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ABSTRACT.  The concept of local growth envelope (€, ; A, u) of the quasi-normed function space
A is applied to the Triebel-Lizorkin spaces of generalized smoothness Fg:év (®R™). In order to
achieve this, a standardization result for these and corresponding Besov spaces is derived.

1. Introduction

In recent years there has been a lot of work on the determination of the local growth
envelopes of function spaces of the Besov and Triebel-Lizorkin type (see [17, 27,5, 4, 2, 3]).
These results can be seen as refinements of the famous Sobolev embedding theorem, being
related also with the popular topic of searching for sharp embeddings between classes of
function spaces (see, for example, [12, 13, 23, 15, 11, 14, 16]). In any case, local growth
envelopes identify the greatest possible growth which functions from some given space can
stand locally, so they are useful in distinguishing between spaces and have even been used
(together with the related concept of continuity envelope) in the proof of the necessity of
conditions giving continuous embeddings between spaces.

As the scale of spaces of Besov and Triebel-Lizorkin type comprises nowadays gener-
alized versions, in various directions, which are proving useful in other areas of mathematics
(see, for example, [8, 7, 24]), the question naturally arises about how the corresponding
growth envelopes look like. For one of such generalizations, in the direction of the so-called
spaces of generalized smoothness, there is now, after the work [10], and its forerunner [9],
a common framework for several approaches to generalized smoothness scattered in the
literature (see the mentioned work for references, and also below for additional remarks).
Also, the techniques developed in [10] (and in [9]), namely atomic representations, made
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a broad class of such spaces to become suitable for the investigation of the corresponding
growth envelopes.

Accordingly, and by improving techniques used in the determination of the local
growth envelopes of spaces which partially generalize in the direction of generalized
smoothness, it was finally possible in [3] to solve the problem (apart some borderline
cases) for Besov spaces of generalized smoothness in the broad sense of [9] and whenever
atomic decompositions are available. Relying on the idea used in previous partial works,
Triebel-Lizorkin spaces should then be dealt with on the basis of a comparison with Besov
spaces. However, at the time the work [3] was written, such a comparison for such general
spaces was not available.

In the present work we start by developing a so-called standardization procedure,
which will allow the determination of tight embeddings between Besov and Triebel-Lizorkin
spaces of generalized smoothness and open the way to the determination (again, apart
borderline cases) of the local growth envelopes for the latter spaces, which we do next.

This standardization procedure might have independent interest, and this and the
related spaces of generalized smoothness have even a bit of history which we would like to
briefly recall to finish this introduction.

Function spaces of generalized smoothness were introduced and investigated, inde-
pendently, by M. L. Goldman and G. A. Kalyabin in the middle of the seventies of the
last century with the help of differences and general weight functions and on the basis of
expansions in series of entire functions, respectively. In both cases the defined function
spaces Bg:,];/ (R") and F gév (R™) are subspaces of L,(R"). For these spaces a standard-
ization was proved in [18]—see also [20]. In it, the weight sequence B = (27) jen, Was
fixed and a suitable sequence (M) jen, was defined with the help of (Ny)reng, (Ok)keN,
and (2/) jeN, such that B;:;V = Bg:f]w , and analogously for F-spaces. This gave a standard
weight sequence (27) jen, and a general sequence (M) jen,, and is restricted to function
spaces which are subspaces of L, (IR") and the Banach space case.

But a more powerful tool would be a standardization which fixed the sequence M by
M = (29) jeNy» because for this standard dyadic resolution of the R" a lot of results are
meanwhile available. Under a natural restriction to the sequence (N )en, Which excludes
the exponential growth of this sequence, such a result seems in some sense straightforward.
But it is also a bit technical to prove, and we found no reference of it in the literature, not
even in the Banach space case. For this reason, the first thing we prove in this article is
actually such a standardization theorem.

In [2] a connection between admissible sequences and special functions was con-
sidered. We define here also a class of suitable functions, corresponding to admissible
sequences, and describe the standardization result with the help of these functions, too.

2. Notations and Conventions

Definition 1. By an admissible sequence we will always mean a sequence y = (Vi )keN,
of positive numbers such that there are two positive constants ko and x| with

KoYk < Yik+1 < k1yx forany ke Np. 2.1

We call «p and «1 equivalence constants associated with y.
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We shall need the following notation with respect to an admissible sequence:

= inf ¥ and 7= sup 2K ke 2.2)

g0y j=0 Vi

Note that, in particular, Y, and 7y are the best constants «p and «; in (2.1), respec-
tively.

In [2] the upper and lower Boyd indices of the given sequence were introduced,
respectively, by

log, 7, log, y
ay = lim 082V and B, := lim 2 Sk .
k—o00 k— 00 k

Assumption. We will denote N = (Ni)ken, a sequence of real positive numbers such
that there exist two numbers 1 < Ay < Ay with

Ao Nk < Niy1 < A Ng forany ke Np. 2.3)

In particular, N is admissible and is a so-called strongly increasing sequence (cf. [9, Defi-
nition 2.2.1]), which in particular guarantees that there exists a number /o € N such that

2Nj < Ny forany j,k suchthat j+Ilyp<k. 2.4)
This is true, for instance, if we choose for [y a natural number such that
M =2 2.5)

holds. We will fix such an [j in the following.

Nevertheless, the assumption concerning A is not restrictive with regard to the func-
tion spaces we are interested in—see [9, Remark 4.1.2].

For a fixed sequence N = (Ny)reN, as in the Assumption we define the associated
covering QN = (Q/}(V)keNo of R" by

Q,ivz{fe]R” : |§|§Nk+lo}, k=0,1,---lp—1, (2.6)
and
Q) ={6 eR" : Nicyy < IEI < Newsy} if k>1o 2.7
with [ as defined in (2.5).

Definition 2. For a fixed N = (Ny)ken, as in the Assumption and for the associated
covering @V = (Y )ken, of R", a system ¢V = (¢} )xen, will be called a (generalized)
partition of unity subordinated to Q¥ if:
(i) ¢ e C*(R") and pN@E) >0 if £eR" forany ke Ny; (2.8)
(i)  supp (p,ﬁv C Q,I{V forany k € Np; 2.9)
(iii) forany y € Nj there exists a constant ¢,, > 0 such that for any k € Ny
D7oN@E)| <e, (1+1EF) " forany &eR"; (2.10)
(iv)  there exists a constant ¢, > 0 such that

o
0<Z<p,ﬁv(§)=c¢<oo forany & e R". 2.11)
k=0
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Recalling that S stands for the Schwartz space of all complex-valued rapidly decreas-
ing infinitely differentiable functions on R” equipped with the usual topology and S’ denotes
its topological dual, the space of all tempered distributions on R”, we have the following.

Definition 3. Let (ox)en, be an admissible sequence. Let (Nk)ken, be an admissible
sequence satisfying the Assumption and let ¢V be a system of functions as in Definition 2.
Let) < p <ooand0 < g < o0.

The Triebel-Lizorkin space F;,’,jv of generalized smoothness is defined as

<oc}.

(usual modification when ¢ = oo) where F and F —1 stand, respectively, for the Fourier
transformation and its inverse.

) 1/q
{resnes=|(Xolr @rnol ) iL,e)
k=0

Note that if 0 < p < oo and 0 < g < oo then the Besov space of generalized
smoothness szév is defined in an analogous way, by interchanging the roles of the quasi-
norms in L, (R") and in £;.

Note also that if Ny = 2% and o = (2K )keN, With s real, then the spaces F, ;,jv

coincide with the usual Triebel-Lizorkin spaces F, , on R", and the spaces ng(]{v coincide
with the usual Besov spaces By, , on R". We shall use the simpler notation F), , and B), , in

the more classical situation just mentioned. Even for general admissible o', when Ny = 2F
we shall write simply. Fy ,and B;‘,’.q instead of F g,ﬁv and B;jév , respectively.
We use the equivalence “~” in
ap ~ b or @(x) ~ ¥(x)
always to mean that there are two positive numbers ¢ and ¢ such that

crap <by <crar or c1e(x) < Yx) <cekx)

for all admitted values of the discrete variable k or the continuous variable x, where (ag)g,
(br)k are nonnegative sequences and ¢, i are nonnegative functions.

Definition 4. We say that the function ¢ : [1,00) — (0, c0) belongs to V if ¢ is
measurable and satisfies

t
0<om = inf 2% forall 1 e (1. 00)
- se[l,00) @(s)
and
t
@(t) ;== sup v(s) <oo forall t €[l,00),
sell,00) 9(5)

where we also assume that ¢ and @ are measurable functions.

Remark 1. Conditions of the above type have been used at several places, e.g., in
connection with real interpolation with a function parameter or in the theory of function
spaces with generalized smoothness. However, the related functions ¢ are usually defined
either on R or on (0, 0o). The above definition was given first in connection with weighted
Besov spaces in [21]—see also there for details and further references.
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We can give Definition 3 of the space F’ g,’év and the corresponding one for BZ:;V just
by starting considering appropriate functions ¥ and N in V (note the abuse of notation in
the case of N) and defining the sequences o and N by o3 = £(2X) and Ny = N(2F). A
similar, though mixed, approach was followed in [22, 6]: There on the side of N a sequence
was considered—even the particular one (2€);—and only on the side of the smoothness
a function was considered, and in a slightly different class defined on (0, co). On the
other hand, with appropriate assumptions on the functions X and N involved—namely, that
¥, N €V, N is strictly increasing and AgN () < N(2t), for some Ay > 1—the scales of
spaces thus defined are the same as the ones defined with the help of sequences, and, as
it was shown in [2] in a similar context, one can even choose functions and sequences in
such a way that the so-called Boyd indices of both coincide. For this dual way of defining
function spaces, we refer also to [1].

As to the relation between functions £ and N and sequences o and N defining the
same spaces, with the help of [21, Lemma 1] we can even state the following:

* For each admissible sequence o = (0% )ken, there exists a corresponding function
Y. € V, that s, a function such that X (¢) ~ oy forallt € [2", 2"“). For example,
we can define

2(0) = ox + (275t — 1)(okp1 —op)  for e [25, 2K

* Vice versa, for each function ¥ € V the sequence o with o} = 2(2]‘) is an
admissible sequence with kg = X(2) and k] = X (2) to which X corresponds.

» Ifin addition an admissible sequence (Ny)xen, fulfills the Assumption, then there
exists a corresponding function N € V), strictly increasing and with AgN(¢) <
N@2t) forallt > 1.

* And again, vice versa. If N € V is a function with the property described above,
then the sequence Ny := N(2F) is admissible, fulfills the Assumption and N
corresponds to it.

In what follows, all unimportant positive constants will be denoted by ¢, occasionally
with additional subscripts within the same formula.

3. A Standardization Result

The following Fourier-multiplier theorem—[26, Theorem 1.6.3]—will be the main tool in
the proof of the standardization theorem in the case of the F-spaces.

Proposition 1. Let0 < p < 00,0 < g < 00. Let () jen, be a sequence of compact
subsets of R" and d; > 0 be the diameter of Q;.
Ift > n/2+ n/min (p, q), then there exists a constant ¢ > 0 such that

[ 7 1) ey | L)l < ¢ sup 3,059 LS| 1D e | L))
0

holds for all systems (f;)jen, € Lp(ly) with suppF f; C Qj for all j, and all se-
quences (M;) jen, C Hj.

In the B-case we need a scalar version of Proposition 1, including now p = oo,
see [26, 1.5.2, Remark 3].
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Proposition 2. Let0 < p < ocoandlet Q4 = {x € R" : |x| <d}withd > 0.
If t > n/min (p, 1) — n/2, then there exists a constant ¢ > 0, independent of d,
such that
|FMFHIL,| < c|[M@HIH| NIfIL]

holds for all f € L, with supp F f C Qq and all M € H}.
Furthermore, an easy computation shows that for k > [y and integers M, we have

4loM

) < en G.1)

led (Nigaiy ) ITWR || < ¢ (N3t Nk__llo
where the right-hand side is uniformly bounded with respect to k if (Ng)ren, satisfies

the Assumption.
Fork=0,---,lp—1

lor (Nagy ) | W3 || < e N (3.2)
is obvious.
Theorem 1. Let N := (Ni)ken, Satisfy the Assumption and o := (0k)keN, be an

admissible sequence with equivalence constants ko and k1. Define
Bj = ok(jy, with k(j):=min{k € No:2/"" < Neyyo )

if j > 1 and with ly defined in (2.5), and define By := ok -
Then we have that

moBj < Bj+1 < mBj, jeNo,

with wo = min{1, /c(l)o}, u1 = max{1, Kfo}.
Let, further, 0 < p,q < oo (with p # oo in the F-case). Then
oN _ p
Fplg =Fpq
and

oN _ pp
Bl)aq - Bpsq ?

where B := (8;) jeN,-
Proof.

Step 1. We start with some preliminary observations. For simplicity we assume without
loss of generality that No = 1. Otherwise we would have to consider large enough values
for j and k in what follows.

Let = (2)) jen, be the standard dyadic covering of R", associated with the se-
quence (27) jeny» i-€.,

Qo={seR": §| <2},
and

Q={eeR : 27 < g <2/} if j>1.
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Specify ko > ly. Then Q,I(YJ N 2 can be nonempty only if we have

1 .
ENk()—l() = 2j = 2Nk0+lo .
Let
T ko) = {j € No: Neg—ty <271 < 22Ny } - (3.3)

The set 7 (ko) is always nonempty—Iet £ be an element of QA{) , then there exist at least one

j' with & € .. But then holds Nyy—j, < 16 <2/ and 2/'~1 < |&] < Nig+sp-
We will denote by j* (ko) the smallest element of J (kg). Then it is easy to see, that
Q,’(\(’J has a nonempty intersection with at most the sets ) , - - . » 2j*(ky)+L Where

L =[2lplogy A]+2 3.4

is independent of k.
Moreover, we have

Jko) < j*(ko + 4l + 1) . 3.5)
And vice versa, if we specify jo > 1 then Q,](V N 2, can be nonempty only if we have
20071 < Niyy, and  Nj_yy < 20071,
Let now
KGo) = {k e No: 271 < Niyyy and - Ni—yy < 200F1 ) (3.6)

The set KC(jo) is again always nonempty and we denote by k*(jo) the smallest element of it.
k*(jo) coincides with k(jo) from the theorem—&k(jo) < k*(jo) is obvious and the
opposite inequality follows by the monotonicity of the sequence (Ni)ken, and lp > 1. We
have Ni(jo—to < Nk(io)—1+1p < 2J0=1 < 2Jo+1 that means k(o) belongs to K(jo).
Again it is easy to see, that €2, has a nonempty intersection with at most the sets
N N
Qo Q0N and we have
k*(jo) k*(jo)+4lo

k(o) <k*(jo+ 1) <k*(jo) +1o  but  k*(jo) <k*(jo+L+1) (3.7

with L from (3.4).

Step 2. Let o := (o%) keN, be an admissible sequence with equivalence constants o and
k1, and define B; = oy+(j). Then there exist positive constants, independent of j > 1 and
k such that

min (1,/{8”0) < Tk _ %k < max (1,/(;”0) forall k e K(j). (3.8)
Bi  ore(j)

The cardinality of k() is not larger than 4y 4 1 and so (3.8) follows immediately. In case
of kp < 1 we have to choose the minimum on the left-hand side, and if k1 < 1 we have to
choose the maximum on the right-hand side.

The estimation of the counterpart—there exist positive constants ¢ and ¢y, indepen-
dent of j and k > [y, such that
Bi _ ok

o< —
Ok Ok

<c¢y forall je J(k) 3.9)
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holds—is more delicate.
First notice that (3.5) gives

JrER) +1 < j k+ @Ho+ D) , 1eNy.
By the construction in Step 1 we have also
k—4ly < k*(j* (k) < k

at least for k > 2ly; otherwise j*(k) might be zero, but we can temporarily extend the
definition of K(jp) in (3.6) to jo = 0 and see that this remains true for all k£ > .
Both together gives for/ =0, --- , L

k—dalg < K*(j*(k) +1) < kK*(j*k + @lo+ DI)) <k+ (4lp + DL . (3.10)

Now we can determine co and ¢ from (3.9) by

4lp (4lo+l)L)

. - 4y (4lo+1)L
co=min (1,x; ", & | ).

and ¢ =max (1,6, ",k
Moreover, similar to (3.8), we obtain by (3.7) that (B;);en, is an admissible
sequence and

- Bj+1

min (1, k) < <max (1,«°) forall jeNo. (3.11)

J

Step 3. Denote by (¢;)jen, a function system, related to the dyadic decomposition
(£2}) jeny, and let ¢, = 1 for this system.
Then we have

%0
FUFN) =2 F e Fr) = 3 Fleiel 7).
Jj=0 jeJ k)
We put in Proposition 1
Mk:€0]1<v
and
fi=or Y F Ui Ff) if k>l

jeJ
J* o)1
szok( oo+ ) )f—l(cpjff) it k=0, ,lp—1.
j=0  jeJo)

Then of course
FUMFfi) = o F o F £)

and
supp Ffi € | ) suppe; CH{E: €] < Neyayy)  if k=1,

jeT k)
supp F fi C {& 1 |§] < Nayy} if k=0,---,lo—1.
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Now Proposition 1 and (3.1), (3.2) give
[ (oxF (@ F 1)) keny | LU < €1 Cfidreny | LpUIl - (3.12)

For the rest of the proof, assume, for simplicity, that g # co; otherwise usual changes
have to be made in what follows.
Let k > ly; then (the cardinality of 7 (k) is not larger than L + 1)

q o q q
oF Z J:I(QOjff)(')’ SCZ,L<.m§1>§c ﬂ—k> Z ﬁj."]—‘*‘@ﬂ-‘f)(.)‘ .
jeT® SRR e

We take cq from (3.9) and get

[e¢]

q
Z"k

k=ly

q 00
3 fl(wjff)(-)‘ < ,q' Y Y BF @Enol
jeJ (k) k=ly jeJ (k)

But because of (3.5) each ¢; can occur in the double sum not more than (L + 1)(4lo+
1) times.

A similar estimate can be given for the first [y summands and each ¢; with0 < j <
Jj*(o) + L can occur only [y times. The counterpart to (3.9) is obvious because of the
limited number of 8; , 0 < j < j*(lp) + L and oy , 0 < k < [y — 1, which are involved.
Together with the key estimate (3.12) this gives

| £1Eg Y| < el £1FE, ]

We obtain the opposite inequality by changing the roles of <p,€v and ;.
Step 4. In the case of B-spaces we use the scalar multiplier theorem. Again we have

F N e Ff)=F" <¢,§V > <p,~ff) :
jeJ (k)

Now we use Proposition 2 with M = w,ﬂv and the role of f over there being played now by

Y. FleiFf) i k=1,
jeJ )

Similar to Step 3 we get

|7 @ FOIL| <c

> F e FHIL
jeJ (k)

with a constant ¢ > 0 and independent of k. Again, by the considerations of Step 1 and
Step 2, we obtain

o o
YN F G FNIL | < elieg?e Y B F @i FNIL|
k=lo Jj=0

Together with a similar estimate of the first /) summands this gives

| £1BGY | <] £1BE, ] -
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Again we obtain the opposite inequality by changing the roles of go,iv and ¢;. L]

Remark 2. Let £ and N be corresponding functions to the sequences (ok)ken, and
(Ni)ken,, respectively, with N moreover strictly increasing and continuous. By N -1 we
denote the inverse function, defined on [N (1), co0). Define

f;:=S(N7'(2/)) j €Ny, largeenough.

Then (,BAj)j is an admissible sequence, /3} ~ B; and consequently Bg,q = Bg,q = BZ:;V

and F ,’,S,q =F ,’iq = FY, respectively.

4. Local Growth Envelopes for F ,é\’
b
We start with a result which will be crucial, allowing to reduce the study of the local growth
envelopes for F-spaces to the corresponding problem for B-spaces.

Lemma 1. Let0 < py < p < pr <00,0 < g <00, N := (Ni)ken, according to
the Assumption and o := (oy)ken, an admissible sequence. Let o' and o be the (clearly
admissible) sequences defined, respectively, by

n(-=5) " n(l’ilzié)

o, =N, " "or, o =N, or, keNp.
Then
o/ ,N o,N o’ ,N
Bpou = Fplg = By,

if, andonlyif, 0 <u < p <v < oo.

Proof. Note that, by the standardization result (Theorem 1)
Frg = Ffg. with Bj = o) .

where k(j) := min{k € No : 2/~! < Nit1,), j € N. We can also state that

o',N _ pp "N _ pp’
Bpu =Bp, and By =B, ,,
: / "(L_i)/’ " fl(i—l)j . . .
with g = 200 P B and B ;= 272 »7 B, j e N. In fact, the standardization
result allows us to write

N _ ! ro_
Bpiu = By where o =0y,
that is,
n(=—1) n(L—1Lyj (L—1y;
o) = Nk(j';l Porgy ~ 2" TP oy =20 T gy = Bj -
Therefore,

U,,N_ Ol, _ /B/
BPl,u - Bm,u - BPl,u .

"

The proof of B;;,’,fv = B),, is similar.
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So, our lemma will be proved if we can show that

ﬂ/ ﬂ ﬂ//
Bpl,u - Fp,q - sz,v
holds if, and only if, 0 < u < p < v < 0.
However, this follows immediately from [2, Proposition 4.7], due to the fact that § is
also an admissible sequence (cf. statement of Theorem 1). []

The definition of the local growth envelope function requires that we are dealing with
regular distributions. Therefore it is reasonable to get first some idea about the spaces of
Triebel-Lizorkin type for which it makes sense to estimate such function. The following
result goes in that direction.

Proposition 3. Let0 < p < 00,0 < g < 00. Let 0 and N be as in the preceding
lemma. If

(Ul:lle)keNo €Ly, forsome § >0, if 1=<p<oo
n(-1) 4.1)

(ak—lNk >keNo € Lo, if 0<p<l1,

then
o,N loc
Fo, CL.
Proof. We take advantage of the preceding lemma (for u = p = v) in order to state that

o,N o ,N
Fog = Bpp
for any p» > p. So, we just have to prove that, for some suitable such p», B;',ZH,’,],V isin Lll"c.
(==
From [3, Remark 3.20], this will be the case if (o}’ INZ r2 +)keNo € £,. When
0 < p < 1, this follows from (4.1) by choosing 1 > p» > p; when 1 < p < o0, again it
follows from (4.1), now by choosing p> > p such that % — é <. []

Remark 3. The hypothesis (4.1) will not be enough for what we want to prove later, so
we would like to remark that the condition
(3=D++3
(gl_lﬁy P )1 N € Lmin{1,p), forsome 8 >0, 4.2)
€No

also implies that F,‘,’jév C L11°°. Actually, (4.2) implies (4.1), as follows easily from the facts

o, ' <oy 'a;!s Ni < NoNy, I € No, and min{1, p} < p'.

Just to get a feeling of how much of the cases where F’ ;,T,;V C LllOC we are ignoring
when assuming (4.1) or (4.2), let us compare with the classical situation: When Ny = 2k,
o) = 2ks s eR, ke N, (4.1) is equivalent to

s >0, if 1<p<oo
, 4.3)

szn(3-1),, if 0<p<l

while (4.2) is equivalent to

s> n(% - 1)+ . (4.4)
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In this classical setting, both (4.3) and (4.4) are “pretty close” to optimal, as it is well-known
that for s < n(L — 1)+ one never has ng,ﬁv C Llloc.

We also would like to point out that, as artificial as the role of § may seem, something
stronger than the condition (o, l)keNO € {~, must in general be assumed in order to have

Fl‘f’qN C Lllocz In the classical setting, [25, Theorem 3.3.2 (i)] tells us that Ff’q isin Lll‘)C if,
and only if,
s>0, when 0 <g <2

s >0, when 2<¢g <o0

note that the condition (27%%) keN, € Lo is not strong enough to yield the second case above
(that is, when 2 < ¢ < o0).

The estimation of the growth envelope function is of interest only when there are
unbounded functions around. So it makes sense to obtain beforehand some information
about the spaces of Triebel-Lizorkin type which possess unbounded functions. The next
proposition and the following remark go in that direction.

Proposition 4. Let0 < p < 00, 0 < g < 00, N := (Np)keN, according to the
Assumption and o := (0y)reN, an admissible sequence. Then

A . . N
(ak Nk”)keN0 €ly fifandonlyif, F,; — C,

where C is the space of (complex-valued) bounded and uniformly continuous functions (on
R") endowed with the sup-norm.

Proof.  We rely again on Lemma 1 and on a result for B-spaces corresponding to the
assertion to be proved now.

(i) Assume that (ok_lNkE )keN, € €. Then also (Ulé’_lNkF2 keN, € £, for any p with

p < p» < o0, and therefore Fl‘fﬁ’,ﬁv s Bf,z//jf,v < C, see [3, Corollary 3.10].
(ii) Assume now that Fl‘fév <> C. Since Bg;jll\,’ s F,‘,’jév, forany 0 < p; < p, then

BZ;:IIY < C for all such p;. By [3, Corollary 4.9], we can then state that (U]:] Nkﬁ)keNo =

0 "N/ keny € £y O
Remark 4.

(1) Such type of results was proved first by Kalyabin [19] with the restrictions 1 < p, g < oo.
(ii) It’s easy to see that we can write L instead of C in the proposition above.

‘We recall now the main result for B-spaces which we want to “translate” for F-spaces
here, concerning the behavior of the local growth envelope function

E By Y @) =sup {f*@): | fIByY| <1} 4.5)
near 0, where f* stands for the decreasing rearrangement of f. In particular, the hypotheses

guarantee that, for the parameters involved, (4.5) makes sense.

Proposition 5 ([3, Theorem 4.10]). Let0 < p,q < 00, N := (Ni)keN, according to the
Assumption and o = (0y)ken, an admissible sequence. Assume further that

(o )leNO € Lmin{g.1) if p>1

_1_n<l71)+6 .
(g, N, )[ € Luinig.1), forsome §>0. if 0<p=1,
eNp
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and

.
N ) .
(ak k keNy ¢ a

Let A be any admissible function such that A(z) ~ ok, z € [Nk, Nr+1], k € Ny, with
equivalence constants independent of k, and let ®,, be defined in (0, NJ_on] by

1 ; d 1/u
O, (1) := </ y Ay —y> if 0<u<oo, (4.6)
tl/n y
and
®,(t):= sup y PA() if u=o0, 4.7)
t/n<y<i
where Jy € N is chosen such that Nj, > 1.
Then there exists ¢ € (0, 1) such that
ELIBYY (1) ~ Dy (1), 1€ (0,€], (4.8)

and, considering the range 0 < v < 0o, we have that

£ f*(t) v 1/v oy
(/0 <®q/(t)) MW(dt)) =c ”f|Bp,q ” 4.9)

(with the understanding

ffo_.

BoN 4.10
S oo = ¢ 1718 @10

q

when v = 00) holds for some ¢ € (0, 1), c > Oandall f € ngév if, and onlyif, q < v < oo.
In (4.9), g means the Borel measure associated with —log, @, in (0, €].

We recall the meaning of admissible function, used in the preceding assertion.

Definition 5. A function A : (0, c0) — (0, 00) is called admissible if it is continuous
and if for any b > 0 satisfies

A(bz) ~ A(z) forany z >0

(where the equivalence constants may depend on b).

Remark 5. There is at least one admissible function related with the sequences o and N
as required in Proposition 5. This follows from [3, Example 2.3].

Lemma 2. Let A be an admissible function. Let n € Nand 0 < pi, p, pa < 0o. Then
A and A" given by
’ n(L—1)
AN@) =z " 7Az), z€(0,00), (4.11)

1 _1
n(5; P)A(Z), z € (0,00), (4.12)

A”(Z) =7
are both admissible. If moreover,

A(z) ~or, z €[Nk, Niky1l, keNp,
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with equivalence constants independent of k, for given admissible sequences o and N,
then also

A(2) ~ oy, z €[Nk, New1l, keNp,
A'(z) ~o}, z€[Nk, Ner1l, keNp,

in both cases with equivalence constants independent of k, where o’ and o are related to
o asin Lemma 1.

The proof is straightforward.

Remark 6. Recall now the definition (4.6) and (4.7) of ®,,, which, in particular, depend
onthe p and A given. If we use, instead, p; and A’, then we would write <I>,’A instead of ®,,,
and similarly if we use p> and A”, in which case we would write CD;’. Note, however, that

P =D, =D/,

as can easily be seen.
As a consequence, though we would define u/, and ], as the Borel measures, respec-
tively associated with — log, ®/, and — log, @/, in (0, €], we see that, in fact,

!/ 4
Muzuuzl"l’u'

We recall that the Borel measure p,, is the only measure defined on the Borel sets (of

(0, €]) such that j, ([a, b]) = — log, ®,(b) + log, D, (a) = log, j’;:gg;, Vla, b] C (0, £].

We are now ready to prove our main result for F-spaces, concerning the behavior of
the local growth envelope function

EGlFg @) :==sup{f*@) : | FIFgY | <1} (4.13)

near 0, where—we recall— f* stands for the decreasing rearrangement of f. We can, in
particular, see that the hypotheses we are going to take guarantee—due to Remark 3—that
(4.13) makes sense. We note also that the condition

-
N ) Ly 4.14
(Uk k keN0¢ p “.19)

will be assumed because—due to Proposition 4—otherwise (4.13) is bounded, and there-
fore the outcome has no interest.

Theorem 2. Let0 < p < 00,0 < g <00, N := (Ny)ken, according to the Assumption
and o = (0y)keN, an admissible sequence. Assume further that (4.2) and (4.14) hold
true. Let A be any admissible function such that A(z) ~ ok, z € [Nk, Ni+1], k € Ny,
with equivalence constants independent of k, and let ®,, be defined by (4.6) and (4.7) in
(0, N;O"], where Jo € N is chosen such that Nj, > 1.

Then there exists € € (0, 1) such that

EGFTN @) ~®p(t), te(0.e], (4.15)

and, considering the range 0 < v < 0o, we have that

1/v

Sy N
</o (CI)P/(t)) “"’(d’)) <clrFyd| (4.16)
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(with the understanding

/@)
sup
1€(0,¢] <I)p’(t)

<c|nFgdl (4.17)

when v = 00) holds for some ¢ € (0, 1), c > Oandall f € Fgév if, andonlyif, p < v <oo.
As before, in (4.16) w,y stands for the Borel measure associated with —log, ® v in (0, £].

Proof. We take advantage of Lemma 1. In particular, in what follows we adhere to the
notation o’ and ¢” as considered there
Step 1. Note that the hypothesis (4.14) guarantee that

n—1 %)
N Ly, 4.18
(Gk k) keng %L (+-18)
for any p, with p < py < oo, and that the hypothesis (4.2) guarantees that

(") . et it p=1

o (4.19)
<g;" N, ™ > €tl,, forsome § >0, if 0<p<1,
1eNy

for any p» € (p, oo] close enough to p.
Since (4.18) is clear, we just prove (4.19).
Start by observing that

ol =o N, 7 " leNy.

- —n(5=75)
Take p > 1. Then ) ;2o I < Yoo, "N, " " < 00,if pp > pis chosen
such that n(% — %) < 8, with 8 given in (4.2).

Take now 0 < p < 1. Then

1 0 1
=151y ~DHE\ P (G =8\ P
(21 N, < E o, N, < 00,
1=0 =0

o0

using the same § as in (4.2).
Note that from (4.19) it also follows that, for p > 1, we can choose p> > p close
enough to p such that we have both

-1
(Q;/ )IENO € lmin{p,1y and p2 >1,

while for 0 < p < 1 we can choose p> > p close enough to p such that we have both
=1~ = D+d
<gl N, ) € Lminfp,1y and 0 < py <1.
ZENO

Using this, (4.18), Lemma 2, and Remark 6, from Proposition 5 we immediately get
that there exists € € (0, 1), ¢ > 0 such that

EGlBS N0 <c®y(r). teel, (4.20)
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and also that for any v € [p, o] there is € € (0, 1), ¢ > 0 such that

e * v 1/v ,
(/0 (qj: /((tt))> “P’(‘”)> <c|r8y, | .21
p

(modification if v = oo) for all f € Bgzﬂ,’l‘],v .

Using the embedding F ;77‘11\/ — B;;j;v given by Lemma 1, it is easily seen that (4.20)
and (4.21) also hold true with Fyy')' instead of BZ:,’,I,V .
Step 2. Instead of Proposition 5, we will use now more precise partial results contained
in [3].

Recall that, by Remark 3, the hypothesis (4.2) guarantees that F ;,’év C L11°°. Thus,

using Lemma 1, we can also assert that Bglig C Llloc, forany 0 < p; < p, and therefore [3,

Proposition 4.8] assures us that there exists ¢ € (0, 1), ¢ > 0 such that

' N Y
SLG|B[‘ZI,[, () zc®, (1), tee].

Hence, Lemmas 1, 2, and Remark 6 allow us to write also
EJFTY W) = c@py@), 1€(0,¢],

for some ¢ € (0, 1), ¢ > 0.
To see that (4.16) cannot hold for 0 < v < p, assume, on the contrary, that, for such
v, there existed ¢ € (0, 1), ¢ > 0 such that

e f*(t) v 1/v 3
([ (L9 wpan) " =elrirgs

forall f € F, ;”év . Then, using Lemmas 1, 2, and Remark 6, there would also existe € (0, 1),
¢ > 0 such that

e f*(l‘) v, 1/v .
(./0 (GD;/(I)) “p’(d”) <c|fsyyl- (4.22)

for all f e BZI/’,][\,]. But since, as we have already seen above, B;; 1]1\,] C LllOC and (4.14)

trivially implies that (U,é_lNkﬁ)keNO ¢ £, then this would contradict [3, Remark 4.11]
[(4.22) can only hold for v > p]. L]

Remark 7.

(1) It is possible to choose ¢ independent of v in (4.16). In fact, the ¢ taken for v = p can
also be taken for all v > p—see [27, Proposition 12.2 (i)].

(2) As noted in [3, Remark 4.15], when 1 < p < 00, the measure 1, (dt) in (4.16) can be
replaced by

dt
d>p/(t)1’/tP/A(t_1/")p/ .

In the particular case when Ny = 2¥ and oy, = 25w (27%), k € Ny, withn (L — Dy<s<?2
and W a “log-type” function (cf. also comments after this remark)—the so-called subcritical
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case in the setting of [4]—when, again, 1 < p < 00, i, (dt) can be further simplified to
%—cf. [4, Remark 4.8]. Actually, in that subcritical case, and independently of the value

s_ 1
of p, ®,(t) itself can be simplified to ¢" 7 W)~
For other cases where simpler expressions, both for @, and for u,, can be taken
instead of our general ones, see the work of Bricchi and Moura [2].

We would like to point out that Theorem 2 covers and extends the results previously
obtained by Caetano and Moura [5, 4], which already covered the general statements of
Haroske [17] and Triebel [27], as far as growth envelopes for Triebel-Lizorkin-type spaces
are concerned. To see this, one just has to note that the spaces considered in [4, Corollary 4.5]
are included in our main theorem. It is, in fact, an easy exercise to show that the spaces
ngév considered there, namely with Ny = 2% and o = 2]‘3\11(2_]‘), k € Np, where
n(% — Dy <s < % and W a so-called admissible function (in the context of that article)
satisfying (‘IJ(Z_k)_l)keNo ¢ £, whens = 2 are such that (ox)ken, and (Ni)ken, are
admissible (in our sense), with the latter satisfying also the Assumption and, moreover,
(4.2) and (4.14) hold.

Our Theorem 2 also covers and extends Theorem 6.3 (ii) of [2]: It is again an easy

exercise to see that the spaces F gjév considered there, namely with Ny = 2k ke Np, and

1 . 1 ol
AL < limy o 25 < B,

o an admissible sequence satisfying n(% — Dy <limo o
verify all the requirements of our Theorem 2.

We finish with a corollary of Theorem 2 which gives more precise information about
the sharpness of our results. This is similar to what happens with Besov-type spaces. A
proof can be obtained with the help of [27, Proposition 12.2].

Corollary 1. Consider the same hypothesis of Theorem 2 and 0 < & < N,;". Let k be a
positive monotonically decreasing function on (0, €] and let 0 < u < oo. Then

AP OR v o
([ (o) mpan)  =elrirg.

for some ¢ > 0 and all f € Fgév if, and only if, k is bounded and p < u < 09,
with the modification

sup k(t) f*(tt)

te(0,¢] CDp/( ) -

<c|riFgy| (4.23)

if u = 0o. Moreover, if k is an arbitrary nonnegative function on (0, ], then (4.23) above
holds if, and only if, k is bounded.
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