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ABSTRACT. Let G be a stratified Lie group and L be the sub-Laplacian on G. Let 0 # f €
SRY). We show that Lf (L)8, the distribution kernel of the operator Lf (L), is an admissible
function on G. It is always in the Schwartz space; one can choose f so that it has all moments
vanishing, or has compact support with arbitrarily many moments vanishing. We also show that,
if £f (&) satisfies Daubechies’ criterion, then Lf(L)§ generates a frame for any sufficiently fine
lattice subgroup of G. Moreover, we show that the ratio of the frame bounds approaches 1 nearly
quadratically as the dilation parameter approaches 1, so that the frame quickly becomes nearly
tight (again assuming that the lattice subgroup is sufficiently fine). In particular, if the dilation
parameter is 2173, and the lattice subgroup is sufficiently fine, then the “Mexican hat” wavelet,
Le~L/25, generates a wavelet frame, for which the ratio of the optimal frame bounds is 1.0000 to
four significant digits.

1. Introduction

Let L denote the sub-Laplacian on a stratified group G [12] (for instance, the Heisenberg
group H"). If ¢ € S(G) and [ ¢ = 0, we say ¢ is admissible if for some ¢ # 0, Calder6n’s
reproducing formula:

w..,
/ qﬁa*qbaa_lda:cé,
0

holds in the sense of tempered distributions, where ¢, (x) = a‘Q¢>(a_1x), Q is the ho-
mogeneous dimension of G, a(x) = ¢(x~1) and 8 denotes the point mass at 0 € G.
(In Section 5, we shall show that this definition of “admissible” is equivalent to the one
generally used in wavelet theory.) In Section 4, we shall show the following.
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Theorem 1. Let f be anonzero element of S(RY). Then Lf(L)§ € S(G) is admissible.

For example, Le~ %8 is admissible. (Here f(L)$ is the distribution kernel of f(L),

so that if F' is a Schwartz function, f(L)F = F * [ f(L)§].) Up to a constant, Le’%S is a
very natural generalization of the Mexican Hat Wavelet to G. In case G = H", Theorem 1
was shown for this function in Mayeli [29].

As a corollary of Theorem 1, we shall show in Sections 4 and 5.

Corollary 1.

(a) There exist admissible ¢ € S(G) with all moments vanishing.
(b) There exist admissible ¢ € C°(G) with arbitrarily many moments vanishing.

In Corollary 1 (a) and (b), we will in fact show that ¢ can be chosen to have the form
¢ = Lf(L)$ for some f € S(RT). As we will explain at the end of Section 4, Corollary 1
improves on Lemmas 1.61 and 1.62 of Folland-Stein [12] for stratified groups.

Moreover, we shall show in Section 7.

Theorem 2. Let T be a lattice subgroup of G, and let f again be a nonzero element of
S(R™).

(@) If&f (&) satisfies “Daubechies’ criterion” then for sufficiently small b > 0, the
admissible function Lf (L)§ generates a wavelet frame for the lattice bT".
(Note: Daubechies’ criterion holds here in particular if f (&) does not vanish for
any & > 0, or alternatively if the dilation parameter a is sufficiently close to 1.)

(b) Asa — 1, the ratio of the optimal frame bounds in (a) is
1+0 (Ia — 117 logla — 1|) ,

for sufficiently small b > 0. (Here a is again the dilation parameter.)

Theorem 2 (b) says, in essence, that if a is close to 1, then the frame is “nearly tight,”
and that the convergence of the ratio of the optimal frame bounds to 1 is nearly quadratic
in |a — 1|. (Again, b must be sufficiently small, and is chosen after a is chosen.)

In particular, we shall show that, if one uses the dilation parameter a = 2%, then
for all sufficiently small b > 0, the admissible function Le™368 generates a wavelet frame
for bI" which is “nearly tight:” There are frame bounds By, Ap with % = 1.0000 to four
significant digits. This example shows that a need not be all that close to 1 for a nearly tight
frame to be obtained in Theorem 2 (b); a = 23 is already very good.

Instead of using Le_%é as the admissible function, one could choose f € S(R™)
so that ¢ = Lf(L)§ is as in Corollary 1 (a) or (b). One then obtains nearly tight frames
of Schwartz functions with all moments vanishing, or nearly tight frames of C2° functions
with arbitrarily many moments vanishing (for suitable @ and b).

To clarify our terminology in Theorem 2:

o bI' ={by :y € I'}; here by, adilate of y, is defined in (3.1) below.
» For a fixed dilation parameter a > 0, if ¢ is a functionon G, j € Z, and y € T,
we set

biy ) =a" T (1by1 [a7Ix]) .
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« To say that an L? function v generates a wavelet frame for the lattice bI" is to say
that {¢; py (x) : j € Z, y € I'} is a frame.
* To say that a function g € S(R™) satisfies Daubechies’ criterion is to say that

o
A= inf g(a®3))> > 0. (1.1)
J=—00

In [6], p. 68, Daubechies observes thatif G = Rand I' = Z, then this is a necessary
condition in Theorem 2 (a). Here we have put g(1) = Af(A), for f € S(RY). Then
it is easily seen that the series in (1.1) converges uniformly on compact subsets of
(0, 00). Let u(x) denote the sum of that series; then clearly u(aZA) = u()) for
all » > 0. Consequently, A is the just the minimum of the series for A € [1, a?].
Thus, Daubechies’ criterion is equivalent to the nonexistence of a Ag > 0 such
that g(a/ 19) = O for all integers j.

In fact, in Theorem 2, one does not even need the full force of the assumption that I"
is a lattice subgroup; all that one needs is that I is a discrete subset of G, and that there is
a bounded measurable set R, of positive measure, such that every g € G may be written
uniquely in the form g = xy withx e Rand y € I'.

The authors would like to thank Giinter Schlichting and Hartmut Fiihr for many
helpful discussions.

2. Earlier Work on Wavelets on Stratified Groups

Our results for stratified groups should be contrasted with those of Lemarié [25, 26]. He
restricted himself to the case where I" was the set of points all of whose coordinates are
integers (to be sure, this is not always a lattice subgroup). He constructed an orthonormal
basis of spline wavelets which were CV (where N is arbitrary, but finite); which had
arbitrarily (but finitely) many derivatives decaying exponentially; and which had arbitrarily
(but finitely) many moments vanishing. His wavelets were definitely not smooth; they were
built out of splines, that is, functions i with LM Y alinear combination of Dirac measures
for some M.

In this article, we are not seeking orthonormality. This however enables us to build
in other features which may in certain circumstances be desirable. Specifically:

* Asis well known, the redundancy of a frame is sometimes sought after;

* our continuous wavelets and frames are in the Schwartz space;

* in Corollary 1 (a), ¢ has all moments vanishing and is in the Schwartz space;

* in Corollary 1 (b), ¢ € C°(G);

* our prime example, the “stratified Mexican Hat wavelet” Le’%& has the prop-
erty that it and all of its derivatives have “Gaussian” decay (by the work of

Jersion/Sanchez-Calle [23] and of Varopoulos [31]). (Here we say a function
F on G has “Gaussian” decay if for some C, ¢ > 0,

|F(x)| < Ce=PP .

Here |x| is the homogeneous norm of x; see Section 3 below for homoge-
neous norms.)
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There are other previous results in wavelet theory on stratified Lie groups,
but—except in the aforementioned results of Lemarié—high degrees of smoothness and
decay, for continuous wavelets or nearly tight frames, were not previously obtained. The
existence of admissible functions in L? was proved by Liu-Peng [27] for the Heisenberg
group, and by Fiihr [14], (Corollary 5.28) for general homogeneous groups. (In contrast to
those works, this article uses no representation theory whatsoever.) Frames consisting of
L? functions were produced for the Heisenberg group in Maggioni [28].

In the latter article, Maggioni works on a space of homogeneous type which possesses
an involution, and appropriate “dilations” and “translations;” examples are the stratified
groups considered here (and hypergroups as well). He assumes that there is an admissible
function and creates a wavelet frame from it. In the Heisenberg group situation, in order to
get an admissible function, he cites the aforementioned result of Liu-Peng. If one instead
uses our Theorem 1 and Corollary 1, together with Maggioni’s results, one immediately
obtains wavelet frames, in the Schwartz space, on general stratified groups. One even
obtains frames with the properties stated in our Corollary 1 (a) or (b).

In this article, we prefer not to invoke the results of Maggioni, for the following reason.
Maggioni requires that both the translation parameter (b in our Theorem 2) be sufficiently
close to 0 and that the dilation parameter a be sufficiently close to 1. In Theorem 2 (a) we
do not need to require that a be close to 1; for frames, all that is needed is that Daubechies’
criterion be satisfied. This will then enable us to also demonstrate the nearly quadratic
convergence as @ — 1 in Theorem 2 (b).

Let us clarify the similarities and differences between our methods and those of
Maggioni, as well as those of earlier authors. Our method of constructing frames will
be through discretizing a continuous problem. This idea goes back to the beginnings of
wavelet theory, for instance, [7] and [13]. In these and other early works, one obtained
various exact discretizations, where there was no error to be estimated in replacing an
integral by a sum. More recently, such errors have been estimated, specifically in the work
of Feichtinger and Grochenig [10, 11, 19], Gilbert-Han-Hogan-Lakey-Weiland-Weiss [18],
and Maggioni [28]. In the latter two references, the error is proved to have small norm on
L2, by use of the 7' (1) theorem. In all of these references, the authors require that both the
translation parameter (b in our Theorem 2) be sufficiently close to 0 and that the dilation
parameter a be sufficiently close to 1.

We also will use the T'(1) theorem. The reason that we do not have to demand that
a be close to 1, in order to get a frame, is because we shall discretize, not a continuous
wavelet transform (as in the earlier works just cited), but rather the operator Ry which is
the operator of convolution with > jez 1/~/a j*xy,; (here y = Lf(L)5). We use the spectral
theorem to show that Ry, is bounded below if & f (§) satisfies Daubechies’ criterion.

In Section 8 we shall examine wavelet frame expansions in other Banach spaces
(besides L?). Again such questions have been discussed in the earlier works we have
cited [10, 11, 19, 18], and [28] where again one requires a to be close to 1. (In particular,
in [28], Maggioni addresses such questions on stratified groups.) Here however we shall
again require only that the Daubechies criterion be satisfied (so that a need not be close to
1). The novel feature here will be the use of spectral multiplier theory (as in [12]) to invert
Ry on appropriate Banach spaces (such as L” (1 < p < o0o) and the Hardy space H h.

We also call attention to the important work of Han [20], on general spaces of homo-
geneous type. In Theorem 3.35 of that article, Han obtains frames by discretizing a discrete
version of the Calderdén reproducing formula in this general setting. He also uses a version
of the T'(1) theorem to estimate errors. He also studies expansions in L” (1 < p < 00).
However, one cannot expect to obtain nearly tight frames by the methods in that article.
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Since we hope this article will be of interest to both the “wavelet community” and
the “stratified group community,” we have supplied more details and introductory material
than would be customary had we been writing for only one of these communities.

In future articles, we will study decay and regularity of dual frames, characteriza-
tions of various Banach spaces through wavelet frame expansion, and analogues of time-
frequency localization for frames.

3. Notation

Following [12] (which we refer to for further details), we call a Lie group G stratified if it
is nilpotent, connected and simply connected, and its Lie algebra g admits a vector space
decompositiong = Vi @---@ V), suchthat [V], Vi] = Vi1 forl <k <mand[Vy, V] =
{0}.

If G is stratified, its Lie algebra admits a canonical family of dilations, namely
(X1 +Xo+ -+ Xp)=rX1 +72Xo+ - +1"X,, (XjEV)).

We identify G with g through the exponential map. G is a Lie group with underlying
manifold R”, for some n. G inherits dilations from g: If x € G and r > 0 we write

rx = (rdlx], . ,rd"xn) . 3.1
(Here d; < --- < d, are those numbers for with 1 < k < m for which V; # 0). The map
x — rx is an automorphism of G.

The (element of) left (or right) Haar measure on G is simply dx .. .dx,. The inverse
of any x € G is simply —x. The group law must have the form

xy =(p1(x,y), ..., pu(x,y)) (3.2)

for certain polynomials py, ..., ppinxy, ..., Xn, Y1, --- 5 Yn-

We let S(G) denote the space of Schwartz functions on G. By definition S(G) =
S(R™).

The number Q = »"}' j(dim V;) will be called the homogeneous dimension of G. If
¢ is a function on G and r > 0, we define ¢, by

¢r(x) = r_Q¢(r_1x) .

We fix a homogeneous norm function | | on G which is smooth away from 0. Thus, [12]
lrx| = rlx| forallx € G, r > 0, |x~'| = |x| forall x € G, and |x| > 0if x # 0.
Moreover, for any a > 0, there is a finite C, > 0 such that f|x|>R |x|_Q_“ = C,R™“ for
all R > 0.

Let X{,---, X be a basis for V; (viewed as left-invariant vector fields on G), let
L=-— Z]f X 12 be the sub-Laplacian. This operator (which is hypoelliptic by Hormander’s
theorem [21]) is well known to play on G much the same fundamental role on G as (minus)
the ordinary Laplacian Ziv (0x j)2 does on RY .

The operator L, restricted to C2°, is formally self-adjoint (see Proposition 3 below).
Its closure has domain D = {f € L*(G) : Lf € L*(G)}, where here we take Lf in the
sense of distributions. (This is easily seen through use of subelliptic estimates.) From this
fact it quickly follows that this closure is self-adjoint and is in fact the unique self-adjoint
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extension of L|ce. We now let L denote this self-adjoint operator. Suppose that L has

spectral resolution
o
L = / AdP .
0

One then has that PjpyH = 0. To see this, say f € L?*(G) and Lf = 0; we need to show
that f = 0. Since L is the self-adjoint extension of L|ce, and Lf = 0, clearly Lf = 0 in
the sense of distributions. But by [16], if f € & and Lf = 0, then f is a polynomial. If
fe L2(G), then surely f = 0, as claimed.

Asusual, if f is a bounded Borel function on [0, 00), we define the operator f (L) by

F(L) = fo FO)dP,

this is well defined and bounded on L?(G) by the spectral theorem. We denote by f(L)8
the corresponding distribution kernel of the bounded operator f(L). Thus,

fn=nx*fL)S VYneSG).

Notation. We adopt the f (L) notation, because formally

J@L)n = f(L)[n*8]=nsx*f(L)s

since L is left-invariant.
Let RT = [0, 0o) and set

S(R+) = {f € C°°(R+) vl O decays rapidly at infinity and lim+ FO0 exists] .
r—0

Then by Borel’s theorem on the existence of smooth functions with arbitrary Maclaurin

series we have S(RT) = S(R)|g+.

By [22] (or [15] if G is the Heisenberg group), one has the following.

Theorem 3. Let f € S(RY). Then the distribution kernel of the operator f(L) =
fooo f (X)) d Py, which we shall denote by f(L)$, is a Schwartz function on G.

We have the following elementary lemma on distribution kernels.

Lemma 1. Say f, g € SR™). The

() f(L)s = f(L)s
(2 [fgl(L)é = f(L)d*g(L)é.
(3) Fort > 0 if the function f' is given by f'(L) = f(tA) VY A € [0, 00), then

[f'@)8] = 1£(WL)8]y; -

Proof. For (1), using the spectral theorem we have f(L) = f(L)*, hence for any
¢,V € S(G) we obtain

(¢ % F(L)S, v) = (F(L)p. V) = (¢, F(LIV)
= (g ¥ % f(L)8) = (9% F(1)5, ¥) (3.3)
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which implies the assertion.
For (2), say ¢ € S(G). By the spectral theorem,

[(fe)(L)]¢p = g(L) f(L)p = [ * f(L)3]*g(L)d,
yielding (2). For the proof of (3) see Lemma 6.29 of [12]. []

C will always denote a constant, which may change from one occurrence to the next.

4. Proof of Theorem 1 and Corollary 1

To prove Theorem 1, we need the following lemma.

Lemma 2. Forany f € SRY) with [;° f(s)ds # 0 we have

o dr 1
k= [ @rwns =3,
0 t 2
where ¢ = fooo f(s)ds is a nonzero constant.

Note that Theorem 1 follows immediately from this lemma, since
(Lr@s) = wfwoy = [Lr s« Lrws)]

and by Lemma 1 Lf (L) * (Lf (L)8) = Lg(L)8, where g(A) = A | f(1) 2.

Proof. Leth(h) = Af(X). Writeyy = h(L)8 = Lf(L)8;byLemmal, ¢; = ht (L)é for
anyt > 0. Define K. 4 = feA w,%. Since [, ¥ = [; Lf(L)8 = 0, by Theorem 1.65[12],
/. eA lﬁz% convergesin S ase — 0and A — oo to the tempered distribution K = [ wt%,
which is C* away from 0. Suppose ¢1 € S(G). Then ¢ x K. 4 € Sand forany ¢, € S(G)
we have
A
~ dt
(Vft, o1 * 4’2)7

A dt
t

(@1 % Ke,a, $2) = (Ke, 4, §1 % o) =

(D1 % Y1, d2)

S

Il
——

d

([n" (L)]e1. ¢2)7’

A [e’s) ) ) dt
Paf(P2)d(Pagn. 62)

€

1
—

0

Ao adt
= f 1Af (1 A)T d(Pp¢1, $2)

0
1 o0 )LAZ
_ 5/0 A F()dt d{Pg1, o) .

€2

Letting F(x) = — fxoo f(s)ds (sothat F' = f) we see that this double integral equals

oo A2 00
| [ rwdiamene = [ (£ = F))dtpign. .

A2
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Since the function F is bounded, and the measure (P; ¢1, ¢2) is supported on (0, co) (in
that Pjgy = 0), we see that

lim /0 (F(-42) = F(16%) )d(Prg1. ¢) = fo /0 F(s)ds d{Pyr. ¢2)

e—>0A—>00

=/0 f()ds{pr, ¢2) .

This proves the lemma. Thus, Theorem 1 is established as well. L]
To begin the proof of Corollary 1, if @ = (o1, ..., ) is a multi-index, we let
|| = ) 4 drag. Note that || is the homogeneous degree of the monomial x®, since

(rx)® = rl®lx® for r > 0. For any positive integer k, L¥x® is a polynomial which is
homogeneous of degree |«| — 2k; it must therefore be identically zero if |@| — 2k < O.
Integration by parts now at once shows the following proposition.

Proposition 1. If F € S(G), and if |o| < 2k, then [ x*L¥F = 0.

Proof of Corollary 1. For (a), select any nonzero g € S(R™) which vanishes identically
in a neighborhood of 0. For any positive integer k, define gi (x) = %; then g € S(RT),
and g(L)8 = L¥gi(L)3. By Theorem 1 and Proposition 1, g(L)é is admissible and has all
moments vanishing.

For (b), we note that if g € C2°(R) is real-valued and even, and if m(1) = g(ﬁ),
then m(L)§ € C2°(G). (This is proved in the Appendix to [17]; the argument is there
attributed to J. Dziubanski, but he says the result was well-known; it appears to be based on
ideas of Michael Taylor.) Thus, if g # 0, then for any positive integer k, ¢y = LFm(L)8 =
L(L*='m(L)3$) is admissible and in C2°(G), and [ x*¢y = 0 whenever |a| < 2k. (Note
that ¢ cannot be identically zero, for then A*¥m (1) would be identically zero, so g would
be zero.) This completes the proof. L]

Remark. Corollary 1 (b) improves on Theorems 1.61 and 1.62 of Folland-Stein [12], at
least for stratified G. There it was shown that there existqbl, e, ¢M, 1[/1, e, IpM e S(G)
with arbitrarily many moments vanishing, with the ¥/ having compact support, and with
lew IR i—t = §; here M depended on the number of moments one wanted to

vanish. Now we see that we can always take M = 1 and ¢! = (];, so that both have
compact support.

5. Continuous Wavelet Transform

In this section we study the continuous wavelet transform with respect to the quasiregular
representation of the group M := G x (0, 00), where G is a stratified group with homoge-
neous degree O and with Haar measure db. M is a locally compact group with left Haar
measure dpu (M) = a— @+ da db.

The positive number a defines an automorphism of the group G, which acts by
dilation. The quasi-regular representation v of M acts on L?(G) as follows.

Let ¢ € L2(G), then

(T (x. )P)(y) = (TeDap)(y) =a Tp(a ' (x'y)) Vx.y e G, Va=0. (5.1)
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Thus, T, acts by left translation by x !, while D, denotes a unitary dilation operator with
respect to a.
The following definition and more details can be found for example in [14].

Definition 1. Let ¢ and v be any fixed functions in L?(G). Define the coefficient
function Vy 4 on G by

Voy 1 (x,a) = (¥, Tx Dag) . (5.2)

The coefficient function Vj y is not necessarily square integrable on M. The function
¢ is called admissible when for any v the associated coefficient function Vy  is square
integrable, and the operator

Vy: L*(G) — L*(M),
given by [V (¥)](x, a) = Vi 4 (x, a), is an isometry. Then, for the admissible vector ¢,
the bounded operator V is called a continuous wavelet transform of L%(G).

‘We shall soon show (in Proposition 2 below) that this (accepted) definition of admis-
sible is consistent with our usage of the word admissible in Theorem 1.

The existence of admissible vectors in LZ(G) for m was proved by Fiihr [14], (Corol-
lary 5.28) for homogeneous groups. We recall this in the next theorem.

Theorem 4. Let M = G x H, where G is a homogeneous Lie group and H is a one-
parameter group of dilations. Then the quasi-regular representation 1 is contained in the
left regular representation \y;. Hence, there exists a continuous wavelet transform on G
arising from the action of G by left translations and the action of the dilations.

We now show (without use of Theorem 4) that there exist admissible ¢ € S(G). We
claim the following.

Proposition 2. Say ¢ € S(G) and [ ¢ =0, so that by Theorem 1.65 of [12], if

AL dt
KE,A = Pr * @y T
€

then K = lim¢_0 A—o00 Ke 4 exists in §'(G), C*® away from 0 and is homogeneous of

degree — Q. Then ¢ is admissible (in the sense of Definition 1) if and only if K = 6 up to
a constant multiple. In particular if 0 # f € SRY), then ¢ = Lf(L)8 is admissible.

Proof. For y € L%(G) we have:
00 ~ 12
[ e = [ [ | 10,3 ancon
M G JO
=// ‘(w*Daa)(b)‘za*Q“)dadb 50,
G JO
/ Voul’ = / v+ (D) Pa= @ da (5.3)
M 0

But for any a > 0,

| % Dud|?a=2 = (W, ¥ % Du % Dula™ = (v, ¥ % B  a) - (5.4)
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Since Kc. 4 — K inS,if g € S, then g * K. 4 — g * K pointwise and for some N, C
(g% Ke A) )| < C(1+ | x DV forall x,e, A.
Using the dominated convergence theorem in (5.3) and (5.4), if ¥ € S(G), then
| Vo 7= (. ¥ x K) < C || ¥ |7, (5.5)

since the map ¢ — ¥ * K is bounded on L%(G). Vy thus maps S(G) to L?(M) and has a
unique bounded extension to a map from L?(G) to L>(M). Butif yx — ¥ in L?(G), surely
Vowk — Vg pointwise , so this extension can be none other than V. Accordingly (5.5)
holds for all Y € L?(G). We thus have

I VoW llzan=l ¥ 2 V¥ e L? & (Y, ¥ xK) = (Y, ) Vy elL?
—yxK=vy VyelL?
<< K=9§ up to a constant ,

as desired. (In the second implication, we have used polarization.) This completes
the proof. L]

6. Lemmas on Vector Fields

In this section we gather a number of facts which will be needed in our discussion of frames.
These facts are analogues for G of very standard facts on R” (such as the fundamental
theorem of calculus—see Lemma 3 below).

The right-invariant vector fields ¥; (1 </ < n) may be defined by

Yig = —Xig
for g € C1(G).
We note the following.
Proposition 3. Suppose ¢ € S(G). Then, foralll, [, X;¢ =0and [; Y = 0.

Proof. Note that each X; is homogeneous of degree a;. This forces X; to have the form
a 0
Xj=—+ X)—,
iy k§>l Pk(x) or

where py. is ahomogeneous polynomial of degree ay —a; < ay. (See [12] for a detailed proof
of this.) Accordingly px(x) must actually be a polynomial in x1, ... , x;, so multiplication
by it commutes with 9/9xy for k > [.

Accordingly [; X;¢ = 0. By using ~ we see that [; ¥;¢ = 0 as well.

Ifx = (x1,...,x,) € G,and t > 0, for want of a better notation, let us define

[t]lx = (tx1, ..., txp)

[recall that #x means something else, see (3.1)].
Recall that we are identifying G with g through the exponential map. Then, if x € G,
we say that the point exp(x - X)(0) has coordinates x. ]
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Lemma 3.

(a) Suppose that x € G and that U is an open neighborhood of the line segment
{[tlx: 0 <t <1}. Ifg € CY(U), then

1
() — g(0) = /0 [ - X)gl ([ di ©.1)
and
1
() — g(0) = /0 (G- Vgl () dr 62)

(b) Suppose that x,u € G and that U is an open neighborhood of the set {u([t]x) :
0<t<1}. Ifh € CL(U), then

1
h(ux) — h(u) = /o [(x - X)h](u([r]x)) dt .

(c) Suppose that x,u € G and that U is an open neighborhood of the set {([t]x)u :
0<rt<1}. Ifh € CL(U), then

1
h(xu) — h(u) = /0 [(x - Y)AI(([t]x)u) dt .
Proof. For (a), we note that
gx) — g0 g(exp(x - X)(0)) — g(0)

lda
/ 7 g(exp(tlx - X])(0)) dt
o at

1
/O [ - X)gl([1x) di |

proving (6.1). Applying "~ to (6.1), we find (6.2) as well. For (b), we apply (6.1) to the
function g = h, where h,(x) = h(ux). For (c) we apply (6.2) to the function g = h,
where h, (x) = h(xu). This completes the proof. L]

We will be needing two applications of Lemma 3, Propositions 4 and 7 below. First,
however, some remarks on homogeneous norms.

A homogeneous norm function satisfies a type of triangle inequality [12], Equa-
tion (1.8): Forsome C > 0, [xy| < C(|x|+|y|) forall x, y € G. We shall need three other
facts about homogeneous norms.

Proposition 4. There exists ¢ > 0 such that for all R > 0, if [u~'x| > 2R, then

min ’x_1y| > c‘u_lx} .
lu=ly|<R

Proof. Since x 'y = x"'u)(u~'y) = ™ 'x)"'(u""y), we may after a translation
assume u = 0. It is enough to show that, for some ¢ > 0, if |y| < %, then |x~'y| > c|x|.
After a dilation we may assume |x| = 2 and |y| < 1. By the triangle inequality, for some
C>0|x"ly > Ié—‘ — |yl, so we may assume also that |x| < 2C. But |x~!y| does not

vanish for (x, y) in the compact set

x:2=<x|=2Chx{y: |yl =1},
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so it has a positive minimum there, as desired. []

Sometimes we use the “standard homogeneous norm function” on G, defined by

n ﬁ
x| = (Z |xk|2”k) :
k=1

A

where A = ay...a,, and each by = a We shall clearly indicate when we do this
the following.
Proposition 5. There is a constant C > 0 such that for all x = (x1,...,x,) € G,

[xm] < Clx|% for 1 <m < n.

Proposition 6. There is a constant C > 0 such that forall x € G andallt withQ <t < 1,
we have |[t]x| < C|x|. If| | is the standard homogeneous norm function, we can take C = 1.

Proof of Propositions 5 and 6. Since any two homogeneous norms are equivalent,
we may assume that | | is the standard homogeneous norm function. But in that case the
propositions are evident (and we can take C = 1 in both). L]

‘We now turn to the applications of Lemma 3. We define a normalized bump function
to be a C! function with support in the unit ball B(0, 1) = {x : |x| < 1} with C! norm
less than or equal to 1. For any function f : G — C,if R > Oand u € G, we let
fRu(x) = F(R~'(w'x)). We claim the following.

Lemma 4. There exists a constant C > 0 such that for all normalized bump functions f,

allR > 0,and all u, x, y € G we have

| k|
Rax

Ry - R < 03
k=1

Proof. We have
PRy = R = f (R ) = f (R ') = £(6) = ().

where x’ = R~ (u~1x) and

y/zRfly:(yl yn).

Ra],...,Ran

In proving the lemma we may therefore assume that R = 1 and u = 0, so that f&* = f.
In that case we use Lemma 3 (b) to find that

1 n
Ifxy) = fO)] = /(; (- X f1Cx (2ly)) dt < CZ | vkl

k=1

as claimed, since the functions Xy f are bounded (uniformly for all normalized bump
functions f). U

We now turn to our second application of Lemma 3. First we define a Calderon-
Zygmund kernel to be a complex-valued function K (x, y), defined for all x, y € G with
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x # y, which is continuous (off the diagonal), and which, for some C, ¢ > 0, satisfies the
following three estimates (for all x, y € G with x # y):

IK (x, y)| < W; (6.3)
"y o : x|

If ‘x x‘fc}y x|, then ’K(x,y)—K(x,y)’me; (6.4)
4 _ ly=1y'|

If [y~'y| <cly x|, then |K(x,)y)—K(x,y)|< cm. (6.5)

We then claim the following.

Proposition 7. Suppose K (x, y) is defined and C' away from the diagonal in G x G,
and that for some A > 0,

|X§‘X€K(x,y)| < A|y—1x|—(Q+|a\+|ﬂ|)’ (6.6)

whenever 0 < a1+ ...+ oy, + 1+ ...+ Bn < 1, and whenever x,y € G with x # y.
Then K is a Calderon-Zygmund kernel. (Here X¢ = X 1111 ... X5, where the X are taken
in the x variable.)

Proof. By taking @ = B = 0in (6.6), we have (6.3). To prove (6.4), we may assume
we are using the standard homogeneous norm function; we will then show that (6.4) holds

. _ 1
with ¢ = 5.

In this proof, it will be convenient let X 1 K (x, y) denote the result of applying Xy
to K in the x variables.

Suppose x # y and

ot < 2o B
- 2 2
If 0 <t < 1, then by Proposition 6,
-1
(1) < et < 222

as well. In particular, [1] (x~!x’) # x 1y, so x ([t] (x~'x")) # y. Moreover, by Proposi-
tion 4, there exists a ¢; > 0 (independent of the specific values of x, y, x’, t) such that

()| = eyl

We write x’ = x(x~'x’). Using Lemma 3 and Proposition 5, we find that for some
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C1,C,C5 >0,

| (x'.y) — K(x, y)|—'/ Z x~ x Xle( ([l](xilx’)),y)dt

}x |

_1x|Q+1

< (C3A
|y

so that (6.4) holds. (Note for later purposes that C|, C», C3 depend only on the group G and
not in any way on K.) The proof of (6.5) is exactly analogous. This proves the proposition.

L

We will be using Lemma 4 and Proposition 7 in conjunction with the 7'(1) theorem
for stratified groups. We review this theorem in a moment.

First, however, some definitions. Suppose thatalinear operator 7" : C, Cl (G) — L%*(G).
One says that T is restrictedly bounded if there is a C > 0 such that | T (fX*)||, < CR2/?
for all normalized bump functions f, all R and all u.

If T : C! — L%(G) is linear, we say that a linear operator T* : C! — L%(G) is its
formal adjoint if for all f, g € C, 3 we have

(Tf. g)=(fT*g).

T* is evidently unique if it exists.

We will be using the “easier case” of the David-Journé T'(1) theorem [8] for stratified
groups ([24] or [30], pp. 293-300). (The latter reference is only for G = R”, but the proof
for general G requires only minor changes—see the Appendix to this article.) We may
formulate this theorem as follows.

Theorem 5. Suppose that T : CL(G) — L%(G) has a formal adjoint T* : clG) —
L%(G). Suppose further:
(i) T and T* are restrictedly bounded;
(ii) there is a Calderon-Zygmund kernel K such that if f € C, Cl then for x outside the
support of f, (Tf)(x) = [ K(x,y) f(y)dy; and
(i) T(1)=T*(1)=0.
Then T extends to a bounded operator on L?.

Condition (iii) means precisely ([30], pp. 300-301) that whenever f € C°(G) and
Jg f =0, wehave that [, Tf = [, T*f = 0. In fact we shall show that this is true for
all feC C] (G) with fG f = 0. (Even without condition (iii), conditions (i) and (ii) imply
that for all such f, Tf, and T* f are in L' (G).)

In fact we shall need a quantitative version of Theorem 5.

Theorem 6. There exist Co, N > 0, such that for any A > 0, we have the following.
Whenever T CC1 (G) = L*(G) has aformal adjoint T* : Ccl, (G) = L2%(G), and whenever
T, T* satisfy:
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G NTfRu, < AR% and | T* fR4||, < AR%forallnormalizedbumpfunctions I

(ii) there is a kernel K (x,y), C off the diagonal, such that if f € Ccl., then for x
outside the support of f, (Tf)(x) = [ K(x,y)f(y)dy; and whenever at most
oneof a1, ... ,0n, Bi, ..., Pn is not zero, and whenever x,y € G with x # y,
we have

({i) andT(1)=T*(1) =0,
then T extends to a bounded operator on L, and | T|| < CoA.

Proof. This follows at once from an examination of the proofs of Theorem 5 (in [24]
or [30]) and of Proposition 7 above. ]

7. Frames

Suppose now that one has a discrete subset I of G, and a bounded measurable set R € G
of positive measure, such that every g € G may be written uniquely in the form g = xy
withx e Randy € T.

For example, one could choose I" to be any lattice subgroup of G, if one is available.
Thus, T is a discrete subgroup of G, such that G/ TI" is compact. (Note: by [5], p. 197,
Equation (2), it is equivalent to assume that I is a discrete subgroup of G, such that G/ T’
has finite volume with respect to the induced invariant measure. If the coefficients of all
the polynomials appearing in (3.2) are integers, as is the case for the Heisenberg group, one
could take I" to be the integer lattice, namely the set of points all of whose coordinates are
integers.) We then let R be a fundamental region for G/ I'. (By this we mean a bounded
measurable subset of G, of positive measure, consisting of precisely one representative of
each right coset of I'.) Thus, every g € G may be written uniquely in the form g = yx
withx e R,y € T.

Definition 2. A countable subset {e, },<; of a Hilbert space # is said to be a frame if
there exist two positive numbers A < B such that, for any f € H,

ALFIPEY 1 (fe) P<BIFIP .

nel

the positive numbers A and B are called frame bounds.

Note that the frame bounds are not unique. The a lower frame bound is the supremum
over all lower frame bounds, and the optimal upper frame bound is the infimum over all
upper frame bounds. The optimal frame bounds are of course frame bounds. The frame is
called a tight frame when we can take A = B. (Informally, we also say the frame is “nearly
tight” if % is close to 1.) Frames were introduced in [9]. (For more information on frames,
see [6] or [2].)

We consider ¢ € S(G) with f¢ = 0. For a, b > 0, we define

B0y (¥) = [Dyi Ty $10) = a~ L p(1by1 " [a/x]) |

(a will usually be fixed.) The set {¢; », } is called the wavelet system generated by ¢. We
seek conditions on ¢ and the numbers a, b > 0 which guarantee that this wavelet system is
a frame (in which case it is called a wavelet frame).
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In order to do this we study the operator

Son: f= D frbimy)Piby -

yel,jeZ

It is not hard to see [6] that {¢; 5, } is a frame if and only if: For any f € L%(G),
the series defining Sy j, f converges unconditionally to f in L%*(G); and S¢,» is bounded on
L?*(G); and S¢.b = Al for some strictly positive number A. (If the frame is “nearly tight,”
that is if, for certain frame bounds A, B one knows that % — 1 = € is small, then (%)Sq),b f
is a good approximation to f. Indeed, for any f € L2,

AIFIP < (S fs £) < BISIP

implies that, as operators, 0 < (%)S,,,,b — I < €l, whence ||(%)S¢,;, — I|| < €. For this
reason, one generally prefers “nearly tight” frames.)

More generally we shall need to consider ¢, v € S(G) with f ¢ = f ¥ = 0 and
look at operators of the form

Soarn: f= Y (i) Wiby -

yel,jeZ

Theorem 7. Fixa > 0. In parts (a), (b), (c), and (d) we also fix ¢, ¥ € S(G) with
Jo=[v=0.

(@ Forany 0 < b < land f € Ccl (G), the series defining Sy . pf converges
absolutely, uniformly on G.

(b) Forany0 <b < land f € CX(G), Sp.y»f € L*(G).

(¢) ForsomeC >0, ||Sp.ypfll2 < Cb= Q|| fllaforall0 <b < 1and f € Ccl(G).
Consequently, Sy v extends to be a bounded operator on L%(G). (In fact, if we
put T = Sg y b, then T satisfies the hypotheses of Theorem 5.)

(d) If f. g € L*(G), then

(Spynf- 8= (frdjby)Wjby.8): (7.1)

yel,jeZ

here the series converges absolutely.

(e) Say By is a bounded subset of S(G), f € CCl (G) and b > 0. Then the series
defining [Sg,y.» f1(x) converges absolutely, uniformly for x € G and ¢, € By
with [ = [¢ =0.

®) If By is a bounded subset of S(G), then there exists a constant C such that
I1Sg.ypll < Cb=2 forall0 < b < 1 and all r, ¢ € By with [ = [ ¢ = 0.

Remark. For the boundedness of Sg ., on L2, one may also consult Section 6 of Mag-
gioni [28]. If G = R", the fact that T = Sy y  satisfies the conclusions of Theorem 5
has a long history. For instance, in Lemma 9.1.5 of [6], condition (ii) of Theorem 5 (b) is
verified for this 7, if G = R. If G = R", Theorem 5 is verified for this 7', and more general
operators T, in [18], Sections 2.1-2.3.

To prove the theorem, we shall need the following technical lemma.
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Lemma 5. For N > 0 define the function gy on G by
gn () = (14 xp7.

Then:
(a) Let By be a bounded subset of G. Then for some C > 0,

gn(x) < Cgn(y'x)

forall x € G and y € By.
b)) SayM,N > %, and suppose 0 < L < min(M — %, N — %). Then for some C >
O)

(gm * gn)(x) < Cgr(x)

forall x € G.

Proof. For (a), we use the triangle inequality for G: For some C > 0,
|y~ x| < CAyl+ 1xD)
for all x, y € G. From this we find at once that
—1.N\N
(14 [y = cVa+ypNa+ .

and (a) now follows.
For (b), we similarly observe that

(1 +xDF < CEA+ IyDE(1+ [y~ 'x]) "

Accordingly
(1 D Gaar ) = [0+ 1) gu()gn(o7x) dy
< CL/ngL()’)ngL (y~'x)dy
< Clign-Ll2lign-Ll2
which is finite, since M — L, N — L > % This completes the proof. L]

Note that Lemma 5 (a) implies that for any measurable subset E € By of positive
measure, we have that

¢ -1
gn(x) < m EgN(y x)dy,

forall x € G. Such facts will be used without further comment in the proof which follows.

Proof of Theorem 7. We first prove (a). Since we shall be using Theorem 6 in our
proof of (c), we shall actually need a stronger conclusion than (a).
We shall in fact show that:

(*) For all normalized bump functions f and all R > 0 and u € G, there exists C >
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0 such that the series defining Sy v » f R.u converges absolutely, uniformly on G, and
1Sp.p.6f Bt lloc < Ch™C.
We begin by noting that there exists C > 0 such that for any f, R, u as above we have:
_iQ
5 iyl = 151850y oo < CROa™T
We let

Cj.r =sup|(£ 5", ¢jny)

the sup being taken over all normalized bump functions f, allu € G,and all y € I'. Thus,

’

jQ
Cjr <CR% 7 . (7.2)
Note also that if R > a/, then
Cjp < CR aiG+D (1.3)

Indeed, say f, R,u,y are as above. Since f ¢ = 0, putting v = by we have by
Lemma 4 that

[ foR,u(y)(p(a-j [(a.f,,—1>y ]) dy‘

= [ () ) (o) o

= | [ Lo (@) ) = £5 @) ]o () 0y
(

n
_ie | Vi | iy
< Ca 2 G(Z Rak)‘d) a Jy)‘dy
k=1
io " aj ak
=Ca? — d
a ;;[R} (fG|yk¢<y)| y)
2/ 5+
< C ,
- R

since we are here assuming that % < 1.
Now selectany N > Q + 1, and note that || < Cgy for some C. Fixing j € Z, we

now see that

S by Wby @] < C1RCY . Dy Ty g (x)

yel yel
_ig _ i
= ca= P Cin Y an (1by17'[a7x])
yel
a*%C
JsR —1 —1r,,—Jj
<5 ZbegN (v oy17' [a 7 x]) dy
yel
iQ
a 2CjR
=Cc—-1% d
50 /GgN(Z) z
_ig
_ Ca 2 Cj,R .

0
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Given R > 0, we now select jy € Z with alo < R < glotl, Recalling (7.2) and (7.3),
we now obtain

c _ig _ig
> N s i @] = 55| D0 Crra™ T + 3 Crpa
vel,jeZ J=<Jo j>Jjo
C al .
Lisio & J=i
= b% S i 4 Y atioine
Li<io j>Jo
c
< —
f— bQ 9

proving (*) and hence (a).

We next prove (b). Again, we shall prove a stronger conclusion, which will be needed
in our proof of (c).

For x, y € G, x # y, we wish to define

Koyp@, )= Y Yiny ()i by (3 (74)

yel',jeZ

we will soon show that the sum converges absolutely. The reason for this definition is
that formally

[Sp.upf] (x) = /G Ky ypx, ) f(y)dy;

we will soon show that this is true if f € Ccl, for x outside the support of f. These facts
are immediate consequences of the following assertion (with J/ =0, ¢y = ® and ¢ = V)

(**) Say @, ¥ € S(G), and J > 0. Then for some C > 0,

_i C, 4 |—0-J
> a0 W 0] = o5y 7.5)
yel,jeZ

forall x,y € G, x # y. Moreover, the series converges uniformly on compact subsets
of (G \ {0}) x (G \ {OD).
To prove (7.5), define

i +J
Ki(x,y) = Z a ]J|y 1x|Q ‘(Dj,by(x)\ljj,hy(y)‘
yel,jeZ

= Y i@yt ‘(D ((by)_1 [a_jx]) v ((by)—l [a—f'y]) ‘ .

yel',jeZ

We need to show that K; is bounded for x # y. Observe that for any x,y € G
we have that Kj(ax,ay) = K;(x,y). Therefore we need only consider those x, y with
|y_1x| € [1,a]. Choose L > Q+Jand N > % + L. For some Cp, ®, ¥ < Cypgny. Thus,
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for fixed j,

S| (e fax]) w (e [ay])|

yel

<C> gn ((b)/)_1 [a_jx]) N ((by)_1 [a_jy])

< [ /b Lo (e ) g (7 o e )) dw}

yell
C

= b_Q/GgN (w_l[a_jx]) gN (w_l[a_jy]) dw

= bC—Q (gn * gn) (a_j [y_lx])
< e ()

Consequently, for | y’lxl € [1, a], we have that

CaQt/ i _ir —
Kol = =55— > a7 @ g (a I [y7'x])
JEZ
¢ —j(Q+) —jQ+d) | ~ity=1,1 7"
< 5 > a +Y a ’a [y x]‘
b | /=0 j<0
¢ —j(Q+J i(L—Q—J
- Za J(Q+)+Za1( o-J)
b | /=0 j<0
- &
— bQ’

proving (7.5). The uniform convergence asserted in (**) follows from an examination of
the proof of (7.5). This proves (**).

(**) now implies at once that the series in (7.4) converges absolutely for x # y, and
we define its sum to be Ky y p(x, ¥).

We can now easily prove (b). Actually, in order to also later prove (c), we will note
the following stronger statement:
(***) K.y p is smooth away from the diagonal; moreover for all multiindices «, 8 there
exists Cy,g > 0 such that forall x, y € G withx # y and forall 0 < b < 1 we have

Cap| _1_|—(0+lal+
‘XfX§K¢,1/f,b(x,y)’ < bD‘Q/g|y 1x| (Q+|a| |ﬁ|). (7.6)

(***) follows at once from (**). Indeed, we claim that, if x # y, then

XexEKi(e, )= Y a T (xoy) (0)(XPg),, ). (1)
yel,jeZ

To see this, note that by (**), the series in (7.7) converges uniformly on compact
subsets of (G \ {0}) x (G \ {0}). On such a compact set, any (usual) differential monomial
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Bf 8;, is a linear combination, with polynomial coefficients, of the X¢ X yﬂ . Thus, the series
in (7.4) converges in the topology of C*°((G \ {0}) x (G \ {0})). This implies that K is
smooth off the diagonal, and also that, when we differentiate K, we can bring derivatives
past the summation sign. This proves (***).

We now show that (***) implies (b). Infactitimplies the following stronger statement,
which we shall also need in the proof of (c):
(***%*) For all normalized bump functions f and all R > 0 and u € G, there exists C > 0
such that

C o

” S¢,1/,’},fR’” ”2 < b_QR 2,

To see this, we observe that if Ix_1 u| > 2R, then

[Senar®] @] = [ |Kogstwnr®m)as
-0 —-1.,]—@
< Cb / |x y| dy
lu=ly|<R
< CR9 ¢ max |x_1y|_Q
lu=ly|<R
< CR2 Qx| 2. (7.8)

(The last inequality follows from Proposition 4.) Finally, if g = Sg v » f R.u_ recalling (*),
we have that

lgl} = / g P dx + / g(0) P dx
|[x—lu|<2R |[x~'u|>2R
< cp 20 [(2R)Q+RZQ/ | tu| 722 dx]
[x~1u|>2R
< cp2e [<2R>Q+RQQ / |y|‘29dy}
[y|>2R
<

ch22 [(ZR)Q + RZQ(ZR)_Q]
= CRZ29.

This proves (****), and hence (b).
We now claim that (c) follows directly from (¥***), (****), and Theorem 6. In order
to apply Theorem 6, we make the following two additional observations.

(1)  The formal adjoint of Sg . p is Sy ¢.». What we are claiming is that for all f, g €
Ccl, we have

(Sp b f>8) ={f, Sy.0.08) - (7.9)
Indeed, by (*), the left side of (7.9) clearly equals

D (fbjwy) Yy 8) -

yel,jeZ

Evidently this equals the right side of (7.9), as claimed. Note, for later purposes,
that this observation also proves (d) if f, g € C Cl
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2) Sp,yp(1) = Sy¢p(1) = 0. We need to show that whenever f € CCI(G) and

[ f =0, we have that

/ Spupf =0

(and similarly [ Sy 45 f = 0.) To see this, for any finite subset F of Z x I, define
the operator

SEunt £ 3 Afbiv) Viny -
GeF

We regard this as an operator on C, 3 (G), and it maps this space into C*°(G), since
it has smooth kernel

KL yp @) = 3 Wiy 06,5, -
G.yeF

. N _F N _xF
For any integer N > 0 we also let S, , = S¢,:Z,b and Ky, |, = K¢’$’b, where

Fn={0U.v): lJI=N, ly| =N}.

Since ¥ € S has integral zero, it is evident that for all f € Cc1 (G), we have

f
/ S¢,1//,bf = O

forall F. Fix f with [ f = 0, and fix b > 0; we need to deduce that [ Sy 5 = 0.
This will follow at once from the dominated convergence theorem if we can show:

1 Sqlxw,bf — S,y f pointwise as N — oo; and

(ii) forsome C > 0,[S7, , f| < Cgoqi forall .

(Here gp+1 is as in Lemma 5.) Since (i) follows at once from the absolute con-
vergence proved in (*), we need only establish (ii). (*) similarly shows that, for

some C > 0, |[S;Zj—w’bf](x)| < C for all Fand all x € G. Suppose then that the
support of f is contained in {x : |x| < R}; we need only show that for some C, A
(independent of F),

[sTysr] 0| = ciwi-e! (7.10)

whenever |x| > AR. But by (**), for any multiindices «, 8, there is a Cy g > 0
(independent of F) such that for all x, y € G withx # y,

1 —(Otlalt
’nggwa,h(x,y))scaﬂy x| (Q-+al+1B)

By Proposition 7 (and its proof), the K {Z: vb satisfy the Calderon-Zygmund in-
equalities (6.3), (6.4), and (6.5) with constants ¢, C independent of F. By the
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triangle inequality, there is a number A > 0 such that whenever x| > AR and
ly| < R, we have |y~'x| > cR. Thus, if |x| > AR, we have that

IEIGE ‘ /| . (K7 00009 = KTy 0] F ) dy)

< C|x|*<Q+”f IVl ()l dy
[y|<R

as claimed.

These observations now prove (c) at once.

We next prove (d). We fix b > 0. In observation (1) above, we have already seen
that (d) holds for f, g € Ccl,. To prove it in general, we let S(fx//,b’ K(fw,b, Sév!w’b, and
K (;V v.b be as in observation (2). We observe that, for any f, g € L?, we have

(S5 ofr8) = > (f. @oy) Wiy 8) - 7.11)

vel,jeZ,ly|<N,|jI<N

and we claim that
(Spyof &) = (Sp.upf g) - (7.12)

Since (d) holds for f, g € Ccl,, which is dense in L2, it is enough to show that the norms
IS f Vb || are uniformly bounded in F. But this follows from Theorem 6, together with a

repetition of the proofs of (¥), (***), and (****) with S(f]/,,b, K{w’b in place of Sy y 5,
K.y »; here one must note that all bounds are independent of F.

Now in (7.12), take the special case Y = ¢ and g = f. All the terms in the series
in (7.11) are then nonnegative, so the series in (7.1) converges absolutely to the left side
of that equation—in that special case. But in the general case, Cauchy-Schwarz as applied
to the series in (7.12) now shows that this series always converges absolutely. Moreover,
by (7.12), this series converges to the left side of (7.1). This proves (d).

(e) follows from an examination of the proofs of (a). (f) follows from an examination
of the proofs of (a), (b), and (c). (In particular, note for later purposes that the constants Cy g
in (7.6) may be taken independent of ¢, ¥ € By with [ = [ ¢ = 0.) This completes the
proof of Theorem 7. L

The main idea in our proof of Theorem 2 (a) is to show that, for b sufficiently
small, V52 Sy.v.» is “well approximated” by the operator Ry, = )., R, where if f €

LZ(G) we put

JEZ

ij:f*{/;aj*l/fajv

then to use the spectral theorem to show that Ry is bounded below if ¥ = g(L)é and
g satisfies Daubechies’ criterion. We begin to make these ideas rigorous, by noting the
following proposition. (In this proposition, R is, once again, a bounded measurable subset
of G, of positive measure, such that every g € G may be written uniquely in the form
g=xywithxeRandy €T.)

Proposition 8. Suppose ¥ € S(G) and [ = 0. Suppose f € CL(G). Then

S = [ L[Sy f] @ (7.13)

jez b
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where the series on the left side converges absolutely, uniformly for x on G. Consequently,
> R; f converges to an L? function, and the map Ry : Cg — L? given by Ryf=>R;f
extends to a bounded positive operator on L.

Proof. Fix j for now and put 5 = ¢,;. Then

(R f)(x) = /G FO) [ixn] (%) dy .
But

[ 0] (v~'x) dy = / A(y~'z)n(z""x) dz

G

:/Gﬁ(z_ly)n(z_lx)dz

e /G ¥ (a I [z5)) v (a7 ['x]) a2

—a 0 /G ¥ ([« y)) v (7' [e 1) az

a2y /;,RE (z_l[by]_l[a_ij " (z—l[by]—l[a—fx]) dz

yell

- Z ﬂij,by(Y) (Tzw)j,by (x)dz.

yell

(In the fourth line, we have made the change of variables z — a’z)) By Theorem 7 (e),
the series

D T oy YT iy ()

JEZ,yel

converges absolutely, uniformly for x € G and z € b'R. This would therefore also surely
be true if we fixed a j and summed only over y. Thus,

(Rj f)(x) = fb o D Ty (T (6) 2

yell

and finally, summing over j, we find (7.13) as well, the sum on the left side converging
absolutely, uniformly for x € G. The remaining conclusions of the proposition now follow
at once from Theorem 7 (f) and Minkowski’s inequality. (Note: To show that Ry is
positive, it is enough to show that (Ry f, f) > O forall f € Ccl,, and for this it is enough
to show that (R; f, f) > O for all f € CCl and all j. But this is clear, since for such f,
(Rif, /Y=\f*v¥u ||%.) This completes the proof. L]

We can now reach an understanding of why VbQSw,wyb is well approximated by Ry,
for b small.

Theorem 8. Suppose Y € S(G), and [; ¥ = 0. Let V be the measure of R, and let Ry,
be as in Proposition 8. For 1 <1 < n, let Y = Y1 (so that, by Proposition 3, fG Y =0
foralll). Then:



Continuous Wavelets and Frames on Stratified Lie Groups I 567

(@ Iffeclo),

1 1 & 1
[_VbQ Ry f— Sn/z,w,bf] W =73 Z/R/ 2 ([Sti vy Tigwb f ]
1=1 Vb0
+ [ST[IJZ‘/fsT[thY[W,hf]) (x)dtdz .

(b) There exists C > 0 such that for all 0 < b < 1, the norm on L%(G)

1 c
|52ty =Sl = 5o

(©) If Ry = Al for some A > 0, then there exists by > 0 such that {{py} is a
frame whenever 0 < b < by. More precisely, choose B > 0 such that Ry < Bl
(of course we can choose B = ||Ry ). Then, for 0 < b < by, we can choose
Ap, Bp > 0 such that

AlfIZ < Y. KAV < Bollf13 (7.14)

JEZ,yel

forall f € L?, and such that

By, B
m — = —. (7.15)
b—0t+ Ap A

Proof. Of course, the measure of bR is V2. Using Theorem 7 (e), together with
Proposition 8, we see that

1
[—wa — Sw,u/,bf} (x) = ([Stv.ryb f] ) =[Sy f] (0) dz

Vb@ Vb2 bR

1
= Ve Z /b'R [ () oy ) (T by (1) = (s Wby YW by (0)] . (7.16)

jE€Z,yel’

However, fixing j, y, we have that

(s (T2 jooy TV by (X)) = (fo Wby YWy () = /G JOK(x,y)dy (7.17)

where

K, y) = T0) 1.y ) (T iy ) = Uy 0Dy (3)

Fix x, y as well, and, for w € G, let

F(w) = (Ty-1%) ;4,0 (Ty-1¥) 4, () -

J.by

Explicitly

F(w) = a_jQE (w (by)_1 (a_jy)> v (w (by)_1 (a_jx)) .
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Since each Y; is right-invariant, note that
Py w) = a7 @ [T (w e~ (a77y) )y (w e~ (a7Vx))
+ 7 (w o™ (a 7)) G (w o)~ (a7x))]
= (T Y1), O) (T ¥) ()
+ (T 1), O) (Tt 1Y), (6)
Then, by Lemma 3, and the facts that z~! = —z and that the ¥; are right-invariant, we have

K(x,y) = F(z7") = F(0)

n 1
==Y a [ ar
=1 Y0

=7 ZZI /0 [(T[f]z [Yll//])j,by o) (T[’]Zl//)j,by )
I=1

+ (Tin:v)

Jsby

O (T Y1)

J:by

(x)] dt

Since [ € Ccl,
n 1
/Gf(y)K(x, »dy =— ZZI/O [(f, (T1121Y19 D 5, ) T2V by (%)
=1

L Ty ) Tirc YDy () ]

Part (a) of the theorem now follows at once from this, (7.16), (7.17), and Theorem 7 (e).

For (b), choose a number M > 0 such that |z;| < M wheneverz € Rand 1 <[ < n.
Then, surely, |z;| < b“M < bM whenever z € bR and 1 < | < n. Accordingly, by
Theorem 7 (f) and Minkowski’s inequality, there exist C;, C > 0 such that for all f € C Cl
and all 0 < b < 1, we have

I/\

Ry f = Syynf] H

VbQ Z/ / |ST[rJ Y1y, Tinne 1,’/bf”z

+ ”ST B2 TtLYl‘/f bf“ ) dtdz

2nbM
bR I

H Vbe

| /\

C
= bQ—_1||f||2-

Since Cg is dense in L2, (b) now follows.
Finally, for (c), take C as in (b). Then for any f € L?,

1 1
PN
(Syypf )= Vb0 (Ry 5 f) v~y Rv i
so that, for all f € L?,

AllfIB < (Sywnf f) < BulfI3,
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where
A—CVb
Ap = ———— 7.18
b V50 (7.18)
and
B+ CVb
By =——-—. 7.19
b V0 (7.19)

Put by = min(c‘iv, 1). If 0 < b < by, then A;, > 0, and, moreover, by Theorem 7 (d),
(7.14) holds for all f € L2. Finally, (7.15) is immediate from (7.18) and (7.19). This
proves (c) and completes the proof of the theorem. L]

Accordingly, the search for frames reduces to the question of finding v with Ry, > Al
for some A > 0.
If G = R" with the usual addition, then if f € L2,

—_— A . 2 ~
(Ri &) = [w(a€)[ &)
Define
A . 2
my &) =) |¥(aE)[.
JEL
(Usually « is fixed and understood, and we will just write m g=m 1/},a') Since we are

assuming that f Y = 0, surely I/A/(O) = 0, so that |IZ/($)| < C|&| for |&€] < 1. Also, since
1} e s, |1ﬂ(§)| < % for |£€] > 1. From these facts it is easy to see that the series defining
mg, (&) converges uniformly on any compact subset of R"” which excludes the origin. We
claim that

Ry )(E) =m;©) f &)

forall f € L2. This is not hard to see, but since we shall need an analogue for general G,
let us present the argument in detail.
First note that m " (a€)=m 0 (&) forall &, som " is uniformly bounded on R”. Define

an operator Q : L? > [? by (/Q\f)(é) = mlz(é)f(é); we want to show that Ry, = Q. For
N > 0,set Oy = Z]/V:_N R, an operator on L?; then ONI < ||m]ﬁ||0<J for all N. If

V= {f e L?: f =0ae. outside some compact subset of R" \ {0}} ,

then Qn f — Of in L% forall f € V. Since V is dense in L2 and the || Q v || are uniformly
bounded, we see that Qn f — Qf for all f € L. However, Oy f — Ry f pointwise
on R"if f € Ccl.. Consequently, Of = Ry f forall f € Ccl., and hence for all f € L?,
as claimed.

If we now let

B =supm; (), A=inf m; (&),
£ A oG

we now see that

AlfI3 < (Ry f. f) < BIfI3
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for all f € L?. Theorem 8 then tells us in particular that {¥j.by} is a frame for all
sufficiently small b, provided that A > 0. The condition A > 0 is called Daubechies’
criterion. (In [6], Daubechies shows that {1/}, } is a frame if n» = 1 and I" is the integer
lattice, if Daubechies’ criterion holds. Her methods are very different from those of this
article—she uses Plancherel and Parseval.) Since, for all &, m ; (a§) = m; (§), A is the
minimum value of m j on the compact annulus {£ : 1 < |&| < a}. Thus, Daubechies’
criterion is equivalent to the hypothesis that there does not exist a nonzero &y € R” such
that @(ajéo) = 0 for all integers j.
Now we turn to general stratified Lie groups G.

Proof of Theorem 2. We change notation from the statement of Theorem 2, writing H
in place of f. Thus, we restrict attention to ¥ of the form = F (L) = LH(L)$, where
F(A) =AH) and H, F € S(R). In that case, if f € L?,

Rif=Fi(L)f
where
Fi()) = |F(a¥2)] .
Define
mp20) = Y |F(a)[.
jeZ

(Usually a is fixed and understood, and we will just write mr = m F, «2-) As before, the
series defining m r converges uniformly on any compact subset of R* which excludes the
origin. We claim that

Ryf=mpL)f (7.20)

forall f e L.

As before, mp(a’*r) = mp(A) for all A, so mp is uniformly bounded on RT. Set
Q =mp(L),and put H = L%(G). For N > 0, set On = Z?’:_N R, an operator on H;
then, by the spectral theorem, ||Qn | < ||[mF|lco for all N. Let

V = U Pie.nH .
O<e<N<oo0
(Recall that the P, p) are spectral projectors of L.) Then Qn f — Qf inH forall f € V.
But, since Pjg; = 0, V is dense in H. Since the || Q y || are uniformly bounded, it follows
that Qn f — Qf forall f € H. However, Oy f — Ry f pointwise on G if f € CCI.
Consequently, Qf = Ry f forall f € C Cl, and hence for all f € L2, as claimed.
If we now let

B =supmp(A), A=infmp(d),
A>0 >0

and again note that Pjgy = 0, we see that

AllfI3 < (Ry f, f) < BI I3

forall f € L?. Theorem 8 then tells us in particular that {y/ by } 1s a frame for all sufficiently
small b, provided that A > 0—in other words, if F satisfies Daubechies’ criterion (where
of course we use a in place of the a we used on R").
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This establishes Theorem 2 (a). (Here Daubechies’ criterion is clearly equivalent to
the nonexistence of a Ay > 0 such that F(a%/ 1¢) = 0 for all integers j.)
We now prove Theorem 2 (b). By (7.15) we need only show that if a is close enough
to 1, then
A=inf mp 2(A) >0
r>0 ’

(so that the Daubechies condition holds), and that
B 2
Z:1+0(|a—1| 10g|a—1|), (7.21)

as a — 1. We may assume a > 1 (otherwise replace a by i, and note that my ,» =
mp (1/a2- and O(ja — 11*logla — 1]) = O(|]1 — 117 log|L — 1]). However, if a > 1,
then (7.21) follows at once from the following elementary lemma.

Lemma 6. Suppose H is a nonzero element of S(RT) and let F(s) = sH(s). Let
I € (0, 00) be defined by

o ,dt o0 ,dt
12/ |F @) —2/ |F(ts)]"— (7.22)
0 t 0 t

(for any s > 0), as in Calderon’s reproducing formula. Suppose a > 1. Then forall s > 0,

A(a) = Z |F(a2”s)|2 < B(a) < 00,

n=—oo

where, as a — 1,

Aa) = (1—0((a—1)2‘(10g|a—1|) D) ,

(140 (@=-1?|aogla— 1)) .

2loga

B =
(@) 2loga

Proof. Define a new function G : R — R by

2

Gu) = |F(e”)|2 = e”H(e”) ;

then
G € SR), and |G(u)| < Ke 21!

for some constant K.
If we put r = €* in Calderdn’s identity (7.22), and also write s = ", that identity
becomes the simpler identity

o0
/ Gu+v)du=1
—0o0
(independent of v). If we again put s = e, and now write a? = ¢°, we see that the sum we
need to estimate has the simpler form

o0

S F@s)P= Y Gae+v). (7.23)

n=—oo n=—oo
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Since the sum on the right side of (7.23) is periodic with period c, the sum need only
be estimated for 0 < v < ¢. Since we are letting a — 1t, we may assume 0 < ¢ =
2loga < %

We note that ¢y o7

n=—0oo

G(nc + v) is a Riemann sum for the integral ffooo G(u +
v)du = I. To estimate the difference, we recall the midpoint rule: Say f is C? in a
neighborhood of [a, b]. Divide [a, b] into n intervals of equal length Ax = l% and let x;/

be the midpoint of the kth interval. Let

b n
/ fOydx = f(xf)Ax
a k=1

Then

1
<% 1£"] & —a)(ax)*.

Thus, there is a constant P > 0 such that whenever 0 < v < ¢ < % and whenever
N > 01is an integer,

[e.e]

c Z G(nc—i—v)—l‘
n=—oo
St 'S}
=|c Z G(nc—i—v)—/ G+ v)du
n=—oo
N Nc+5§
<lc > G(nc+v)—/ G(u + v)du
— —(Nc+5)
+cZG(nc+v)+/ G+ v)du
=N lu|>Nc+5

A

1 2 —2(N+1)c 2 ¢ —@N+1)c 2
ﬁ”GN”oo[(ZN—i_ I)C]C +2K€ ( )Lé' Ul——fzc + Ke ( )Lé' v

< P(NC3 + e_2NC) .
Note that for x > e, xlogx > eloge > 1. Since we are assuming % > e, there is an

integer N with
log (%) 2log (%)
—t <N < ——~.

c c

Using such an N we see that

o
2n 2_£ _
> PP~

n=—oo

< P(Zc log (1>+c) <3Pclog (%)

Accordingly >"°° |F(a®"s)|* is between ( )(1 £ Qc?|logc|), where Q = TP
Since ¢ = 2loga, and since l;f‘ll —lasa — 1+, we have completed the proof of

Lemma 6, and, with it, the proof of Theorem 2.

Z G(nc+v)——

n=—oo

n=—oo

]



Continuous Wavelets and Frames on Stratified Lie Groups I 573

Example Daubechies ([6], espemallyp 77 and pp. 71-72), calculated for instance, that

ifa = 23 Y(x) =c(l — xz)e 2 (for x € R; here ¢ # 0 could be chosen arb1trar11y)
B = sup;. mlp.a(é), A =infgog m;, 26), then £ 7 = 1.0000 to four significant dlglts.

2 A ¢
In that case v is a multiple of the second derivative of e~ 2, so ¥ (£) = ¢'&2e™ 7.

Again ¢’ is nonzero and arbitrary; let us now takeittobe 1. If welet F(A) = 1@ (W) = re~3
(essentially? making the change of variables A = £2), then

F(L)S = Le 1?5 = W, say,
and
mF,az()‘) =m;, (\/X) ,

so that sup;_gmp2(A) = supg.omy ,(§) = B, say, and infy.omp2(h) =
infg~q mg, .(&) = A, say. By the aforementioned calculation of Daubechies, % = 1.0000
to four s1gn1ﬁcant digits. Thus, by Theorem 8, we can choose by > 0 such that {¥; ;, }
is a frame whenever 0 < b < bg, with frame bounds Aj, By and such that, moreover,
B ” = 1.0000 to four significant digits.

W is, up to a constant multiple, a natural generalization of the Mexican Hat wave-
letto G.

8. Frames in Other Banach Spaces

In this section we discuss the invertibility of Sy y , on other Banach spaces, such as L? or
H'. Let us clarify which Banach spaces we can allow.

Definition 3. We call a Banach space B of measurable functions on G acceptable if
L?> N Bis dense in B, B € S’ (continuous inclusion), and if the following condition holds:

There exist Cp, N > 0, such that for any Ag > 0, we have the following. Whenever
T : L? — L2 is linear and satisfies:

(i) The operator norm of 7 on L? is less than or equal to Ag;

(ii) There is a kernel K (x, y), C! off the diagonal, such that if f € Ccl,, then for
x outside the support of f, (Tf)(x) = [ K(x,y)f(y)dy; and whenever 0 <
a1 +...+ay+p1+...+ B, <1, and whenever x, y € G with x # y, we have

XOXPK (x, )| = Aoly™x|HHH; an @®.1)

(i) T*(1) =0;
then T'|; >3 extends to a bounded operator on B, with norm || T'|| < CpAy.

Surely [3,4] L? (1 < p < oo) and H'! are acceptable Banach spaces. In this section,
we shall show the following.

1Actually, Daubechies took a specific value of ¢, but clearly that is irrelevant in computing B/A. Also,
in her table on p. 77 of [6], her B/A is larger than supg ¢ md}ya(é)/infgﬂ) mlﬁ,a(é), [see her Equa-
tions (3.3.19) and (3.3.20)], but that is an even stronger assertion than the one we are making.

2If G = R we are of course passing from the spectral resolution of d/dx to that of d2/dx2.
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Theorem 9. Suppose H € S(RT), F(A) = AH()), and that F satisfies Daubechies’
criterion (i.e., that inf,~omp ,2(X) > 0). Let v = F(L)S. Suppose B is acceptable, and
that jpy, € Bforall j € Z.and0 < b < 1. Then:

(a) For some by > 0, Sy y p is invertible on B whenever 0 < b < bg. Suppose now
that 0 < b < bo.

(b) Suppose that for some dense subspace D of B, the series Z‘W (fs ¥jby)Vj by con-
verges unconditionally to Sy, v f in Bforall f € D. Then this series converges
unconditionally to Sy 1, f forall f € B. Moreover, ifwe let pJ-bY = Slz’lw‘ij,by;
then for any f € B,

F=) Aoy,

sy

where the series converges unconditionally to f in B. In particular, the set {¢/-"7}
is a complete system in B (i.e., the closure of the linear span of this set is all of ).

(¢c) The hypotheses, and hence the conclusion, of (b) hold if B = L? (1 < p < 00)
or H'. Here we may take D = C° N B.

Proof. We retain all the notation of the proofs of Theorems 7 and 8.

For (a), by Theorem 7 and Definition 3, Sy, v »|;2~3 €xtends to a bounded operator
on B. Also, by Proposition 8, Theorem 7 (f), the second last sentence of the proof of
Theorem 7 (f), and Definition 3, we have that Ry |; >~ extends to a bounded operator on
B. Further, by Theorem 8 (a) and Minkowski’s inequality, there exists C > 0 such that for
all0 < b < 1, the norm on B

1 c
H vpo v~ S‘”*”’H =0T

To prove (a), it suffices to show that Ry is invertible on B. Indeed, say this were known.
For (a), it is clearly enough to show that the operator

-1
L, = VbQRw Sy v.b
is invertible on B for all sufficiently small 5. But this is clear, since
I =Lyl < Cb R,

which is less than 1 if b is sufficiently small.

So it is enough to show that Ry, is invertible on B. By (7.20), Ry = mp(L) on L2
By Daubechies’ criterion, ml—F = @, say, is a bounded function on RT, so surely, by the
spectral theorem, the inverse of Ry on L?is G(L). It suffices then to show that G(L),
restricted to L2 N B, has an extension to a bounded operator on 3. (Indeed, we would then
know that mp(L)G(L) f = G(L)Ymp f = f forall f € L? N B, so this would hold for
all f € B and mp(L) would be invertible on B.) It suffices then to show that T = G(L)
satisfies (i), (ii), and (iii) of Definition 3, for some Ay > 0. Surely (i) is satisfied.

First note that mp(A) is smooth for A > 0. Indeed, if V = |H|?, then V €
S(RT), and

mp() = Za“fﬁv(azu) )
JEZ
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Since V and all its derivatives are bounded and decay rapidly at co, the smoothness of m
follows at once.

Thus, G € C®((0,00)). If A > 0, choose [ with ¢ < A < a>*D_ Surely
G(\) = G(a~?'}), so for any k

’G(k)(/\)‘ = a—2’<’)G<’<) (a—zl,\)’ <a*n " M,

where M = max,_, 2 |G® (1)|. This shows that [|[A*G*¥(L)||c < o0 for any k. (ii)
and (iii) now follow by the spectral multiplier theorem of Hulanicki-Stein [12], Theo-
rem 6.25; see also [1]. (Indeed, by that theorem, G(L) : H! = H!, so (iii) holds. Also,
in the terminology of [12], the proof of their Theorem 6.25 shows that G(L) is given by
convolution with a kernel of type (0, r) for any r, so (ii) holds as well.) (a) is therefore
established.

For (b), note that, since L2N Bis dense in BB, and since B € S (continuous inclusion),
the operators Si’j e acting on L? N B, may be extended to operators on 13, where they are
given by

SEunf = > (F Wi Wiy -
GeF

It suffices then to show that for some C > 0, the operator norms on B of SIZ_T b Are all less
than C, for all . But, during the proof of Theorem 7 [see the discussion after (7.12)], we

have observed that the operator norms of S;Z'j v.b O L? are uniformly bounded in F, and

that the kernels K = K lf Vb satisfy the inequality (8.1) for some A independent of F.
This proves our assertion, by definition of acceptable Banach space.
For (c), first take B = L?, and say f € CZ°. By Theorem 7 (a):

(*) Say €; > 0. There is a finite set 7y € Z x I', such that for any finite set G with
F1 € GCZxT, wehave

|0 = 50t <

Moreover, since the K ;Z: Vb satisfy (8.1) uniformly in F, the argument leading to (7.8)

shows that there is a C such that ][Sgw_bf](x)] < C|x|_Q for all x and all finite G. These
facts imply that for any € > 0, and any number 0 < ¢ < Q, there is a finite set F C Z x T,
such that for any finite set G with F € G C Z x I', we have

‘Sw,w,bf - Sgw,bf( <e€gq - (8.2)

(Here g, is as in Lemma 5.) If now also g is also required to satisfy ¢ > Q/p, so that

8q € L?,thenin (8.2), [Sy b f — Sg,l//,bf”p < €llgqllp. The unconditional convergence
in L?, for f € CZ°, follows at once.
Finally, in (c), take B = H!; then

D:CSoﬂle{feCfO:/fzo}.

We define a standard molecule to be an L2 function M with [|M ||, < 1, [ |M(x)|?|x|2+! <
1, and f M = 0. In [4], it is shown that M € H!, and further that there is an Ag > 0 such
that |M|| g1 < Ap for all standard molecules M.
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Suppose now f € D. Combining (*) above and (7.10), we see that for any € > 0,
and any number 0 < g < Q + 1, there is a finite set J € Z x I', such that for any finite set
Gwith FC GC Z x T', we have

‘S,,,,,,,,;,f — 89,1 < e (8.3)

1
3. then max ([lggll2.

1
[ [ 184 (0)21x12F1 dx]?) = Co, say, is finite. Thus, in (8.3), Sy, y.»f — Sg,w’bf is €Cy
times a standard molecule, so its H! norm is less than €CpAp. The unconditional conver-
gence in H', for f € D, follows at once. [l

If now also g is also required to satisty ¢ > QO +

9. Remarks

(1) When studying frames, one often takes several different s, say ', ..., ¥V, all
having integral zero, and asks when U = l{w } is a frame. In our situation, by

Jj.by
Theorem 8 (b),

C
< .
= po-1

Yoo
> [—V,,Q Ry — Sx/fk,x/xk,b}

k=1

Thus, a simple modification of the proof of Theorem 8 (c) shows that, if we can
find positive A, B with

N
Al < ZRW < BI,
k=1

then for some by > 0, if 0 < b < by, we can choose Aj, By > 0 such that

Ab||f||z<z ST vk, ) < Boll 113

k=1 jeZ,yel

forall f € L?, and such that

We restrict attention to wk of the form wk = Fk(L)(S = LH*(L)S, where
FE(G) = 2H*(A) and H*, F* € S(R*). Then Y 0_; Ryx = Yol mpx(8),
and we can take

supZka(k) A= 1nf Zka(A)

A>Ok 1

provided this A is positive. (This will be so if there does notexistaio > O such that
F*(a?/ %9) = Oforall k and all integers j.) With higher N, one has more flexibility
in making Z,ivzl m px nearly constant, thereby getting a nearly tight frame.
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(2) Inthis article, we have let L be the sub-Laplacian for simplicity, but the our main
results (Theorem 1, Corollary 1, and Theorem 2) continue to hold if L is any
positive Rockland operator. (In (1.1), one must change a% to a¥ where k is
the homogeneous degree of L.) Indeed, the key fact that we have used about L is
Theorem 3, and that theorem continues to hold if L is a positive Rockland operator.
(See [22] for this fact and the definition of a Rockland operator.)

A. Appendix: T(1) Theorem Technicalities

As we have said, the “easier case” of the 7'(1) theorem for stratified Lie groups, as used
in this article, may be proved by making only minor changes in the proof for R” in [30],
pp- 293-300. However, one change requires a little thought.

Stein assumes that T is given to be a continuous linear mapping from Sto S§'. He
however only uses this assumption in the argument at the top of p. 296. Moreover, the
argument at the top of p. 296 uses the Fourier transform. We need to present a replacement
for that argument, for general G, in which only C2° functions are used.

For R > 0, let B(0, R) = {x € G : |x| < R}. We begin by observing the following.

Proposition A.1. Say T : C1(G) — L*(G) is linear and restrictedly bounded. Then T
is continuous from C° to L.

Proof. By definition we need to show that for any compact set K C G, there exist
Co, N such that [|Tf|, < Cp for all f € CZ° with support contained in K and with

I fllcy < 1. Weclaim that we can always take N = 1. Indeed, fix K and choose R > 0 with

K € B(0, R). If f is as above, set F(x) = ¢f(Rx), where ¢ = min(1, R™%, ..., R™%),
Then F is a normalized bump function, and f = (%)F R0 Since T is restrictedly bounded,
for some C > 0, |Tf]2 < %R% as desired. L]

To replace the argument at the top of p. 296 in [30], we now proceed as follows. Say
¢ € C°(G) has support contained in the unit ball B(0, 1). For f € L%(G), let

Sif=[f*¢ri.
We claim the following.

Proposition A.2.  Suppose a linear operator T : CH(G) — L*(G) is restrictedly
bounded. Then:

(@) Forall f € C®, S;TS;f — Tf inL?as j — oo; and

(b) forall f € C®, S;TS;f — 0inL?as j — —oo.

Proof. Of course S; is bounded on L2 forall j,and ||S;|| < ll¢,—i 1 = ll¢ll1 = A, say.
For (a), we observe

1S;TSjf —=Tfll2 1S;T(S;f = Dll2+1S;Tf =Tfll2

AT f = POl +1S;Tf =Tfll2— 0

IAIA

as j — oo,since §; f — finC®, T :CF° — L? is continuous, and S;Tf— Tfin L.
For (b) we observe [|S;TS; fll2 < AITS; fl2, so we need only show T'S; f — 0in
L%, Write J = —j, and note

Sif = [ x¢p = (fomwsn % Pa-1) 41 -
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As J — 00, fr—u+) * Py-1 = ¢p—1 in C°, where ¢ = fG f; moreover, for J sufficiently
large the supports of all these functions are contained in the unit ball. Thus, we may choose
C1 such that for J sufficiently large, any one of these functions is C; times a normalized
bump function. But for any function F,

Frv = 2_(]+1)F21+]’0 ,

so |[TS; fll2 < CC12~F = 0as J — o0, as desired. O

Another very small point: We have defined a normalized bump function to be a C!
function with support contained in the unit ball, whose C' norm is less than or equal to 1;
Stein assumes in addition that the function is smooth. But our definition only makes the
hypotheses of Theorems 5 and 6 stronger, so of course the theorems hold.
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