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ABSTRACT.  We address the function space theory associated with the Schraodinger operator
H = —dz/dx2 + V. The discussion is featured with potential V (x) = —n(n + 1) sechZx, which
is called in quantum physics Poschl-Teller potential. Using a dyadic system, we introduce Triebel-
Lizorkin spaces and Besov spaces associated with H. We then use interpolation method to identify
these spaces with the classical ones for a certain range of p,q > 1. A physical implication is
that the corresponding wave function ¥ (t, x) = e itH f(x) admits appropriate time decay in the
Besov space scale.

1. Introduction

Let H = —d?/dx? + V be a Schrédinger operator on R with real-valued potential function
V. In quantum physics, H is the energy operator of a particle having one degree of freedom
with potential V. If the potential has certain decay at oo, then one may expect that asymp-
totically, as time tends to infinity, the motion of the associated perturbed quantum system
resembles the free evolution. Indeed, it is well-known that if fR(l + [xDIV(x)|dx < oo,
then the absolute continuous spectrum of H is [0, 00), the singular continuous spectrum is
empty, and there is only finitely many negative eigenvalues. Moreover, the wave operators
Wi =5 — lim;_, 10 €/ H e71Ho exists and are complete [5, 10, 26].

Recently, several authors have studied function spaces associated with Schrodinger
operators [19, 13, 14, 11, 12, 2]. One of the goals has been to develop the associated
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Littlewood-Paley theory, in order to give a unified approach. Motivated by the treatment
in [2, 13] for the barrier and Hermite cases, we consider H with the negative potential

Vo(x) = —n(n + 1)sech’x, neN, (1.1)

which is called the Poschl-Teller potential [4, 18]. The study of H with this potential
is related to linearization of nonlinear wave and Schrodinger equations. In this article,
we are mainly concerned with characterization and identification of the Triebel-Lizorkin
spaces and Besov spaces associated with H. Notice that in contrast to the potentials studied
in [2, 13, 11, 12], H = Hy + V,, is not a positive operator and it has a resonance at zero.

Suppose {¢;}5° € CS°(R) satisfy: (i) supp @o C {|x| < 1}, supp ¢; C (272 <
Wl =27}, j = 1 G lg)" ()] < w27, ¥j.m € No: and (iii)

Y pjx)=1, VxeR. (1.2)
j=0

Lete € R,0 < p <ooand 0 < g < oo. The Triebel-Lizorkin space associated with H,
denoted by F,‘f’q (H), is defined to be the completion of the subspace L(Z) ={f eL*R):
”f”F,‘;""(H) < 00}, where the quasi-norm || - ”F,‘i"q(H) is initially defined for f € L*(R) as

00 1/q
1AW pa iy = ||| D227 (ED F1 (1.3)
=0
Lp

(with usual modification if ¢ = 00). Similarly, the Besov space associated with H, denoted
by B, ! (H), is defined by the quasi-norm

1/q

o0
£ gy = | 202" e (D fII, | (14)
j=0

In Section 3 we give a maximal function characterization of F ,‘f’q (H). We show in
Theorem 2 that

. 1/q

1A sy > ||| D2 (27050 )" , (1.5)
j=0
p

where <p;‘7 Jf is the Peetre type maximal function with s > 1/min(p, ¢). Therefore the

definition of the F g 4 (H)-norm is independent of the choice of {o}j>0.

The proof of (1.5) essentially depends on the decay estimates in Lemma 3 for the
kernel of ¢ ; (H ), which can be expressed in terms of continuum and discrete eigenfunctions
of H. In Section 2 we solve the eigenfunction Equation (2.1) for k € R U {i, ..., ni}
(i = +/—1), based on a method suggested in [20]. In Section 4, using the explicit kernel
of ¢;(H) we give a proof of Lemma 3 for high and local energies. It turns out that for the
absolute continuous part of H, the high and local energy analysis is simpler than the barrier
potential, although H has a nonempty pure point spectrum.

A natural question arises: What is the relation between the perturbed function spaces
and the ordinary ones, namely, Fg’q (R) and Bg’q (R) ? In this regard, we show in Section 5
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that F;,)’Z(H ) is identically the L? space, 1 < p < co. Furthermore, in Section 6 we obtain
the following result (Theorem 5) by means of complex interpolation: If ¢ > 0,1 < p < 00
and2p/(p+1) < g < 2p, then

FY9(H) = F;"(R) (1.6)
andifa > 0,1 < p <o00,1 <g < oo, then
BY(H) = B, (R) .

The method in proving F 2 ’2(H ) = L7 is similar to the Hermite case [13]. However,
the identification (1.6) seems new for « > 0. It is not difficult to see that the analogue
of (1.6) does not hold for the Hermite case, where the potential is x2.

As an application of the function space method we obtain a global time decay result
(Theorem 6) for the solution to the Schrodinger Equation (6.1), namely,

; 1_1
[ £l S 072U N g,

for any f in the continuous subspace, | < p < 2 and 8 = |% — %I being the critical
exponent, which is a consequence of the local and long time decay estimates from [19]
and [17]. Here the perturbed function spaces play an important role in the interpretation of
the mapping properties of operators between the abstract and classical spaces. It provides a
necessary tool in realizing the above inequality by means of embedding and interpolation.

Finally, we mention that the homogeneous F and B spaces seem to deserve special
attention. The crucial reason is that, to our surprise somehow, the decay estimates for the
low energy (—oo < j < 0) that are required for the derivative of ¢ (H)E(x, y) does not
hold, which leaves open the question on obtaining the homogeneous version of Theorem 2.
In a sequel to this article we will consider the homogeneous case and study the spectral
multiplier problem on the F' and B spaces.

2. The Eigenfunctions of H

Let V, = —n(n + 1)sech?x and Hy = —d? /dx?*. In this section we derive a simple
expression for the continuum eigenfunctions of H = Hy + V,,, which are the scattering
solutions to the Lippman-Schwinger Equation (2.3). We also show that the bound state
eigenfunctions are rapid decaying functions.

2.1 Scattering Equation

Consider the eigenvalue problem for (1 + |x|)V € L',
He(x,k) = k’e(x, k), keR, (2.1
with asymptotics

Ty (k)etk> if  x— +oo

er(x, k)~ ; .
£ 6 R 4 Ry(k)e i if  x — Too,

2.2)
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where + indicate the sign of k. We will use the notation

| oex(x, k) if k>0
e(x’k)_{e_(x,k) it k<O.

The coefficients T4 (k) and R4 (k) in (2.2) are called the transmission coefficients and
reflection coefficients, resp. They satisfy the conservation law | T (k)|*> 4+ |R+(k)|? = 1. It
is easy to see that (2.1) together with (2.2) is equivalent to the Lippman-Schwinger equation

extrk) = e o / MY ey (v, K) dy . 23)
1

2.2 Inductive Construction of the Solution
Let y, be the general solution of
y! 4 n(n + 1) sech’x y, = —k%y, .

Ifn =0, y0 = Ae’™ + Be™™** If n > 1, according to [20, Section 2.6] we have
by induction

yn(x) = A(K)Dy, - - D1 (') + B(k)Dyy - - - D1 (e7¥) |

where D, denotes the differential operator
d
D, =— —ntanhx, neN. 2.4)
dx

Here we observe that since %(tanh x)=1-— tanh? X,

D, --- Dy(e'*) = py(tanhx, ik)e™ 2.5)
Dy -+ Di(e”*) = g, (tanh x, ik)e =",

where p, (x, k) and g, (x, k) are polynomials of degree n in x, k and have real coefficients.
Let e, (x, k) denote the particular solution of (2.3) with V = V,,. Using the asymp-
totics (2.2) we solve e, (x, k) as in the following lemma.

Lemma 1. Letn € N. There exists a polynomial p,(x, k) of degree n in x, k such that
en.+(x, k) = AZ(k) p,(tanh x, ik)e'* .
Furthermore the following hold.

(a) The constants A,“,—L(k) are given by

L L
A,T(k):l_[j+ik and A (k) =(-D"]]

il A ik
(b) The transmission coefficients T, 4 (k) are

n

j—ik

Tu+ (k)= (1"
n+(k) = (=1) (L NET

j+ik
. .k'

d T,_(k)y=(=D"
an —k) = )j]:[1]_l
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(c) The reflection coefficients Ry, + (k) are all zero.
Proof. In light of the above discussion we write
en+(x, k) = AE(k) p,(tanh x, ik)e'™™ + BE(k)q, (tanh x, ik)e k% | (2.6)

First we assume k > 0. Substituting (2.6) into the (2.2), we obtain that B,T k) =0=
Rn,+ (k)’

AR () pu(=1,ik) =1 2.7)

and

— At k) =
T+ (k) = Ay (k) pn (1, ik) = on(—1.1K) "

2.8)

Thus, (2.6) becomes
en+(x, k) = A (k) py(tanh x, ik)e'™™ .
From (2.5) we easily derive the recurrence formula
pn(tanh x, ik) = sech®x p, _,(tanhx, ik) + (ik — n tanh x) p,—; (tanh x, ik) . (2.9)
Since p;hl (x, k) is a polynomial in x, it follows that

lim p,_,(tanhx,ik) = p,_,(£l,ik)

x— %00
is bounded. Taking the limit in (2.9) as x — oo we find

pn(£l, ik) = (ik F n)pp—1(£1, ik) .

Since eg(x, k) = e'**, ie., pg = 1, A} = 1, we obtain

pa(L,ik) = (=D" ]G —ik)
j=1
and
pu(=1.ik)y = [[G +ik) = (=1)"pa (1K) .
j=1

Now for k > 0, (a), (b) in the lemma follow from (2.7), (2.8).
For k negative, similarly it holds that B, (k) = 0 = R, —(k) and instead of (2.7),
(2.8), we have

A (K)pu(1,ik) =1
and
Th,—(k) = A, (k)pa(—1,ik).

Then the results for A,, T, — and e, _(x, k) follow. L]
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From (2.5) we can also see
pn(tanh x, —ik) = (—1)" p,(—tanh x, ik) (2.10)

by simple induction. Thus, we obtain the following formula for the continuum eigenfunc-
tions.

Theorem 1. Assume k € R\ {0}. Then

n

en(x, k) = Gign()" | [

j=1

Px,keikx,
j+ilk| n(x, k)

where P,(x, k) = p,(tanh x, ik) is defined by the recursion formula
d
pn(tanh x, ik) = d—(pn_l(tanhx, ik)) + (ik — ntanh x) p,,— (tanh x, ik) .
X

In particular, the function
Rx (R\{0}) > (x,k) — e (x,k) e C

is analytic with e, (x, —k) = e, (—x, k). Moreover, the function
- " 1 .
(. 3, k) > enx, Den (v k) = [ ] e Py (x, k) Py (y, —k)e'*=>)
j=1

is real analytic on R>.

2.3 The Point Spectrum

For (14 |x])V € L', we know that the point spectrum of Hy + V is given by the simple
eigenvalues —u? such that Ty (k) has a (simple) pole at i u; see e.g., [10, p. 146]. Therefore
we have the following.

Lemma 2. The point spectrum of H = Hy + V), consists of
O'pp={—1,—4,... ,—nz}.

The corresponding eigenfunctions are Schwartz functions that are linear combinations of
sech”x tanh* x, m € N, k € Nj.

Proof.  The statement about o, follows from the fact that k = ij, j = 1,...,n, are
the poles of T,, (k) = (—=1)" ]_[;le(j —ik)(j + ik)~'. For k* = —j2, let yn,j be the
corresponding eigenfunction. By induction we find that

yj,j = sech/x
Vi+l,j = Dj+1SCCh/.X
Yitm,j = DjtmYj+m—1,js me N,

Hence, the bound states are given by

Ynj(X) = Dy---Djpsechix, j=1,...,n—1,
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and

Yn.n(x) = sech”x . I

Remark 1. There is a continuous extension of V,, when 7 is replaced by a continuous
parameter in R. We can find the scattering solutions of (2.3) by using the two real funda-
mental solutions given in [15]. However, we do not intend to include them here since the
expression (which involves hypergeometric functions) seems quite complicated.

2.4 Projection of the Spectral Operator ¢ (H)

Given V e L' N L?, it is known that H = Hy + V is selfadjoint on the domain D(H) =
D(Hp) = W22 (R), the usual Sobolev space of order 2 in L% We decompose L? = Hae ®
H pp, where H, denotes the absolute continuous subspace and # p,, the pure point subspace.
Let E,4¢, E,p be the corresponding orthogonal projections, respectively. For a measurable
function ¢ we define ¢ (H) by functional calculus as usual. Then it follows that

¢(H) f = (H)Eacf +$(H)Eppf = ¢(Hly, [+ Sy, [

Let e(x, k) be the scattering solution of (2.3) and e;(x) the eigenfunction of H with (neg-
ative) eigenvalue A;. If ¢ is continuous and compactly supported, we have the following
expression [26]

W = [ Kactr D fOIy+ 3 $0NGepe. fellnL, @b
rj€opp

where
Kac(x,y) = 2m) ! /¢(k2)e(x, k)é(y, k) dk (2.12)

is the kernel of ¢ (H)E,.. Note that if e(x, k) is smooth in x, then K,.(x, y) is smooth
inx, y. If letting K, (x, y) = Zj ¢(Xj)ej(x)e;(y), we can write (2.11) in a more com-
pact form

¢(H) f(x) =/K(x,y)f(y)dy, (2.13)

where K = K, + K,,. We mention that in the case (1 + [x[)V € L' the kernel for-
mula (2.12) agrees with the usual one using the Jost functions [17, 10].

3. Maximal Function Characterization

Let H = Hy+ V,. This section is mainly to give a quasi-norm characterization of F;,x’q (H)
and Bg’q(H ) using Peetre type maximal function. Consequently, the F(H) and B(H)
spaces are well-defined in the sense that different dyadic systems give rise to equivalent
quasi-norms.

Let {¢;}3° be a system satisfying conditions (i), (ii) as in Section 1, i.e.,

(i) supp ¢o C [—1, 1], supp ¢; C [-2/, =2/ 2JU[2/ 72,27}, j = 1;
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i) 1™ (0] < en2 ™, Vj.m e N
Denote K ;(x, y) = ¢;(H)(x, y) the kernel of ¢;(H) as given by the formula (2.13). To
simplify notation we let
wj(x) i=1422x]. (3.1)
Lemma 3. Let j > 0. Then for each m € Ny there exist constants Cy,, C,, > 0 such that
@ K@, )< Cu2Pwjx =)™
®) 5Kl = G2 wite =)™,

‘We postpone the proof till Section 4.
For s > 0 define the analogue of Peetre maximal function:

i(H
527 = sup DS O

3.2
teR Wj(x —1)* G2

and ‘ |
. _ (@ (H) ) ()
(R S

Lemma 4. Lets > 0and j € Ny. Then there exists a constant C = Cs > 0 such that
P f(x) < C2172¢% f(x).

Before the proof we note the following identity that will be used often later on.
Suppose {1} be a dyadic system as in Section 1. Then

1
oi(H)f = > Yin(H)gj(H)f,  fel?, (3.3)

v=—1

with the convention ¢_; = 0, which follows from the equality ¢;(x) =
2111:—1 Vv (x)@;(x) for all x.
Proof. By (3.3) we have

d ! 9
o ) o) = VZZ_I /R W ()6 ) () f () .

Apply Lemma 3 to obtain

[F@DDO] _ (5 oo [ o) (H) £ ()|
wilx —n* T~ R Wity — y)"wji(x — 1)’

It follows from the definition of <p;."s f that

s

d, . 1 (1 —
| (i (H) [H(®)] <c, Z 2TV ) w;(t—y) d

- @;
wj(x —1)° =, o R Wjv(t — )"

< G208 fx),
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provided m — s > 1. This proves Lemma 4. L]

The next lemma (Peetre maximal inequality) follows from Lemma 4 by a standard
argument; see [21, p. 16] or [2]. Let M be the Hardy-Littlewood maximal function
1
Mf(x) :=sup — / [f(x+ldy,
r U Jy
where the supremum runs over all intervals in (—oc0, 00).
Lemma 5. Lets > 0and j € Ny. There exists a constant Cy > 0 such that

¢t S () < Cs[M(loj (H) f1'7)] (x) .
Remark 2. It is well known that M is bounded on L?, 1 < p < o0, i.e.,

IMfll, <Cllflp - (3.4)
Moreover,if 1 < p < 00,1 < g < oo and {f;} is a sequence of functions, then
1/q 1/q
> oMl <Cpq [[ D111 : (3.5)
J p J r

(usual modification if ¢ = 00) by the Fefferman-Stein vector-valued maximal inequality.

We now state the following theorem on maximal function characterization
of Fy ' (H).

Theorem 2. Leta € R, 0 < p < o0oand0 < g < oo. Let {¢j}j>0 be a system
satisfying (i), (ii), and (iii) as given in Section 1. If s > 1/min(p, q), then we have
for f € L?

00 1/q
£y > || D0 (27°05.01)" : (3.6)

j=0
p

Furthermore, F;f’q(H ) is a quasi-Banach space (Banach space if p > 1, g > 1) and it is
independent of the choice of {¢;}j>0.
Proof. Because (p;f,sf(x) > |g;j(H) f (x)|, we only need to show

1
oo /q

3 (275 1) < CIf sy - 37
=0
! 14

but this follows from Lemma 5 and (3.5). Indeed, choosing 0 < r = 1/s < min(p, q),
we have

jo jo r\11/r
”{2] ‘pj,sf}“Lp(eq) = G “{21 [M(Wj(H)f' )] / }”Lp(zq)

00 r/q
= Gy (Z [M(zf“'w,-(H)fl’)]q/’)

0

1/r

Lp/r

IA

Cs,p,q||{2ja‘pj(H)f}HLp(eq)

= Cs,p,q”f”[:]‘f"i(y) ,



662 Gestur Olafsson and Shijun Zheng

which proves (3.7).
To show the second statement let ¢ = {1} be another system satisfying the same
conditions as ¢ = {¢;}. We use (3.3) and Lemma 3 (a) to estimate

Vi E SO,

R wj(x—y™

1
loj(H) f(x)] < €277 >

v=—1

J/z j+v(x ¥’

IA

v=—1

IA

C Z Vi [ ()

v=—1

provided m — s > 1. Thus, for f € L?
® i ~ 14
1 s gy = Copa 27 VT H Loy > 1 Vg - (3.8)

This concludes the proof. L]

Remark 3. Note that the statement in Theorem 2 is true for the more general system
p = {p;}g° satisfying conditions (i), (ii), and (iii)

ij(x)%c>0.
j

In fact, let us fix a system {¢;}g° as given in Theorem 2. Then the same argument in the
proof of (3.8) shows
o @
17V gy < O Wi -

To show the other direction, we define
§i)=g;x)/ | Y pjx)
J

Then it is easy to verify that {¢;} satisfies (i), (ii), and so, ¢;(H)(x, y) satisfies the nice
decay in Lemma 3. Now the identity

1
0j(x) =Y §i(x)pji(x)

v=—1

and the proof of (3.8) yield

@ o
LW gy < O Wi -

3.1 Besov Spaces for H

Leta e R,0 < p < 00,0 < g < oo. Wedefine Bz’q (H), the Besov space associated with
H to be the completion of the subspace { f € L2 | f] BYI(H) < oo} with respect to the
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norm || - || B4 (H)» which is given by (1.4). Then Bz’q (H) is a quasi-Banach space (Banach
space if p, g > 1).
Theorem 3. Leta € R, 0< p <00,0 < g <oo. Ifs > 1/p, then for f € L?

1
o /q

”f”Bg’q(H) ~ szaq H‘p;ksf”ZP

=0
Furthermore, Bg’q (H) is well defined and independent of the choice of {¢;} >0

The proof of Theorem 3 is analogous to that of Theorem 2 but we use (3.4) instead
of (3.5).

There is an embedding relation between the F (H) and B(H ) spaces that can be shown
directly from the definitions, namely,

By™ PO (H) < FY4(H) — By™ "9 (H), (3.9)

0<p<o0,0<gqg < oo, where X — Y means, as usual, continuous embedding in the
sense that X C Y and || flly < C| | fllx,VYf € X. The proof of (3.9) is the same as in the
Fourier case; see [23, 2.3.2].

3.2 Lifting Properties of F'(H) and B(H) Spaces

Letc, > —info(H) = —inf o, (H) = n?. We need the following lemma in Section 6.

Lemma 6. Lets e R,0 < p <ooand0 < g < o0o. Then (H + c;)° maps Fl(,x’q(H)
isomorphically and continuously onto F,‘fis’q(H). Moreover, |(H + Cn)xf”Fa—s.q(H) o
P

Al Fe4 (H): The analogous statement holds for B;’q (H).
Proof. We only give the proof for F (H). The proof for B(H) is similar.
[CH +en)* £ pomsaagyyy = 127 H + ) 05 f | 1o oy = (2703 EDF | ey -

where ¥ (x) = 2759 (x +cn)*@j(x). Since v/ satisfies condition (i), (ii), and (iii), according
to Remark 3 we have

H(H + Cn)xf”F;'j*S’q(H) ~ ||f||p;’*‘1(1-1) .

Also, it is easy to see that the inverse of (H + ¢,)* is (H + ¢,)~*. This proves that the
mapping (H + ¢,)*: F;l‘q (H) > ngs’q(H) is surjective. L]

4. Proof of Lemma 3

From Section 2 we know K; = K, + K . We need to show that K 4c, Kj pp
both satisfy the decay estimates (a), (b) in the lemma. For the pure point kernel, since
opp =1{—1,—4,..., —nz} is finite, it amounts to showing for 0 < j <2+ 2log, n

|09 K pp(x, )| < Cal + x —yD™™, V¥meNg, «a=0,1. 4.1)

For other j’s, the p.p. kernel vanish because supp ¢; are disjoint from the set 0,,. But (4.1)
follows from the fact that the eigenfunctions e (x) are all Schwartz functions according to
Lemma 2. So the nontrivial part will be to prove the decay for the a.c. kernel.
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4.1 The Kernel of ¢ j(H)E,
Recall from Theorem 1 that
en(x, k) = Ay (k) Py(x, k)e'™™
where A, (k) = (sign(k))" ]_[?zl(j—i-i|k|)’1 and P, (x, k) = p,(tanh x, ik) is a polynomial
of real coefficients and of order n in tanh x and ik.
High Energy Estimates (j > 0)
Let ¢; € Cgo (R) be given as in the beginning of Section 3. By (2.12) the kernel of
@j(H)E, is given by

1 -
Kjaclx,y) = E/‘Pj(kz)en(x»k)en(yak) dk

o) 0 )
- / +/ @i ()R(x, y, k) e* D dk .= K (x, y) + K~ (x, ),
0 —00

where

R(x,y. k) = P(x,K)P(y. —k)/ [ | (J* +K%) . (4.2)
j=1

We only need to deal with K™ (x, y) because K~ (x,y) = K*(—x, —y) in light of
the relation e, (x, —k) = e, (—x, k). Let A = 277/2 throughout this section. We have by
integration by parts

com 2 a 2 ik (x—y)
ik(x—y
mfzm,l S 91 () RGx, 3, e dk

<Cud" Vx—yI", m=>0,

27'[|K+(x,y)| =

where we used for k ~ A~! — oo as Jj — o0,

Llo@)] = o() -
%R(x, v, k) = O(Aj) uniformly in x, y .

The same estimate also holds for K~ (x, y). Hence, we obtain
K juae (e )1 < Crnd ™1/ (1427 e = yI)". 4.4)

Low Energy Estimates (—oo < j < 0)

If we allow j < 0 with ¢; satisfying conditions (i), (ii) in Section 3, then (4.4) also holds for
Jj < 0 by the same proof above, except that instead of (4.3) we use the following estimates:
Ifk~A"!—0asj— —o0,

Loloi (k)]

%R(x,y,k) = O(1l) uniformlyinx,y.

or)<om) if 0<i<m

However, the low energy case will be needed only in the discussion of homogeneous
spaces Fg‘q (H), Bg’q (H).
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Local Energy Estimates

Fix @ := ¢go € C;°(R) with support C [—1, 1].

1 .
27D (H)Ege(x, y) = / O(K*)R(x, y, k)e* =) dk .
—1

Using for k — 0,

wle®] = om
%R(x,y,k) = O(1) uniformly in x,y
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and integrating by parts on [—1, 1], where we note that k — R(x, y, k) is analytic at zero,

we obtain for each m

|®(H)Eqc(x, Y| < Cu(1+ |x —yD™™ .

4.2 The Derivative of the Kernel

Using the notation in Section 4.1, we proceed

a a r—
ZﬂaKj,ac(xy Y)Z a\/\(p‘](kz)R(xﬂ yvk)elk(x y)dk

= /gpj(kz)aa—x[R(x,y,k)eik(x_y)]dk

- /¢j(k2)|A(k)|2[ikP(x,k)+ aiP(x,k)]P(y, —k)e k=Y g
X

The function % P(x, k) is a polynomial of tanh x and ik having degrees n + 1 andn — 1,

resp. Note that if [k| ~ A1 =2//2, j > 0,

L ks ()] = 065)

and if k| <1,
(ko) = o).
We obtain, by similar arguments as in Section 4.1, for each m > 0

a _ _ - .
‘aKj,ac(x’)’)) < CpA 2(1+)\ l|x_}’|) m’ Jj>0

and

el
| O(H) Eaclr. )| = Cu(1 4+ 1x =y ™"
X

This completes the proof of Lemma 3.

Remark 4. For —oco < j < 0, the best estimate is, for each m > 0

dax

3 _ _
_Kj,ac(x,y)‘ < a7 'sech?x tanh y(14+2 7 x—y)) ™" + A2 (1427 Hx—y)) ™" . (4.5)
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We observe that the first term has only a factor of 12~ = 0@7/?) as j — —o0, which
makes unavailable the Bernstein inequality and Peetre maximal inequality, namely low
energy cases of Lemma 4 and Lemma 5, resp. Nevertheless, if we work a little harder,
using (4.4) and (4.5) we can obtain a weaker form of Peetre maximal inequality and prove
the following: If 1 < p < 00,0 < g < o0, € R,

1 Wz, ~ {2705 (D el o o
andifl < p<oo,1 <g <00, €R,

LA oy = {27 0T DYl Lo ey -

5. Identification of FI?’Z(H) =L?, 1<p<ox

Let {¢;}3° be as in Section 1. Then there exists {1/;}7° satisfying the same conditions (i),
(ii) therein such that

Y iy =1
j=0

by taking ¥ (x) = ¢;(x)/ > |<pj(x)|2. We may assume that [|@;[loo, |¥)]loo are all < 1.
Let Q; = ¢;(H) and R; = ;(H). Define the operators Q : L? — L?(¢?) and R :
L2(¢%) — L? as follows.

Q0: f—>{Q;(I)f}y

and
o0
R: {gj}go = ZRjgj .
Jj=0
It follows from the definition that

and it is easy to see that RQ = I : L? — L?and QR <31 : L2(£%) — L2(¢?). We will
use Q and R to identify F,(,)’Z(H) with L?.

Theorem 4. Letl < p < co. Then FS’Z(H) and L? are isomorphic and have equivalent
norms.

To prove the theorem, we will show that Q : L? — LP(¢%) and R: LP(¢?) — LP,
1 < p < o0, that is,

10f L2y SIfIlp and  [IRgllp S N8llLe2) (5.2)
for f € L> N LP and g € L*>(¢%) N LP(¢?), resp. This means that, by a density argument,

Ll p02 gy S 1SNl (5.3)
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and

Here in view of (5.2), (5.3) follows from (5.1) and (5.4) follows, with g = Qf, from the
identity RQ =1, i.e., Zgoj (H)¥j(H) = I. Thus, (5.3) and (5.4) prove Theorem 4.

The remaining part of this section is devoted to showing the boundedness of Q and
R in (5.2). In the following, Lemma 7 and Lemma 9 imply that Q is bounded from L’
to L?(¢?), and, Lemma 7 and Lemma 10 imply that R is bounded from L”(¢?) to L? by
interpolation and duality.

Lemma7. Q:L?>— L*>(*)andR : L*(¢*) — L? are well-defined bounded operators.

Proof. Let{g;} € L?(¢?). Note that R; is bounded on L2: |R;gll2 < [¥]llxoligll2 <
ligll2. Thus,

M_

o0
D (Rjgj. Rjgvgjty)
=0

v=—1 j=

o0 o0
D Rjgi. Y Rjgi| =
i=0 =0

D IRgi 2R 1vgjtvll2
J

<
—

I M_

IA

3) 1l =3lgi 172z, -

~

Similarly, we have | Qf 122 < V2| £ |l2 because Zj lp; (x)|* < 2 for all x. L]

We now derive some necessary estimates for the kernel of Q; = ¢;(H), which is
denoted by Q(x, y). Define

0;(x,y) it 272111 > 1

Qj(x’y):{ Qj(x.y) = Qj(x.5) if 2P <1,

Lemma8. Letl = (y — %, y+ %), t=\Iland I = (y —t,y +t). Then there exists a
constant C independent of I such that

() if 2721 > 1,

i -1
sup/ 10;(x, y)ldx < C(2/21))" .
yel JR\I*

(b) If2021] < 1,

sup/ |0 (x,y) — Q)(x,7)|dx < C2//2|1] .
yel JR\I*

In particular, we have

Z/R\I* 10;(x, »)]dx < (2+V2)C. (5.5)
j



668 Gestur Olafsson and Shijun Zheng

Proof. For (a), we let 2//2|I| > 1 and y € I. Then it follows from Lemma 3 (a) that
2J/2

100, ) dx < C [ 4 dx
/R\I* ! " Dy (1 42i2]x — y])"

<cMn)”,  m=2).

For (b) we let 2//2|I| < 1,y € I (¥ being the center of /) and apply Lemma 3 (b)

to obtain
_ Yo
/ |Qj(x,y)—Qj(x,y)|dx = / / 8—Qj(x,z)dz dx
R\/* R\/* [J5 02
Culy - 3] 2 J
< _
= m|Y y |t (1 +2j/271|x _ y|)m X
< 2/, (m=2). O

Lemma 9. Q is bounded from L' to weak-L'(¢2), i.e.,
00 1/2
X (Z |ij<x)|2) >rpl =7 Mfl, VA0,
0

Proof. Let f € L!. By the Calderén-Zygmund decomposition, there exists a sequence
of disjoint intervals {I;} and functions {b;} with supp by C I such that f = g + b with
geL?andb = >bik e L'. Furthermore, for each A > 0 the following properties hold

1) lgx)] <Cx ae.

(i) br(x) = f(x) — Ll f,k fdx, x eI
(i) A <|Il™" [, |fldx <24

(V) Y Ikl < A7 Hiflhe

From Lemma 7 we know that Q : L? — L2(¢2) is bounded, i.c.,

/Z 1080 dx < Cligll3 -
0

By Chebyshev inequality we have

00 1/2
X (Z |Q,,-g<x)|2) >A/2¢| < CA7%gl; < CATM £
0

Now we only need to show
1/2

g[S 1eipmr | > a2t = califn.
j

where I = 21 means the interval of length 2|1; | with the same center as ;. Note that the
left-hand side of the above inequality is bounded by

1/

2
2 2
- b dx< = /
- §ij\UI: §jj|Q, L ()] XSA%: i

UL

Y 1Qjbix)ldx . (5.6)
j
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For each k, since [ by = 0, we apply Lemma 8 with / = I; and estimate above the r.h.s.
of (5.6) by

2 ~
x i(x, M)|1b dyd
/\Xk:/R\UI; ;/|Q,(x Wb (»)|dy dx
2 ~
<72, ko (. )| d
I /yelk| k)l y/zk\lg;m-’(x y)|dx

C _
SKZ/I br(dy < CA7 M £l -
k k

This completes the proof. L]
Lemma 10. Let R; = yj(H). Then R = {R}} is bounded from LY (62) to weak-L".

Proof. It suffices to show that there exists a constant C such that

N
{x : Zijj(x) > A}
0

forall N € N, {f;} € L'(¢%) and 1 > 0. By passing to the limit we see that (5.7) also
holds for N = oo and all {f;} € L' (¢?) N L%(¢%). Then the lemma follows from the fact
that L'(¢2) N L2(¢?) is dense in L' (£2).
Let F(x) = (Z?O:O | fj (x)|2)1/ 2 el By the Calderén-Zygmund decomposition
there exists a sequence of disjoint open intervals {/;} such that
i) |[F(x)| <Cx, ae. x € R\ Ug Iy
() A< |I]™! Sy |FOo)ldx <2x, V.
Define

_ |Ik|—1 flk fjdy, x € Iy bix) = fj—gj, x €l
fi(x) otherwise , / 0 otherwise .

<AL e (5.7

gj(x)

Then, if x € R\ Uslk, 352 12, ()2 = (2520 1£ ()12, and, if x € I

1/2 1/2

00 2
S| [ fody
j=0 fk

12

o
|Ik|”/1 DTILOP | dy <22
k j:O

by Minkowski inequality. It follows that

||{g,-(x>}||iz(ez)=2/ > g0l dx+/ > lgi) | dx
& I I R\UIx j
1/2

5(2)\)2Z|1k|+2x/R Z'fﬂz dx
k \Ulg j

< CAlF]l.

Y lgioP
j=0

IA
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Now by Lemma 7 we obtain

N N 2
{x: > Rjgi(x) >x/2} <Cr 72| Rjg;
0 0 2
< Ch72g M Gagey < CA7MIF L -
It remains to show
N
{x¢u1,j‘: > Ribj(x) >x/2} <CA7YF .
0

The left-hand side is not exceeding 2 3", fR\UI: | Z?’:O Rjbj(x)|dx, where bj; =
bjxr., x1, the characteristic function of I;. For each k, define

Rj(x,y) if 2121 > 1

R y) = .
i) {Rj<x,y)—Rj(x,yk) it 202 <1,

where yy is the center of I;. Then it follows from Lemma 8 with / = I; and Q; replaced
by R; that

N l

2
N
[ AXIBwnP| dxs [ SiRaplarsc wen .
R\/{ R

=0 I 520

Thus, we obtain, using [ b;; = 0,

N
/ > Rjbji(x) dx:f
R\[}

N
> [ Bnbiudy| do
\IZ j=0 Iy

j=0 R
N 1/2 N ) 1/2
s/ PNIIRE) dy/ YR [T dx
Ik j=0 R\ j=0
N 1/2
scf bl | ay
I =0
~ 1/2
<2c [ |LiR)
I o
Hence,
N 1/2
4C
{x ¢ UL : ZR,bj(x) >A/2} < TZ/, Zlf,,|2 dy
0 [ AN

1/2

1
as desired. This completes the proof. L]
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6. Remarks on Boundedness of the Wave Function

We conclude the article with a boundedness result on the wave function (¢, x) = e~itH f
which is the solution to the Schrodinger equation

i %y =HY, ¥(0,x) = f(x). (6.1)

We will see that using the B(H) and F'(H) space one can obtain a global time decay for
¥ (¢, x) (Theorem 6). The perturbed Besov space method has been considered in [19, 24,
6, 7] and more recently, [2, 9, 8] involving Schrodinger and wave equations.

By [2, Theorem 7.1] or [19, Theorem 5.1] we know that if V is in the Kato class Ky
and if D(H™) = W;m(Rd) forsomem € N, 1 < p < oo, thenforl < g <00,0 <a <

m, By (H) = B,z,a’q(Rd ). Itis easy to see that if V is C> with all derivatives bounded,
then the domain condition on H is verified for all m € N.

In the following we assume H = —d?/dx? + V, and restrict our discussion to the
P-T potential, although results here have extensions to general potentials on R,

Since V,, ~ sech? x is in the Schwartz class, we have

BY(H) = B, (R)
for all @ > 0. In particular, F,"” (H) = F,%a’P(R) since it always holds that F),’” = B,”

by the definitions [see (1.3), (1.4)]. On the other hand, by Theorem 4, FB’Z(H) =LP =

Fg’z(R). Thus, we obtain the following theorem using complex interpolation method;
consult [23, 21] or [3] for details.

Theorem 5. Ifa > 0,1 <p <ooand2p/(p+1) <q < 2p, then
Fi(H) = F;*(R) .

Ifa >0,1 <p<ooandl < q < o0, then
BY(H) = B, (R) .

From Theorem 5 and [19, Theorem 4.6, Remark 4.7] we obtain the boundedness of
¥ (¢, x) on ordinary Besov spaces. Let (r) = (1 +2)!/2 and let 8 = B(p) = |% — %I be
the critical exponent.

Proposition 1. Let a > 0,1 <p <o0,1<q <oco. Then

—itH ‘L_l|
||e l f” B3I (R) RN ||f||B;z+2ﬁ,q(R) . (6.2)

Moreover, if 2 < p < 00,

[ £l S O 2111 oo,

andif 1 < p <2,
; 1_1
le™ ™ £l S 072N N o - (6.3)

Proof. Let {¢;}5° be a smooth dyadic system. From the proof of [19, Theorem 4.6] we
see that

le= ;)£ , <2720 Py () Fllp. S 20,
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This implies (6.2) by Theorem 5 and
~itH 13—l
le™ 5 £ 1 goacuy < 27PNl g g - (6.4)
Now if p > 2, then B2’2(H) — FS’Z(H) according to (3.9). We have

' : 11
”e—an”Lp ~ ||e_”Hf|| P02 < (t>|2 p|||f||35,2(H) .

For1 < p < 2, because

1£lp = D2 Iei D Fllp = £ 501y

j=0

we see By (H) <> LP, which implies (6.3) in light of (6.4). O

One is also interested in understanding the long time behavior of v (¢, x). From [17]
and [8] we know that if (1 + xz)V € Ll(R), then

. 1 1
le ™ Eqcf|y S5 2N flr, V>0, 1<p<2, (6.5)

where % + # = 1. So Proposition 1 and (6.5) yield

le™H Eacf [ < (17572

1
N f oo 1<P=2, (6.6)
P

where we note that E,. is bounded on L” because E,,, which has the kernel

Z?:l ej(x)ej(y), is bounded on L” (see the discussion at the beginning of Section 4).

Theorem 6. Let1 < p <?2. Then

1

; —(L

le™ Eac fll L S 07072 UF N oo - (6.7)
i (i1

le™ Eac fll L < @772 1S papo gy - (6.8)

Proof.  Since By’ *(R) < Bff’z(R) (Besov embedding; see e.g., [21, 2.7.1]) and

BS*(R) < L7 if € > 0, it follows from (6.6) that

e Eacf 1w S 070211 girog,

provided 1 < p < 2. The second inequality follows from (6.7) and the embedding
Fy2(R) < B5*(R) in light of (3.9). O

Remark 5. For (6.8), if alternatively starting with (6.6) [rather than (6.7)] and using
an embedding of Jawerth [21, 2.7.1], we can obtain an improved result: If 1 < p < 2,
0 < g < o0, then

”e_[tHEaCf”LI’/ § (t) (%_%)“f”F;tﬁ-q(R) .

As a consequence we also obtain the following regularity result by the identification
in Theorem 5.
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Corollary 1. Leta >0.If1 < p <2,1<q < o0, then
7 Eac £ g gy S 67T 2N f N v 69)
ac Bp;q(R) ~ B;‘ ﬁ.q(R) . .
Ifl < p<2 p<q<2 then

. (i1
e Eac £ | pnay S 07072 UF N parina gy - (6.10)
V4

Proof. Since Blz,ﬁ’z(H) = B;ﬁ‘z(R) by Theorem 5, we can write (6.7) as

; —(1_-1
™ Eac £l S 0772 UF N oz 6.11)

Replace f with ¢;(H) f in (6.11). Then the B-inequality (6.9) follows from the simple
observation that

1/q

> Y fI,
. P
J

’Z(H) ~ ”f”BZ-H/'q(H) .

To show the F-inequality, substitute f = (H + ¢;)~%f into (6.8) but use the

F zﬁ ’2(H )-norm instead. Then by the lifting property in Lemma 6 and Theorem 5, we have
~itH (=3
™™ Bac £l puay < 07072 IS W perspey - (6.12)
Now (6.10) follows from the interpolation between (6.12) and (6.9) with p = ¢, where we
note that B, ”(R) = F),’"(R). O
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