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1 Introduction

The quantum harmonic oscillator Hamiltonian H = —A + |x|? on R” has the repre-
sentation

l - * *
H= 5 Z(AjAj +AjAj)
j=l1
in terms of the creation operators A; = —% + x; and the annihilation operators
J

d . . . .
A;‘. =5 +xj, j =1,2,...n. There is an interesting analogous operator £ on C",
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given by
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where Z; = FEn + 52, Zj = _F +52j, j=1,2,...n. Here 32 and 3 denote
the complex derivatives 3~ F i 5>, respectively. The operator £ was introduced by

R.S. Strichartz [12], and 1s known as the special Hermite operator. In explicit terms
it has the form

1 " 9 9
L=—A+- 2_-2( 2 ._) 1.1
+4|Z| l : X j 3y, Yj ax; (L.1)

where A is the Laplacian on C".

What makes this operator interesting is that, it is associated to certain convolu-
tion structure on C” (see, Section 2), by virtue of which, the solutions to the initial
value problems for basic linear differential equations like heat, wave and Schrodinger
equation for £ can be expressed in terms of this convolution structure on C".

With any self adjoint differential operator L having the spectral decomposition
L= fE Ld Py, we can associate an oscillatory group {e~’F : t € R} which is defined
by

e*"’L=/ e i dp, , (1.2)
E

where d P, denotes the spectral projection for L; i.e., a projection valued measure on
the spectrum E of L. The spectrum may be continuous, discrete or a combination
of both, in general. If the spectrum is discrete, then the above integral reduces to an
infinite sum. Oscillatory groups of the above form arise as solution operators for the
initial value problem for the Schrodinger equation. Hence, we may call the group
{e7""L : t € R} the Schrodinger propagator for L.

Consider the initial value problem for the Schrodinger equation for £:

idu(z,t) — Lu(z,t) =0, zeC", t>0 (1.3)
u(z,0) = f(z). (1.4)

For f € L?(C") the solution to this initial value problem is given by
u(z, ) =e L) .

Using the representation for £ given by (1.1), the Schrodinger equation for £ takes
the form

n
1
idu+i Y (xjdy, — yjdx,)u + Au— lelzu -0
1
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This equation may be thought of as a prototype for a generalized Schrédinger
equation of the form

u=(—A,+Vx)Hu=0

where d denotes a first order linear differential operator on R” x R of the form

m
ao(x)d + Y _a;(x)dy; +b(x), xeR" teR.
j=1

The study of such general Schrodinger equations is significant because they include
as special case, Schrodinger equation with a magnetic vector potential A and scalar
m
potential V: }_ (id; + Aj)zu + Vu=0.
=1

The prese;t article is concerned with the study of the regularity property of the
Schrodinger propagator for the special Hermite operator £. The main reason for the
study of Schrodinger propagator for this operator is to indicate that, the analysis of
general Schrodinger equation of the above form could be done more effectively using
the harmonic analysis of the special functions associated to the differential operator
involved.

In the case of Schrodinger equation for the special Hermite operator £, we see
that the analysis is closely related to the harmonic analysis on the Heisenberg group.
This is not surprising because the special Hermite operator is closely related to the
Heisenberg Laplacian and naturally, the tools of the Harmonic analysis on Heisenberg
group come into play.

We begin with a brief discussion of the spectral theory of L. References for the
materials discussed in this section are the books by Folland [1] or Thangavelu [13].

The eigenfunctions of the operator £ are called the special Hermite functions,
which are defined in terms of the Fourier-Wigner transform. For a pair of functions
f, g€ LZ(R”), the Fourier-Wigner transform is defined to be

_n - y Y
viro@=ent [ (s 2)e(e-3) e,
Rn
where z = x + iy € C". For any two multi-indices u, v the special Hermite functions
®,,, are given by
qD;u)(Z) = V(hu., hy)(z)

where h;, and &, are Hermite functions on R". Recall that for each nonnegative
integer k, the one-dimensional Hermite functions 4 are defined by

=~ (d_k —x2> Z
kx—\/m dxke ez .

Now for each multi index v = (vy, - - -, vy,), the n-dimensional Hermite functions are
defined by the tensor product:

hy(x) =T17_  hy, (x), x = (X1, , Xn) .
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A direct computation using the relations

(—i +x> hi(x) = 2k +2) 2Ry (x) .
dx

d 1
( - +x) hi(x) = (2k)2hi—1(x)
X

satisfied by the Hermite functions h; show that L&, = (2|v| + n)®,,. Hence,
., are eigenfunctions of £ with eigenvalue 2|v| 4 # and they also form a complete
orthonormal system in L?(C"). Thus every f € L?(C") has the expansion

F=) 0 Pu) Py (1.5)
M, v

in terms of the eigenfunctions of L.
The above expansion may be written as

f=> Pf (1.6)
k=0
where
Pif= Y (f®u)Pu (1.7)
W, |v|=k

is the spectral projection corresponding to the eigenvalue 2k + n. Now for any f €
L%(C") such that £ f € L?>(C"), by self adjointness of £, we have Py(Lf) = 2k +
n) Py f. It follows that for f € L2(C") with £ f € L>(C")

Lf:Z(2k+n)Pkf.

k=0
Thus in view of (1.2), we can define e 1L a5
. 0 .
e—ll[,f — Ze—ll(zk-‘rn)Pkf . (18)
k=0

It is convenient to measure the regularity of e’ L f in terms of the Sobolev space
WZ (C™), which for s > 0 are defined by
Wi(C")={feL*(C"): L' feL*(C")}

where £° is defined using the spectral theory; £ f = > 72 (2k + n)* Py f. Notice
that for s < 0, elements of W.(C") are tempered distributions.

From (1.8) it is clear that {e~i'£ :t € R} is a one parameter group of unitary
operators on L*(C"). In particular, e~ "L cannot map L*(C") into W5 (C") fors > 0,
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the later being a proper subspace of L2(C™"). This rules out the possibility of e/~
having any regularity in terms of the Sobolev spaces W (C"). This is in fact a general
feature of such oscillatory groups.

For the free Schrodinger equation on R”, R. S. Strichartz showed that for L2 ini-
tial data, the solution does however lie in a higher order L” space over space-time,
namely for p = @ He proved the following theorem, known as the Strichartz’

estimate (see, [11]).

Theorem (Strichartz) Let u be the solution to the inhomogeneous problem

iou(x,t) + Au(x,t) =g(x,1), xeR", reR
ulx,0) = f(x).

with f € LY(RM), gelL n+4 (R” X R). Then u € L (R” x R) and moreover
satisfies the inequality

(f7 [ o™ axar) ™ <c (1 + elesa )

This result has been extended to Schrodinger equations with a wide class of
bounded potentials V by Journe, Soffer, and Sogge. In fact, in [5], they proved anal-
ogous estimates in the case of bounded potentials satisfying certain pointwise decay
condition at infinity. There has been a considerable interest, ever since, in establishing
Strichartz’ type estimate, as a global regularity result, for Schrodinger equations with
general bounded potentials. We refer to [3, 4] and the references there in for such
results. An interesting case of an unbounded potential can be seen in [8, 9], where the
authors consider the quadratic potential V (x) = |x 2.

Since there is no global regularity in terms of Sobolev spaces in our situation,
naturally we look for a Strichartz type estimate for e/’ L. A new feature of the
one parameter unitary group {e7L 1 e R} given by (1.8) is the periodicity in the
¢ variable. It follows that the solution u(z, ) = e~ £ f(2) to the initial value prob-
lem (1.3), (1.4) is periodic in ¢ with period 2w, and hence may be regarded as a
function on C" x S!.

Let (2, du) be any o-finite measure space. We consider the mixed L? space on
Q x S! given by

L1 (Sl; LP(Q)) = {u - u measurable on  x S!, lull Last: ey < oo} ,

where [ - || ;4 SLLP () denotes the norm in L4 (S'; L?(Q)):

1
lull e st. 07 @) = (/_ﬂ |:/Q lu(z, t)|pdu(z)} ' dt) (1.9)

for 1 < p,q < oo. Our result for the Schrodinger propagator is the following
Strichartz type estimate.
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Theorem A Let f € L>(C") and let u(z,t) = e‘”ﬁf(z). Then u is periodic in t

andu € L1(S!; LP(C")), for all pairs (g, p) such that2 < q < 00, % > n(% — %) or
1<g<2,2<p< nzT”l n > 1. Further u satisfies the inequality
Nl Lacst: Lrcryy < Cull fll2 (1.10)

forall f € L>(C") for the above ranges of p and q.

Remark 1 1t is interesting to note that the admissibility condition on the pairs (¢, p),
11

ie., é >n(5 — 5) is required only for g > 2.

Since || f|l2 < oo, from the definition of the mixed L?” norm given by (1.9), we
see that the validity of the above inequality implies that, for almost all 7, the inner
integral in (1.9) is finite. So we'conclude that for almost all € [—m, 7r) (and hence for
almost all r € R), u(-,t) = e’”ﬁf lies in a higher order L? space, namely L?(C")

for2<p< 1127”1 This may be regarded as a regularizing effect of the oscillatory

group {¢ "L : 1 € R}.

The famous article of M. Kiel and T. Tao (see, [6]), proves Strichartz estimates
for general one parameter family of operators U (¢), satisfying certain growth/decay
conditions in ¢. However, the Schrodinger group {e7"£ ;1 € R} does not satisfy the
required decay condition for all ¢ € R. It is not clear a priori, if the required decay
condition holds even for small 7.

Our approach involves basically, a regularization technique; We embed the one
parameter unitary group {e~'! £t e R} into the complex semi group {eib 7=
r+it,r > 0,t € R}, which is infinitely smoothing. We first establish the estimate for
the complex semi group and the estimate for the original semi group {e /' L.teR)
is then deduced by a suitable limiting argument.

2 Integral Representation of e~ and the Kernel Estimate

We show that the Schrodinger group is given by a twisted convolution operator. Recall
that the twisted convolution of two functions f and g on C” is defined by

fxg)= f £z —w)g(w)ez D gy
(Cn

where J denotes the imaginary part. We start with recalling the well known orthogo-
nality properties of the special Hermite functions.

By X By p=Q2n)"?Dy 804 2.1

where 8§, = 1, if v =« and O otherwise. The reference for all the results we use
regarding the special Hermite functions is the monograph [13] or [12].

Let ¢ (2) = LZﬁl(%lzlz)e_%‘Z|2 be the Laguerre function of order n — 1. Here
L% denote the Laguerre polynomial of degree k and order o > —1, defined by the
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generating function identity, [7]

o
Y Lok =(1—w) e T, ol <1, (2.2)
k=0

The special Hermite functions ®,, , are related to the Laguerre functions ¢ by the
following relation

Qr)y"2 Y D =g (2.3)
lv|=k
(see, [13], p. 22). The condition (2.1) leads to the orthogonality condition
Ok X @ = (2m)" @r 8y, 2.4

for the Laguerre functions. It follows from (2.2), with « = n — 1 that the functions g
satisfy the generating function identity

o
Y a@ok =1 —w) e T o) <1 @5)
k=0

which, by analytic continuation is valid for any complex number w with |w| < 1.
Taking twisted convolution on both sides of (1.5) with ®,, and using the orthog-
onality property (2.1), we get

f X Paq = Q1)) (f, D) Py -
"

Now summing both sides with respect to all « such that || = &, and using (2.3), we
see that the spectral projection Py given by (1.7) has the simpler representation,

Pf=0Qm)77 Y fxPua(@)=0C1)"f x 0. 2.6)

la|=k

Hence, the special Hermite expansion takes the compact form

f@O=0Cm)™"Y fxeR). 2.7)
k

Moreover, we see that the Schrodinger group {e7'C 1t e R) given by (1.8), has
the representation

0]

e—ilﬁf(z) — (27_[)—” Ze—il(zk-H’l)f‘ X (pk(z) (28)

k=0
for f € L>(C"). We also consider an auxiliary complex semi-group {e7 £} for com-

plex parameters n =r 4 it with R(n) =r > 0:

@)=Y e " f x g (2) 2.9)
k=0
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This can be expressed as a twisted convolution [ x K, (z), where

Ky()=Qm) ™) e "My (r) .
k=0

The interchange of integral and the infinite sum involved is justified since the above
series defining K, converges in L%(CM).
In view of (2.5), we can write the above equation in the form

10} Iz\2
Ky(2) = Q) e (1 — w) e T 3

(2.10)

with w = e, R(n) > 0. Thus we see that the operators in the complex semi group
e £ are twisted convolution operators:

e f(2) =f £z — w)Ky(w)e 5D gy (2.11)
(Cn

with kernel given by (2.10). The following kernel estimate is crucial in our analysis.

Lemma 1 Let K, (z) be the kernel given by the Equation (2.10). Then for R(n) > 0,
K, satisfies the uniform estimate

|Ky(2)] =

sing ]t n=r+it, zeC". (2.12)

Proof Since w = e~ 201 1 — ¢ =2¢~ "+ ginh(r + it) and hence
|1 —w| >2e™ " |sint| coshr .
Also a simple computation shows that
-2
% 14w - 1—e 7
l—w/) 14+ 2

which is positive for » > 0. Hence, from (2.10) we see that

z(zn)—nre—(n+l)r 2
| sint|" ~ |sint|"

Kyl <
which proves the lemma. O

We end this section with the following result which is for the convolution on
the circle.

Lemma 2 Let T denote the convolution operator on the circle given by
Tf() :/ K@ —s)f(s)ds .
sl
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Assume that K belongs to the weak LP space L€V (SY, for some p > 1. Then the
inequality

ITfllqg < Ckllfllg

is valid for ¢ = 2p and also for 1 < q <2, where Cg is a constant depending only
on K.

Proof By the generalized Young’s inequality, we have (see, [2]):

ITfNl- < CIKIpl fllg

where [K], denoting the weak LP(S") norm of K, and is valid for all r such that
% + % =1+ %, o >1,q" > 1. Setting r = ¢, this reads

ITfllg = CIKIpl fllg (2.13)

for ¢ = 2p. Notice that these arguments are valid for 2 < g < oo, since p > 1 and
g’ > 1 by assumption.

Now we observe that the weak L? spaces L’;V are in LlloC for p > 1: In fact, for
any compact set ®, set g = f xeo. The distribution function of g is given by A¢(a) =
Hx:lg@)| >a}l={x €®:|f(x)| > a}| <|O|. Hence, Ag(a) is bounded for @ >
0. Also Ag(a) < Ap(a) < D%, since f € Lﬁ,. These two inequalities yield Ag(a) <
H%' Thus [ |f1=llglh = [y Agl@)da < [~ li‘;p . This integral is finite for p >
1, showing that f € Llloc'

By the above observation, we have K € L!(S'). Hence, by Minkowski’s inequality
for integrals,

ITfllg = IKN1llfllg for 1<g=<o0.

Integrating this inequality for ¢ = oo over S! yields
ITflIh <27 | K1l flloo -

Interpolating this with the above L9 estimate for g =2, we get

ITfllg = CIKIlfllg for 1<g=<2. 0

3 Estimates for the Complex Semi Group
In this section we establish the estimate for the auxiliary complex semi group and
deduce the proof of Theorem A. We follow the standard 7*7 method to prove the

estimate for the complex semi group. We start with the following.

Proposition 1 Let n =r +it, r > 0 and |t| > 0. Then the operators e "C in the
complex semi group satisfy the inequality

(L -1
le 1, <2Isin| T f
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forl<p' <2, -+ —5=1.

1
P

=

Proof In view of the integral representation (2.11) for e "£ and the uniform estimate
for the kernel given by Lemma 1, we get the obvious L! — L estimate:

2
-nL
|72 ) < o

11

valid for all n =r + it such that r = 9(n) > 0, || > 0. Also since r > 0, it is clear
from (2.9), in view of (2.6), that e ~"£ are contractions on L2(C"):

e fl, <e™™ U fllz -

By Riesz-Thorin interpolation theorem, (see, [10]) these two inequalities yield

[y (Ol p < Ca@ON f 3.1
Whereﬁz%—i—%, 0<60 <1and

296‘_’"(1_9) 2
Cu(0) =

" < — .
| sin£|"? | sin¢|"¢

. . 2] _
This completes the proof since 5 =

=

1

p/
The next lemma is a technical result.

Lemma 3 Let h(-,-) € LY ([—m,7]; LA(C")), 1 < g’ < oo. Then for r > 0,

e_(’+i’)£h(z, 1) e~ +HOLy (7, 5) considered as a function of 7 € C", t,s € [—7m, 7]
belongs to L' (C" x [—m, 7] x [—7m, 7).

Proof Since h(-,-) € Lq/([—n, 7]; L>(C")), except for ¢ in a set of measure zero,
h(-,1) € L3(C"). Hence, except for those 7, e " HOLp(. 1) € L2(C") for r > 0. It
follows that e‘"ﬁh(-, t)e *h(-,s) € LY(C") for ae., s,t € [—m, ], where we set
n=r4+it,h=r—+isforr >0.

By Cauchy-Schwarz inequality and the fact that ¢ "L is bounded on L2 for any 7
with R(n) > 0, we see that for almost all s, ¢

/U |e™1Eh(, 1) e LR ()| dz < IhC, D2 IR )]z -

T T
/ / / |e7"£h(-,t)ef)‘Lh(-,s)|dzdsdt
—TT —IT n
T

2
< </ IAC, D)2 dt>

< 2m)*|h

It follows that

2
L4 ((—mm); 2@y =
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by holder’s inequality and the fact that 4(:,-) € Lq,([—n, m]; L>(C")). This proves
the lemma. U

Proposition 2 The estimate
’/ e~ UHINLL (1) dt
St

for r > 0, holds for all h(-,-) € qu(Sl; LP' N L2 (C™)) for pairs (q, p) such that
l<g=<2, 2§p<n27"10r2<q§oo, %Zn(%—%).

<C ”h ”Lq’(gl; Lp’(@n))
2

Proof We have

’ / e (., ) dt
S]

) -
=f </ e_”Eh(~,t)dt/ e (-, s)ds ) dz
2 n gl S]
:/ (/ / efnﬁh(gt) e Mh(-,s)ds dt > dz .
n gl Sl

Next we interchange the integrals over C" and over S' x S! which is justified
by Fubini’s theorem in view of Lemma 3. Writing down the series expansion for
e "Ch(-,1) and e *£h(-,s), in terms of the spectral projections and using the or-
thogonality of the spectral projections, we see that the above integral is same as

// / e~ ML RS dz h(-, 1) ds dr

Sl Sl n

Z// </ e‘wmﬁh(-,s)ds) h(-,t)dzdt .
SI n Sl

Now applying the Holder’s inequality for the mixed L? spaces on the RHS of the
above equation, we see that

/ e "En(, 1) dt
SI

2
=
2

/ e~ LR ds
st La(S'; Lr(C))

X ||]’l(, .)”L‘I/(SI;LP/((C")) .

Thus to complete the proof, it is enough to establish the inequality

‘ / e_('H';‘)Eh(-, s)ds
Sl

By Minkowski’s inequality for integrals and Proposition 1, we see that

‘/ e~ LR ds
Sl

< C”h(v ')”Lq/(Sl;LP/((C")) .

La(St; LP(CM))

< / le~ LR S|, ds (32)
p st

5/ ey
: TR

" Isin([f — s
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for 1 < p’ < 2. The last expression defines a convolution operator on the circle with

oL 1 _op(l_1
kernel K (s) = |sins]| (=1 | sins| 2373 Observe that K belongs to the
weak L? space L€V(Sl) for all p < 11 —. Thus taking L4 (S") norm on both sides

- 271(27;)

of (3.2), and using Lemma 2 on RHS, we get,

valid for ¢ = 2p and also for 1 < ¢ < 2. Note that p > 1 for ¢ > 2 and hence 1 <

/ ef(’”i)ﬁh(-, s)ds
Sl

< CK”h(’ ')”Lq’(Sl;Lp’(Cn))
L4(S!; LP(CM))

2 p
n(% — %), 2 < g < oo and also for all pairs (g, p) suchthat 1 <¢ <2, 2<p < nZT”I
This gives the required estimates and completes the proof. O

The next proposition establishes the mixed norm estimate for the complex semi
group e "%,

Proposition 3 Let n = r + it with r >0 and 0 < |t| <n. If f € L*(C"), then
e "L f e L4(SY; LP(C) for all pairs (q, p) such that 1 <q <2, 2<p < nzT"l
1

or2 <g < oo, ql >n(5 — %). Moreover, e~ "~ satisfies the inequality

le ™ ot Loy < Call £l (3.3)

for some constant C,, independent of f and r, for the above ranges of p and q.

Proof We use the duality argument to estimate the mixed L” norm. Observe

that the dual of L9(S'; LP(C")) is L"/(Sl; Lp/((C”) for 1 < p,q < oo and that

L9 (S'; LP (C") N L2(C")) is dense in LY (S'; LP (C")) for 1 <¢', p < oo.
Lethe LY (S LY (C") N L2(C™)). Notice that the adjoint of the operator e "k

in L2((C”) is e’"ﬁ, hence,

// [e*”Ef](z)h(z,t)dzdtzf f(@e 1Eh(z, t)dzdt .
Sl n Sl cn

An interchange of integrals on the RHS, followed by Cauchy-Schwarz inequality

yields
<112 /S e ER(., 1) di

/ / [e7 Fl@h(z 1) dzdr
st Jer

In view of Proposition 2, this gives the inequality

/1 / e F()h(z, 1) dzdt
S 'n

The required estimate follows, by density of L4 (S!; L” (C") N L*(C")) in
L9 (S!; LP'(Cy). O

2

< C”f”Z”h”Lq’(Sl;Lp’((cn)) .
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Now we prove the regularity result for the original problem as stated in Theo-
rem A.

Proof of Theorem A We deduce this result from the inequality (3.3) by finding a
sequence 1, = r, + it such that e_”"ﬂf — e‘”ﬁf in L4(S'; LP(C")) as r,, — 0.

First we observe that for each fixed ¢, e’”ﬁf — e”"ﬁf in L2(C") as R(n) =
r — 0. In fact, for any sequence n; =r; + it withr; — 0, by (2.9), (2.6) we have

Jemer = e ;=30
k

. . 2
e—(rj+lt)(2k+n) _ e—ll(2k+n) ”Pkf”% . (34)

Clearly for each k > 0, e~ HiN@k+n) _ o=itCk+n) | tends to zero as r; — 0. Now a
dominated convergence argument applied to the sum on the RHS of (3.4) shows that
the RHS tends to zero as rj — 0.

Integrating (3.4) with respect to ¢, the above argument shows that

J. ).

as rj — 0. In other words e ML f converges to e '~ f in L2(C" x S'). Thus we can
extract a subsequence of this sequence, denoted by e~ L f(2), for which

. . 2
6‘_(rj+”)£f(2) _ e—ltﬁf(z)} dzdt — 0

ek = itL 3.5
wam o S (@) f@ (3.5)
fora.e. (z,t) e C" x [—m, 7).
Now we show that the sequence e"’"ﬁf(z) is Cauchy in L4 (S! ; LP(C")). For 0 <
P < Fps 1ty = rp4it, and set p = Py = Ny — . Since e~ TDL = gL =it L
which follows from the definition, we see that

”e—nnﬁf — e_””‘LfHLq ShLr(Cmy)

= H"’_nmﬁ(‘f’_pﬁ - [)fH La(S!:LP(C))
= CH ("_pc - I)sz

where [ is the identity operator. The last inequality follows from Proposition 3 ap-
plied to the L? function (e_"’c -1 ) f. Notice that e~P£ is bounded on L? since
p > 0 and hence (e™?~ —I) f € L*(C"). Since p — 0 as r, — 0, by a dominated
convergence argument as before shows that ||(e_p£ —I)fllo— 0asr, - 0. This
proves that the sequence ¢ £ f is Cauchy in L7(S!; L?(C")) and hence has a limit
in L4(S'; L?(C™)). By (3.5), this limit has to be e £ f(z). O

Remark 2 The proof also follows directly from (3.5) by application of Fatou’s lemma
twice; with respect to ¢ and z variable separately. This proves that
le=mL £(2) lLa(st:Lrry) = le "L £ (z) llLa(st:Lr(cny) as n — oo. However, the
arguments in the above proof shows that e L f(2) actually converges to ¢! L1(2)
in the Banach space L4(S'; LP(C")).
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4 Applications to Schrodinger Equation

Now we consider the initial value problem for the Schrodinger equation for L:

idu(z,t) — Lu(z,t) =0, zeC" reR 4.1
u(z,0) = f(2). 4.2)

It is easy to see that for f € L?(C") the function u given by
u@z.n=e"f)

satisfies the above Schrodinger equation in the distribution sense. Moreover, by the
dominated convergence argument discussed above, we can also see that the solution
u(-,t) — f in the L? sense as t — 0. Thus the above initial value problem is well
posed in L*(C") and the oscillatory group {e7"C .1 e R} gives the solution at any
time ¢ # 0, for any given initial data f € L*>(C").

Theorem A is a regularity theorem for the solution to the above initial value prob-
lem. It says that for L? initial data, the solution u(-,-) is actually a function that
is periodic in ¢ with period 27 and for almost all ¢, the function u(¢, -) belongs to
LP(C") for2 < p < 2.

Now let us consider the inhomogeneous problem:

i0;u(z,t) — Lu(z,t) =g(z,1), zeC", reR 4.3)
u(z,0) = f(z). 4.4)

In this case, the solution is given by the Duhamel’s formula:

t
wiz ) =e"Fr)—i / e Lg(z,5)ds . (4.5)
0
For the inhomogeneous problem we prove the following.

Theorem 2 Let f € L2(C") and g(z, 1) € LY (S'; L?'(C")) then the solution u(z, 1)
to the problem (4.3), (4.4) lies in L4(S'; LP(C")), for all pairs (q, p) such that
1<g<2 2<p< zi_ﬁl or2<gq < oo, é > n(% - %). Further u(z,t) satisfies
the inequality

llu(z, I)||Lq(§l; LP(CnY) = Cn(llfllz + ”g”Lq’(§|; Lp’((cn)))

for the above pairs (p, q) with some constant C,, independent of f and g.

Proof By Theorem A, the L4(S!; L?(C")) norm of the first term in (4.5) is bounded
by Cull flaforl<q <2, 2<p<ylor2<q<oo, ;=n(z—).
Also the second term is bounded by

2 .
/(; |e_’(t_s)£g(x, s)| ds .
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Thus an application of Minkowski’s inequality for integrals followed by Proposi-
tion 1, we see that

1
0

2 g C, )l p
< Cu / znle) ds . (4.6)
p 0 Jsin(t —s)|" /2

Notice that RHS of the above equation is a convolution on the circle and
g, )l € LY (S', ds) as a function of s, by hypothesis. Hence, by arguments us-
ing Lemma 2 as in Proposition 2, we get

gy
/ ZnE)i—l) ds = C”g”Lq/(Sl;LP'((C")) .
0 |Sin(t—s)| ro2 Lq(Sl,dS)

In view of (4.6), this shows that the second term of (4.5) satisfies

t
i /0 eI (x, 5)ds < Cllgll v 1; 11/ oy -

L4(St; LP(CM))

This completes the proof. (|
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