
η,θ
K,Nf ).

7 Proofs

In this section we present the proofs of the results mentioned above. First we prove
Theorem 3 and then, by estimating Mg,γ,pf by mg,γ,pf we give the proof of Theo-
rem 2.
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Proof of Theorem 3 If p = ∞ then

mg,γ,∞f (x) ≤ sup
I :x∈I

sup
t∈I

∑

k∈Zd

∑

n∈Zd

|f (t + n/β)||Tαkg(t + n/β)||Tαkγ (x)|

≤ ‖f ‖∞ sup
I :x∈I

sup
t∈I

∑

k∈Zd

∑

n∈Zd

|Tαkg(t + n/β)||Tαkγ (x)|

≤ C‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖∞, (18)

which implies

‖mg,γ,∞f ‖∞ ≤ C‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖∞.

Assume that 1 ≤ p < ∞. Let Ei := {x ∈ TiQ : mg,γ,pf (x) > ρ} and Ki ⊂ Ei be
a compact subset (i ∈ Z

d). For each x ∈ Ki there exists a cube Ix such that x ∈ Ix ,
|Ix | ≤ 1, Ix ∩ TiQ �= ∅ and

|Ix |−1/p

(∫

Ix

|fg,γ (x, t)|p dt

)1/p

> ρ. (19)

Since x ∈ Ix and Ki is compact, we can select a finite collection of these cubes
covering Ki , say

⋃
j Ii,j ⊃ Ki . By Vitali covering lemma (see e.g. Stein [27] or

Weisz [31]) we can choose a finite disjoint subcollection Ii,j , j = 1, . . . ,mi of this
covering with |Ki | ≤ 3d

∑mi

j=1 |Ii,j |. Since each cube Ii,j satisfies (19), we have

∫

Ii,j

|fg,γ (xi,j , t)|p dt > ρp|Ij,i |,

where xi,j ∈ Ki ⊂ TiQ. Thus

mi∑

j=1

∫

Ii,j

|fg,γ (xi,j , t)|p dt > ρp

mi∑

j=1

|Ij,i | > 3−dρp|Ki |.

We estimate the left hand side by

( mi∑

j=1

∫

Ii,j

|fg,γ (xi,j , t)|p dt

)1/p

=
( mi∑

j=1

∫

Ii,j

( ∑

k∈Zd

∑

n∈Zd

|f (t + n/β)||Tαkg(t + n/β)||Tαkγ (xi,j )|
)p

dt

)1/p

≤
( mi∑

j=1

∫

Ii,j

( ∑

k∈Zd

∑

n∈Zd

|f (t + n/β)||Tαkg(t + n/β)| sup
TiQ

|Tαkγ |
)p

dt

)1/p

≤
(∫

[−i−1,−i+2]

( ∑

k∈Zd

∑

n∈Zd

|f (t + n/β)||Tαkg(t + n/β)| sup
TiQ

|Tαkγ |
)p

dt

)1/p

,
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where −i − 1 = (−i1 − 1, . . . ,−id − 1). Hence

ρ|Ki |1/p ≤ 3d/p

(∫

[−i−1,−i+2]

( ∑

k∈Zd

∑

n∈Zd

|f (t + n/β)||Tαkg(t + n/β)|

× sup
TiQ

|Tαkγ |
)p

dt

)1/p

.

Taking the supremum over all Ki we obtain on the left hand side ρ|Ei |1/p . Then

‖mg,γ,pf ‖W(Lp,∞,�q ) =
(∑

i∈Zd

(
sup
ρ>0

ρ|Ei |1/p

)q)1/q

≤ 3d/p

(∑

i∈Zd

(∫

[−i−1,−i+2]

( ∑

k∈Zd

∑

n∈Zd

|f (t + n/β)|

× |Tαkg(t + n/β)| sup
TiQ

|Tαkγ |
)p

dt

)q/p)1/q

. (20)

If q = ∞,

‖mg,γ,pf ‖W(Lp,∞,�∞) ≤ Cp sup
i∈Zd

(∫

[−i−1,−i+2]

( ∑

k∈Zd

∑

n∈Zd

|f (t + n/β)|

× |Tαkg(t + n/β)| sup
TiQ

|Tαkγ |
)p

dt

)1/p

≤ Cp sup
i∈Zd

∑

k∈Zd

∑

n∈Zd

sup
t∈[−i−1,−i+2]

|Tαkg(t + n/β)|

× sup
TiQ

|Tαkγ |‖f ‖W(Lp,�∞)

≤ Cp‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(Lp,�∞),

which proves (10).
We have for q = p that

‖mg,γ,pf ‖W(Lp,∞,�q ) = ‖mg,γ,pf ‖Lp,∞ (1 ≤ p < ∞).

Using (20) and a duality theorem we obtain

‖mg,γ,pf ‖Lp,∞ ≤ 3d/p

(∑

i∈Zd

∫

[−i−1,−i+2]

( ∑

k∈Zd

∑

n∈Zd

|f (t + n/β)|

× |Tαkg(t + n/β)| sup
TiQ

|Tαkγ |
)p

dt

)1/p

= 3d/p sup
‖h‖≤1

∑

i∈Zd

∫

[−i−1,−i+2]

∑

k∈Zd

∑

n∈Zd

|f (t + n/β)|

× |Tαkg(t + n/β)| sup
TiQ

|Tαkγ |hi(t) dt, (21)
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where h = (hi, i ∈ Z
d) and

‖h‖ :=
(∑

i∈Zd

∫

[−i−1,−i+2]
|hi(t)|p′

dt

)1/p′

.

If ‖h‖ ≤ 1 then Hölder’s inequality imply

∑

i∈Zd

∫

[−i−1,−i+2]

∑

k∈Zd

∑

n∈Zd

|f (t + n/β)||Tαkg(t + n/β)| sup
TiQ

|Tαkγ ||hi(t)|dt

≤
∑

i∈Zd

∑

k∈Zd

∑

n∈Zd

∫

[−i−1,−i+2]
|f (t + n/β)||Tαkg(t + n/β)|1/p sup

TiQ

|Tαkγ |1/p

× |Tαkg(t + n/β)|1/p′
sup
TiQ

|Tαkγ |1/p′ |hi(t)|dt

≤
∑

i∈Zd

∑

k∈Zd

∑

n∈Zd

(∫

[−i−1,−i+2]
|f (t + n/β)|p|Tαkg(t + n/β)| sup

TiQ

|Tαkγ |dt

)1/p

×
(∫

[−i−1,−i+2]
|Tαkg(t + n/β)| sup

TiQ

|Tαkγ ||hi(t)|p′
dt

)1/p′

≤
(∑

i∈Zd

∑

k∈Zd

∑

n∈Zd

∫

[−i−1,−i+2]
|f (t + n/β)|p|Tαkg(t + n/β)| sup

TiQ

|Tαkγ |dt

)1/p

×
(∑

i∈Zd

∑

k∈Zd

∑

n∈Zd

∫

[−i−1,−i+2]
|Tαkg(t + n/β)| sup

TiQ

|Tαkγ ||hi(t)|p′
dt

)1/p′

.

By the definition of W(L∞, �1)(R
d) the right hand side can be estimated by

Cp

(∑

i∈Zd

∑

k∈Zd

∫

Rd

|f (t)|p|Tαkg(t)| sup
TiQ

|Tαkγ |dt

)1/p

×
(∑

i∈Zd

∑

k∈Zd

∫

[−i−1,−i+2]
sup
TiQ

|Tαkγ ||hi(t)|p′
dt

)1/p′

‖g‖1/p′
W(L∞,�1)

≤ Cp

( ∑

k∈Zd

∫

Rd

|f (t)|p|Tαkg(t)|dt

)1/p

‖γ ‖1/p

W(L∞,�1)

×
(∑

i∈Zd

∫

[−i−1,−i+2]
|hi(t)|p′

dt

)1/p′

‖g‖1/p′
W(L∞,�1)

‖γ ‖1/p′
W(L∞,�1)

≤ Cp‖f ‖p‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖h‖

and this, together with (21) prove (11). �
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Proof of Theorem 2 The first inequality in Theorem 2 for p = ∞ can be proved as
in (18). Assume that 1 ≤ p < ∞. Of course, if |I | ≤ 1 and x ∈ I then

|I |−1/p

(∫

I

|fg,γ (x, t)|p dt

)1/p

≤ mg,γ,pf (x). (22)

If ld ≤ |I | < (l + 1)d for some l ≥ 1 and x ∈ I then

|I |−1
∫

I

|fg,γ (x, t)|p dt ≤ |I |−1
∑

j :Tj Q∩I �=∅

∫

Tj Q

|fg,γ (x, t)|p dt

≤ (l + 2)d |I |−1 sup
j :Tj Q∩I �=∅

∫

Tj Q

|fg,γ (x, t)|p dt. (23)

Hence

Mg,γ,pf (x) ≤ mg,γ,pf (x) + C sup
j∈Zd

(∫

Tj Q

|fg,γ (x, t)|p dt

)1/p

. (24)

Obviously,

ρ

∣∣∣∣

{
x : sup

j∈Zd

(∫

Tj Q

|fg,γ (x, t)|p dt

)1/p

> ρ

}∣∣∣∣

≤
(∫

Rd

sup
j∈Zd

∫

Tj Q

|fg,γ (x, t)|p dt dx

)1/p

.

Again by duality,

(∫

Rd

sup
j∈Zd

∫

Tj Q

|fg,γ (x, t)|p dt dx

)1/p

= sup
‖h‖≤1

∣∣∣∣
∫

Rd

∑

j∈Zd

∫

Tj Q

fg,γ (x, t)hj (x, t) dt dx

∣∣∣∣,

where h = (hj , j ∈ Z
d) and

‖h‖ :=
(∫

Rd

( ∑

j∈Zd

(∫

Tj Q

|hj (x, t)|p′
dt

)1/p′)p′

dx

)1/p′

.

By Hölder’s inequality,
∣∣∣∣
∫

Rd

∑

j∈Zd

∫

Tj Q

fg,γ (x, t)hj (x, t) dt dx

∣∣∣∣

≤
∑

j∈Zd

∫

Rd

∑

k∈Zd

∑

n∈Zd

|Tαkγ (x)|
∫

Tj Q

|f (t + n/β)||Tαkg(t + n/β)||hj (x, t)|dt dx
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≤
∑

j∈Zd

∫

Rd

∑

k∈Zd

∑

n∈Zd

|Tαkγ (x)|1/p

(∫

Tj Q

|f (t + n/β)|p|Tαkg(t + n/β)|dt

)1/p

× |Tαkγ (x)|1/p′
(∫

Tj Q

|Tαkg(t + n/β)||hj (x, t)|p′
dt

)1/p′

dx

≤
∑

j∈Zd

∫

Rd

( ∑

k∈Zd

∑

n∈Zd

|Tαkγ (x)|
∫

Tj Q

|f (t + n/β)|p|Tαkg(t + n/β)|dt

)1/p

×
( ∑

k∈Zd

∑

n∈Zd

|Tαkγ (x)|
∫

Tj Q

|Tαkg(t + n/β)||hj (x, t)|p′
dt

)1/p′

dx.

Using the definition of the amalgam spaces, the inequality ‖γ ‖1 ≤ ‖γ ‖W(L∞,�1) and
Hölder’s inequality again we conclude that

∣∣∣∣
∫

Rd

∑

j∈Zd

∫

Tj Q

fg,γ (x, t)hj (x, t) dt dx

∣∣∣∣

≤ Cp

∫

Rd

( ∑

k∈Zd

|Tαkγ (x)|
∫

Rd

|f (t)|p|Tαkg(t)|dt

)1/p

× ‖g‖1/p′
W(L∞,�1)

‖γ ‖1/p′
W(L∞,�1)

∑

j∈Zd

(∫

Tj Q

|hj (x, t)|p′
dt

)1/p′

dx

≤ Cp

(∫

Rd

∑

k∈Zd

|Tαkγ (x)|
∫

Rd

|f (t)|p|Tαkg(t)|dt dx

)1/p

× ‖g‖1/p′
W(L∞,�1)

‖γ ‖1/p′
W(L∞,�1)

(∫

Rd

( ∑

j∈Zd

(∫

Tj Q

|hj (x, t)|p′
dt

)1/p′)p′

dx

)1/p′

≤ Cp‖f ‖p‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖h‖.

Inequality (8) follows from (24) and (11).
If q = ∞ and f ∈ L∞(Rd) then

Mg,γ,pf (x) ≤ ‖f ‖∞ sup
x∈I

|I |−1/p

(∫

I

( ∑

k∈Zd

∑

n∈Zd

|Tαkg(t + n/β)||Tαkγ (x)|
)p

dt

)1/p

≤ C‖f ‖∞‖g‖W(L∞,�1)‖γ ‖W(L∞,�1).

Inequality (9) for p < q < ∞ follows by interpolation. �
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Proof of Theorem 5 By the definition,

σ θ
K,Nf (x) =

∑

|k|≤K

∑

n∈Zd

∫

Rd

θ

( −n

N + 1

)
f (t)e2πıβn(x−t)Tαkg(t)Tαkγ (x) dt.

Using (16) and the definition of the Wiener amalgam spaces we get for all l ∈ Z
d that

∫

TαlQα

|σ θ
K,Nf (x)|dx

≤
∑

|k|≤K

∑

n∈Zd

∑

m∈Zd

∫

TαmQα

∣∣∣∣θ
( −n

N + 1

)∣∣∣∣|f (t)||Tαkg(t)|dt

∫

TαlQα

|Tαkγ (x)|dx

≤ Cα(N + 1)d‖θ‖W(C,�1)

∑

|k|≤K

∑

m∈Zd

sup
TαmQα

|Tαkg| sup
TαlQα

|Tαkγ |
∫

TαmQα

|f (t)|dt

≤ Cα(N + 1)d‖θ‖W(C,�1)

∑

|k|≤K

sup
TαlQα

|Tαkγ |‖g‖W(L∞,�1)‖f ‖W(L1,�∞)

≤ Cα(N + 1)d‖θ‖W(C,�1)‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(L1,�∞),

which proves the theorem. �

Lemma 1 If θ ∈ W(C,�1)(R
d), θ̂ ∈ L1(R

d) and g,γ ∈ W(L∞, �1)(R
d) then

Fθ
K,N(x, t) = (N + 1)d

∑

|k|≤K

∑

n∈Zd

θ̂
(
(N + 1)(β(x − t) + n)

)
Tαkg(t)Tαkγ (x)

for all K,N ∈ N.

Proof In Feichtinger and Weisz [10] or [31] we proved that
∫

Q

f (x − t)
∑

n∈Zd

θ

( −n

N + 1

)
e2πınt dt = (N + 1)d

∫

Rd

f (x − t)θ̂ ((N + 1)t) dt

for all periodic functions f ∈ L1(Q). Therefore
∫

Q

f (x − t)
∑

n∈Zd

θ

( −n

N + 1

)
e2πınt dt

= (N + 1)d
∑

n∈Zd

∫

TnQ

f (x − t)θ̂ ((N + 1)t) dt

= (N + 1)d
∑

n∈Zd

∫

Q

f (x − t − n)θ̂((N + 1)(t + n)) dt

= (N + 1)d
∫

Q

f (x − t)
∑

n∈Zd

θ̂ ((N + 1)(t + n)) dt,
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which yields that

∑

n∈Zd

θ

( −n

N + 1

)
e2πınt = (N + 1)d

∑

n∈Zd

θ̂ ((N + 1)(t + n)).

Now Lemma 1 follows from Theorem 5. �

Note that the last equation is a version of the Poisson summation formula, how-
ever, for the sake of completeness we presented the proof of Lemma 1.

Lemma 2 If θ ∈ W(C,�1)(R
d), θ̂ ∈ L1(R

d) and g,γ ∈ W(L∞, �1)(R
d) then

∫

Rd

|Fθ
K,N(x, t)|dx +

∫

Rd

|Fθ
K,N (x, t)|dt ≤ Cβ‖θ̂‖1‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)

for all K,N ∈ N, x, t ∈ R
d .

Proof It is enough to show that the first summand can be estimated by the right hand
side. By Lemma 1,
∫

Rd

|Fθ
K,N (x, t)|dx ≤ (N + 1)d

∑

|k|≤K

∑

n∈Zd

∑

l∈Zd

×
∫

Tl/βQ1/β

∣∣θ̂
(
(N + 1)(β(x − t) + n)

)∣∣|Tαkg(t)||Tαkγ (x)|dx

≤ (N + 1)d
∑

|k|≤K

∑

n∈Zd

∑

l∈Zd

|Tαkg(t)| sup
Tl/βQ1/β

|Tαkγ |

×
∫

Tl/βQ1/β

∣∣θ̂
(
(N + 1)(β(x − t + n/β)

)∣∣dx

≤ Cβ‖θ̂‖1

∑

|k|≤K

∑

l∈Zd

|Tαkg(t)| sup
Tl/βQ1/β

|Tαkγ |

≤ Cβ‖θ̂‖1

∑

|k|≤K

|Tαkg(t)|‖γ ‖W(L∞,�1)

≤ Cβ‖θ̂‖1‖g‖W(L∞,�1)‖γ ‖W(L∞,�1),

which proves the lemma. �

Proof of Corollary 2 The result follows from Schur’s test (see e.g. Gröchenig
[18, p. 106]) and from Theorem 5 and Lemma 2. �

Proof of Theorem 6 By Theorem 5 and Lemma 1,

|σ θ
K,Nf (x)| =

∣∣∣∣
∫

Rd

f (x − t)F θ
K,N(x, x − t) dt

∣∣∣∣
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≤ (N + 1)d
∑

|k|≤K

∑

n∈Zd

∫

Rd

|f (x − t)|

× |θ̂ ((N + 1)(β(t + n/β))||Tαkg(x − t)||Tαkγ (x)|dt

= (N + 1)d
∑

k∈Zd

∑

n∈Zd

∫

Rd

|f (x − t + n/β)|

× |θ̂ ((N + 1)βt)||Tαkg(x − t + n/β)||Tαkγ (x)|dt

= (N + 1)d
∑

k∈Zd

∑

n∈Zd

∞∑

l=−∞

∫

Pl(1/β(N+1))

|f (x − t + n/β)|

× |θ̂ ((N + 1)βt)||Tαkg(x − t + n/β)||Tαkγ (x)|dt,

where

Pl(1/β(N + 1)) :=
{
x : |x| < 2l

β(N + 1)

}∖{
x : |x| ≥ 2l−1

β(N + 1)

}
(l ∈ Z).

By Hölder’s inequality,

|σ θ
K,Nf (x)|

≤
∞∑

l=−∞

(∫

Pl(1/β(N+1))

( ∑

k∈Zd

∑

n∈Zd

|f (x − t + n/β)||Tαkg(x − t + n/β)|

× |Tαkγ (x)|
)p

dt

)1/p

×
(∫

Pl(1/β(N+1))

|(N + 1)d θ̂((N + 1)βt)|p′
dt

)1/p′

.

Observe that

(∫

Pl(1/β(N+1))

|(N + 1)d θ̂((N + 1)βt)|p′
dt

)1/p′

= β−d((N + 1)β)d(1−1/p′)
(∫

Pl

|θ̂ (t)|p′
dt

)1/p′

and

(∫

Pl(1/β(N+1))

( ∑

k∈Zd

∑

n∈Zd

|f (x − t + n/β)||Tαkg(x − t + n/β)||Tαkγ (x)|
)p

dt

)1/p

≤ 2ld/p((N + 1)β)−d/pMg,γ,pf (x),
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where the Hardy-Littlewood type maximal function Mg,γ,pf was defined in (7).
Hence

σ θ∗ f (x) ≤ β−dMg,γ,pf (x)

∞∑

l=−∞
2ld/p

(∫

Pl

|θ̂ (t)|p′
dt

)1/p′

= β−d‖θ̂‖Ėp′ Mg,γ,pf (x). (25)

Now Theorem 2 finishes the proof. �

Proof of Theorem 7 We start the proof with the estimation of the right hand side
of (23):

∫

Tj Q

|fg,γ (x, t)|p dt

≤
(∫

Tj Q

( ∑

k∈Zd

∑

n∈Zd

|f (t + n/β)||Tαkg(t + n/β)||Tαkγ (x)|
)p

dt

)1/p

≤
∑

k∈Zd

∑

n∈Zd

|Tαkγ (x)| sup
t∈Tj Q

|Tαkg(t + n/β)|
(∫

Tj Q

|f (t + n/β)|p dt

)1/p

≤ Cp‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(Lp,�∞).

Inequalities (22) and (23) imply

Mg,γ,pf (x) ≤ mg,γ,pf (x) + Cp‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(Lp,�∞)

and, by (25),

σ θ∗ f (x) ≤ Cpβ−d‖θ̂‖Ėp′ (mg,γ,pf (x) + Cp‖g‖W(L∞,�1)‖γ ‖W(L∞,�1)‖f ‖W(Lp,�∞)).

Theorem 7 follows from Theorem 3 and Corollary 1. �

Proof of Theorem 8 First suppose that γ has compact support. In this case the sum
in (3) is a finite sum for each fixed x ∈ R

d . It is easy to see that

σ θ
K,Nf =

∑

|k|≤K

(σ θ
Nmg,k)Tαkγ.

If K is large enough then

|θ(0)Rg,γ f (x) − σ θ
K,Nf (x)| =

∣∣∣∣
∑

|k|≤K

(θ(0)mg,k(x) − σ θ
Nmg,k(x))Tαkγ (x)

∣∣∣∣

≤ ‖γ ‖∞
∑

|k|≤K

|θ(0)mg,k(x) − σ θ
Nmg,k(x)|

and (15) proves (17).
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If the support of γ is not compact then choose γm ∈ W(L∞, �1)(R
d) with com-

pact support such that ‖γ − γm‖W(L∞,�1) → 0 as m → ∞ (m ∈ N). Fix f ∈
W(Lp, �∞)(Rd) and set

ξ := lim sup
K,N→∞

|σ θ
g,γ,K,Nf − θ(0)Rg,γ f |.

It is sufficient to show that ξ = 0 a.e. Since (17) holds for γm, we have

ξ ≤ lim sup
K,N→∞

|σ θ
g,γ,K,Nf − σ θ

g,γm,K,Nf |

+ lim sup
K,N→∞

|σ θ
g,γm,K,Nf − θ(0)Rg,γmf | + |θ(0)Rg,γmf − θ(0)Rg,γ f |

≤ σ θ
g,γ−γm,∗f + |θ(0)Rg,γ−γmf |

for all m ∈ N. Taking into account Theorems 1 and 7 we conclude

‖ξ‖W(Lp,∞,�∞) ≤ ‖σ θ
g,γ−γm,∗f ‖W(Lp,∞,�∞) + ‖θ(0)Rg,γ−γmf ‖W(Lp,�∞)

≤ Cp

(‖θ̂‖Ėp′ + θ(0)
)‖g‖W(L∞,�1)‖γ − γm‖W(L∞,�1)‖f ‖W(Lp,�∞)

for all m ∈ N. Since γm →γ in W(L∞, �1)(R
d) norm as m→∞, ‖ξ‖W(Lp,∞,�∞) = 0

and so ξ = 0 a.e. �

Proof of Theorem 9 The result can be proved similarly to Theorems 6, 7 and 8. �

8 Some Summability Methods

In this section we consider some summability methods as special cases of the θ -
summation. We have shown in Feichtinger and Weisz [11, Theorem 4.1] that if

η(x) := sup
‖t‖r≥‖x‖r

|θ̂ (t)| ∈ L1(R
d) for some 1 ≤ r ≤ ∞ then θ̂ ∈ Ė∞(Rd).

This is the case, if, e.g., θ̂ ∈ L1(R) is even and θ̂ is non-increasing on (0,∞).
Moreover, if θ is in the weighted modulation space M

vd

1 (Rd) then θ̂ ∈ Ė∞(Rd)

(see Theorem 5.5 and Lemma 5.3 in [11]). The weighted modulation space or Fe-
ichtinger’s algebra is defined via the short-time Fourier transform (STFT). Recall
that for f ∈ L2(R

d) the STFT with respect to a window function g ∈ L2(R
d) is de-

fined by

Sgf (x,ω) :=
∫

Rd

f (t)g(t − x)e−2πıωt dt (x,ω ∈ R
d).

Using the STFT with respect to the Gauss function g0(x) := e−π |x|2 we define
M

vd

1 (Rd) by

M
vd

1 (Rd) := {
f ∈ L2(Rd) : ‖f ‖

M
vd
1

:= ‖Sg0f · vd‖L1(R
2d ) < ∞}

,

where vd(x,ω) := vd(ω) = (1 + |ω|)d (x,ω ∈ R
d).
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The Sobolev-type space V k
1 (Rd) (k ≥ 2, k ∈ N) is a useful space to give some

sufficient conditions for a function to be in M
vd

1 (Rd). A function θ is in V k
1 (R) (k ≥

2, k ∈ N), if there are numbers −∞ = a0 < a1 < · · · < an < an+1 = ∞ such that
n = n(θ) is depending on θ and

θ ∈ Ck−2(R), θ ∈ Ck(ai, ai+1), θ(j) ∈ L1(R)

for all i = 0, . . . , n and j = 0, . . . , k. Here Ck denotes the set of k-times continuously
differentiable functions. The norm of this space is introduced by

‖θ‖V k
1

:=
k∑

j=0

‖θ(j)‖1 +
n∑

i=1

|θ(k−1)(ai + 0) − θ(k−1)(ai − 0)|,

where θ(k−1)(ai ± 0) denote the right and left limits of θ(k−1). It is easy to see that
these limits do exist.

For d > 1 and k ≥ 2 let θ ∈ V k
1 (Rd) if θ is even in each variable and

θ ∈ Ck−2(Rd), θ ∈ Ck([0,∞)d \ {(0, . . . ,0)}), ∂
i1
1 · · · ∂id

d θ(t) ∈ L1([0,∞)l)

for each ij = 0, . . . , k (j = 1, . . . , d) and fixed 0 < tm1, . . . , tmd−l
< ∞ (1 ≤ m1 <

m2 < · · · < md−l ≤ d) and 1 ≤ l ≤ d . We have proved in [11] that if θ ∈ V k
1 (Rd)

for k > d + 1 then θ ∈ M
vd

1 (Rd) and hence θ̂ ∈ Ė∞(R). V 2
1 (R) is not contained in

M
v1
1 (R), however, if θ ∈ V 2

1 (R) then θ̂ ∈ Ė∞(R).
Applying these results, after some computation we can prove that θ̂ ∈ Ė∞(Rd) all

in the following examples. For the details see [11].

Example 1 (Weierstrass summation) θ(x) = e−|x|γ (x ∈ R,1 ≤ γ < ∞). If γ = 1
then it is called Abel summation.

Example 2 θ(x) = e−(1+|x|q )γ (x ∈ R,1 ≤ q < ∞,0 < γ < ∞).

Example 3 θ(x) = e−‖x‖q
q (x ∈ R

d,1 ≤ q < ∞).

Example 4 θ(x) = e−(1+‖x‖q
q )γ (x ∈ R

d,1 ≤ q < ∞,0 < γ < ∞).

Example 5 If θ(x) = e−2π‖x‖2 (x ∈ R
d) then θ̂ (x) = cd/(1+‖x‖2

2)
(d+1)/2 (see Stein

and Weiss [28, p. 6.]).

Example 6 For θ(x) = 1/(1 + ‖x‖2
2)

(d+1)/2 (x ∈ R
d) we have θ̂ (x) = cde−2π‖x‖2 .

Example 7 (Picard and Bessel summations) θ(x) = (1 + |x|γ )−α (x ∈ R,0 < α <

∞,1 ≤ γ < ∞, αγ > 1).

Example 8 θ(x) = (1 + ‖x‖γ
γ )−α (x ∈ R

d ,0 < α < ∞,1 ≤ γ < ∞, αγ > d).
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Example 9

θ(x) :=
{

1 if ‖x‖q ≤ 1
(x ∈ R

d,1 ≤ q < ∞, d < α < ∞).‖x‖−α
q if ‖x‖q > 1

Example 10 Let

θ(x) :=
⎧
⎨

⎩

1 if x = 0
(x ∈ R,1 < α < ∞).

1−e−|x|α
|x|α if |x| > 0

Example 11 (de La Vallée-Poussin summation) Let

θ(x) =
⎧
⎨

⎩

1 if |x| ≤ 1/2

−2|x| + 2 if 1/2 < |x| ≤ 1 (x ∈ R).

0 if |x| > 1

Example 12 (Jackson-de La Vallée-Poussin summation) Let

θ(x) =

⎧
⎪⎨

⎪⎩

1 − 3x2/2 + 3|x|3/4 if |x| ≤ 1

(2 − |x|)3/4 if 1 < |x| ≤ 2 (x ∈ R).

0 if |x| > 2

Example 13 Let 0 = α0 < α1 < · · · < αm and β0, . . . , βm (m ∈ N) be real numbers,
β0 = 1, βm = 0. Suppose that θ is even, θ(αj ) = βj (j = 0,1, . . . ,m), θ(x) = 0 for
x ≥ αm, θ9 is a polynomial on the interval [αj−1, αj ] (j = 1, . . . ,m).

Example 14 (Rogosinski summation) Let

θ(x) =
{

cosπx/2 if |x| ≤ 1 + 2j
(j ∈ N).

0 if |x| > 1 + 2j

Example 15 (Riesz summation I)

θ(x) :=
{

(1 − |x|γ )α if |x| ≤ 1
(x ∈ R,0 < α < ∞,1 ≤ γ < ∞).

0 if |x| > 1

It is called Fejér summation if α = γ = 1. We have proved in [31] that

|θ̂ (x)| ≤ C

|x|(α∧1)+1
.

Example 16 (Riesz summation II)

θ(x) :=
{

(1 − ‖x‖k
2)

α if ‖x‖2 ≤ 1
(x ∈ R

d, (d − 1)/2 < α < ∞, k ∈ N, k > 0).
0 if ‖x‖2 > 1
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One can find in Stein and Weiss [28, p. 171] and Lu [24, p. 132] that

|θ̂ (x)| ≤ C‖x‖−d/2−α−1/2
2 (x �= 0)

and this is integrable if α > (d − 1)/2.

Example 17 (Riemann summation) If θ(x) = (
sinx/2
x/2 )2 then θ̂ = max(0,1 − |x|).

Acknowledgement I would like to thank the referees for reading the paper carefully and for their useful
comments and suggestions.
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