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Abstract We establish boundedness properties on products of weighted Lebesgue,
Hardy, and amalgam spaces of certain paraproducts and bilinear pseudodifferential
operators with mild regularity. We do so by showing that these operators can be real-
ized as generalized bilinear Calder6n—Zygmund operators.
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1 Bilinear Pseudodifferential Operators with Mild Regularity

Let us motivate our main result on bilinear pseudodifferential operators (YDOs) by
revisiting some facts from the linear theory. A sufficiently regular function o (x, &)
defined on R” x R” has an associated ¥ DO T, defined by

T (f)(x) 2/ o(x.§)f()e*ds, xeR", feS(R").
Rn
Here S(R") is the Schwartz class, and f denotes the Fourier transform of f,

Fe) = f T fdx, EeR
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Form e R, 0 <34, p <1, the symbol o (x, §) belongs to Héormander’s class Szl,a if

|0%0f o (x. £)] < Cap(1+1€)" P v g err, (L1)

where o, 8 € Z" and |«/, | 8| depend on the context.

The exploration of classes of smooth symbols, in particular, the classes SZ” 5> ap-
pears to be predominant in the WDO literature. However, as diverse problems in
Analysis and PDEs demand, the case in which the symbol has mild or no regularity
in x has received considerable attention, see, for instance, [32-34, 41, 43, 44], and
references therein.

For w, Q2 : [0,00) — [0,00), m € R, and p € (0, 1), we write o € S,Zl,w,sz (this
notation is not standard; we introduce it for the sake of presentation) if

6fox.6)] <Cp(1+16)" ", x5 eRr", (1.2)
and
|0l (x+h.6) —0fo(x.6)| < Cpo(In))Q(IEN (1 +1E)" 7P, xEeR. (13)

Again, the number of derivatives | 8| depends on the context.
For a > 0, we write w € Dini(a) if w : [0, 00) — [0, 00), @ is nondecreasing,
concave, and

1 dt
(0l pinita) = / W0 < ox.
0

The classes Sz1 .o Were originally motivated by a question posed by L. Nirenberg
about whether symbols verifying (1.2) with m =0, p = 1, and all multi-indices 8 (no
a priori regularity in x involved) produce L2-bounded WDOs. In [10], C.-H. Ching
resolved this question in the negative. Afterwards, a number of authors showed that
this lack of L2-boundedness could be circumvented if a mild regularity assumption
on the x-variable were assumed. Indeed, R. Coifman and Y. Meyer proved (see [14,
Theorem 9, p. 38]) thatif o € S 0.0 with = 1, then T, is bounded in L?(R") for
alll < p<ooifandonlyifw e Dzm(2) M. Nagase proved (Theorem B in [37]) that
T, is bounded in L? (R") for 1 < p < oo when w(¢) =¢* and Q(¢) =tV for some
0<y<rt<land|B| <n+2.In[7], G. Bourdaud proved that if o € S?,w,ﬂ’ then
T, is bounded in L? (R") for 1 < p < oo if and only if

Z w? (2_j)522(2j) < o0

jeN

On the other hand, it is known that the Hormander class S1 | is maximal with respect
to the property of producing ¥DOs with Calderon—Zygmund kernels, however these
WDOs need not be bounded in LZ(R") and “they must remain forbidden fruit” [42,
Chap. VII]. Notice that the class of forbidden symbols S | satisfies S? 1 C 59 100,92

where wo(t) =t and Q0(t) = 1 + ¢. In [46], [47] and [48] K. Yabuta developed
the notion of Calderén—Zygmund operator of type w(#) (which includes the classical
Calderén—Zygmund operators) and determined conditions on a symbol ¢ € S?,w,Q
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and on the functions w, €2, so that T, can be realized as a Calderén—Zygmund op-
erator of type w(r). As a consequence, he also obtained L°°-BMO and weighted
LP?-estimates for T, . Similar estimates were obtained, using different methods, by S.
Nishigaki in [38] and S. Sato in [40].

Let us now describe the relevant objects of the bilinear theory of WDOs. A suf-
ficiently regular function o (x, &, n) defined on R” x R" x R” has the associated
bilinear pseudodifferential operator 7, defined by

Low=[ [ é e nf©imdedn xR fgeSE).

We say that the bilinear symbol o (x, &, ) belongs to the bilinear Hérmander class
BS'” s if

00907 o (x. 6. m)| < Cap(1+ €] + Il)" PPNy e perr. (14

. " .
We also write o € BSp,a),Q if

162980 (x, &, 1)| < Caup(1+ (5] + )" LIV, (1.5)
|0g0f (0 (x +h.&.m) — o (x.& 1)
< Copo(1RN)Q(IE] + In1) (1 + €] + )"~ I«THED (1.6)

for all x, &, n € R". As usual, the sizes of the multiindices «, § € Z" will depend on
the context.

The study of bilinear ¥YDOs grew from the seminal work of R. Coifman and
Y. Meyer [13, 14], who used them as models to represent Calderén—Zygmund com-
mutators. Further applications now include the study of compensated compactness,
see [11, 12], and [49], and, as bilinear ¥DOs also model expressions of the type
Za, g Ca, gy f Bf g, they are useful in generalizing Leibnitz’s rule in the spirit of the
Kato—Ponce inequality, see [4] and [36].

The bilinear setting is translucent to various well-known linear WDO estimates
that project their natural bilinear analogues (see, for instance, [1, 2, 4, 5], and [14]),
but, at the same time, it is opaque to some other. For example, the celebrated the-
orem of A. Calderén and R. Vaillancourt establishes the L2-boundedness of WDOs
with smooth symbols in the class 58’0. In contrast, as A. Bényi and R. Torres showed

in [5], the class BSg’0 does not mimic that mapping behavior in the corresponding

function space scene of L? x L?> — L', even for x-independent, tensor-like sym-
bols. Another example is the linear Marcinkiewicz multiplier theorem, whose natural
bilinear version also fails, as shown by L. Grafakos and N. Kalton in [24]. This semi-
transparency phenomenon adds to the interest in bilinear WDO estimates.

Clearly, we have BS?1 C BS1 009" The class BS?1 produces bilinear WDOs
with bilinear Calderon—Zygmund kernels in the sense of L. Grafakos and R. Tor-
res [25], and, as proved by A. Bényi and R. Torres [4], it also remains forbidden.
Here we implement a bilinear interpretation of Yabuta’s scheme [46, 47]. In Sect. 3,
we introduce the notion of bilinear Calder6n—Zygmund operator of type w(¢). In
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Sect. 4, we show that, under suitable assumptions on w and €2, the WDOs with sym-
bols in the class BS .o can be realized as bilinear Calder6n—Zygmund operators of
type w(t). As a consequence we obtain our first main theorem. Namely:

Theorem 1.1 Let a € (0, 1), w € Dini(a/2), and 2 : [0, 00) — [0, 00) nondecreas-
ing such that

sup o' "U(NHQ(1/1) < co.

O<t<l

Consider1§p,qfooand%gr<oosuchthat%:—+ . Then, lfO’GBSle
with |a|+|B| < 4n+4, the bilinear pseudo-differential operator T, has the following
boundedness properties:

) If1 <p,q,then

|7 (f. 9]

Lrny = Cllf e @mliglize g,

where LP(R") or LY(R") should be replaced by L°(R") (bounded functions
with compact support) if p = 0o or ¢ = 00, respectively.
() If p=1orq=1, then

175 (f. 9| proony = ClLfllLr@mllglie®e,

where LP (R") or LY(R") should be replaced by L°(R") if p =00 or g =00
respectively.
(iii)
|75 (f. &) ||BM0(Rn) < Cll fllzeo@m g Nl oo rn).-

(iv) If 1 < p,q <00 and w € Amin(p,q), then

175 (f. 9|

LRy = Cllf e @y I8l Lg ey

where A,, 1 <r < 00, denotes the Muckenhoupt weight class (see Sect. 6.2 for
the definition).
(v) If w € Ay, the following endpoint estimates hold:

| 7o (£ )] 1200 ny < CUFNLy @y 181121 ory
and

17 (£ )] 12 gy = CN Nl I8Ny oy

w

(vi) Finally, if 1 < p,qg <00, 1 <s1,50 <00, 1/s3 = 1/s1 + 1/s2, and w €
Amin(s;,s0) (Z"), then Ty verifies the following inequality on weighted amalgam
spaces:

|To (£ r 3y < CUE o I8l a2y
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Remark 1 To the best of our knowledge, the only result on bilinear WDOs with mild
regularity previous to Theorem 1.1 is Theorem 12 in Coifman—Meyer [14, p. 55],
where the symbol o (x, &, n) belongs to BS?’w’Q with @ € Dini(2) and Q = 1.! The-
orem 12 in Coifman—-Meyer [14, p. 55] deals with unweighted Lebesgue spaces and
asserts that the associated bilinear WDO maps L? x LY into L" for 1/r=1/p+1/q,
1 < p,q,r < oo. In the case of unweighted Lebesgue spaces, Theorem 1.1 allows for
more general choices of €2 and brings the exponent r down to 1/2 (with weak type
when r = 1/2), although it requires the stronger condition w € Dini(a/2). For the
particular choices w(t) =t* and Q2(t) =t¥ (0 < y <t < 1), Theorem 1.1 lifts The-
orem B in Nagase [37] to the bilinear context. Finally, we point out that, in the men-
tioned literature, it has been customary to ask for some kind of doubling condition on
2, and here we dispose of such a hypothesis.

2 Paraproducts with Mild Regularity

We now discuss the boundedness properties of paraproducts built from Dini-
continuous molecules. Some notation is in order. For v € Z and k € Z", let Py
be the dyadic cube

Poei={(xt, oo ) €R 1k <2 <k + 1,i=1,...,n}. 2.1)

The lower left-corner of P = Py is xp = x, := 27"k, the Lebesgue measure of P
is |P| =27"", and its characteristic function is denoted by xp,, . We set

D::{ka:vEZ,keZ"}
as the collection of all dyadic cubes.

Definition 2.1 Letw : [0, c0) — [0, co) be a nondecreasing function. An w-molecule
associated to a dyadic cube P = Py is a function ¢pp = ¢, : R* — C such that, for
some A > 0 and N > n, it satisfies the decay (or concentration) condition

Azun/2
< , R", 2.2
’¢P(x)‘_(l+2"|x—xP|)N *re (2.2)
and the mild regularity condition
6P () = PP (V)]
1 1
< A2""20(2"|x — [ + ] 2.3
= o= G mm o Y arzn ] @

INotice that there is an omission of the factor (1 + || + |n)~U¢IFI1BD on the right-hand side of condi-
tions (51) on p. 55 of [14] (compare with Theorem 9 on p. 38 and Theorem 1 in [13]). With that factor,
Theorem 12 follows from the techniques developed in the linear case that prove Theorem 9. Without that
factor, the result is not true, since there exist x-independent symbols with bounded derivatives that do not
produce WDOs mapping any L” x L4 into L" for 1/r =1/p+1/q, 1 < p,q,r < 00, see Proposition 1
in [5].
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for all x, y € R".

Definition 2.2 Given three families of w-molecules {qbé}QeD, j=1,2,3, the para-
product TI( f, g) associated to these families is defined by

(s e =Y 1017 2(f.6p)g. 0)00. [ geSR"). (2.4)

QeD

The term paraproduct was coined by J.M. Bony in [6], and ever since it has been
used to denote superpositions of various time-frequency components of two func-
tions. Paraproducts have found plenty of inspired applications: from Bony’s paradif-
ferential calculus (see [6]) and David—Journé’s remarkable T (1)-theorem (see [16])
to their alliance with wavelet analysis in the study of PDEs (see, for instance, [8, 9,
24, 43], and [44]) and their role as toy models or building blocks of classical oper-
ators in Fourier Analysis (see, for instance, [21, 22, 30, 31, 35, 36, 39], and [45]),
just to mention a few. The paraproducts we treat (in Sect. 5) are built from mildly
regular molecules which come to cover the gap between the smooth molecules and
paraproducts [3, 18, 19] and the (discontinuous) Haar molecules and paraproducts
studied, for instance, in [45].

In [3], sufficient conditions on smooth molecules are given so that smooth para-
products of the form (2.4) can be realized as bilinear Calder6n—Zygmund operators.
In Sect. 5, we analyze w-molecules and prove that the paraproducts they build can
be realized as bilinear Calder6n—Zygmund operators of type w (), provided that they
have enough decay, suitable cancelation, and w € Dini(1/2). This allows us to prove
our second main result:

Theorem 2.3 Consider w € Dini(1/2), and let {qbé}er, j=1,2,3, be three fam-
ilies of w-molecules with decay N > 10n and such that at least two of them, say
Jj = 1,2, enjoy the cancelation property

| $pWdx=0, QeD.j=12.

Then, the paraproduct T1( f, g) defined in (2.4) verifies inequalities (1)—(vi) in Theo-
rem 1.1.

3 Bilinear Calderén-Zygmund Operators of Type w (¢)

Definition 3.1 Let w : [0, c0) — [0, 00) be a nondecreasing function. We say that
K (x,y,z) defined on R¥ \ {(x,y,z) e R¥ : x = y =z} is a bilinear Calderén—
Zygmund kernel of type w(t) if, for some constants 0 < 7 < 1 (the specific value
of T € (0, 1) is immaterial in the development of the theory) and Cx > 0 and every
(x,y,2) e R¥\ {(x,y,2) e R¥ : x = y =z}, it holds

Ck
—yl+Ilx—zh

|K(x,y,2)| < (3.1
(x

BIRKHAUSER



224 J Fourier Anal Appl (2009) 15: 218-261

and

|K(x+h,y,2) —K(x,y, 2|+ |K(x,y+h,z)— K(x,y,2)|
—{-}K(x,y,Z‘i‘h)_K(xvy’Z)‘

C h
< K ! w< 7] ) (3.2)
(Ix =yl +lx=zD* \lx —y|+Ix —z]

whenever |k < T max(Jx — y|, |x — z|). A bilinear operator T : § x S — &’ is said
to be associated to a bilinear Calderon—-Zygmund kernel of type w(t), K (x, y, z), if

I(f, g)(X)=/Rn /RHK(x,y,z)f(y)g(Z)dde

whenever x ¢ supp(f) Nsupp(g) and f, g € Ci°. If, besides, T maps
LP(R") x LY(R") - L"*°(R")
forsome 1 < p,g <ocoandr >1with1/p+1/g=1/r,or
LP(R") x L(R") — L'(R")

for some 1 < p,q < oo with 1/p +1/g =1, then T is called a bilinear Calderon—
Zygmund operator of type w(t).

The multilinear Calderén—-Zygmund theory was introduced by R. Coifman and
Y. Meyer in [13, 14], and [15]. This theory was then further investigated by
L. Grafakos and R. Torres [25, 26], who considered the case where w(t) = t€ for
some € € (0, 1], and C. Kenig and E. Stein [28].

The plan of the proofs of Theorems 1.1 and 2.3 is as follows: Sects. 4 and 5, re-
spectively, are devoted to showing that the bilinear WDO operator 7, in Theorem 1.1
and the paraproduct IT in Theorem 2.3 are bilinear Calderén—Zygmund operators of
type w(¢) for suitable w. In Sect. 6, we prove that bilinear Calderén—Zygmund oper-
ators of type w(t) satisfy the boundedness properties (i)—(vi) in Theorem 1.1, which
completes the plan.

4 Proof of Theorem 1.1

In this section, we consider the bilinear pseudo-differential operator

T (f, 8)(x) = /H; ) fR o(x§, me*EE £(£)g () de dn,

x, &, neR", f, g e S(R"), whose symbol o (x, &, n) satisfies the following condi-
tions:
Cop
+ el +B1”

Q&I+ n])
(L+ 1] + [ TTA

g0 (x, E.m)| < T @.1)

889 (0 (x +h.&.1) — o (x,§,m)| = Cape(lhl) (4-2)
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for all x, &, n € R" and for a certain number of multi-indices «, 8 € Z". The follow-
ing theorem establishes sufficient conditions on w and 2 so that the class B SO
produces WDOs with bilinear Calderén—Zygmund kernels of type w®(¢) for some
ae(0,1).

Theorem 4.1 Let w, 2 : [0, 00) — [0, 00) be nondecreasing functions with w con-
cave. Suppose that there exists a € (0, 1) such that w and Q2 verify

B:= sup o'~ )Q(1/1) < oo. 4.3)

O<t<1

If o(x,&,n) verifies (4.1) and (4.2) with || + |B| < 2n + 2, then T, has a bilinear
Calderon—Zygmund kernel of type w?(t).

Proof of Theorem 4.1 Tt is enough to assume that o has compact support in the vari-
ables & and 7, uniformly in x, and to show that the constants involved do not depend

on the support of o (x, -, ) (see [42, Chap. VII]). We have the following kernel repre-
sentation for T :

now=[ [ Keyo o feesE).
where
K(x,y,z):&(x,y—x,z—x):/ / o(x,&,n)e 0= gg gy

We will show that K (x, y, z) satisfies conditions (3.1) and (3.2) with @* and T = 1/3.
In terms of the symbol o, conditions (3.1) and (3.2) follow from

C
6(x,y, )| <——-, x,y,z€R", 4.4
oGy Dl < o+
|6(x+h,y,2)—6(x,y,2)|
C || ) 1
< w”( , Al < zmaxqlyl, Iz 4.5)
(Iyl+ lz)? Iyl + lzl 2 { b
}&(Xd"l‘h,z)—&(x,y,zﬂ
C I ) 1
< w“( . |h| <z max{]yl, |z] (4.6)
(Iyl+ Izph?" [yl +lz 2 { b
|6(x,y,z+h) —6(x,y,2)
C |h| ) 1
< a)“( . |h| < =max{|y|, |z| 4.7
(Iyl+ lz)? Iyl + lzl 2 { I

We will now show condition (4.5). For j € Ny, consider ¥; : R" x R" — R infinitely
differentiable with

supp(¥j) C {(&,m) 277 <&, I <2/%1) ifj> 1,
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supp(¥o) C {(&,m) : |, m)| <2},
doyiE.m=1 &neR"

j=0
Fix h, y, and z in R” such that || < max{|y| |z|} and define
oj(x,§,n):=v;E no(x,&n)

. . 4.8)
L?(x, y,2) :=/R /R (oj(x+h,&n) —0j(x,&, m)e Se M dedn.

Note that properties (4.1) and (4.2) are satisfied by o; uniformly on j and that
Z]>0L (x,y,2)=06(x+h,y,z) —d(x,y,z). Also, the concavity of w and (4.3)
imply
w(t)/t is nonincreasing, ¢ > 0, 4.9)
w(2t) <2w(t), t>0(.e., wisdoubling with constant 2), (4.10)
Q(s) < Bo(1)? 574, s>1. 4.11)
From now on, given two quantities F and G, we will write F < G if F < CG, where
C is a structural constant that, according to the context, will depend on n, Ck, B,

w(l), etc.
Integrating by parts 2n 4 1 times in (4.8) and applying (4.2), we have

—@n+1) Q&+ Inl)
L" + h // déd
| (x,y, Z)| (Iyl |z | | | mesupptyy) (L FIE] )2 &

Since €2 is nondecreasing, we obtain

—@n Q@/*?
[£he, v, 9] 5 (14 12)™ P Do a) 22 (4.12)

We now consider two cases according to |y| + |z| being greater or smaller than 1.
First Case: |y| + |z| = 1. By (4.9),

o(Ihl) = '~ (o (11) < o'~ (A1) Iy + |z|)“w“( ; )

|yl + 1zl

Also, since w is nondecreasing, |h| < max{|y||z|} 4.9), and |y| + |z| = 2—], we
obtain

1 . _
a(lhl)fwla(|y|+|z|)5wla(;)zj(la)(|y|+|z|)l a

Putting all together, we have

7] 1—af 1 \sja-
o(lh]) < (Iy] + Izl a)“( )a) al — /(-
(111) = ( ) Iyl + Izl 2/
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Plugging this into (4.12) and using (4.10) and (4.3), we get

j+2
|L?(x,y,z)| (|)’|+|Z|) —2n u( |h )Q(Z )a)la(i>

[y] + |zl 274

- —on Al \ Q@ (1
<4 “(|y|+|Z|) ”(|y|+|z|> ~7a w 4 2j+2

. on || 1
SBAT(Iyl+1zl) a<m+u05?

Then,

> Lhxy. 0| S

j=0

‘6()6 +h,y,2)—6(x,y, z)| =

0ﬂ+H)M"(Jﬂ—>

Iyl + Izl

for || < 3 max(]yl, |z]) and |y| + |z| > 1.
Second Case: |y| + |z] < 1. Assume without any loss of generality that |z| < |y]|.
We split the sum in j as follows:

> Lx.y.2)

|6(x+h,y,2)—6(x, 2] =

j=0
h h h
< Do+ Y |+ Yo |t
1<2/]z] 1>2]y| 1<2/]y|
1>27z]
=1+ 1+l
Noting that o (|A]) < & (; yma )o'=(|y| + |z|) and recalling (4.12) and (4.9), we
have
- || QI (|y| + 2]
150ﬂ+m)"w( )}: :
yI+lal) 5 27(Iyl + Iz
<2/|z|
—2n o |h| > Q(2j+2) l—a( 2) —a
+ |z —w — + |z
< (vl +120)” Qﬂ+m > 5w 57 ) (vl 121)
1<2/]z|

By (4.3) and (4.10),

Q(zj—i-Z)wl—a(%) < 81_aQ(2j+2)a)l_a(2]1+2) < 81 ap

‘We then obtain

(M+'Dﬁaﬁﬂ@m)
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We now estimate /1. Integrating by parts p times in (4.8), withn + 1 < p < 2n,
using (4.2) and recalling that w is nondecreasing, we have

i Q& + )
1 < Po(lh / / T e+ mpr énd
~ (lyl + |Z|) C()(| |) |§|§2\y|“ |n|52‘z|—1 (l + |$| + |7l|)p 7 E

i 1|
S (y1+ED) p”a<|y|+|z|)

_ Q&I+ Inl)
I=a(ip / _ENSITT Y g a
o (1 lg1<2lyl=! Jipi<2iz-t (L4 &1+ )P nds

- (|y|+|Z|)_pwa<|y||i||Z|>
x (wl‘“(lhl) fmd,ﬂl /|n|<|s| e
(D /|s|<zy|l /|n|>s dndg)

— h
=: (Iyl+ Izl) "w“( il )(111+112).

Iyl + lz]

We will show that II and II, are bounded by C(|y| + |z|)?~2". Using that w and
are nondecreasing, |z| < |y|, (4.10), (4.3), and that p < 2n, we get

8 — [&]" p—2n
11159( )w1“||+|z|/ = dg S B(lyl+12l)”
I+ 1] (vl +121) <oyt L+ [ED)7 (1-+121)

To bound /I, we change to polar coordinates and integrate by parts to get

Q@2
<" |y|+|z|/ / Q@nb_, g
lg1<2lyl~t Jig<in (1 +1nDP

4(|y|+1z)~! 0 02 n—1
gaﬂ*“(|y|+|z|)/ t"”f ICL A
0 t (I+p)P

_ [ Q2p)p"!
<o (lyl+1z21) (Iy + Iz f —
( ) ) ayl+zp-t A+ p)P

4lyl+zD ™" 2n=10y ()
+ 1z ———dt=:1>1 +1I55.
Iy + Izl / Y 21+ 1

1

Notice that (4.11) implies f o° % dp < oo for p > n+ 1, which eliminated one

of the boundary terms in the integration by parts. For 15 1, we use (4.10) and (4.3):

e¢]

My < (Iyl+1z1)™" dp

/ WD 17| + 2D R2p)0"!
j=1"2

I (yl+lzh1 pP
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o0

S (Il +120)” Z Uyl + 12) Q72 1yl + [2l) )27 0P

oo
+ z . . IR

< B(lyl+ |z|)” -

since p > n + 1. Next, since €2 is nondecreasing and p < 2n, by (4.10) and (4.3) we
have

s < o' (Iy]+ 12) (I + 1z1) ") Iyl + 12)" " < B(1yl + l21)" "

We now estimate the term /II. Integrating by parts p > 2n + 1 times in (4.8), we
have

_ h
mr < (lyl+ lz1) ”wa(L>

|yl + 1zl

g QUEN+ InD)
o' (|h]) / BTV gy ae
Qb <lEmi<2iz-t (L+HI1ET+nDP

. k)
S (b1 1) p‘”a(|y|+|z|>

QE| + D)
(i /ﬁzm 5 e e

In|=<2z|~1
nl<l&|

Next we prove

@'~ (Iyl + D] + Inl) pon
dn
/s><2f|y|> lﬁ”'q" ! (L+ &+ [nDP ds 5 (Il +12))

4
(4.13)
whence the bound for /11 follows. The left-hand side of (4.13) is bounded by

1—a
/ / o 4yl + 1z 2IE]) dn dé
161> 2V2(1yl+z) ! I ini<i&] (I +1&nP

N /°° oyl + DR P
@V2(yl+1z)) ! (1+p)P

< (vl +12)P77,

where the last inequality is proved as in the case dealing with II, 1, but here p >
2n + 1.

We now turn to the proof of (4.4) and (4.6), the proof of (4.7) being identical to
that of (4.6). To prove (4.6) it is enough to show that

h 1
i Ih| < 5 max{lyl, |zl},

ox,y+h,2)—o(x,y,0)|<C—0m—F-—,
[0y +h 0 =600y 0| = CrmT 2

BIRKHAUSER



230 J Fourier Anal Appl (2009) 15: 218-261

since by the concavity of w we have r < w?(t) (assuming w (1) > 0, of course). This
last inequality will be a consequence of

1
Vy6 (6. 3. D S oo (4.14)
v e
We notice now that conditions (4.4) and (4.14) follow, respectively, from
00yl S lal=2n, 4.15)
‘8£n$JU(Xay,Z)‘§1, |ﬂ|:2n+1’ (416)

where the hat is always the Fourier transform with respect to (&, ). Actually, it is
enough to prove (4.15) for « = 2né; and (4.16) for B = (2n + l)ej, j=1,...,2n,
where ¢; € R?" is the unit vector with 1 in the component j and zero otherwise. In
order to prove (4.15) and (4.16) we use the following lemma (see Journe [27], p. 65).

Lemma 4.2 If h € C3°(RY) satisfies |h(x)| < fx((j,) and |Vh(x)| < lclﬁ,”jl for all x €

RY and

sup <C(h),

O<r<R

/ h(x)dx
r<|x|<R

then |hloo < C(h).

By using (4.1) it follows that the hypotheses of the lemma are satisfied with d = 2n
for the functions /1 (&,n) = 8g‘,na(x, &, n)and hy(&,n) = 8£n.§ja(x, & n),lal=
|B| =2n + 1, uniformly on x.

Finally, estimates (3.1) and (3.2) with w* and v = 1/3 now follow from (4.4),
(4.5), (4.6), and (4.7). We mention that the choice T = 1/3 is made because |x — x'| <
%max(|x — |, |x — z|) yields |x — x| < %max(lx’ —yl,|x' —z]) and |x — x| <

%max(|x —y], |x’ — z|). Then we can use (4.5), (4.6), and (4.7) to obtain

}K(x’,y,z) K(xyz)| ’cr( y—x’,z—x’)—6(x,y—x’,z—x’)’
+

8(x,y—x z—x)—&(x,y—x,z—x')|

+l6(x,y—x,z—x)=6(x,y —x,z—x)|

=< Ca)a( = x| ) : e
lx =yl +lx =zl /] (Ix = y|+ [x =z
For the regularity of K (x, y, z) in the y and z variables, T = 1/2 is sufficient. O
Theorem 4.3 Ler Q2 : [0, 0co) — [0, 00) be a nondecreasing function, a € (0, 1), and

w € Dini(a/2) such that (4.3) holds. If o (x, &, n) verifies (4.1) and (4.2) with || +
|8l <4n + 4, then Ty is a bilinear Calderén—Zygmund operator of type w®(t).
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Proof of Theorem 4.3 By Theorem 4.1 the operator 7, has a bilinear Calderén—
Zygmund kernel of type w“(t). It is enough to show that 7, is bounded from
LP(R") x L1(R") into L"(R") for some 1 < p,q < oo and 1 <r < o0, satisfy-
ing % = % + %. Following the same proofs as in Coifman—Meyer [14], one obtains
the boundedness for any 1 < p < oo and % = % + é € (0, 1). For the reader’s conve-
nience, we summarize the argument pointing out the appropriate changes.

First one shows that the boundedness holds for reduced symbols o.

Lemma 4.4 Let w and Q2 be as in Theorem 4.3. Consider a symbol o of the form

o(x.&.m) =Y mjx)$(27E.277n), x.&neR", (4.17)
Jj=0
mj€C(R"), sup [m|lLomn) <C, (4.18)
Jj€Ny

[+ 1) = m O ooy < Co(IR)R(RT), hER", jeNo, (4.19)
9 eCE(R”). supp(@) C {% <& 53}, (420)
ogafpE. m|<C. O<lal<n+1,0<|Bl<n+1, @21)
where C is a positive finite constant. Then T, is bounded from LP (R™") x L9(R")
into L" (R") forany 1 < p < 0o and } = % + % € (0, 1). The boundedness constants

depend only on w, 2, and the constants appearing on the right-hand sides of (4.18)—
(4.21).

The proof of Lemma 4.4 is analogous to that in Coifman—Meyer [14, Theorem 12,
p- 55] as long as one has the following version of the almost orthogonality lemma.

Lemma 4.5 Consider functions o and Q satisfying the hypothesis of Theorem 4.3.
Let C1 be a positive constant and mj : R" — C, j € N, be a sequence of continuous
functions such that

sup [|m || Loorny < C1, (4.22)
jeN

|m ;¢ +h) —mj(-)||Lx(R,,) < Cio(|h)2(2/), heR" jeN. (4.23)

Then, for 1 < p < 00, there exists a constant Cy depending only on w, 2, C1, p, and
n such that, for any sequence { f;}jen C S(R") with

~ 2J )
SMPP(fj)C{?S|$|§32J},
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we have

D om0 fix)

j=1

<C
LP (RN

~ 12
<Z|fj (x)|2>
j=1

To prove this lemma one can proceed as in Coifman—-Meyer [14, Proposition 4, p. 42],
provided that Zjil 0?(27/)Q2(27) < oo. This inequality follows from the hypothe-

ses on w and Q. We have 77 0 HQE2H < > w27y ~ fol @dt < 00.

Finally, one shows that every symbol o satisfying the conditions in Theorem 4.3
can be expressed in terms of reduced symbols. More precisely:

LP(R")

Lemma 4.6 Ler w, 2, and o satisfy the hypothesis of Theorem 4.3. Then

ok,1(x,&,1m)
(1 + [k 4 7+t

o, E =T, Em+ )

k,leZ!

where ©(x,&,n) =0 for |(§,n)| > 1, and oy are reduced symbols with the constants
on the right-hand sides of (4.18)—(4.21) uniform in k and l.

For the proof of this lemma, see Coifman—Meyer [14, p. 46] and Bényi—Torres [4].
Note that 77 (f, g)(x) = [ [ L(x,x — y,x —2) f(y)g(2) dy dz, where

1
(14 Jx =y A A+ [x — gy

|L(x,x—y,x—z)|§

Therefore T is bounded from L?P(R") x L4(R") into L"(R"), 1 < p,q < o0, % =
% + é. The boundedness for T, from L?(R") x L4(R") into L"(R"), 1 < p < o0,
1-141¢ (0, 1), follows from the uniform boundedness for T5,, and the bound-

-
edness for T in the same spaces. g

5 Proof of Theorem 2.3

The first step towards the proof of Theorem 2.3 is the following quadratic estimate
for w-molecules with cancelation. Notice that (2.2) and (2.3) imply

lpp(x) —dp ()|

1 1
= A2 min(1. (2 x — . (51
< min(1, &(2"|x Y|))|:(1+2u|x_xp|)N+(1+2“|y—XP|)N] oD

Lemma 5.1 Assume that w € Dini(1) and that {¢p}oep is a family of w-molecules
with the cancelation property

/ po(x)dx =0 forevery cube Q € D. 5.2)
RVL
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Then, there exists a constant C = C(A, |w|pini1), N, n) such that, for every f €
L2(R"), we have

> 1o, AP < CUFR 2 g (5.3)
QeD

Proof of Lemma 5.1 1t is enough to show that there is a constant C such that, for
every Q € D,

> ldo.dr)| = C. (5.4)

ReD

Indeed, given f € LZ(R") and assuming || f || 2rny = 1, we have

2 2 2
(Z |(¢Qvf>|2> = (Z<¢Q,f><f, ¢Q>> = (/R oA ¢>Q>¢Q(x>f<x)dx)

QeD QeD QeD
2
<| X (f o) = Y (f.00){Po. $r)(¢r. [)
0eD LXR") o ReD
5 1/2
(X 100 lvo.0n])
Q,ReD
) 1/2
x( > (k. 1) |<¢Q,¢R>|>
0,ReD
<C > |igo. NI
QeD

which yields (5.3). In order to prove (5.4), fix Q = Q(v, k) and split the sum in
R = R(u, m) as follows:

> o dr)| =D (b0 dr) = D (b0.¢r)| + Y _ (0. 6r)| =: S1 + Sa.

ReD WET = u>v
meZn meZn meZ

We first estimate S7. The cancelation property (5.2) and inequality (5.1) allow us to
write

S1 = Z [($0. Pr)| = Z f¢Q(x)(m) dx
A2ovn/2oun/2
. w
< ;/(l—kZ”lx—xQDN min(1, w(2"]x — xgl))

X Z ! + ! dx
(1420 x =27#mh)N (1 4+2*|xg —27*m|)N

mez
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) 2vn/22un/2 )
= A“Cy 2/ 0+ 2 —xgD" mln(l,a)(Z“lx —xQ|))dx

p=v

21111/22;/,11/2
= AZCN f X
Z 1<w@x—xol) (1+2Y|x —xoD)V

W=y
2vn/22u,n/2
+A%Cy / o(2*|x —xp|)dx
E, 1>0@1x—xgh (1+2"]x —xo )V ( ol)

=: 81,1+ S1.2.
By multiplying by a constant (if needed) we can assume that w(1) = 1. Hence,

2u11/22;/,n/2dx

Si1 SAZCNZ/

Z = T Ac 2U=N=1/2) _ A2C .
= —xgl=2# 2”N|x _leN N Z N

By

On the other hand,

20220 26y (21 x — x )
S12=A>C
1,2 NZ lx—xgl<2™H (1+2"|x—XQ|)N

n=v Vix—xgl=1

dx

2v/221n 26y (21 x — x )
A%C d
+ N Z ﬁ-a@d—f’* (142[x —xoV *

n=v 2V |x—xgl<l

ovn/2oun/2 k| —
§A2CNZ/ oG —xol)
v <nx—xgl<t (I +2"[x —xgl)

u=<v

+ATCN Y / 2029 24 (21 x — xg|) dx
u<v 2V|x—xg|<l

v—p—1
ovn/2omn/2 (M |y —
—xeny Y (@@ —xol) 4
>

U<V =0 A=l <D x—xg| <277 (I+2Vx — xQDN
+A%Cy Z/ 20/ 2 24 (27V2 | x — xg|) dx
u<v 2V|x—xg|<1

v—u—1

<ACy ) Y 2k Re(27h) / dx

vN _ N
it 2-h-1 <oy —xg|<2— 2"V X —xgl
+A%Cy / 2Un21n/20) (247Y) dx
w<v 2V x—xgl<l

v—p—1
<APCy Y Y 2ot (27 4 A2CN Y w(27Y)

n=v r=0 n<v
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< |olpimiy A*C .
The estimate for S; follows analogously by interchanging the roles of ¢ and ¢¢. [

The following lemma is a particular case of a discrete bilinear almost orthogonality
result whose proof can be found in [3].

Lemma 5.2 For every N > n + 1, there is a constant Cy, depending only on N and
n, such that, for any v € Z and any x, y, z € R", the following inequality holds:

1
kgz; [(142"]x = 27VkD(1 +2"]y — 27VkD)(1 + 2V [z — 27k PN
< CN
TIA+ 2 = yDA+2V]y —zDA + 27 — DIV

The following is the main theorem of this section.

Theorem 5.3 Assume that w € Dini(1/2), and let {¢é}QeD’ Jj=1,2,3, be three
SJamilies of w-molecules with decay N > 10n and such that at least two of them
have cancelation. Then, the paraproduct T1 defined in (2.4) has a bilinear Calderon—
Zygmund kernel of type 0 (t) with

0(t) = AAyw(Cyt), >0,

for some constants Ay and Cy (hence, 8 € Dini(1/2)). Moreover, I1 has the mapping
property
M: L*(R") x L*(R") - L'(R").

In particular, 1 is a bilinear Calderon—Zygmund operator of type 6(t).

Proof of Theorem 5.3 The kernel of IT is given by
K(x,y,200= Y 10172, (1)¢h (D) (x).
QeD

In order to prove the size estimate for K (x, y, z), we index the dyadic cubes by Q =
Q(v, k) and use (2.2) and Lemma 5.2 to obtain

|K(x,y,2)|
31n1—1/29v3n/2
-y A10|71%2
oo (14+2v]y = 27VkPDN (1 42|z = 27Vk[)N (1 + 2V |x — 27 k)N

1
=A3 221)}1
VEZZ sz: (L+2°y =27 "kDN (14212 = 2" kDV (1 4+27x — 27k
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2vn
<Ay -
S (142V]y —xDVS (1 +2v]z = YDV (1 +2V]x — DN/

3 22vn
<A
= é[1+2v(|y—x|+|z—y|+|x—z|)]N/5

- A3CN
T (x—yl+ly—zlFlx -z

The w-regularity of the kernel involves the concavity of w. Take x, y, z, h € R" such
that || < 1/2max(|x — y|, |[x — z|) and do

|K(x.y,2) = K(x+h,y, ] < Y 10172 |op 0|65 (D) [¢h () — ¢ (x + )|
QeD
22vnw(2v|h|)
3
=42 (1 +2V]y —27"kDN (1 +2"[z = 27VkDN (1 +2°|x — 27k )V

veZ
kez"

+A3 Z 22vnw(2v|h|)
— (1+2V]y —27kDN (1 +2"|z =27 kDN (1 + 27 |x + h — 27k N

kezZ

22vn Wik
=y (e S e
oo A +20y =xDFP A+ 2%z = yDT/P (A +2%x —z))

+A3 Z 22vnw(2v|h|)
(14+2"ly —x +hDNA (1 42"z — yDNAS (1 42 |x + h — DN/

VEZ

- A3 Z 22vnw(2V|h|)
S +27(y — x|+ [z =yl + v — 2DV

LAY 2270 (2" 1))
S+27(y —x +hl+ 2=yl +Ix +h— 2DV

Since the condition || < %max(|x — |, |x — z|) implies

1 3
Z(lx—y|+|x—z|) <ly—x+hl+|x—z+h| < 5(|x—y|+|x—z|),
we only need to bound one of the above sums. Let o € Z be such that

2 <|x —yl+ly —zl+lz — x| <2¢FL.

Then
Z 22vnw(2v|h|) - 2—2an Z 22vnw(2v—a|h|)
— _ _ N/5 — N/5
T2 (ly =2l + = I+ x — 2] (142
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where we used the change of variables v + o > v. Set Ay ==Y, ,2%"(1 +
2")~N/5_ By the concavity of w we have

22unw(2v—a|h|) 1 22vn2v—a|h|
- = Y <A - -
vezz 20V = 0N ( Z(1 2V>N/5>

20Nk
< Ayo(Cn27%h]) gANw< Ll )

lx =yl +ly—z|l+Ix —z|

Finally, set 9(¢) := 2A3ANw(2Cnt). The regularity in the y and z coordinates fol-
lows similarly. The L?(R") x L>(R") — L'(R") boundedness is a consequence of
Lemma 5.1. We can assume (by taking transposes of II, if necessary) that {qb}Q}

and {(j%} are the families of molecules with cancelation. Given f, g € L>(R") and
h € L*(R™), we use duality and (2.2) to obtain

(o). ] < Y 10172 6o)ll(s. 60)l (65 )
QeD

172 12 2””h(x)dx
=(Zlrobl) (Zlisodlf) s [ s

QeD QeD UGZ

< ACN I fll 2 181 2 ey 11| oo oy

0

Remark 2 1If instead of the regularity condition (2.3) we require from a molecule to
verify the weaker inequality

|6p(x) —¢p ()] < A2 0(2"1x - y]), x,y€eR’, (5.5)
then, (2.2) and (5.5) imply

lop(x) — pp(»)] < A2V *min(1, 0'/?(2"|x — y[))

1 n 1
X
(142" [x —xpN/2 " (1 +427]y —xp)N/2

]. (5.6)

The proof of Theorem 2.3 also applies with condition (5.5) instead of (2.3), since
we can replace the use of (5.1) by utilizing (5.6). In this case, we require the weaker
assumption that ®'/? be concave instead of w be concave. However, we also need
the stronger assumptions fol w!'/*(t)dt/t < oo (instead of fol w'2(t)dt/t < 00) and
N > 10n + 10 (instead of N > 5n +5).

Remark 3 One could be tempted to think that paraproducts associated to w-molecules
with enough decay can be realized as pseudo-differential operators in the class
BSY Lo for some choice of 2. If that were the case, the results in this section would
just follow from the ones in Sect. 4. However, such a realization is not true in general,
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as the following example shows. Consider three functions 1/fj eSR", j=1,2,3,
and, given a dyadic cube Q = Q, set

Yhe) =22y (2'x k), xeR", j=1.2.3.

Also assume that 17/7 is supported in {§ € R" : 1/2 < || < 2} and equals one in
{EeR":1<§<3/2} for j=1,2 and supp(y3) C [0, 11". The paraproduct IT
built from these ¥/ ’s can be written as a WDO with symbol

oOr =Y Y e TR E YT 7 E) g2 (27 )y (20 — k).

VEZ ke

The support hypotheses on the smooth molecules v/ allow us to easily estimate

logafo (x, &, m)| = (1€ + nl) "V erm\ (0},

Hence, condition (4.1) does not hold. A closer look at the example also shows that
condition (4.2) cannot hold either for any choice of w, €2 due to the blow-up of the &
and 7 derivatives of 8Y o (x, &, ), |y| = 1, at (£, n) = (0, 0).

Remark 4 'We point out that the realization of paraproducts as bilinear Calderén—
Zygmund operators of type w(t) described in Theorem 2.3 complements the ap-
proaches in [21, 22, 30, 31, 35, 36, 39], and [45], where, in turn, classical Fourier
Analysis operators are reduced or decomposed into paraproducts.

6 Boundedness of Bilinear Calder6n-Zygmund Operators of Type » (¢)

In this section, we elaborate on a bilinear theory for Calderén—Zygmund operators of
type w(¢) with Dini continuous w. In Sects. 6.1 and 6.2, we have deemed it appro-
priate to provide the reader with either complete proofs or detailed outlines of proofs
of the boundedness properties of bilinear Calderén—Zygmund operators of type w(¢)
on Lebesgue spaces, although they sometimes follow the known proofs in the case
of w(t) = t€ by L. Grafakos and R. Torres in [25] and [26]. On the other hand, we
point out that the results in Sects. 6.3 and 6.4 concerning weighted Hardy spaces
and weighted amalgam spaces, respectively, are new even in the case w(t) = t¢. For
simplicity, we have also fixed the value of t in Definition 3.1 to be the usual 1/2.

6.1 Boundedness on Unweighted Lebesgue Spaces, H!, and BMO

Theorem 6.1 Consider w € Dini(1/2), and let T be a bilinear operator associated
to a bilinear Calderon—Zygmund kernel of type w(t), K(x,y, z). Assume that, for
some 1 < p,qg <ooand (0 <r < oo satisfying

1 1 1

p q r

T maps LP(R") x L1(R") into L"*°(R"). Then, T can be extended to a bounded
operator from L' (R™) x L' (R") into L%"X’(R”).
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Proof We write [(Q) to denote its side length and Q* to indicate the cube with the
same center as Q and [(Q*) = (2n + 1) [(Q). The arguments in this proof are similar
to those in Grafakos—Torres [25], but they are also slightly different as we make
no use of the boundedness properties of the Marcinkiewicz operator. Fix A > 0 and
f1. f» € L'(R™). Assuming, without loss of generality, that lfilh=1,j=1,2,we
have to prove that

[{x eR":|T(f1, ))| > 2} <Cr2

for some constant C independent of f1, f>, and A. Consider the Calderén—Zygmund
decomposition of each function f; at height 1172 Then, for j = 1,2, we have

fi=8j+bj (6.1)

lgjllp < (2'22) 77, 1= p=<oo, 62)

bj= ij,k, where each b ; is supported in a dyadic cube Q;x,  (6.3)

k

for k # k', the interiors of Q j.k and Q; ; are disjoint, (6.4)

/ b (x)dx =0, 65)
Qjk

Ibjlln < 2712310l (6.6)

> 10l <171, 6.7)
k

The set {x € R" : |T(f1, f2)(x)| > A} is contained in the union of the sets
[x eR":|T(hy, hp)| > 474},

where hj € {g;,D;}, j =1, 2. Therefore, we have to show that

1

{x eR":|T(h1, ha)(x)| > 47 "2} <€A 2,

where i € {g;,b;} and C is independent of A and f;, j =1, 2. Let us first consider
the easy case where h; = g, j =1, 2. Using the boundedness of T' from L”(R") x
L9(R") into L™°°(R") (with norm A) and (6.2), we do

_ 4A "4 AT o
[{r e R": [T (g1 g0 (0] > 4712} = (TIIglupngznq) < 2@

1
<Cu, A"A72.

We address now the rest of the cases, where there is at least one function h; = b;.
Let BC{l1,2},#(B)=[>1.Assumethath; =b;if je Bandh;=g;if j ¢ B. We
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have

[{x eR":|T(h1, ha)(x)| > 472} | <

e yyen]

jeB k

+ T'(hy, h2)(x)

{x¢UUQ}ik:

jeB k

>41)»H.

In view of (6.7), we only need to work on the measure of the set Ep := {x ¢
UjeB Uk ij’k :|T(hy, ho)| > 4-'A}. Denoting by cj.k the center of Q; i, we will
show that

|7 (. ) ()| < DA ] [ M9, (x), (6.8)
jeB

where x ¢ UjeB Uk Q;f’k, D is a constant independent of A and f;, j =1,2, and

1 n
ML]{),I(X) SZZ(J)( Z(Qj’k) )1 l(Qj’k)

p Ix—cjxl/) Ix—cjxl"™

Assuming that (6.8) holds, the Chebychev and Holder inequalities yield

{x e JUni: [ M@ > (41))‘”

meB k jeB

|EBl <

(40)1/ [TM5)"a
< (4D)! ja®)" dx
x¢Um€B Uk Q:’Lk jEB !

1

l 7
< @4n)t ( / Mo (x)dx) .
gg ¥ Umen Ur O i s

We now estimate each of the above integrals by using polar coordinates:

f ./\/ljf)’l(x) dx
xEUmen Uk

*
m.,k

1
100 \T 100"
SZf w( (Qj1) ) (Qjx) dx
= J—cjul=10;0  \X =ikl /) lx —cil

1

o HQj )\ LHQj0)" -

=Cn / w( J > J pn ldp
zk: 1(Q4) p r"

1 1
k

1
=< Cn,a),l)h_7 .
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We thus obtain |Eg| < (4D)%Cn o, l)\_l and the theorem is then proved. We will
now proceed to prove (6.8). In what follows, x ¢ |J ;.5 Uy @

First case: | =2. Since x is away from the support of by and by, by (6.3) we can
write

|T (b1, bo)(x)| <

K(x,y, b1k, (M)b2,1,(2) dy dz|.

Fix for a moment ki, k; and assume, without loss of generality, that [(Qj ;) <
[(Q2,k,). Using the cancelation (6.5) of by , and the regularity (3.2) of the kernel K,
we have

f K(x,y,Z)bLkl(y)dy‘

/n(K(x’ ) Z) - K()C, Cl,klyZ))bl,kl(y)dy}

CK ( |y_c1 kl )
< bii (y)|dy
re (Ix =yl +1x —zD?  \|x =yl + |x — b1 )]
C l
S K 3 w( (©1.44) >|b1,k1 | dy.
re (Ix =yl +1x —zD7 \|x =yl +[x — 2
Note that the condition |y — ¢q | < max(|x y|, |x — z|) is satisfied, since y €

Q1 and x ¢ Q7 . Actually, |y — c1,| < L1(Q14,) < 32 |x — c1.4, |- We then
have

|T (b1, b2)(x)| <

K(x, ¥, b1, (y)‘ |b2.1, (2)| dy dz

Ck 1(Q1.k,) >
<
NkaZf/ T AT T (e

x |b1j () ||b2.1, (2) | dy dz.

Note that, for y € Q1 x, and x ¢ Q’f k> We have |x — y| > %lx — C1,k, |. Similarly for
Z € Q1 k,- Then, using that w is nondecreasing and doubling, we have

1(Q1.4)) 1(Q1,k)) 1(Qix;) !
(Ix y|+\)1c zl) < OUx= Cliy [H1x—c k| < (Ix ck|t)

(Ix =yl +1x =zD? ~ (Ix = c1 |+ 1x — 2, D*

i=1 |-x _Cl,kiln

This and (6.6) give

|T (b1, b2)(x)|

<CKZZ/ f ﬁ : w( HQik) ) b1k D) ||b2k, (2)| dy dz
~ s R~ nl=] |x—ci,k,~|n 1 2

[x — ct,k,
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2

) 1 2
N [ (e | ~ur [ a0
i

X —Cik:
a k i=l ik

which is (6.8).

Second case: 1 = 1. Suppose that i1 = by and h» = g>. Then, since x is away from
the support of by, we use (6.3), (6.5), (6.2), (6.6), and the properties of K and w to
write

HORSEIE |
K VR

A K(x,y,z)bl,kl(y)dy‘lgz(z)ldz

® (K()C, Y, Z) - K(-xv Cl,ky» Z))bl,kl ()’) dy‘|g2(Z)| dz

n

CK |y—Cl,k1| )
= l182llL> w
fe2le /sz wo (= y [+ — 2D (|x—y|+|x—z|

x|b1x, ()| dydz

1 1(Q1.k,)
< 1/2 ddl
S Ckh /71%:/;1 (|x—y|+|x—z|)2”w( |x—y|)

x|b1 .k, (v)|dydz
1 1(Q1,k)
SEEL L et Il

SCKXZ HQ1k)" w( H(Q1k) )~C1<AM;),1(X),

0 [x —crp 1" \|x — 14|

which is (6.8). The case h1 = g1 and hy = b; follows similarly. Il

Theorem 6.2 Consider w € Dini(1/2), and let T be a bilinear Calderon—Zygmund
operator of type w(t) in R" with kernel K. Let 1 < p, g < o0 and % <r < oo be
such that % = % + é Then we have

(1) If p,q > 1, then T can be extended to a bounded operator from LP(R") x
L1(R") into L" (R"), where LP(R") or L1(R") should be replaced by L°(R")
if p =00 or g = o0, respectively.

) If p=1or q=1, then T can be extended to a bounded operator from
LP(R") x L1(R") into L™°°(R"), where L? (R") or LY(R") should be replaced
by L°(R") if p = 00 or g = 00, respectively.

(iii) T can be extended to a bounded operator from L°(R™) x L°(R") into BMO.

The proof of Theorem 6.2 can be carried out using duality and multilinear inter-

polation techniques as in Grafakos—Torres [25, Theorem 3] (case w(t) = ¢€) if the
following holds:
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(i) T is bounded from L!(R") x L'(R") into L3> (R") (this is our Theorem 6.1).

(ii) For each h € L (R"), Th1 (f)=T(f,h) and Thz(f) =T (h, g) are bounded op-
erators from L¥(R") into L*(R") for 1 < s < 0o and from L* to BM O with
both norms bounded by a constant multiple of ||4|| ;o mwn). This follows from
the fact that Th1 and Th2 are linear Calderén—Zygmund operators of type w(t) as
described in Yabuta [46], where these boundedness properties are proved.

Corollary 6.3 Under the hypothesis of Theorem 6.2, T can be extended to a bounded
operator from L® (R") x L>(R") into BM O, from L®(R") x H' into L'(R"), and
from H' x L>®(R") into L' (R").

The extension of T to L°°(IR") x L*°(R") can be done in the usual way once T is
defined on L (R") x L (R") (see Grafakos—Torres [25]).

6.2 Boundedness on Weighted Lebesgue Spaces

Let Q denote the collection of all cubes Q C R" with sides parallel to the coordinate
axes. The Hardy-Littlewood maximal function M is defined for f € L} (R") by

loc

1
Mf(x)= sup —/|f(x)|dx.
0eQ:xe0 191 Jo

A nonnegative weight w € LlloC (R") belongs to the A, Muckenhoupt class for 1 <

p <ooif
1 1 AP!
lwla, = sup(—/ w)(—/ wl_”> < 00.
0cQ\ 1@l Jo 101 Jo

We write w € A if there exists a constant C such that Mw(x) < Cw(x) for a.e.
x € R" and set Ao = J,>1 Ap. Recall also that a weight w is in the class Ao if
and only if there exist positive constants ¢ and 6 such that, for every cube Q € Q and
every measurable set £ C Q,

wit) <c<@>0 (6.9)
w(Q) ~ \IQl/) '

where w(S) = fs w(x) dx for any measurable set S C R".

We denote by L% (R") the weighted Lebesgue space of all functions f on R”
such that ||f||L5(R,1) = (fRn | £(x)|Pw(x)dx)!/P < 0o. In this subsection, we study
weighted norm inequalities for a bilinear Calderén—Zygmund operator of type w(t)
and its corresponding maximal truncated operator.

Let T be a bilinear Calder6n—Zygmund operator of type w(t) associated to a ker-
nel K (x, y, z). The maximal truncated operator is defined as

’

Tu(f, &)(x) = zug\ T5(f, g)(x)
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where

Ty(f, 9)(x) = / K(x.y.2) f (g2 dydz.

|x—y|24|x—z|2>82

Note that condition (3.1) guarantees that Ty is well defined for (f, g) € LP(R") x
LIR"), 1 < p,q < oo, since the integral is absolutely convergent in this case. In
what follows, W denotes the norm of 7" as a bounded operator from L! (R") x L' (R")
into L1/%°°(R") (see Theorem 6.1).

6.2.1 Cotlar’s Inequality
Theorem 6.4 Let w € Dini(1/2), and let T be a bilinear Calderon—Zygmund oper-

ator of type w(t) in R" with kernel K. Then, for all n > 0, there exists a constant
Cy,0,n Such that

To(f, )(x) < Cpwn (M(IT (£, 0] ()"
+(Ck + W) Mf(x)Mg(x)), x€eR", (6.10)

for all (f, g) in any product space LP (R™") x L1(R") with 1 < p, g < o0.

Proof Define

’

T.(f, 8)(x) = §“g| Ts(f. &)(x)

where

To(f. )(x) = / K(x.y.2) f (g2 dydz.

As(x)

As(x) = {(y,2) : max{|x — yl, [x — 2|} > 8}

It is enough to prove (6.10) with T replaced by 7., since by (3.1)

up SMfx)Mg(x).

S
§>0

[mx(lm‘.‘ﬁbfs K(x,y,2) f(y)g()

le—y 12 +x—z[2>62
We will show that
|T5(f. 9)(0)| S CxkMf(x) Mg(x) + |T(f. 9)(x") = T (fo. g0) (')

8
27

lx —x'| < (6.11)

where fo = fxB(x.5) and go = gxB(x,5)- Once (6.11) is proved, we have, for each
fixed n > 0,

1T5(f, ) @0)|" S (CkMF)IMg))" + M(|T(f, 9)|") (%)

1
T T , / 7]d /'
|B<x,%>|/3<x,g>| (o g0 (') dx
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The last term in the above inequality can be shown to be bounded by
CoWIMFx)Mgx)™, 0 < < %, using only the boundedness of T from
LY'(R") x LYR") into LY/%°°(R") (Theorem 6.1), and it follows as in Grafakos—
Torres [26].

To prove (6.11), note that

T(f, g)(X’)—T(fo,go)(x/)=/ K(x',y,2) f(»)g@)dydz

As(x)

for |x — x| < % It is then enough to show that

To(f. 9)(x) - /A K32 FOI8Q dy 2| S CxM A Mg (o),
s(x

, 1)
x—x'| < =.

2

Noting that |x — x'| < %max{|x — vy, |x — z]} for (y,z) € As(x), we can use the
regularity of the kernel (3.2) to obtain

Ty, g)(x) — /A K2 fos@dyds
s(x

Ck < lx —x'| >
< w F(gz)dydz
/;L;u) (Jx =yl +1x—zD? \Ix —y|+|x —z|

|x—y[>8,|x—z|>8 [x—y[>8,|x—z|<8 |x—y|=<8,|x—z|>8

For the first term, using that  is nondecreasing and that |x — x’| < %, we have

1
02 () ®? (52)
f ---scK/ — L p(y) yf — = (0 dz
[x—y|>8,|x—z|>8 x—y|>8 X — Y —zl>5 1x —z|

ch<w%(1)+/ Jdt) M f(x)Mag(x).

For the second term (and similarly for the third term), we have

(‘x 1)
= Ck ——5, f(ndy g(2)dz
[x—y|>8,|x—z| <8 x—y|>8 1X — ¥ [x—z|<8

< Ck (w(l)—l—f w(t)t"_ldt>/\/lf(x)1\/lg(x).
0
O

Corollary 6.5 Let w € Dini(1/2), and let T be a bilinear Calderon—Zygmund oper-
ator of type w(t) in R"*. Then T, is bounded from LP (R") x L9(R") into L" (R") for
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l<p,g<ooandl/2 <r < oo with % = % + cl/ and from LP(R™") x L1(R") into

L°@R") forp=1orq=1, % = % + é Moreover, in any case, ||Ti|| < (Cx + W).
6.2.2 Weighted-Norm Inequalities for T

Theorem 6.6 Let 1 < p, g < o0, } = % + %, and w € Aso. Consider w € Dini(1/2),
and let T be a bilinear Calderon—Zygmund operator of type w(t) in R". Then:

@) TS, &)l Ly, ey < 00, we have

H T (f, g)| L1, (RM) =< Cp,n(CK + W)||Mf||Lﬁ,(Rn)”Mg“Lz)(Rny (6.12)

(ii) Ifmin(p, q) > 1 and w € Anin(p,q), we have || Ty (f, g)||L{U(R") < o0 and

|7 )] 1 gy = Con(Ck A+ WL F ULy 12115, - (6.13)

Theorem 6.6 will be a consequence of the following good-lambda inequality and
the boundedness properties of T in the unweighted case (Corollary 6.5).

Theorem 6.7 Consider w € Dini(1/2), and let T be a bilinear Calderon—Zygmund
operator of type w(t) in R" with kernel K. Let w € Ao and 6 be as in (6.9). Then
there exists a positive constant C such that, for all o > 0, all y > 0 sufficiently small,
and all (f,g) € LP(R") x L1(R"), 1 < p, g < o0, the following inequality holds:

w({Te(f, ) > 2P} N{IMF Mg < ya}) < C(Cx + W2y Puw({Tu(f. &) > ).
(6.14)

Proof We set
Pi={x:T.(f, 00 >} =[]0,
J
where Q; are Whitney cubes. Since w € A, it is enough to prove that
10 N{Tu(f. 8) > P} N{Mf Mg < ya)| < C(Cx + W)y ?10)]. (6.15)

Let Q}f be an appropriate large multiple of Q; and x; € Q;‘. N P¢ be such that

max |x; — u| < ldist(xj, (%)) (6.16)

MEQj 4

Also, consider &£; € Q such that M f(§;) Mg(&;) < ya.For h € {f, g}, define ho =
hxgs and h™ =h — h0. Then

\Q./' N {T*(fv 8> 230[} N{MfMg< yo(}|

< Y |oin{L(f. ") > 2o} N{M f Mg < ya)|.
i,ke{0,00}
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The term corresponding to i = k = 0 is shown to be bounded by C(Cg +
W)l/ 2,1 2|Q /| (see Grafakos—Torres [26 Theorem 3.1]). This only uses the fact
that T, is bounded from L'(R") x L'(R") into L'/2°°(R") with norm bounded
by C(Ck + W) (see Corollary 6.5). The terms corresponding to i =0, j = oo and
i =00, j =0, can be made zero for y small enough (see Grafakos—Torres [26, Theo-
rem 3.1]). This only uses hypothesis (3.1) on the size of the kernel. When i = k = oo,
we can make the corresponding term equal to zero by using the regularity (3.2) of the
kernel in the following way. We show first that

1T5(£>°, ) () = T5(f*, g%)(x))| SCxk M f(EHMgE), xe Q. (6.17)

We have
|T5 (£, 8™) () = T5(£*°, 8) (x))
<[ ke - Kl 0 o)l dyd:
As(x)
+ K ()32 (08 (@) dydz
As(0)\As(xj)
+ / |K(xj.,2) [P ()™ ()| dyd:z.
As(xj)\As(x)
Note that (6.16) implies that [x — x| < max(lx yl, |x —z]) for y,z € (Qj)",

x € Q. Then we can apply (3.2) to obtaln

/A ( )IK(x,y,Z) - K(xj, 3, 9| (g™ @)|dydz
s(x

lx—x;]

o (=)
[x—yl+lx—z] 00 00
CK/ FTg™ (@) dydz
nJre (I =yl + |x — )2”| |
10%) 10%)
w!/? 172 ,14€,
< (5] J @ (g 4
< Ck S| ()| dy ——|g(2)| dz.
w@pe 1x =yl w@pe =zl

Noting that |[x — y| ~ |§; — y| for y € (Qj)c, x € Qj, we have

1(0*) Q%)

o' 2 (=) 0 (52
—— P r )] dy < ——S2 f ()| dy

ne X =yl g-yi=1en 1§ =l

1 w'/2(1)
< <w2(1)+/0 dt)/\/lf(sj

We have a similar estimate for the factor corresponding to g.

BIRKHAUSER



248 J Fourier Anal Appl (2009) 15: 218-261

Since |x —u| ~ |xj —u|~|§; —u|foru € (Q;f)C and x € @, using the size (3.1)
of the kernel K, we get

/ |K(xj,y.2) fC()g* ()| dydz
As(x)\As(xj)

5/ Mdy/ Ol
lgj—yl~s 185 — yI" lg;—zl~s 1§ —2I"
Lf (V)] /
/Ié_,'—ylws & — y|> y Ié_/—z|55|g(Z)| z

lg(2)| /
+ o4 d
/IS_/z|~5 & —zI* ‘ \s,-fy|,<vs|f(y)| g

SMFEHMgE)),

with a similar estimate for an(Xj)\Aa(x) IK(xj,y,2) f()g*(2)|dydz. Therefore
(6.17) follows.
One also has that

|Ts5(£. 8°) x| < Tu(f. 9)(x)) + CCxk M f(EHMgE)). 8>0.  (6.18)

The proof of this uses condition (3.1) on the size of the kernel and follows the steps
in Grafakos—Torres [26, Theorem 3.1]. Using (6.17), (6.18), MfEHIMgE) <vya,
and T, (f, &)(xj) <a, we get T, (f*°, 8*)(x) < 2a for x € Q; by choosing y small
enough. O

6.2.3 Weighted-Norm Inequalities for T

The weighted-norm inequalities above can be extended for a bilinear Calderén—
Zygmund operator T of type w(t) by controlling 7 by 7* and a bounded bilinear
pointwise multiplier operator. More precisely, for f and g bounded and compactly
supported,

IT(f,9)@®)| S Tl f. ) (x) + bl Loommy | f (6.19)

where b is a function satisfying ||b| zocrr) S (Cx + W). This is proved by using the
arguments from the linear case (see [26]).

Theorem 6.8 Let 1 < p,qg <o0, -~ = — + =, and w € Ax. Consider w € Dini(1/2),
and let T be a bilinear Calderon—Zygmund operator of type w(t) in R" with ker-
nel K. Then for f and g bounded and compactly supported,

ITC£ ) 1y @y = Cpn(Cr + WMLl g oy I M8l 4 - (6.20)

In particular, if w € Amin(p,q), We have

IT(f. 9|

LZ;(R") p "(CK + W)”f”Lp(R”)”g”Lw(Rn), (621)
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and, therefore, T extends as a bounded operator from LY (@™ x LL(R") into
L7 (R").

Remark 5 Adapting Remark 3.6 of Grafakos—Torres [26] for w € Aj and f and g
bounded and compactly supported, one can prove that [|T5(f, &)l 1/2. &y < 0O
Using the good-lambda inequality (6.14) and that |7 (f, g)(x) — T*( el <
M f(x)Mg(x), we then obtain that

” T*(fa g) H L,I,,)/Z'OO(R”) S ”Mf”Lll,}oo(]R”) “Mg”L'll;OO(Rn)'

As a consequence of this and (6.19), T extends as a bounded operator from L}U (R™) x

L (R") into Ly/*®R") if w € A;.

6.3 Boundedness on Weighted Hardy Spaces

In this section, we present a weighted version of the Hardy space estimates for bilin-
ear Calder6n—Zygmund operators established by L. Grafakos and N. Kalton in [23].

Theorem 6.9 Let ;25 < p1,p2 <1and0 < p <1with1/p=1/pi+1/p>, and let
w : [0, 00) — [0, 00) be nondecreasing and concave such that

! dt
ft"pf_"wpf/z(t)7<oo, i=12. (6.22)
0

If w e Ay and T is a bilinear Calderon—Zygmund operator of type w(t), then
T:HP'(R") x HP?(R") — L% (R").

Remark 6 The critical index q,, of weight w € A is defined as the inf{g > 1 :w €
Ag}. A well-known result in the linear theory of Calderén—Zygmund singular inte-
grals asserts that if the kernel of a Calderén—Zygmund operator 7 has smoothness
w(t) =17 for some 0 <y <1and 0 <r <1, then T maps H, (R") — L} (R"),
provided that q,,/r < 1 4+ y/n (see Theorem 2.8 in [20]). In our situation, the bilin-
ear kernels possess moduli of continuity of Dini type instead of Holder type. This
essentially compels (by letting y go to 0) the choice of the class A (i.e., g, = 1) and
r = 1. Also, notice that if p; = p» = 1, then (6.22) reduces to w € Dini(1/2).

Proof of Theorem 6.9 Letw € A; and n/n + 1 < py, p» < 1. By the atomic decom-
position of the weighted Hardy spaces Hy, Jj =1, 2 (see Proposition 1.5 in [20]) we
can consider the dense class of finite sums of the form f; =", Ajxajx, where the
functions a;  (called p;-atoms) and the coefficients A ;. k; satisfy

supp(@j.k) C Qi ks (6.23)

lajkllze <w(Qjx) P, (6.24)

/ ajr(x)dx =0, (6.25)
Qjk
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1/pj
(Zlkj,klpf) <205l e (6.26)
k

As in [23], in order to estimate the L -norm of
T(f1, 2)(x) = Z Z)\l,kl)LZ,sz(al,kl £ A2,5,) (X)),
ki ky

we fix ki, kp, x e R". For j =1, 2, let Pj,kj be the cube concentric with Qj‘kj such
that [(Pjx;) = %I(Qj,k_/), and pick cj x; € Pj ;. Suppose first that x ¢ QT,kl U Q?,kz
and assume (by switching the roles of Q1 x, and Q2 x,, if necessary) that [(Q1 x,) <
[(Q2.k,)- By (6.24) and (6.25),

T a1k, a2,,) ()]

= ‘f/a2,k2(z)al,k1 (K (x,y,2) — K(x,c14,,2))dydz

lai i, ()] [y = cLul
- , ’ dyd
_/|a2’k2(z)|/(Ix—yl+IX—ZI)2"0)(|X—)’|+|X_Z| T

5// laz k, (2)11at,k; () w( 1(Q1,k,) )dydz
(|-x - C],]ql + |X - Cz,k2|)2” |)C — Cl,ky | + |)C - C2,k2|

< w(Ql,kl)_l/p'w(QZ,kz)_l/p2|Ql,k1||Q2,k2|w( 1(Q1.1,)

S dydz
[x —cr iy "X — c2,p,|" |x —cr iy | +1x —cohy I)

S ﬁ 1)k 1w (Qjk)~ P w1/2< ACIL )
il (Ix = cji; | +1(Qj ;)" lx —cji; | +1(Qjik;)

Now suppose that x € Q3 ks \ O] ki Again, by (6.24) and (6.25),

|T (@14, a2,0,) (x|

lat,e; (V)] ly —c1,1l
< i) k) d d
—/|“2”‘2(Z)|/(|x—y|+|x—z|>2"“’<|x—y|+|x—z| v

_ 1(Q1.x,)
< 1/[72// lat,,, ) ( K )d J
S Q) (x—crpl+ -2\ x —erl )2

< w(Q2.4,) " YP2w(Q14,) VP Q1 4y | < 1(Q1k) )
w

~ lx —c1 1, I lx —c1,1]

N w(QZ,kz)l/pzw(Ql,kl)1/p1|Q1,k1|w< 1(Q1.4) )
N (Ix =ty | +1(Q14 D" Ix — cip | +1(Qix) )

Since x € Q3 . by the concavity of w we have

| < 1(Q2.ky) <w< 1(Q2k,) )
Tlx =2k FU(02k) T \x — 24| +1(Q2k,)
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Therefore, if x € Q3 K\ o7 x, and by symmetry, whenever x € o3 kZAQT ko

2 . ., ) U/pj .
T (a1 gy, a2,0) ()] S H @ity XQjky)” 70 w( HQ)x) )
i =g I+ 1Qja)" NI — €1 +1(Qjky)
(6.27)
Combining the bounds above, since w(t) < Co'?(1) for 0 <t < 1, we get that if
xé¢ QT,kl N Q;,kz’

1Q .k, lw(Qjx,)~"Pi 1/2< 1(Qj;) )
| .

2
T(a1,k,, a2,k) ()| S ®
| 1 ’ | jlj[1(|‘x_cj~,kj|+l(Qj,kj))n x_cj,kj|+l(Qj,kj)

(6.28)
Consequently,
T (f1, f))]

< ZZ [A1k, ||)u2,k2||T(611’kl , a2>k2)(x)|XQT,k1“Q3,k2 x)

ki kp

2 —1/p;
+1—[<Z |)\.j,kj||Qj,kj|w(Qj,kj) ip1w1/2< I(Qj,kj) ))
j=1"kj (Ix = cjk; | +1(Qjk;)) lx —cji; | +1(Qjik;)

=:G1(x) + Ga(x).

In order to bound the L% -norm of the first summand, we use the following real analy-
sis lemma (see Lemma 2.1 in [23])

Lemma 6.10 Fix p € (0, 1], and let w be a doubling weight in R". Then, there is a
constant C, depending only on p and the doubling constant of w, such that, for all
finite collections {Qk},f=1 C Q and all nonnegative integrable functions gy supported
on Qi, we have

K
D
k=1

K

1
c Z(w(Qk) /ngk(xm(x)dx)xQz

k=1

<

P
L w

Ly

Fix atoms ay ¢, and a x, and suppose that QT.kl nos k # () (the case of empty in-
tersection being trivial). Assume, without loss of generality, that [ (Q1,k) <1(O2.k,)
and pick Ry, k, € Q such that

* * * *kk )k
Q1 N Qo s, C Rl ko TR 4, € OTk, N2k,

and w(Ry, x,) > cw(Q1 k). By Theorem 6.2 and the linear case treated in Yabuta [46],
T maps L2° x sz — sz and L%) x L — sz, and, hence,

/ T (@1, a2,1,) (x) |w(x) dx
Rie) iy
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172
< ( / |T(a1,kl,az,k2>(x>|2w<x)dx) w(Ry, 1) "2

1/2
S ”al,kl ||L%, ”a2,k2 ||L°°w(Rk1,k2) /

<w(Qui) VP w(Q2.0,) " P2w(Rey 1) 2
<w(Q1a) P w(Q2.4,) P2 (R 1)
By Lemma 6.10, recalling that 0 < p; <1 for j =1, 2, we obtain

Gl e

<D ik 2o | T (@1 by a2, Xy, 4,

ki ko

2
Ll

ZZIM ki 1122, | < W Re, 2)/|T(a1 ki» 42, k2)|(x)w(x)dx)XRk o
ki ko

A

P
L w

A

2D Il (@) ™ P w( Qo)™ P xop, Xog,

ki ko

<113

LY
2

1/pj
TI(Z e
J kj

j=1

ka w(Qju) ™ X0z,

2
STTs e
j=1
To estimate G we begin with the following simple lemma.

Lemma 6.11 Let ] > 0 and 0 < g < 1. Suppose that w : [0, 0c0) — [0, 00) is nonde-
creasing and verifies

! 5, du
Clg, w) = / u?" "2 () — < co. (6.29)
0 u

Then, the function

qn—n

[
h = a/2 , eR”,
)= e <|x|+l> *

belongs to LY(R") and ||h; .1 S Clg, ) (uniformly in l).

Proof of Lemma 6.11 Changing to polar coordinates, we obtain

o0 [qn—n n—1 l
Il =/ P aﬂ/z( )dp
o (p+Da o+l
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1 jqn—n ,n—1,.q/2 oo jqgn—n ,n—1

11 /(1 19

~ / Dy / — L p)dp
0 i pa"

lan
1 00 jqn—n n—1 i
5/ l*”p”*ldp—i-/ 7ﬁ a)q/2<—>dp
0 ! p1 P
1
d
< 1+/ w12 () L < C(q. w). -
0 u

Using Holder’s inequality first and recalling that 0 < p; <1 for j =1,2, we
obtain

G2l .p

—H

Z 1%k 119k 1w (Qjk; )~ w1/2< 1(Qjk;) )
(Ix = cjp; | +1(Qj i, D" lx —cjx; | +1(Qjk;)

kj

([ 3 s s
i y (Ix = cja; | +1(Q )i

) ij/z( aEy )w(x)dx>]/pj
|x —cjk;| +1(Qjk;)

2 . 1/pi

10k Pi

=11 (Z %)k 172 W(h jikj w)(cj,k,.>) :
j=1 " kj Kj

where

1k 177! : 1Qjk;)
B () = " ,,_,/2(71).
MO = G )

By Lemma 6.11, hj,kj € LI(R") with norm uniform in (j, k;), j =1, 2. Then,

10k PIp;
1G211}, < H Z Mgk 17— M (cji,)
(Qj,kj)

j=l
2 ,
104, P/p;
H(Z A ja, 17— w(c,-,k,.)> : (6.30)
S\ w(Qj.k;)
j=1 J
10k;!
Considering @ )w(c j.k;) as a function of ¢; x; and taking its average (with re-

spect to Lebesgue measure) over the cube Pj x;, we get

[Qjk;lw(Pjk;)
|Pjx lw(Qjk;)’
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which is bounded by a constant depending only on n. Averaging (6.30) (in the
Lebesgue measure) over Pjy; with respect to each cj; (there are finitely many
of them) and using Holder’s inequality with exponents pi/p and p>/p, we finally
obtain

2 1/p;
1Gall,p < H(Z Mk, |p,> STTs e .
J=1 "k /

j=1

Remark 7 One can prove Lemma 6.10 proceeding as in the proof of Lemma 2.1 in
[23]. The doubling condition of w is used to insure that w(Qy) >~ w(Qy;) in the
notation of [23].

6.4 Boundedness on Weighted Amalgam Spaces

Amalgam spaces have been intensively considered in several areas of analysis (see
[17] for an excellent survey), as they allow for a better understanding of the global and
local features of functions. In this subsection, we prove boundedness properties on
products of weighted amalgam spaces for bilinear Calder6n—Zygmund operators of
type w(t). The results are obtained as a consequence of the properties (3.1) and (3.2)
of the kernel, the boundedness of 7" on unweighted Lebesgue spaces (Theorem 6.2),
and the boundedness of the corresponding truncated operators on weighted Lebesgue
spaces (Theorem 6.6). The behavior of linear Calder6n—Zygmund operators of type
w(t) on amalgam spaces was studied by Kikuchi et al. [29].

For 1 < p < oo, the discrete variant of Muckenhoupt’s A, class is denoted by
A, (Z") and consists of the positive sequences {w;},ez» such that

. ; 1 1-p/ -l
|w|Ap(Zn)'_gl;%<#(QﬂZ”) Z wz><#7(QﬂZ”) Z w; ) < 00.

zeQNZ" zeQNZ"

ForzeZ", set Q,:={x eR" : |x; —z;| <1/2,i =1,...,n}. Consider 1 < p,
g < oo and a positive sequence {w,},c7. We denote by I}, the space of all sequences
{a;};ezn such that lallg = ez lazl? w,)'/4 < co. In particular, we write 19 in-

stead of I}, when w = 1. The weighted amalgam space (L?, I3,) consists of the locally
integrable functions f on R" such that {|| f|lzr(g,)};ez" € 12, with norm

1/q
||f||(Lp,1f{)) = (Z ||f||2p(QZ)wz> .

zeZ"

The usual interpretation applies when ¢ = co. The main result in this subsection is
the following:

Theorem 6.12 Consider w € Dini(1/2), and let T be a bilinear Calderon—Zygmund
operator of type w(t) with kernel K. If 1 < p,qg <oo,1 <s1,50 <00, l/r=1/p+
1/q,1/s3=1/s1 + 1/s2, and w € Ag(Z"), s = min{sy, 52}, then

1T sy < CUFN o I8N 1 2)- (6.31)
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Remark 8 Note that w = {w,},ezn € A;(Z") if and only if W = ZZ wzxo, € Ay and
that (L', 1)) = L', (R") with IF e,y = ILF Wy, (o) Therefore, the result of Theo-
rem 6.12 for the case p =51, ¢ = s2, and r = s3 is a particular case of Theorem 6.8.

We state here some definitions and known results that will be used in the proof of
Theorem 6.12.

Lemma 6.13 (See Kikuchi et al. [29]) Let w € A;(Z"), 1 <t < 0o. Then, for u € 7"
and all cubes Q containing [,

> we <wulwlaen(#(Z' 0 Q)"

ceZ"NQ
For a sequence a = {ay} ez, we consider the discrete maximal function
1
Mya),, = sup ——— apl, eZ".
Maal = S0 2 0 Yoo lal, w
VvEZ'"NQEQ

The following properties for M, are well known:
Lemma 6.14 Ifw € A((Z") and 1 < s < 00, then My is bounded in [,

For sequences h = {h,},,ez» and a = {a, }, ez, define the convolution

(hsa), =Y hy vay, peZ"

vezn

Lemma 6.15 Let h = {h},czn be a sequence in 1M(Z") which is nonnegative, radial,
and nonincreasing (i.e., hy, = h, if |ul = |p'| and hy, < hy if |l = |1']). Then, for
any sequence a = {a, }uezn,

|(hxa),| Sllhllp Maa),, neZ.

Proof of Theorem 6.12 Let f, g € Ci°(R"). For Q¢, ¢ € Z", and b € { f, g}, we con-
sider

b=bi+by, b eCFRY), |bix)]=<|bx)
supp (b1) C 207, supp (b2) N Q7 =,

where Q? is the closed cube centered at ¢ and such that /( Q?) =(2n+ DI(Q;). We
then have T'(f, g) =T (f1,81) + T (f2, 81) + T (f1, 82) + T (f2, 82).

By the boundedness of T from L?(R") x LY(R") into L" (R") (Theorem 6.2), we
have

’ i=1727

17 (f1.81)

Lroe) S Millr oy llgtllze ey

S Y Wflerwn Y. gl (632)

;LGZ"QZQ? veZ’lﬂZQz‘
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For the term T ( f2, g1) (and similarly for T'(f1, g2)), we have, for x € Q¢,

T(f2, 8D)(x)

=f / K(x,y,2) 2(y)g1(z)dydz
€207 Jye(Qp)°

_ / / K.y, 2 H(0g1@) dydz
Z€2Q§ YEQu

nezr—

_ / / (K(x.y.2) — K (€. 11, 2) o081 () dy dz
Z€2Q§ YEQu

nezr—

+ Z /fz(y)dy/ K(¢, n,2)81(2)dz.

WHEL— 5

Using (3.2) and (3.1), we get

1 Cn
HT(vagl) L’(Q;)g Z |§'—lenw<|§‘_M|>||f||Ll)(QM) ||g||Lq(2Qz)
MEZ”—Q*
+ Z |2n I f e gL 0p)- (6.33)
WEL —

For x € O, we have
T(f2,82)(x)
_ f / K, y.2) (g2 dydz
Q*)( Q*)L

= 2 / / K(x,y,2) f2(y)g2(2)dydz
veZ— Q* WEL — €0y JyeQy

= 2 / | (k@ - Kenw) po)nedrds
VEL—QF ne — €0y JyeQy

+ Z Z K(, Mvv)/ fz(y)dY/.Q g2(2) dz.

vezZ'— Q[ WEL — Q{

Using (3.2), we obtain

|7 (f2. g2) L7 (00

DY el
L =l + 18 =vD? g —pl+1¢ —v
¢

UGZ”—QZ< HEZ—Q
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X fllLro,nllgliLeco,)

Z Z K(f’l‘«v")/ fz(y)dy/ g2(2)dz
Ou 0Oy

veZ”—Q? ueZ”—Q}‘

n . (634)

We now proceed to estimate the /,; -norm of the terms on the right-hand side of
(6.32), (6.34), and (6.33). For the right-hand side of (6.32), we apply Holder’s in-
equality and then observe that, using Jensen’s inequality and Lemma 6.13, we have

(Z( Z ||f||LP(QM)>xlw;>X11

ceZ" “ueZn2 Qz

2011
<(4n+3) ( Sl)< Z ||f||SLlP(Q,L) Z We X720} (M))

nez 14=Y/4

L
s1

1
21—+ : )
< @n+3)" ‘Y1)<Z LF 1 @,y wielwla, @n#(Z" N Q)é> :

WEZ

where, for each fixed u, Q is a cube containing p and all those ¢ € Z" such that
nwez"n 2Q2‘. It is clear that #(Z" N Q) is independent of u, therefore we get

1
S - 1
1 S_
< > ( > ||f||LP<Q;L>> wi) Sy an 1 e iy
e ueZ"ﬁZQ?
We have a similar bound for the factor corresponding to g in (6.32).

For the first term on the right-hand side of (6.33) consider the nonnegative, radial,
and decreasing sequence h = {h,},cz» defined by

1 cn>
hy=———owl =), wneZ"—{0}.
SPIED <Iu|

Note that [|2]|;1 < oo. Then, by Lemma 6.15 with a = {|| fllLr(0,,)} uezn,

1 Cn
Z ic _M|2na) i~ IflLrenligliLaor
Q*

ez — ¢
S (hxa)cligliaeop

S Ml (Maa)eligliae o)

Using Holder’s inequality and recalling that w € Ay, (Z"), by Lemma 6.14, we have

|(Maarclighiaeop s S [Maare [ [lgheeopliz S g 1802y
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where the inequality |||/ g|| Lq(ZQZf)” 152 < g||( La.12) follows as in the treatment of

(6.32). The second term in (6.33) is treated in the same way by using &,
nez"—{0}.
The first term in (6.34) is bounded by

1 | Cn
C 2 p
D <|¢—u|>”f”L (€
¢

UEZ—QF

1
R

HeZ"—Q7

> o w( = )ngnL
q v).
iz =" \Jz =] @
4

We can proceed in a similar way as in (6.33) with i, = Iul” w? (\MI) un ez —{0}.

Observe that i € I!, since fol @ dt < 0o, and then Lemma 6.15 can be applied.
Also the fact that w € Ag(Z") allows us to use Lemma 6.14.

Finally, we will show that the second term on the right-hand side of (6.34) satisfies
the desired estimates. Consider the truncated operator

T /z(u, v)(x) =/ K(x,y,2u(y)v(z)dydz.

pr—yP+x—zP>n

Note that B(x, /n) C Qz for every x € Q. We will see that there is a nonincreasing
function 4 : [0, o) — [0, co) such that i (|x|) is integrable in R”, and

Tawn@— > Y K w)/ u(y)dy/Q v(2)dz

vezZ"— Q* ez — Q[

S lul) ) (h* ) (x), x€ Q. (6.35)

Assume (6.35) for the moment. Applying (6.35) to u = Zuezn fQﬂ f(x)dxxo,
andv=73, 7 fQu g(x)dxyxg,, we get

> > kG mv)/ fz(y)dy/Q (2 dz

veZ— Q* nezZ— Q*

53

/ |/ (, 0) ()] P dx + IIhIIiAf(Rn /Q (Mu(x) Mo(x)) " dx.
¢

Recalling that W =) pezn WpXxo, € As(R") and using the boundedness properties
of T s and M in the weighted Lebesgue spaces, we get

> > K<<‘§uv>/ fz(y)dy/ @]

vezZr— Q*;/.EZ” Qg

ST ) 15 ony + WANT s oy 1Ml 34 e M2

BIRKHAUSER



J Fourier Anal Appl (2009) 15: 218-261 259

/S ”u”L’;‘l,(]R”) ”v”L‘;a(R”) 5 ”f”(LP’[;}) ”g“(L‘I,l;i,z)‘

We now prove (6.35). Define S, = {(v,z) : |x — y|*> + |x — z|?> > n}. Fixing
x € Q¢, the left-hand side of (6.35) is equal to

f / Frx(y,2u(y)v(z)dydz
yeR" JzeR"

3

where

Fg,x(y,z)=(K(x,y,z)x&c(y,z)— ) K(C,M,V)XQ,I()’)XQU(Z))

vezZl— Q; EL" — Qz

Ify,zeR"\ Q?, then (y, z) € Sy, and, using the regularity (3.2) of the kernel K and
that y € Q,, and z € Q,, for unique Q,, C R" \ Q’g and Q, C R"\ QZ, we have

|Fex(v, )| =|K(x,y,2) — K&, )|

<)
~(x—yl+lx—zD? \|x —y|+|x —z]

1 ( Cn ) 1 %< Cn )
w .
lx =yl /) |x —z| |x — z|

< 1)
lx —yI"
Ifye QZ‘ and z € R"\ QZ‘, then, using the size assumption (3.1) on the kernel K and
that r < w(¢) (since w is concave), we have
(7)
lx —zl /)

Similarly for z € Qz‘ and y e R\ Q?. Finally, if y € QZ‘ and z € Q’g, we have, using
again (3.1),

o=

1 < 1

w
lx =yl +lx =z ™ |x —z|?

Bl—=

|F§,x(y,Z)| = |K(X, y71)| 5 (

|Fex(v,2)] < [K (.5, 2) x5, (3, )| S Ca.

Then we can define, for T € R”,

él’lv |T|§\/E’

h(T) = L
lTllnm(l‘Tnl), IT| > /n.

0
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