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Abstract Let (H;);>0 be the Ornstein—Uhlenbeck semigroup on R? with covariance
matrix / and drift matrix A(R — I), where A > 0 and R is a skew-adjoint matrix, and
denote by y the invariant measure for (H;);>o. Semigroups of this form are the ba-
sic building blocks of Ornstein—Uhlenbeck semigroups which are normal on L? (o).
We prove that if the matrix R generates a one-parameter group of periodic rotations,
then the maximal operator H. f (x) = sup,~., |H; f (x)] is of weak type 1 with respect
to the invariant measure y»,. We also prove that the maximal operator associated to
an arbitrary normal Ornstein—Uhlenbeck semigroup is bounded on L”(y) if and
only if 1 < p <oo.
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1 Introduction

Let Q be a real, symmetric, and positive definite d x d-matrix, and let B be a nonzero
real d x d-matrix whose eigenvalues have negative real part. Then, for every ¢ €
(0, o], we can define the family of Gaussian measures y; on R4 with mean zero and
covariance operators

t
Q,:/ eBeB ds, te (0,00, (1.1)
0
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i.e., the measures
dy, (x) = 27) 42 (det 0,) /e~ 2127 5 di(x), Vi € (0, 0]

The Ornstein—Uhlenbeck semigroup is the family of operators (H,Q ’B) >0 defined by
HEP ) = /d f(e®x —y)dyi(y) (1.2)
R

on the space Cp (R?) of bounded continuous functions. The matrices Q and B are
called the covariance and the drift matrix, respectively.

It is well known that y, is the unique invariant measure for H,Q’B and that
(HtQ’B),ZQ is a diffusion semigroup on (Rd, Ys0) (see, for instance, [2]). Thus, for-
mula (1.2) defines a semigroup of positive contractions on L? (y,) for every p > 1,
which we shall also denote by (H,Q ’B)tzo.

In this paper we are concerned with the boundedness of the maximal operator

HEE f(x) = SHLO)IH,Q’Bf(x)I-
>

It is well known that by Banach’s principle (see [3]) this maximal operator is a key
tool to investigate the almost everywhere convergence of HIQ B fto fasttendstoO
for fin L? (yx).

If the semigroup (H,Q’B),Zo is symmetric, i.e., if H,Q’B is self-adjoint on L?(yso)
for every ¢ > 0, then H*Q’B is bounded on L”(ys) for every p in (1, oc] by the
Littlewood—-Paley—Stein theory for symmetric semigroups of contractions on all L?
spaces [11]. Is the result still true if we drop the symmetry assumption? In the same
monograph [11] Stein says that, for general diffusion semigroups, the condition of
self-adjointness cannot be much modified. Indeed, if one considers the semigroup
of translations 7; f(x) = f(x + t) on the one-dimensional torus T, for every p in
[1, oc], it is easy to construct a function f in L”(T) such that sup,~q |T; f (x)| = o0
everywhere. Notice that (7;),0 is a semigroup of normal, actually unitary, operators.

However, in Theorem 4.2 below we show that Stein’s proof of the maximal the-
orem for semigroups of symmetric contractions on all L?(u), 1 < p < oo, can be
adapted to semigroups of normal contractions such that the generator of the semi-
group on L?(u) is a sectorial operator of angle ¢ < /2. Since the generator of
the Ornstein—Uhlenbeck on Lz(yoo) is sectorial of angle strictly less than 7 /2, this
implies that if (’H,Q’B),Zo is normal on L?(ys), then the maximal operator H, is
bounded on L? (y) for every p in (1, oo].

It remains to investigate the boundedness of the Ornstein—Uhlenbeck maximal
operator H*Q B oon L! (¥00)- In Sect. 4 we show that ’Hg B s always unbounded on
L' (¥s0). This still leaves open the question of the validity of the weak type 1 estimate

polx e B (128 0| > ) = VL v e 1), va s 0.

Even in the symmetric case very little is known about the weak type 1 boundedness
of the Ornstein—Uhlenbeck maximal operator. The only result which is known is for
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the semigroup with covariance matrix Q = I and drift matrix B = —I for which
the weak type 1 boundedness of H*Q’B is due to B. Muckenhoupt [9] in dimension
one and to P. Sjogren [10] in arbitrary dimension. Sjogren’s proof was subsequently
simplified in [6] and [4]. The arguments in these papers easily extend to the case
where B = —\[ for some A > 0. However, already the case where B is a diagonal
matrix with at least two different eigenvalues seems to require new ideas.

In this paper we investigate the weak type 1 estimate for the maximal operator
associated to the Ornstein—Uhlenbeck semigroup with covariance matrix Q = I and
drift B = —A(I — R), where A > 0 and R is a nonzero real d x d skew-adjoint matrix.
The interest of these semigroups is motivated by the fact that they are the basic build-
ing blocks of normal Ornstein—Uhlenbeck semigroups. Indeed, in Sect. 2 we show
that, after a change of variables, any normal Ornstein—Uhlenbeck semigroup can be
written as the product of commuting semigroups of this form.

For these particular semigroups, we shall prove two results. First, we shall prove
that the “truncated” maximal operator

B B
H*Q,[()’T]f(x)z sup |HIQ f(x)|
te[0,T]

is of weak type 1. Second, we shall prove that if the one-parameter group of rotations
(e'®),er generated by R is periodic, then the full maximal operator H*Q ‘B is of weak
type 1.

Finally we mention that, by using the results of the present paper, in [5] we have
proved that first-order Riesz transforms associated to the generators of these ‘peri-
odic’ semigroups are of weak type 1.

We now briefly describe the content of the paper. In Sect. 2 we characterize
the generators of normal Ornstein—Uhlenbeck semigroups and we show that, after
a change of coordinates, normal semigroups are the products of commuting semi-
groups with covariance matrix Q = I and drift B=—A(/ — R) withA >0and R a
real skew-adjoint matrix.

In Sect. 3 we give an explicit representation of the integral kernel of these semi-
groups with respect to the invariant measure. We show that, modulo an orthogonal
change of coordinates, the semigroup kernel is the product of the kernel of a sym-
metric semigroup and some two-dimensional kernels. Ultimately, this will enable us
to reduce the problem of the weak type 1 boundedness of the maximal operator to
proving estimates of kernels defined on R? x R2.

In Sect. 4 we study the boundedness of the maximal operator HE’B on L? (yx),
1 < p < oo, for arbitrary Q and B. We prove that the truncated maximal operator
is always unbounded on Ll(yoo) and that, when the semigroup is normal, the full
maximal operator is bounded on L? (yx), 1 < p < c0.

Finally, in Sect. 5 we prove the weak type estimate for the truncated and the full
maximal operator when Q = [ and B = —A(/ — R). By the results of Sect. 3 the
kernel of the semigroup is a perturbation of the kernel of a symmetric semigroup.
When 1 is close to zero, the perturbation is small, and the kernel of the nonsymmetric
semigroup can be controlled by the kernel of the symmetric semigroup. The same
thing happens in the periodic case when 7 is close to an integer multiple of a period.
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This enables us to apply the results of [4] to prove the weak-type estimate for the
truncated maximal operator and of the full maximal operator in the periodic case.

2 Preliminaries

The Schwartz space S (R9) is a core for the infinitesimal generator Lo p of the semi-
group (H?’B),zo on L?(y~) forevery p, 1 < p < oo, and

Lopf= %tr(sz)f +(Bx,V)f, VfeS(RY).

By a result of G. Metafune, J. Priiss, A. Rhandi, and R. Schnaubelt (see [8,
Lemma 2.2]) there exists a linear change of coordinates in R? which allows us to
reduce the analysis of the operator Lg p to the case where Q = I and Q is a diag-
onal matrix. Indeed, let M| be an invertible real matrix such that M\ QM f =1 and
M> an orthogonal matrix such that MM, QooMi"Mg = diag(Aq, ..., Aq) := D, for
some A; > 0. Then, if we take M = M>M; and denote by @y : S(RY) — S(RY)
the similarity transformation defined by @, f (x) = f(M ~1x), we have that Lo p=
CDA_,IIEI’BQSM, where

~ 1
B=—2Dii+R. @1
and R is a matrix such that
RD, = —D; R*. 2.2)

The invariant measure for the semigroup generated by L, 7 is

AP0 (X) = (271) "2 (det Dy) 126~ 2 (D5 %%) ), (x).

Moreover, Yoo (E) = Yoo (M ™! E) for every Borel subset E of R, and &, extends to
an isometry of L?(yso) onto L? (Vo).
By (2.1) we can write the operator £, 5 as the sum

L, 5=L"+TR, (2.3)

where £0 = %A — %(Dl/kx, V) and R = (Rx, V) are the symmetric and antisym-
metric parts of £ 1B On L?(7s), respectively. Thus, the operator Lo, p is symmetric
on L?(yso) if and only if R =0. )

Let (H,I’B)[Z() be the semigroup generated by £; 5 and HEE the corresponding

maximal operator. Clearly, H*Q’B is bounded on LP?(yx) or of weak type 1 with

respect to Yo if and only if Hi’B is bounded on L”(y) or of weak type 1 with
respect to Yoo. Thus, the analysis of the maximal operator ’H*Q ‘B can be reduced to
the case where Q = I and Q = diag{Aq, ..., A4} for some A; > 0.
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Proposition 2.1 Let B, Dy, and R be the matrices associated to Q and B as in (2.1).
Denote by L0 and R the symmetric and antisymmetric parts of L 1 5 asin(2.3). Then
the following properties are equivalent:

(1) The semigroup (HIQ’B)[Z() is normal on L*(vs).
(ii) The symmetric and antisymmetric parts of L,  commute; i.e.,

[ R]p=0, V¢eSRY).

(iii) R+ R*=0.
(iv) D, and R commute.

Proof We claim that E}‘ = £0 — R. Indeed, on the one hand, (£%)* = £9, since £°
is symmetric. On the other hand, integrating by parts, we get that

R* = —R+(Rx, D] 'x) —trR
=-R,

since trR = 0 and that (Rx, D} 'x) = 0, since (Rx, D} 'x) = (x, R*D] 'x) =
—(x, D;'Rx) = —(D; 'x, Rx) by 2.2).

The semigroup (H,Q’B)IZ() is normal if and only if its generator Lo g on
L?(¥so) is normal, and this happens if and only if Ll,é is normal on L%(7xo), i.e.,
(£, 3 £;B]¢ =0 for all ¢ in S(R). Now

[£,5: L} 3] =[£°+R. L0~ R]
=2[R. L"].

This shows that (i) and (ii) are equivalent. Next observe that

[R, £%] = —(V,RV) + %((RDU,\ —Di/nR)x, V). (2.4)
Hence, [R, £°] vanishes if and only if (V, RV) and ((RD1;, — D1, R)x, V) both
vanish, as can be easily seen by fixing any pair of indices j, k and an arbitrary point x(
and applying the commutator to a test function ¢ which coincides with (x —xp) j (x —
x0)x in a neighborhood of x¢. Now, (V, RV) vanishes if and only if R + R* = 0.
Thus, (ii) implies (iii). To prove the converse observe that by (2.2) the identity R +
R* = 0 implies that R and D, commute. Thus, also Dy, and R commute. Hence,
[R, £°] =0 by (2.4). Finally, if (iv) holds, then R + R* = 0 by (2.2). This concludes
the proof of the proposition. 0

In the last part of this section we show that operators of the form Lo g with Q =1
and B = i(R — 1), where @ > 0 and R is a d x d skew-symmetric real matrix, are
the basic building blocks of normal Ornstein—Uhlenbeck operators. This motivates
the interest in studying the maximal operator associated to semigroups generated by
them.
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To simplify the notation we write

1 1 1
~A— —(x,V)+ —(Rx, V). 2.5)

L(a’R):El,i(Rfl)zz 2 E

Let (H,Q ’B) >0 be a normal Ornstein—Uhlenbeck semigroup. By (2.1), after a change
of variables, we may assume that its generator is of the form

1 1
L= EA - §<D1/Ax, V) + (Rx, V),
where R + R* =0 and R commutes with D, by Proposition 2.1. Let «, ..., ag be

the distinct eigenvalues of D;, and let
Dy =a1Pi+--+aghy
be the spectral resolution of D, . The matrix R commutes with the projections P;,

and if we set R; = 2aRPj, then R; =—R/and R = ﬁ Zf»:l R;. Thus, denoting

by A; =tr(P;V?) and V; = P;V the Laplacian and gradient with respect to the
variables in P]-]Rd, we have

12
L5=) L@ Ry,

j=1
where

1 1 1
,C(OC]',R]') = EAJ — f(X,Vj) + g(ij’vj>~
J

20

The semigroup generated by L, 7 is the product of the commuting semigroups

(ef L) .R; ))tzO generated by the operators £(«j, R;), j =1, ..., £, which are there-
fore the basic building blocks of normal Ornstein—Uhlenbeck semigroups.

3 The Kernel of the Semigroup with Respect to the Invariant Measure

For our purposes, it is convenient to write the Ornstein—Ulenbeck semigroup as a
semigroup of integral operators with respect to the invariant measure y,. We recall
that the Gauss measure with mean zero and covariance matrix Q; on R? is the mea-
sure

Ay (x) = 27) "2 (det )12 2N d(x), Ve e (0, o0],
where A denotes the Lebesgue measure. In the following, with a slight abuse of no-

tation, we shall also denote by the same symbol y; the density of the measure with
respect to A. A simple change of variables in (1.2) yields

H?’Bﬂx)=/ht<x,y>f<y>dyoo<y),
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where

hy(x, y) = det(QooQtfl)1/267%[<Q;‘<e'3xfy),<e’3xfy>>f<QgJy,y>1. G.1)
The main result of this section is that, after an orthogonal change of coordinates,
the kernel of the semigroup generated by an operator of the form

1 1
—{x,V)+ —(Rx, V)

|
L. R)=-A—
(@R =38-75 2

with @ > 0 and R + R* = 0 can be written as the product of the kernel of the semi-
group generated by its symmetric part £(«,0) and some two-dimensional kernels
(see Theorem 3.1 and formula (3.9)). To simplify the notation, for the rest of this
section, we write £ = L(«, R) and L0 = L(a, 0). Thus,

1

1 1
0 0
=-A——{(x,V = — (Rx, V).
L 3 2O[(x, ), L=L +2 (Rx, V)

Henceforth, we shall denote by (etﬁo)lzo and by (e’ﬁ)lzo the semigroups generated

by £° and by L, respectively, and by h?(x, v) and A (x, y) their kernels with respect
to the invariant measure

x 2
dyoo () = Qra)~2e= 5.

By the results of the previous section, the operator £° is symmetric, and £ is normal.
To avoid having many «’s floating around and to be consistent with the notation
in [4], we fix ¢ = 1/2. The formulas for arbitrary « > 0 can be obtained from this
special case by replacing ¢ by /2« and (x, y) by (x/~/2a, y/~/2) in formulas (3.2)
and (3.3) below.
The kernel of the semigroup (etﬁo)tzo is

2 2
h(t)(x,y):(l_e—2l‘)_d/zexp{l[|x+y| _ |x y| }} (32)

21 e +1 el —1

The operator R = (Rx, V) generates the semigroup of isometries e/ f(x) =
F@Rx) of LP(¥so), 1 < p < 00. Since e/ commutes with e£0 for every 7 > 0,
the kernel of (etﬂ)tzo is

hi(x,y) = h?(e'Rx, y). 3.3)

We shall exploit the facts that the matrix R is skew-adjoint and that the symmetric
semigroup (e’ﬁo),zo commutes with orthogonal transformations to prove that, after
an orthogonal change of coordinates, the operator £ and the kernel 4, (x, y) can be
written in a more convenient form.

First, we consider a special two-dimensional case. For every real number 6, we
denote by R(0) the 2 x 2 matrix

R(O) = <_09 g) . 34
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Let x A y denote the skew-symmetric bilinear form on R? defined by
XAY=X1y2 = X2)1.
Then

e ROy £+ y|2 = |x|> 4 |y|? + 2cos(t0)(x, y) £ sin(t0)x Ay,
Vx,y e R%. (3.5)

Now, consider the Ornstein—Uhlenbeck operator E(%, R(0)) on R%. To simplify the
notation, henceforth we write Ly = [,(%, R(6)). Thus,

Lo= %A — (x, V) +(RO)x, V)

is the operator with covariance matrix Q = [ and drift B = —I 4+ R(0). By using
(3.2), (3.3), and (3.5) it is straightforward to see that the kernel of the semigroup
generated by Ly is

Y (x, y) = hd(x, Ykio(x, y), (3.6)
where h?(x, y) is asin (3.2) with d =2 and

—t
kig(x, y) = exp{—ﬁ[(l — cos(16))(x, y) + sin(t0)x A y]} 3.7

Next, we consider the case where the matrix R is a d x d matrix in block diagonal
form with 2 x 2 blocks of the form (3.4). Let n = [d/2] be the greatest integer less
than or equal to d/2. If ® = (61, ...,6,) is in R", we denote by R(®) the d x d
block-diagonal matrix

R()) R(01)

or
R(®
according to whether d is even or odd, respectively.
Assume first that d is even. Given a vector x in R? ~ (R2)", we write x =
(&1,...,&,), where & = (x2k—1, X2) € R2 for k = 1,...,n.Let Lo = E(%, R(©®))
be the Ornstein—Uhlenbeck operator on R? of the form

1
Lo=3A=(x.V)+ (R(@)x, V). (3.8)
Then Lo = Ly, + --- + Lg,, where each Ly, for k =1,...,n is a two-dimensional

Ornstein—Uhlenbeck operator acting in the variables & = (x2x—1, x2¢) of the form

1
Lo = 58k = (k. Vi) + (RO)&k, Vi).
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Here Ay and V; denote the two-dimensional Laplacian and gradient in the variables
(X2k—1, X2k)-

Thus, the operators Lg,, k =1, ..., n, commute as do the semigroups generated by
them. This implies that the kernel 2 (x, y) of the semigroup (e’ Lo )r>0 is the product

of the kernels of the semigroups (etﬁ(’k)tzo, k=1,...,n;ie.,

he (. y) = [T n* e no)

k=1

with & = (xak—1, x2¢) and n = (y2k—1, y2t) in R, where h{* (&, n¢) are as in (3.6).
If d is odd, then Lo = Lo, + - -+ + Lg, + Ly41, Where Ly, k=1, ...,n, are as
before, and £,,1 is the one-dimensional symmetric Ornstein—Uhlenbeck operator

%Bfnﬂ — Xp+10x,,, acting in the variable x;41. Thus, the kernel %, (x, y) has an ad-

ditional factor h?(an , Yn+1), which is the kernel of a one-dimensional symmetric
Ornstein—Uhlenbeck semigroup.

In any case, regardless of the parity of d, by (3.6) we may write the kernel of e
in the following way

tLo

n
CROEYHER |l L7AGRD)
j=1

=h0(x.y) [ ko, &) 3.9)

0,70

where h?(x, y) is the kernel of the d-dimensional symmetric semigroup generated by
%A — {x, V), and each k,g_/. is a two-dimensional kernel as in (3.7).

Finally, we show that the analysis of any operator £ = %A — (x, V) + (Rx, V),
where R is a skew adjoint matrix, can be reduced to that of an operator of the form
Lo. As in Sect. 2, given an invertible real d x d-matrix M, we denote by @y :
C(R?) — C(R?) the transformation defined by @pu(y) = u(M! ¥).

Theorem 3.1 Let n = [d/2] be the greatest integer less than or equal to d /2, and
let L be the operator %A — (x, V) 4+ (Rx, V), where R is a d x d real skew-adjoint
matrix. Then there exists a d x d orthogonal matrix g and a vector ® = (01, ...,6,)
with 0; > 0 such that Qﬁgl:@g_l = L. Moreover, the kernels h;(x, y) and h,(')(x, y)
of the semigroups generated by L and Lg, respectively, satisfy the identity

hi(x,y) = h,(')(gx, gy), Vx,ye Rd, t>0.

Proof The set a = {R(®) : ® € R"} is a maximal abelian subalgebra of the Lie
algebra so(d) of skew-symmetric d x d matrices. Since, by a well-known result
of Lie algebras (see [1]), every element of so(d) is conjugated to an element of
at ={R(®): O e R, "}, given a skew-symmetric matrix R, there exists an orthog-
onal matrix g and a vector ® = (01, ..., 6,) with 6; > 0 such that R = gR(@)g_l.
The identity Qgﬁ@g_ I = Lo follows, because the symmetric part %A — {x, V) of the
operator £ commutes with @,.
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This implies that QDge’ﬁ@g_ I — ¢'£e for every ¢+ > 0. From this the identity be-
tween the kernels of the semigroups immediately follows. g

4 Strong Type Estimates

In this section we return to consider an Ornstein—Uhlenbeck semigroup (HIQ‘B),EO
with arbitrary covariance Q and drift B. We prove that the truncated Ornstein—

Uhlenbeck maximal operator H*Q[g T is always unbounded on L!(ys) and, when
the semigroup is normal, the full maximal operator H*Q ‘% is bounded on L” (Vo)
l <p<oo.

Theorem 4.1 For all T > 0, the operator H*QigT] is unbounded on L' (yso).

Proof Suppose, by contradiction, that Hf[g T is bounded on L'(ys) for some
T > 0. Denote by y the density of the invariant measure with respect to the
Lebesgue measure. Let (f;;) be a sequence of nonnegative functions of norm 1 in
L' (ys0) which converges in the sense of distributions to s (0)~!8y. Then there ex-

ists a constant C such that IIHE’[(I); T fall1 < C for every n. Moreover,
im 72,060 = tim [ (e, 3) 5200 A7) = .0
n—o0 n—oQ

uniformly on compact subsets of R. Thus, for n sufficiently large,
M2 p o @) = HE P fu(0) = he(x,0) = 1, ¥x € B0, 1), ¥t €[0,T].
Hence,

f sup f1;(x,0)dyso(x) < C. 4.1
|x|<1te[0,T]

Now recall the expression of the kernel 4;(x, y) given in (3.1). Since Q; ~ ¢Q for
t — 0%, if t € (0, €) for some € > 0 sufficiently small, then there exist positive con-
stants ¢, c1, and ¢ such that

1/2
hi(x, 0) = (fj;%ﬂ exp{—im;lewx,eww}
t

tB .2
_ e X
> cot /2 exp{—cl | | }

—d)2 |x|2
> cot expy—c2—— -

Thus, if |x| < 1, we have

2 _
sup h(x,0) >co sup 17225 > o x| 7,
O<t<e O<t<e
which contradicts (4.1). U
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The positive result for L”(ys), 1 < p < oo, for normal Ornstein—Uhlenbeck
semigroups follows from a more general result for normal semigroups of contrac-
tions on all LP-spaces, whose generators on L? are sectorial. Indeed, we have the
following theorem.

Theorem 4.2 Let (X, ) be a o-finite measure space. Let (T;);>0 be a semigroup of
contractions on LP (w) for every p in [1, 0o], which is strongly continuous for p < oo.
Suppose that each T, is normal on L*(j) and that the spectrum of the generator G
on L*(w) is contained in the sector —Sy for some 0 € [0, 1/2). Then the maximal
operator

T.f (x) = sup|T; f (x)]
t>0
is bounded on LP () for 1 < p < oo.

Proof By examining carefully Stein’s proof of the maximal theorem for self-adjoint
semigroups of contractions (see [11, pp. 73—-81]) one realizes that the self-adjointness
plays a role only in the proof of the boundedness on L2(u) of the Littlewood—Paley
functions

° L dr\ 12
gk(f)(x)=<‘/(; ’t Dthf(x)| 7) , k=1,2,....

However, the same result can also be obtained under the assumptions of the theorem.
Indeed, let

—G= | zdP;
So

be the spectral resolution of —G. By the spectral theorem for normal operators,

DT f = (1) [ e rapy.
0
where E; =5\ {0} Hence,
DT = [ P e e, ).
Sg
Thus,
o0 dr
f!gk(f><x)\2du(x>=// 14 DAT, £ ) )
X x Jo t
o0
d
= [ [ IptTscoP auw
0 X t
oo
= [ [zt n S
0o J5i t
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%k —2Re: 4
= [ [ nepre e iapg gy
Sy Jo t

I"'(2k)

< W/S;WJ’ f)
'k
GO r1,

-
~ (2cosH)k

since |z| < (cos@)"'Rez in Sy. This proves that f > gi(f) is bounded on L?(1).
The rest of the proof is just as in [11, pp. 76-81]. g

Corollary 4.3 Let (H,Q ‘B),zo be a normal Ornstein—Uhlenbeck semigroup. Then the
maximal operator H*Q’B is bounded on LP (yso) for every p in (1, 00).

Proof By [7] the spectrum of the generator of (HIQ ’B),zo is contained in a sector of
angle less than /2. Hence, the conclusion follows from Theorem 4.2. O

5 The Weak-Type Estimate

In this section we shall prove the weak type 1 estimate for the maximal operators

associated to the normal Ornstein—Uhlenbeck semigroup (H,Q ’B) >0 With covariance
Q = I and drift B = %(R —I), where @ > 0 and R is a skew-symmetric real matrix,
i.e., for the semigroup generated by the operator

L@ R) = A= —(x,V) + 3=(Rx.V)
R R TR T
Namely, we shall prove the following theorem.

Theorem 5.1 For every T > 0, the truncated maximal operator

Hejo,71f(x) = sup |el£(a’R)f(X)|
1€[0,T]

is of weak type 1. If the one-parameter group (e'R),cr is periodic, then the full max-
imal operator H f (x) = sup;>q |et£(°"R)f(x)| is of weak type 1.

As we have already remarked in Sect. 3, by a scaling argument we may assume
that 2o = 1.

First, we reduce the problem to proving that two smaller maximal operators are of
weak type 1. For every subset A of R, denote by H, 4 the maximal operator defined
by

Ha fx) =sup|e!E02B £ ()|, f e LM (yoo).
teA

If I is a closed interval in Ry and P is a positive number, we denote by ﬁ the union
of PN-translates of 1, i.e., I* =,y + Pn).
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Lemma 5.2 Suppose that, for some to > 0, the maximal operator H [0,1,] is of weak
type 1. Then the truncated maximal operator Hy [0,1] is of weak type 1 for every
T > 0. If, furthermore, there exists an interval I in Ry such that the operator H_

Ap

is of weak type 1, then the full maximal operator H. is of weak type 1.

Proof First, we show that if A is a subset of Ry such that the operator H, 4 is of
weak type 1 and B = U —1(A+1) is a finite union of translates of A, then H p is
of weak type 1. Indeed,

Hepf(x) = sup|e’£(1/2 R)f(x)| = maxN sup|e(t+”)l:(l/2 R)f(x)|

teB i=1
= max sup|e’£(1/2’R)eti£(l/2’R)f(X)|
i=l,.., Niea

= max He Aetlﬁ(]/ZR)f(x)

i=

.....

Hence, for A > 0 fixed,

voo({x € R i Mo £ () > 2})
N
<Y vso(fx € RY 1M, e C0/2R) £(x) > 1))
i=1

C N
= 4 L(1/2,R)
=7 Z E f”Ll(yoo)
C N
=1/l
since ¢i£1/2:R) is a contraction on L (yw) foreveryi =1,..., N.
The conclusion follows because the set [0, T] is a ﬁnlte union of translates of
(0, #p) and R is a finite union of translates of [0, 7] and Ilﬁn. O

Thus, we only need to prove the weak type 1 estimate for the operator H, 4 when
A=1(0,%) and A = If) for some 7y > 0 and some closed interval I in R. As in the
analysis of the maximal operator for the symmetric Ornstein—Uhlenbeck semigroup
(e Ly 2’0)),30 (see [4]), we shall decompose each of these two maximal operators in
a “local” part, given by a kernel living close to the diagonal, and the remaining or
“global” part. To this end consider the set

={(x,y) eR? x RY: |x — y| <min(1, |x + y|7")}
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and denote by G its complement. We shall call L and G the ‘local’ and ‘global’
regions, respectively. The local and global parts of the operator H, 4 are defined by

3

H 4 f(x) =sup
teA

/"hmx,>01L(x,y>f<y>dy<y>
;.1

’

H*'“Z f(x) =sup
teA

]ﬂhdx,y)la(x,y)f(y)dy(y)

where 17 and 15 are the characteristic functions of the sets L and G respectively.
Clearly,

Haa f(x) <HE L f () +HL f(x).

We shall prove separately the weak type 1 estimate for H';j 4 and Hi7,.

First, we deal with the local part. We shall actually prove that for all Ornstein—
Uhlenbeck semigroups (H;);>0, without restrictions on covariance and drift, the local
maximal operator H* = :TR+ is of weak type 1.

Lemma 5.3 Let (H;):>0 be an Ornstein-Uhlenbeck semigroup with arbitrary co-
variance and drift. Then there exist positive constants ¢ and C such that, for all (x, y)
in the local region L,

2
—\—d/2 — X =Yy
hye(x, y) < C(l —e t) / Yoo (1) lexp(—c ‘1 — e|t >7 vt > 0. 5.2)

Proof Since the real part of the eigenvalues of B is negative, there exist positive
constants @ < 8 and Cp such that Co_lez‘“|x|2 < Cyle’B"| < e?Bs|x|? for all x € R?
and all s € R. Thus, by (1.1) there exists a positive constant C such that

Cl'(1—e)I<0 =C(1—e")I, Vte(0,00],

and, by (3.1), there exist two positive constants ¢ and C such that

tB

E_ﬁzlf) 5.3)

—d)2 _ |
/ Yoo (¥) ]exp<—c =
1—e

hi(x,y)<C(1—e™")

Now, for all (x, y) in the local region L,

le'Bx —y|2 =|x—y+('® —I))c|2

=|x—y*+ |(e"® - I)x|2 +2(x —y, ('8 - I)x)
> x =y =2[e"” = Ilx = ylix|
>x—yP=C(l-e),

since ||e'® — I|| <C(1 —e™") and |x — y||x| < C in the local region L. O

Proposition 5.4 Let (H;);>0 be an Ornstein—Uhlenbeck semigroup with arbitrary
covariance and drift. Then the maximal operator Hf‘f’c is of weak type 1.
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Proof By Lemma 5.3 one has that, for each f >0,

H* f(x) < C sup s~/ / e—cﬂlm,y)f(y)dx(y)

O<s<l

=Wfx),

say. Since the operator W is of weak type 1 with respect to the Lebesgue measure and
its kernel is supported in the local region L, the conclusion follows by well-known
arguments (see for instance [4, Sect. 3]). Il

Now we turn to the proof of the weak-type estimate for the global part of the
maximal operator associated to the semigroup generated by the special Ornstein—
Uhlenbeck operator

L(1/2,R)= %A —{x, V) +(Rx, V),

where R is a skew-symmetric real matrix.
As in Sect. 3, we denote by 4, (x, y) and h?(x, y) the kernels with respect to the
invariant measure of the semigroups generated by £(1/2, R) and its symmetric part

1
L0 = SA =, V),

respectively (see (3.2) and (3.3)).

To estimate the semigroup kernel in the global region, it is convenient to simplify
the expression of h?(x, y) by means of the change of variables in the parameter ¢
introduced in [4]. We denote by 7 the function defined by

1
r(s) = log ; +z, s€(0,1). (5.4)

Notice that T maps (0, 1) onto R... It is straightforward to check (see [4]) that, for all
sin (0, 1),

lx2+y2

105y 0, ) = ()21 4 5)le™ 7 4Bk Prshmy?) (5.5)

Next, as in [4], we introduce the quadratic form

Q(x, ) =|(1+s)x— (1 —5)y[", x,yeRe (5.6)

Thus,

1 1
slx +y? + - v = ~Qi(x, ) - 20x]? + 2]y,

and

1
oy (x.y) =742 exp{ Ix|? — 2o, y)}, Vs € (0, 1). (5.7)

BIRKHAUSER



194 J Fourier Anal Appl (2009) 15: 179-200

Lemma 5.5 Ifty > 0 is sufficiently small, there exists a positive constant C such that,
forall s in (0,7~ (1)) and all (x, y) in R x R4,

hesy(x,y) < Cs~ el —mr @), (5.8)

Proof Let n = [d/2]. The right-hand side of the inequality to prove is invariant un-
der orthogonal transformations. Hence, by Theorem 3.1, it is enough to prove the
inequality for the kernel h,@(x, y) with ® = (01, ...,6,) €R",6; > 0.

By (3.9) and (5.7),

_ 1
hE (. y) < "/Zexp{|x|2 - Egs(x,y)} 1 ks, Ejonp).
9j>0

Vs € (0, 1),

where &§; = (x2;_1,x2;) and ng = (y2j—1, y2;) are in R2, and each ki; is a two-
dimensional kernel as in (3.7).
Define

9
Ms(x,y) = exp{—ﬁgs(x, y)} l_[ kr(s)0,(€jsmj)- (5.9)
9j>0

Then

e _ 1
hO (. y) <s d/zexp{|x|2— EQs(x,w} My (x, y),

and to conclude the proof of the lemma, all we need to show is that there exist s > 0
sufficiently small and a constant C such that

M(x,y) <C, Vse(0,s0),V(x,y) e R x RY. (5.10)

Let us denote by Q§m) the quadratic form defined in (5.6) when considered as a
function on R” x R™. Then

QD (x, y) = { Z;;l Q§2) &jsmj) if d is even,
' 3 QP Ejonp) + QF Court, yus) ifd is odd.

Thus, since Q™ is nonnegative,

9
Myx,y) <[] exp{—@Q?)(sj, nj)}kﬂs)e, (&j.n;))

0;>0

regardless of the parity of d. Hence, we only need to show that each factor is bounded,
i.e., that for every 6 > 0, there exist s9 € (0, 1) and a constant C such that, for all
(x,y) e R? x R?,

9
exp{—@QS(X,y)}kr(s)e(xa)’)fcv VSE(O’SO)’ (511)
(2)
\}

where now Q; = Q™ for the sake of brevity.
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To this end we fix 8 in (0, 1), we let § be a constant in (0, 1) to be chosen later,
and we denote by ¢ = ¥ (x, y) the angle between the two vectors x and y. The set
R? x R? is the disjoint union of the five sets

s x Ay <0, [x =yl = Blyl},
XAy <0, |x =yl <Blyl. |sind| > 5},
, xAY <0, |x—y|<Blyl, |sinz9|<8}.

We shall prove that (5.11) holds in each region R, j =1, ..., 5. Note that by (3.7)
and (5.4)

krsp(x,y)=e" IZ.fz [(1=cos(z(s)0))(x,y)+sin(z(s)0)xAy] (5.12)

and that the function s — t(s) is positive and increasing in (0, 1) and t(s) ~ 2s as
s— 0T.To prove the estimate in Rj, we observe that there exists a constant C; such
that

ke (6, y) <exp{Cilxllyl}, Vx,y €R%, Vs e (0,1). (5.13)

Since Q,(x, y) = (1 — s2)(Jx|?> + |y|?), because (x, y) < 0 in R;, we have that if so
is sufficiently small,

9
—sz(x,y) + Cilx|lyl <0, V(x,y) € Ry, Vt €(0, 50). (5.14)

Together (5.13) and (5.14) imply (5.11) in R;.

The proof of (5.11) in R; is straightforward, because in this region Qg (x, y) >0
and ke (5)9(x, y) < 1.

Next, suppose that (x, y) is in R3. Since {x, y) > 0, there exists a constant C such
that

krisyo(x,y) < exp(C2|x A yl)
=exp(C2|x||y||sin19|), Vs € (0, 1). (5.15)

We claim that there exists so € (0, 1) such that
9 .
—EQx(x, y)+ Calx|ly[|sin®| <0, Vs € (0,s0). (5.16)

To prove the claim, first consider the case where |x| > |y|. Then Qg (x, y) > |x —
y|? and hence, since |x — y| > |sin®||x| and |x — y| > B|yl,

9 9
~70s 203+ Calxllyl sin ] < <—@ﬂ+C2)IXI|yllsim‘/‘l =<0,

provided that s < 4(9)—‘22.
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Next consider the case where |x| < |y|. In this case we have that Q;(x, y) > |x —
y|?> — 2s|y|?. Thus, since |x| < |y| and |x — y| > Blyl,

9
——Q (x,y) + Calx|lyl|sin?| < <——,3 +2—0+C2>|)’|2<0

ided that s < &
provided that s < 75775

Thus, (5.16) holds for all (x, y) in R3 with so < min{4(9)c2
(5.15) and (5.16) imply (5.11) in Rs3.

The proof of estimate (5.11) in R4 is similar. Indeed, first of all, (5.15) holds in
R4, because here also (x, y) > 0. Moreover, arguing much as before one can show

40C2 +1 z). Together

that (5.16) also holds for all (x,y) in R4 with 5o < min{ 2 40(:2 00, +]8} The only
difference is that one uses the estimates

Qs (x, y) = |x — y* = (sin®$)?|x|* = 8%|x]|y|
when |x| > |y| and
Qu(x,y) = x — y> = 2s|y> > (sin®)?|y|* — 25]y?| = (8% — 25)|y/?

when |x| < |y|. We omit the details. Notice that, so far, we did not need to impose
any restriction on §, which therefore could be any number in (0, 1).

It remains to estimate /;(x, y) in Rs. We observe that since 7(s) ~ 2s as s — 0F
and (x,y) >0 and x A y <0 in Rs, by (5.12) there exist so > 0 and two positive
constants ¢y < 2 < ¢y such that

02

0
krsyo(x,y) < exp{—con(x, y) —cq Zx A y}, Vs € (0, s9). 5.17)

Moreover, we can choose cg and ¢ as close to 2 as we want, provided that we choose
so sufficiently small; in particular, we may take

cl/co < 18/5. (5.18)
Now we are ready to prove estimate (5.11) in R5. Define
__2 B2 x ) —
Es(x,y)= 1OQs(x,y) cof7s™(x, y) —ci1sx A y.

By (5.17),

9
exp{—EQs(x,y)} ()6 (X, y)<exp{ Es(x, Y)}-

Thus, to prove (5.11) in Rs it is enough to show that
Ex(%)’)foa VSG((),SO)» V(an)ERS» (519)

provided that 59, 8, and ¢ are sufficiently small.
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Observe that

Eg(x,y) = A(x, y)s? 4 pn(x, y)s +v(x, y),

where
_ 9 2 2
Ax,y) = _10|x+y| cof7(x, ¥),

18
w(x,y) = E(Iyl2 —|x[*) = c16x Ay,

9 2
v(x,y) = —Elx =yl

It turns out that, instead of E(x, y), it is more convenient to consider the function
|x |_1 | y|_1 Eg(x,y), because the latter function depends only on the variables s, X =
|x|/]y|, and ¥ = Xy. Indeed, if we denote by ¥ the function defined by ¥ (s, x, y) =
(s, X, ), then

Iy T Es(x, y) = F(¥(s,x, ), (5.20)
where
F(s, X, ﬁ):i(X, z?)s2~|—;1(X, P)s + (X, ) (5.21)

and
~ 9
Alx,y)= —E(X +x! +2cosz9) —coé)zcosz?,

- 18, 4 )
n(x,y) = E(X —X) —c10sin1,

v(x,y)= —%(X+ x - 200519).

It is easy to see that (0, 1, 0) is a critical point of F' and that the Hessian V2F 0,1,0)
is definite negative, since c% — %co < 0 by (5.18). Thus, (0, 1, 0) is a local maximum
of F and, since F (0, 1, 0) = 0, there exists a neighborhood U of (0, 1, 0) in which F

is < 0. Now, since
¥ ((0,50) x Rs) C {(s, X,9):5 € (0,5), |X—1] <B, =8 <sin(®) <0},

we can choose sg, 8, and § so small that ¥ ((0, sg) X Rs) C U. Hence, F o¥ <0in
(0, s0) X Rs. Thus, (5.19) is satisfied, and the proof of the lemma is complete. O

To prove the boundedness of the nontruncated maximal operator we need to as-
sume that the one-parameter group ©®),er generated by the skew-adjoint matrix R
is periodic. We recall that if 7 is an interval contained in R4 and P > 0, we denote
by 15 the set |,y (I +nP).
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Lemma 5.6 Suppose that the skew-adjoint matrix R generates a one-parameter
group (e'®),er which is periodic of period P. Then there exist an interval I and
a constant C such that, for all s in T~ (If)) and all (x,y) in R? x R4,

hegs)(x. y) < Cs™ Sl mam Qo).

Proof As in the proof of Lemma 5.5, it is enough to prove the inequality for the
kernel h,(")(x, y) with ® = (61,...,60y) € R4, 0; > 0.Let {01, ...,0,} be the nonzero
components of @, i.e., the absolute values of the nonzero eigenvalues of R. Denote
by Omax the maximum of {61, ..., 6,,}.

Fix § = min{@r;;,(, 1/10}, and let € be a small positive constant (¢ < 1/10 will
do). Define I =[6, (1 +¢€)§]. Forall 8 € {6y, ..., 0,,}, the functions ¢ — cos(6t) and
t — sin(6t) are periodic of period P, and by considering their Taylor expansions at

zero it is easy to see that, forall 6 € {61, ..., 6,],
co <1 —cos(0t) <ca, sin(0t) <c¢y, Vte I;I,, (5.22)
where
5 1 4 €)252%62
co= 59252, ci1=(14€)80, and ¢, = % (5.23)

Arguing as in the proof of Lemma 5.5, we can reduce matters to showing that if
0 €{6y,...,0,}, then there exists a constant C such that

e Ok a(x,y) <C, Vser (I5), Vix,y) eR2xR2. (5.24)
For the sake of the reader, we recall that

—t
— =5 [(1—cos(t0)){x,y)+sin(t0)x Ay]
ke(s)(x, y) = {e 1= S e (5.25)

—e 11;'2 [(17cos(r(s)9))(x,y>+sin(r(s)9)xAy]. (5.26)

The set R? x R? is the disjoint union of the three sets
Ri={(x,y) eR*xR*: (x,y) >0, x Ay >0},
Rzz{(x,y)ER2x]R2:(x,y)ZO,x/\y<0},
R3 = {(x,y) eR? x R?: (x,y) <0}.

We shall prove that (5.24) holds in each region R, j = 1,2, 3.

To prove (5.24) in R it is enough to observe that here k;9(x, y) < 1 for all ¢ in
R;.

Now suppose that (x, y) is in R,. Then, by (5.22) and (5.25) we have that

2 ,
ke (x, y) <@ a @lnFeaan - yg e e 1(f5), (5.27)
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Thus,
9 1
eXP{—EQs(x, y)}kr(s)G(xa y) < GXP{E Fy(x, y)},
where

Fy(x,y) = p(x,y) s +q(x,y)s +r(x,y),

9
P, y) = =15l + P +eolx,y) +erx Ay,
13 2 2
g(x,y) = E(Iyl —xl%),

9
rxy)=—goh —y? —colx,y) —c1x Ay.

Thus, to prove (5.24) in Ry, we only need to show that Fy(x, y) <0 for all (x, y) €
R>.

It is an easy matter to see that, with ¢ and ¢y as in (5.23), the leading coefficient
p(x,y) and the constant term r(x, y) are negative for all (x, y) in R;. Thus, it suffices
to show that the discriminant g2 — 4pr is nonpositive in R». If |y| = |x|, this is
obvious, since then g(x,y) = 0. If |y| # |x|, after some simple algebra, using the
identity

2 .
Ix 4+ y21x — yI2 = (Iy1? = 1x[%)” +4sin (@) |x [y ],

we see that (¢ — 4pr)|x|~2|y|~2 is only a function of the angle ¥ between x and y.
Thus, its sign does not change if we rescale in x. In particular, we may reduce matters
to the case |y| = |x|, where g = 0. This proves that F;(x, y) <0 for all (x,y) in Ry
and s in R. By (5.27) this implies that (5.24) holds in R».

Finally, suppose that (x, y) is in R3. We have that

9 1
GXP{—@QAY(X’ y)}kr(x)ﬂ(xa y) < eXP{EGs(X’ y)}7
where
Gy(x,y) = p(x,y)s* +q(x, y)s +7(x,y),

B 9
p(x,y>=—E|x+y|2—cz|<x,y>|+c1|xAy|,
qx,y) = 1O(Iyl 1x1%),

- 9
"(xa}’)=—E|x—)’|2+02’<x’)’>’_C1|X/\)’|a

and cq, cp are as in (5.23). Thus, to prove the desired inequality (5.24), we only need
to show that G (x, y) <01in R3. Since it is easy to see that both p and 7 are negative
in R3, as before, we only need to prove that g> — 457 < 0 in R3. This can be proved
by an argument similar to that used in R,. We omit the details.
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Hence, (5.24) holds for all (x,y) in R? x R?. This concludes the proof of the

lemma. O

We recall two lemmas from [4].

Lemma 5.7 Let v = v/ (x, y) denote the angle between the nonzero vectors x and y.
There exists a constant C such that, for all (x, y) in the global region G,

sup s~ B0 < Cmin {(1+ [x[)¢, (1x]sin®) ).

O<s<l

Lemma 5.8 The operator

Tf(r) =P f min { (1 + ). (Ixlsin®) ™} £ () dyso(y)

is of weak type 1.

We are now ready to conclude the proof of Theorem 5.1

Proof Let A denote either the set [0, #p] or 1 g. By Proposition 5.4 the local part of the
operator H, 4 is of weak type 1. Thus, it remains only to prove that the global part
is of weak type 1. By (5.1), Lemmas 5.5, 5.6, and 5.7 the global part of the operator

H*‘

4 is controlled by the operator 7', which is of weak type 1 by Lemma 5.8. The

conclusion follows by Lemma 5.2. U
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