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Abstract In this paper the convergence behavior of the Shannon sampling series
is analyzed for Hardy spaces. It is well known that the Shannon sampling series is
locally uniformly convergent. However, for practical applications the global uniform
convergence is important. It is shown that there are functions in the Hardy space such
that the Shannon sampling series is not uniformly convergent on the whole real axis.
In fact, there exists a function in this space such that the peak value of the Shannon
sampling series diverges unboundedly. The proof uses Fefferman’s theorem, which
states that the dual space of the Hardy space is the space of functions of bounded
mean oscillation.

Keywords Shannon sampling series - Hardy space - Uniform convergence - Stable
reconstruction
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1 Introduction

Since Shannon introduced the sampling series in the context of communication in the
landmark papers [14-16], the Shannon sampling series has become more and more
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important. By now, sampling theory has grown to an independent research area [17].
The developments comprise extensions to multidimensional sampling [9], which has
applications in image processing and to bandpass or multi-band sampling [1], which
is important in communications. A good overview article, containing numerous ref-
erences itself, is [12]. However the analyses for the original Shannon sampling se-
ries and its extensions are often made only for the space of bandlimited and square-
integrable functions. In contrast, we aim to extend the Shannon sampling theorem to
hold for as large a space of functions as possible.

A stable reconstruction of signals from its samples, in the sense of a uniformly
convergent Shannon sampling series, is important not only from the theoretical point
of view but in particular for practical applications. If the series is uniformly conver-
gent on the whole real axis, then it is possible to bound the maximum norm of the
approximation error, which is made by using only finitely many samples. Thus it is
desirable to have a stable reconstruction for as large a space of functions as possible.
In this paper the convergence behavior of the Shannon sampling series is analyzed for
the Hardy space. Since the space of functions is considerably enlarged, the Hilbert
space techniques, which are eligible in the setting of square-integrable functions,
cannot be used anymore. The Hardy space is interesting from the mathematical point
of view, which is expressed by its importance in the Fourier and functional analy-
sis [9, 13].

In order to continue the discussion, we need some preliminaries and notation.
Let f denote the Fourier transform of a function f, where f is to be understood
in the distributional sense. L”(R), 1 < p < oo, denotes the space of all to the pth
power Lebesgue integrable functions on R with the usual norm || - ||, and L*(R)
the space of all functions for which the essential supremum norm || - || is finite.
Furthermore, /7, 1 < p < o0, is the space of all sequences such that the p-norm
| - llzr is finite, and [°° denotes the space of bounded sequences with the supremum
norm || - |l;«. For 0 >0 and 1 < p < oo, we deriote by PWE the Paley—Wiener

space of functions f with representation f(z) = 5= [ g(¢'®) ¢/ dw, z € C, for

some g € LP(dD). If f € PWE, then g(e!®) = f(w). D ={zeC:|z] <1} is the
open unit disk and d D its boundary, i.e., the unit circle. The norm for PW(], is given
1 ro

by 1 fllpywt =57 /-4 |f(a))| dw. Note that every function g defined on dD can be

identified with a function 4 (w) = g(¢'®) defined on R and being 27 periodic. As
a consequence of Holder’s inequality, we have PW5 > PW? for 1 < p < s < 00.
Moreover, it holds || flloc < I/l pyy1 -

2 Motivation

For functions f € PWE, p > 1, the convergence of the Shannon sampling series

n(r(t — k)

ad si
)= k;oof(k)m @.1)

is uncritical: The Shannon sampling series is absolutely and uniformly convergent on
R forall f € PW%, p>11[6,p.9].
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A well-known fact [5-7] about the convergence behavior of the Shannon sampling
series for f € PW}T is expressed by the following theorem.

Theorem 1 Forall f € ’PW}T and T > 0 fixed, it holds

m(t —k)

N .
fo- 3 £ sin(r (1 — k)) D o
k=—N

lim max
N—oo\te[-T,T]

The result of Theorem 1 is very important, because it establishes the uniform conver-
gence on compact subsets of R for a large class of functions, namely PW}T, which
is the largest space within the scale of Paley—Wiener spaces. Unfortunately, it is not
possible to extend Theorem 1 in such a way that the uniform convergence holds on
all of R for the space PW..

Since the Hardy space has shown to be a good substitute for L' in many cases, it
is reasonable to expect a better convergence behavior of the Shannon sampling series
for the Hardy space. However, as we will show in Sect. 4, even for the subspaces H!
and Re H! of PW!, the Shannon sampling series does not converge uniformly on R.
It is interesting to discuss the proof technique: In order to obtain the results, we used
Fefferman’s Theorem [10, p. 245], which states that the dual space of H'! is BMO.

Note that there are modifications of the Shannon sampling series, for example, the
Shannon sampling series with oversampling [8] or series that are centered around ¢
[2], which are uniformly convergent on all of R. However, those modifications have
other drawbacks, most notably the increased bandwidth compared to the Shannon
sampling series.

3 The Hardy Space

As already mentioned, the Hardy space H! has several nice properties. Therefore,
it is an often used space, especially as a substitute for L'. Since the Hardy space is
closely related to the Hilbert transformation, we introduce the Hilbert transformation
first.

Definition 1 The Hilbert transform H f of a function f is defined by

(HF) (@) = V.P./ﬂ BEAC
2

—x tan(55)

’

where V.P. denotes the Cauchy principal value.

H is known to map functions in L?[—m, ) into functions in LP[—m, ),
1 < p < 0o. However, for p = 1, this property is not true [18].

Definition 2 The Hardy space H”, 0 < p < oo, consists of functions f analytic in
the open unit disk D = {z € C : |z| < 1} satisfying

1 (" : »
| fllgp :== sup <Z/ | f(re®)|” d@) < o0,

0<r<l -7
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where || - || z» denotes the Hardy space norm.

We will focus on H'!, which is the largest space out of all Hardy spaces that are
Banach spaces, in the following. If f € H', then

b4

1 .
1l = sup o | [ f(re”)] do,
0<r<1 -7

and, furthermore, the limit g(¢'?) = lim,_,| f(re'?) exists almost everywhere and
geL'(dD).

Definition _ 3 The space of functions f with the representation f(z) =
ﬁffﬂ g(el®)e’*® dw, z € C, for some g € H' is denoted by !, and the norm
is given by || fll = 1181l g1

Definition 4 The space Re H' consists of the boundary values of the real parts of
functions of H!, that is, ifge H! then f(6) =1lim,41 Re g(re’e) belongs to Re H.
The norm is given by || fllge gt = 1l L1 =y T NH L1 [— 7 2

Definition 5 The space of functions f with the representation f(z) =
Lﬂ ffﬂ g(w)e*® dw, 7 € C, for some g € Re H! is denoted by Re !, and the norm

i [ fllrerst = g llRe 11

The relationship between the real Hardy space Re H'! and the Hardy space H'!
is as follows: If f € Re H!, then f, = f +i(Hf) is in L'[—7, ), and fy is the
boundary-value function of a function Fy € H', ie., f1(0) = lim,4; F4(re'?) al-
most everywhere. Conversely, for every function Fy € H!, it holds that Im(fy) =
HRe(fy), where fi(6) =lim,y Fy (re'?). f, is called analytical signal. Note that
LP[—m,m) CReH! C L'[—m, 7) forall 1 < p < oo.

If feH 1 then it has the representation f(z) = Z/?io ckzk , 2 € D and it holds
[10, p. 93]

el

= 0k+1_

<7l fllg- 3.1

As already mentioned, the Hilbert transformation H does not map functions in
Ll[—n, ) into functions in L! [—m, ). However, it holds that H maps functions in
Re H'! into functions in Re H!. Therefore, the real Hardy space Re H! is a suitable
substitute for L' concerning the Hilbert transformation. Thus it could be possible
that for !, which is a closed subspace of PW}T, the Shannon sampling series has
properties that are not true for P} .

One interesting fact about the Hardy space ' is the absolute convergence of
the Shannon sampling series: For all f € H! and all # € R, it holds by the absolute
convergence principle [11, p. 6] and (3.1) that

Z HG]

k=—o00

s1n(n(t k))

5 (3.2)
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In contrast, for f € PW}T, the convergence can fail to be absolute [11, p. 53]. Equa-
tion (3.2) indicates that ' and ReH! could be suitable substitutes for the space
PW}T. For example, the nonsymmetric Shannon sampling series, which was shown
to be divergent for functions in 731/\/7]Z [3], is convergent for these spaces, because
of (3.1) and (3.2).

Although the series (3.2) is not uniformly convergent on R for all function in
PW}T, one could guess that this is true for all functions in H!. However, we will
prove the opposite.

In order to define the BMQO space, which is needed for the proof, we have to
introduce the average of a function f on the bounded interval I C R given by

1
(= —/f(X) dx (3.3)
w(l) Jp
and the abbreviation (f)q = (f)[—4,4) for d > 0. & denotes the Lebesgue measure.

Definition 6 A 27 -periodic function f on R is said to be of bounded mean oscilla-
tion if

1 m
”fMMO:EE/ |f(x)|dx+ sup (U/ﬁmm—qnmx<w

w(h<2x M

where the supremum is taken over all intervals I C R with u(I) <2x. By BMO we
denote the space of all functions of bounded mean oscillation.

4 Convergence Behavior for Re 4! and !

Now we are in the position to analyze the behavior of the Shannon sampling series for
functions in Re /! and 7!, respectively. We start the analysis with the space Re 7.

Theorem 2 There exists a function f; € ReH! such that

sin( (t — k)) _
Z Sk )WD =00

The following corollary is a direct consequence of Theorem 2.

lim sup (max

N—oo \ 1€R

Corollary 1 There exists a function fi € Re’H' such that

prLﬂn

1eR k=—00

sm(n(t k)|
-k |

Proof of Theorem 2 Let f € ReH!. Then, by definition there exists a function F €
Re H!, which is 27 -periodic, such that

f@=ifZ%Mwm,mc
27

-7
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Consequently,

1 T )
g(Z)ZZ/ F(w+m)e** dw, zeC,

-7

also is in Re !, and we have g(k) = f(k)(—1)¥, k € Z. But since

N sin(r(t — k)) s1n(rrt) f(k)
2 &k Tt—k Z

@.1)
k=—N

it is sufficient to analyze the sum on the right-hand side of (4.1), which we denote by
N
f (k)
A )= —, NeN.
(AN (@) k;v —

Fort =N +1/2, we have
N N

N_S gk 1 ok
(ANf)<N+2)—k_X_:NN+%_k—2n I

Consider the functional Wy : Re H' — C given by

N 1 T N 1 - { _ A
v = — I £ )] do = — i do.
W= f_nf(w)k_Z_NN+%_ke Ry _ﬂf(w) N (w) do

Obviously, Wy is a continuous ljnear fpnctional on Re H! for fixed N, and it holds
[10, p. 245] SUp A1 <y Wy fl = llhnllBMo- Since the norm of the functional
JIReH!—

is determined by the BMO-norm of h N, we analyze ||fz NlIBmo next. For all d €
0, 7),

. 1. . 1 e
linlauio 2 57 [, Finte) = (in)y oz 55 [ o)~ @wa] o

holds, where we used the abbreviation by (w) = Imh ~(w) and (-)4 defined in (3.3)
and below. Furthermore,

2N 1 2N 1
by (@) = (Z Py cos(kw)) sin(Nw) — (Z . sin(kw)) cos(Nw),

k=0 2 k=0 2

=cn(w) =dy(w)

where |dy (w)| can be upper bounded by a constant C; forall N e Nand w € [—m, )
by using the fact that there exists a constant C such that

e

sin(kw)| < Cy

1
T3
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forall N e Nand w € [—m, ) [18, p. 5]. Thus we obtain

1

s |dN<w> (dN>d|dw<—/ ldy(@)] do + | (@x)a] < €.

because dy is the product of an odd and an even function and hence itself an odd
function, which leads to |(dy)q| = |ﬁ f:l 4 dn () dw| = 0. Consequently, for all d €
(0, ), we have |yl Bam0 = ﬁ fﬁld ey (@) — (en)d| dw — Cq. Since cy is an odd
function, it follows (cy)s = 0, and therefore, for all d € (0, ),

1 1
_2d/ len(@)| do — €1 = /|CN(w)|da) Ci. (@42

Using cos(w) > 1 — w2/2, we obtain, for all w € [0, %],

2N 2N 2 2N k2
S k2 e
kT3 o +3 k:l k+ 2
> log(22N + 1)) — 272, 4.3)

where Y2 1/(k+1/2) = Y2 (@ +1/2)de = PN +1/2) de >
log(2(2N + 1)) and Zkz] kz/(k +1/2) < Ziﬁl k= NQ@N + 1) have been used.
For N large enough, the right-hand side of (4.3) is positive, and it follows that

len (@)] = (log(22N + 1)) —27%)sin(Nw)|. (4.4)
Inserting (4.4) into (4.2) gives, ford = /N,

log(2(2N + 1)) — 272 N
T

lAn | prgo = / |sin(Nw)| do — C,

which can be further simplified to ||hN||BMO > (2/71)10g(2(2N + 1)) —4n — C;.
Hence, for every N large enough, there exists an fN eReH!, | fN”Re gt =1, such
that

~ 2
Wy fv = =1og(22N + 1)) —4n — C;
T

and consequently, for gy defined by gy (w) = fN (w+m),

N sin(m(N 4+ 1 — k) 1 S (k)
X 2 _ 1 N
2 sn( aN+Li—k | 7 2

k=—N
2

=Wy fy > =1log(22N + 1)) — 47w — C;
T

with ||gn || g1 = 1. Applying the Banach—Steinhaus theorem completes the proof. [l
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The space Re H! is a good substitute for L' regarding the Hilbert transformation
and Cesaro operators [4]. One reason for the nice properties of Re H'! is the fact
that its dual space BAMO contains unbounded functions. Nevertheless, the proof has
shown that these properties cannot impede the divergence of the peak value of the
Shannon sampling series.

Theorem 2 was formulated for the space Re ! but it can be easily extended to the
space H'.

Theorem 3 Theorem 2 is also true if Re'H! is replaced by H'.

Proof Before we start with the proof, let us introduce the abbreviation

k
(SN )(0) = Z f(k)w

for the finite Shannon sampling series. By the same arguments as in the proof of
Theorem 2, we see that there exists a function f € Re ! such that

lim sup
N—o00

1
(SNf)(—N - E)‘ = 00. 4.5)

The analytic signal f+ = %( f +iH f ), f € Re H', is the boundary-value function
of some function in H!. Therefore, f, € H!, and we have

0, k>1,
fro =112, k=0,
k), k<-1,

from which we obtain

f(O) 31n(7tt) B Zf( )sm(n(t k)).

SN @) =N ) — —— p— (4.6)

The second term on the right-hand side of (4.6) has the estimate

f(0) sin(rrt) | £(0)]
= <00
2 Tt 2

sup
teR

%))

L we have

As for the last term of the right-hand side of (4.6), forr = —N — s

lim sup
NeN

sin(w(—N — ——k))
(k)
LT

o0

)] /)]
<1 < —_— , 4.8
“ﬁlesé;lp,;n(zw 6 ;n(%—i-k) - @
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by virtue of Hardy’s inequality (3.1). Combining (4.5), (4.6), (4.7), and (4.8), we see
that

lim sup
N—o00

1
(SNf+)<—N - 5)‘ =00,

which completes the proof. g
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