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ABSTRACT.  Spaces called SV were introduced by Jaffard [16] as spaces of functions character-
ized by the number ~ 2V®J of their wavelet coefficients having a size > 2% at scale j. They
are Polish vector spaces for a natural distance. In those spaces we show that multifractal functions
are prevalent (an infinite-dimensional “almost-every”). Their spectrum of singularities can be
computed from v, which justifies a new multifractal formalism, not limited to concave spectra.

1. Introduction

1.1 Multifractal Formalisms

The goal of multifractal analysis is to compute the spectrum of singularities d s of a locally
bounded function f, being defined as

dy(h) :=dimpy {x, hy(x) = h}

where dimy stands for the Hausdorff dimension and 4 f (x) for the pointwise Holder expo-
nent of f at x (see [8] for definitions). Variants of this definition have been introduced, in
particular, replacing the Holder exponent by some weaker notion, such as the 7}/ exponents
of [5] as in [17], but this one is the simplest and most fundamental. However, it is not
applicable for the practical computation of dy given, say, a sampled version of f. Several
formulas called multifractal formalisms have been proposed to estimate d s, most of them
based on the wavelet coefficients of f. They share the advantage of being easy to compute
and relatively stable from a numerical point of view, and the disadvantage of being limited to
uniform Holder functions: This limitation is intrinsic to the theorems relating the pointwise
Holder exponent to the size of the wavelet coefficients, see [18].
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The most widespread of these formulas is the so-called thermodynamic multifractal
formalism that we briefly recall. Let us suppose for simplicity that f isdefinedon T := R/Z
andlet A := {(j.k), j € N,0 <k <2/}. Letcj, (j, k) € A be the wavelet coefficients
of f in a L°°-normalized, periodized wavelet basis (/; x(x) := > Y — 1) — k).
Assuming the mother wavelet ¥ to be sufficiently decreasing, localized, and having enough
zero moments, then one can compute for all p > 0

logs (34 |cjxl”)

T7(p) := liminf (L1.1)
’ Jj—>00 —J
and, p. being the solution of 77 (p) =0,
di(h) :=mi inf (hp — , 1. 1.2
1(h) in (plch (hp — 77 (p)) ) (1.2)

Remark. In the literature about multifractal formalism, the function n f=1+r1ris
sometimes used instead of 7.

We refer to [15] for the details and proofs of the following facts. It is known that for
any uniform Holder function the inequality dy(h) < dj(h) holds for all h; this is the best
that can be expected in all generality; it is actually possible to construct uniform Holder
functions f with quite arbitrary ds and 7y, as in [14].

It is worth recalling whence the above inequality comes, and the connection with
Besov spaces. From the characterization of those spaces in terms of wavelets coefficients
(see [4, 22, 7]), (1.1) is equivalent to:

£ o
7¢(p) = sup {s, feB), } .

So, given a concave function 7, the knowledge that 74 (p) > 7(p) for all p > p. amounts

7(p)+1
to saying that f € BT := () p=p. Bp P~ 7", Using the same wavelet characterization of
(p)+1
the Besov spaces, it was then shown in [15] that when p > p., f € B, ” implies that

dy(h) < hp — t(p). The upper bound d¢(h) < dy(h) follows.

1.2 Prevalence

The statistical approach to multifractal formalism is not yet very developed, for the lack of
a suitable framework (see, for instance, [1] or [10]). Computing the wavelets coefficients of
a function gives an information on the largest space B* this function belongs to. If nothing
else is known, what is, in a statistical sense, the status of formula (1.2)?

If there were for each t a natural (probability) measure on B such that almost surely
di(h) = dy(h) for all h, then (1.2) would be a consistent estimator for the non parametric
problem of recovering t. Unfortunately no such measure exists because B' is not locally
compact. Nevertheless, the concept of prevalence [6, 12, 13], that we briefly recall below,
allows us to define a notion of “almost surely” that is translation invariant and does not
depend on any arbitrary measure.

Definition 1. Let X be a complete metric vector space. A Borel set A C X is called shy
(Haar-null in [6]) if there exists a Borel measure u, strictly positive on some compact set
K C X, such that Vx € X, u(A 4+ x) = 0. Such a measure is called transverse to A. A
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subset A of E is shy if it is included in a shy Borel set. A set is prevalent if its complement
is shy.

Following the terminology used in this context, such a measure 1 on X will be called
a probe measure for A.

In finite dimension, the Fubini-Tonelli Theorem shows that a set is prevalent if and
only if it has full Lebesgue measure. If X is metric, complete and separable, then the
requirement that £ (K) > 0 for some compact set K is automatically fulfilled because all
probability measures are tight (there exists a compact set of measure arbitrarily close to 1),
see [21], for instance. Other basic properties of prevalence include:

(1) If Ais prevalent, then x + A is prevalent for every x in E.
(2) If A is prevalent, then LA is prevalent for every A # 0.
(3) A prevalent set is dense.

(4) A countable intersection of prevalent sets is prevalent.

Fraysse and Jaffard proved indeed in [9] the following.

Theorem 1. For f in a prevalent subset of B”,

inf hp — 1 ifthis inf is <1
dp(h) = p=p. (hp —T(p)) If < (13)
00 else

(so dy(h) = di(h) when dy(h) # —00).

We shall say that almost surely (in the sense of prevalence), (1.3) holds. Together
with the universal upper bound (dy(h) < dj(h)), this result justifies the validity of the
thermodynamic formalism.

1.3 S” Spaces

However, by the nature of the Legendre transform in (1.2), d; will always be a concave
function, increasing with slope > p. when d; (h) < 1. A real spectrum of singularities has
no reason to satisfy either of these two features (concavity and increasingness), which are
indeed limitations to the range of validity of the thermodynamic formalism. The second
of these features can be taken care of using wavelet leaders instead of wavelet coefficients,
see [19]. The object of this article is to address the first one by proposing a new multifractal
formalism that can detect nonconcave spectra, and prove its validity in the same sense as
for the thermodynamic one. It is clear that the spaces B® do not contain more information
than the concave hull of the spectrum of singularities (since almost surely in them dy is
given by a Fenchel-Legendre transform) and we are going to replace them by the spaces S”
that were studied, mainly for that purpose, in [2]. Let us briefly recall their definition and
main properties.

As before, we work with a regular, L°°-normalized, periodized wavelet basis. In the
rest of this article, ¢k, (j, k) € A are the wavelet coefficients of a distribution f on T. If
we set

E;j(C.o)(f):={k:|cjxl = C27%}, j>0,0eR,C>0,
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then the wavelet profile of f is defined as

vr(a) := lim (lim sup <log2(#E‘,~(l,.a + 8)(f))>> , aelR.

e=0% \ jotoo J

The wavelet profile vy is a nondecreasing, right-continuous function, nonnegative when
not equal to —oo. It is convenient to understand it in the following way: For all « € R and
j € N, the number of wavelet coefficients of f that are larger than ~ 27% is about 2"/ ¥/
We can also remark that since f is a distribution on a compact set, it has finite order, and
there exists amin € R such that

sup Z“mi“j|cj,k| < +00 (1.4)
J.k
in other words, vy (a) = —oo for every a < apip.
Conversely, given a function v : R — {—o0o} U [0, 1], nondecreasing and right-
continuous, such that v(e) = —o0, Voo < aip and v() € [0, 1], Voo > orpyip, we say that

a distribution f belongs to the space S* = S¥(T) if its wavelet profile satisfies
Va e R, vr(a) < v(a) . (1.5)

Roughly speaking, f isin S if, for all @ and j, it has less than ~ 2"(®)J wavelet coefficients
at scale j that are larger than ~ 27/,

These spaces are robust, meaning that their definition does not depend on the choice of
the wavelet basis, see [16]. To study them, it is convenient to introduce the ancillary spaces

Epn = {f, 3C HE;(C.ay) < C2<”<“n>+8w>-/vj'} (1.6)

where «,, is any (fixed) dense sequence in R and ¢, is a decreasing sequence converging to
0. For f € Ep p, the infimum of the constants C satisfying the inequality in (1.6) is noted
8m.n(f, 0) and then the distance &, (f, 8) := 8m.n(f — g, 0) makes E,, ,, a metric space.

Itis proved in [2] that ¥ = ﬂm’ ,» Em n (this intersection not depending on the choice
of the sequences above) and that with the distance

_ Smn(f, &)
. (m+n) __“m,niJ> 567
S(fig)i= ) TS

m,n>0
SV is a metric, complete and separable space. The distance § may depend on the sequences
oy, €m, but the induced topology does not. The Borel o -algebra relative to this topology will
be noted B(S”). Also note that whenever v(a,) = —oo and «,y < a,, then E;, , C Epy
and &, > 8., so the sequence o, can be taken dense in [a, +00) for an arbitrary
o, < omin Without changing the intersection above nor the topology on S".
In this article, we shall require furthermore that oy > 01in (1.4) and, to avoid trivial
cases, that there exists @ > « such that v(«) > 0. Let us recall a classical result [20].

Proposition 1. When o > 0, the distribution f belongs to the uniform Hélder-Zygmund
space C* = C*(T) if and only if there exists C < +00 such that for all (j,k) € A,
lej| < 27,

In other words, if ¢, > 0 and v(oy) = —o0, then E,, , = C%. It follows that
SV C Ny <oy € “; in particular, its elements are uniform Holder and their pointwise
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regularity can be related to the moduli of their wavelet coefficients (see [18]). Then the
results obtained on wavelet series in [3] apply, notably.

Proposition 2. Let huax := inf>a,, si- Forall f € S” andh € R

h sup,,/ W) e <
df(h) <dy(h) = SUPn'e.h] Th if = Mmax
1 else .

Since v can easily be computed from the wavelet coefficients of f, and considering
the definition of SV, the formalism that we propose to replace or complement (1.2) is simply

ve(h

h supyreo,n) 12/ ) if < hmax

dr(h) = (1.7)

1 else .

By Proposition 2, this formalism is already guaranteed to yield an upper bound to d (h).
The almost sure (prevalent in S) equality is now naturally our goal and the following
theorem, which is our main result, will be proved in Section 3.

Theorem 2. The following three sets are prevalent in S":

D) {ge8:v(a) =v(a), Ya e R},
(2) {g€S8":dg(h) =dy(h), Yh < hmax and dg(h) = —00, Vh > hmax},
(3) the set of g whose pointwise regularity is almost everywhere hmax.

Assertion number (2) is the counterpart of Theorem 1, and justifies the validity of (1.7)
as a multifractal formalism.

Connection with B*. It was proved in [2] that if T (p) = infs<j,,,, (hp — v(h)), then B®

is the smallest intersection of Besov spaces that contains S*. Furthermore, S¥ = B if and

only if v is concave. Theorem 1 can thus be viewed as a particular case of our Theorem 2.
See Figure 1 for an illustration of a typical case.

2. A Probe Measure on S’

In order to prove the prevalence of the sets introduced in Theorem 2, we need a Borel
probe measure on S”. In this section we identify f € S” to the sequence of its wavelet
coefficients c; x, (j, k) € A.

We start by constructing a probability measure u on the sequence space (C*, F),
where F is the o-algebra generated by the cylinders. Then it remains to show that w is
actually supported in SV and is Borel relatively to the metric topology of S".

2.1 Measure on the Sequence Space

As before, v : R — {—o0} U [0, 1] is nondecreasing and right-continuous, and there exists
Omin > 0 such that v(a) = —o00, Yo < amin and v(w) € [0, 1], Yo > omin.
For each j > 0 let
if o < omin

0
Fi(a) :== , , (2.1)
’ 27/ sup {j2, 21"("‘)} if o> omip.
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h,o

FIGURE 1 A wavelet profile v, SV-prevalent spectrum d,,, and thermodynamic formalism spectrum dj .

Because of the conditions imposed on v, F; is the repartition function of some probability
distribution p; supported on [o(min, +00] (Where pj ({+00}) := 1 — limy—s oo Fj (@) may
be > 0). Let Ujo,27] denote the uniform measure on [0, 27 ].

For each index (j, k) € A we define the measure 1 x on (C, B(C)) to be the image
of p; ® Ujo,2x] by the transform (x, 0) €'927J%  Then

ni= ® Wik

(j,k)eA

is a probability measure on (C*, F), where F := B(C)® is also the Borel o-algebra for
the topology of pointwise convergence in the sequence space.

This amounts to drawing random numbers c x with independent phases and moduli,
such that their phases are uniformly distributed, p; is the law of —log,(|c; «|)/j, and it is
understood that p; ({+00}) is simply the probability that c; x = 0. Note that for all @ € R,

log (2/pj (=00, )

lim sup - =v(a), 2.2)
j—+oo J
and also that
@) = 0= 2/pj((—o0,a]) = j*. (2.3)

2.2 Random Wavelet Series

Although for the particular choice (2.1) of F; and p;, the lim sup above is actually a limit,
we can from now on suppose only that, along with the hypotheses on v, (2.2) and (2.3) are

satisfied. In that case, v(a‘;‘“) = —oo implies that, with probability 1, there is only a finite
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_ %min ; .
number of |cj,k‘ > 2772 /. The series

f= Z CjkVjk

(j,k)eA

is thus uniformly convergent, and its sum is uniform Hdolder.

Definition 2. If the wavelet coefficients of f are independent random variables such that
the law p; —log,(|c;«|)/j satisfy (2.2) and (2.3), then f is called a random wavelet series
associated to v.

The hypothesis on the uniform independent phases, not included in the above defini-
tion, will play a role only in Theorem 5.
Let us now recall the main result of [3].

Theorem 3. If f is a random wavelet series associated to v, almost surely,

1 fes”

(2) foralla € R, vy(a) = v(a)

(3) forallh e R, ds(h) =d,(h) if h < hmax, —00 else
(4)  hy(x) = hmax almost everywhere.

Indeed, this result looks very much like Theorem 2 that we are going to prove, except
that here “almost surely” refers to the probability, hereafter noted w, induced by this process.
From now on, u will be restricted to S".

Remark. The technical condition (2.3) could be weakened into v(e) > 0 = > j 2/p I
((—o00, a]) = 400 without changing the conclusion of the theorem, but in its present form
it conveniently simplifies the proof of Theorem 5. See [3] for details.

2.3 Borel Measurability

So far u has been defined on (S”, Fsv). The metric topology on S¥ presented in Section 1.3
makes it a Polish space, which is the good framework for prevalence; it remains to show that
w is Borel relatively to this topology. This amounts to show that B(S") C Fjs». Actually,
these o -algebras are the same.

Theorem 4. With the notation above, B(S") = Fisv.

Proof.  Recall that Fjsv is the Borel o -algebra for the topology induced on S” by the
pointwise convergence of sequences. As a consequence of Proposition 3.5 and Theorem 5.7
of [2], any open set for this topology is an open set in the metric topology of S, so Fjsv C
B(SY).

Now we just need to prove that there exists a topological basis of S” whose elements
are in Fjgv; since SV is separable, it is Lindeldf, that is, any topological basis contains a
countable subbasis. Any open set of SV, being a union of finite intersections of elements of
this subbasis, will thus belong to Fsv, from which we shall deduce that B(S”) C Fjs».

By Proposition 5.3 of [2], a topological basis of SV is given by countable intersections
of balls of the ancillary spaces E,, , defined by (1.6), endowed with the distance §,, ,. So the
proof boils down to studying those balls. Let m,n € N, g € S” whose wavelet coefficients
will be noted d ¢, and r > 0 be fixed. The ball of E,, ,, with radius r and centered on g is
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the set

Bun(g:r) = (V[ £ #{k s lejn = djul = r270d} < patentemi}
j=0

If v(ay,) = —o0, then

Bm,n(gvr) = m {ﬂ

(j,k)eA

cj,k} < 2_/0{)1 }

which belongs to Fgsv.

If v(a,) € R, let A* = Lij(”(“")"’s’")J and denote by K;j (1) (1 < 1 < A*) the set of
the Cé‘jd parts of {0, ...,2/ — 1} which contain A coefficients k. For such a Z € K;(A),
let C;(Z) be the set of f such thatk € Z & [cjx —djx| > r27%/. Now each C;(Z)
belongs to F|sv, and so does

Baagn=() U U ¢®@.

j=0 0<A<A* ZeK;(h) ]

3. Proof of Theorem 2

The key of the proof consists in showing that if f is the random process previously con-
structed, and if g € SV is fixed, then with probability one, vs_, = v. This is done in
Theorem 5 below. Because the wavelet coefficients of f — g are independent, this pro-
cess is also a random wavelet series, and Theorem 3 implies that it is indeed associated to
the same v. In particular, it will have the same almost-sure spectrum of singularities and
almost-everywhere regularity (Corollary 1). Then we can conclude about the prevalence of
these properties.

The wavelet coefficients of f satisfy a concentration lemma that we recall for further
use. See [3] again and Lemma 2.4 in [23] for a proof.

Lemma 1. There exist C, Cy > 0 such that, if —o0 < a < b and j > 0 are such that
2/p;((a, b]) > j?, then

—bj ) —aj J .
. f’lf#{k,Z '§|C],k|<2 }52 21—C22.—2efc”z.
2 2/pj((a, b)) J

Since we supposed (2.3), 21,0]-((—00, al]) > j2 as soon as & > Omin.

Theorem 5. Let f be a random wavelet series associated to v, with uniform independent
phases, such as in Section 2.1, and let g € S”. Then

/L({f Vi_g(a) = v(a),Va}) =1.

Note that the hypothesis that the phases of c¢; ; are uniformly distributed, though it
could be weakened (any bounded density would do), cannot be completely omitted, as the
example of a determinist f and g¢ = f shows (nothing in (2.2) prevents the |c; | from
being determinist).
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Proof. Letg € SV (as before, we shall call d; ;. its wavelet coefficients). Almost surely
f € SY, which is a vector space, so f — g € S”. But by the definition (1.5), this is exactly
saying that for all o, vy () < v(ar). When o < apin, Vg () = v(a) = —00.

It remains to prove that

u({f, vi_g(a) > v(@), Vo > amin}) =1.

Because of the uniform phase hypothesis on c; x, for any given (j, k), one has with
probability > % that N (c j,km) < 0(cj k is in the complex half-plane opposite to d; x), so

w({ folejx —djxl = Icjil}) = 7

Letj>land1 <N <2/. Let Ky C {0,...,2/ — 1} be of cardinal N and B(j, Ky) :=
{fi#lke Ky, lcjx—djxl = lcjrl} = —} If we note

Lif  |cjke —djil = lcjil
Xjp:= { ! ! / and Sy = Z Xk
0 else keKy

then E(Sy) > & and

W(B(j. Kn)) = ({f Sy = 5})

-

N
JE(SN) — Sy > E})

oo‘z e,

| \/
|

3.1

by the Hoeffding inequality [11].
Let o > apin be fixed and

AG, @) = {f,#{k, N 2—“1} > %sup{jz,Zj”(“)}} .
By Lemma 1, there exists Cq, C; > 0 such that, if j > 1,
pn(A(j, @) = 1 — Czi,—jz‘e_clj2 :
Conditionally to f € A(j, «), we apply (3.1) to the N := max ( j, 2J”(°‘)) first wavelet
coefficients of f satisfying |c; x| > 27 @/ Now remark that the set B(j, Ky) in (3.1),

depending only on the phases of the wavelet coefficients of f, is independent from A(j, o),
which depends only on their moduli. So we have

; N
M({ﬁ# (ke —dju 2 270 = g}) = WA, @)(B(j. Kn)

=

J .
>1- sz,—ze_clfz —e1
J

ol

hence

) 2Jv(@) 2J . 2
M({f’#{k"””“dﬁk'22_”’}2 6 })Zl_Czqe‘C”z—e‘f%. (32)
J
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Forn > 1, let ¢(n) be the unique natural number such that 25 (¢ (n) —2) < n—2 <
26+l (¢(n) — 1). The j27 points a,, such that j = ¢(n) are then chosen to be equispaced
in [0, j — 27J]. This sequence is dense in [0, +00). Furthermore, by construction, it is
fully recurrent (meaning that for every n > 1, there exists n’ such that ¢(n') = ¢(n) + 1
and o,y = ay).

We apply (3.2) to the (at most) j 2/ numbers o, > omin such that n € ¢ -1 {Jj}). The

series Y ; j2/ (Cz i—ée_cl 2 + e’{Te> converges, so by the Borel-Cantelli Lemma, with

probability one there exists J such that for each j > J', Vn € ¢~ ({j}),

2ivi@)

#{kleju —djul = 277} =

With the full recurrence property stated above, this implies that with probability one,
for all n such that o, > omin, Vy—g(an) > v(ay), and then by density of this sequence,
Vi_g(a) > v(a) for all @ > min. L]

Corollary 1. Let g and f be as above. Then with probability one
dy(h) if h < hmax

—00 if h> hmax
(2) foralmost every x, hf_o(x) = hmax.

(D) dp—g(h) =

Proof. We have established that f — g is indeed a random wavelet series associated to
v. The announced properties all follow from Theorem 3. ]

Proof of Theorem 2. If A C SV is the set of functions 4 whose v;, does not coincide
with v, then given any g € S”, u(g + A) = u(f — g € A) = 0 by Theorem 5, so u is
transverse to A. The same reasoning with Corollary 1 provides the other assertions.  []
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