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ABSTRACT.  We study the composition of time-frequency localization operators (wavepacket
operators) and develop a symbolic calculus of such operators on modulation spaces. The use
of time-frequency methods (phase space methods) allows the use of rough symbols of ultra-rapid
growth in place of smooth symbols in the standard classes. As the main application it is shown that,
in general, a localization operator possesses the Fredholm property, and thus its range is closed in
the target space.

1. Introduction

By a symbolic calculus is meant a mapping from a parameter space of symbols to a class of
operators and the investigation of this functional dependence. The prototype of a symbolic
calculus is the symbolic calculus of pseudodifferential operators. This classical symbolic
calculus has lead to an understanding of the composition of pseudodifferential operators, the
construction on an approximate inverse, a so-called parametrix, and the regularity properties
of partial differential operators [23, 28, 30].

In this article we study a different kind of symbolic calculus, namely for (time-
frequency) localization operators. This class of operators occurs in various branches of
mathematics under such names as Toeplitz operators, (anti) Wick operators, time-frequency
multipliers, and others. Their applications range from quantization procedures (Berezin
quantization) in quantum mechanics, via signal analysis, to the approximation of pseu-
dodifferential operators. Localization operators form a special case of the wave-packet
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operators of Cordoba and Fefferman [8] and have been used to approximate general pseu-
dodifferential operators. Technically, localization operators may be regarded as a special
class of pseudodifferential operators and may therefore be investigated with pseudodiffe-
rential calculus. This approach has led to many interesting results in [7, 26, 31, 32].

Our approach to localization operators is based exclusively on time-frequency meth-
ods (phase-space methods). In view of the very definition of this class of operators below,
this approach is not only natural, but it also leads to very strong results with respect to
the admissible symbols and “window functions.” In treating the composition of two local-
ization operators one of the symbols may be rough (in local L°°) and even possess ultra-
rapid growth.

Whereas the product of two pseudodifferential operators is again a pseudodifferential
operator (there are many algebras of pseudodifferential operators), the composition of two
localization operators is not a localization operator in general. This additional difficulty
has captured the interest of several authors and has generated some remarkable ideas. An
exact product formula for localization operators is presented in [13]. However, since it
works only under very restrictive conditions and is unstable, it is not amenable to a de-
tailed analysis of mapping or compactness properties. Therefore many authors resort to
asymptotic expansions that realize the composition of two localization operators as a sum of
localization operators and a controllable remainder [1, 11, 24, 25, 29]. These contributions
were mainly motivated by PDEs and energy estimates, and therefore use smooth symbols
that are defined by differentiability properties, such as the traditional Hormander or Shubin
classes, and Gaussian windows. For applications in quantum mechanics and signal analysis,
alternative notions of smoothness—‘smoothness in phase-space” or quantitative measures
of “time-frequency concentration”—have turned out to be useful. This point of view is
pursued in several recent investigations of localization operators and usually involves mod-
ulation spaces (see [11, 31, 32] and references therein). In the context of modulation spaces,
much rougher symbols and more general “window functions” can be used for localization
operators than have been considered in the studies [10, 12, 27].

Modulation spaces—though still not as well known as standard smoothness spaces—
are the appropriate function spaces for time-frequency analysis, and in several cases have
been shown to furnish optimal results. For instance, they arise as the optimal symbol classes
in the study of boundedness and Schatten class properties of localization operators [9, 10].

Our analysis of the symbolic calculus for localization operators is based on a com-
position formula in [1] and (in full generality) in [11]. It was formulated for symbols in
certain Shubin classes and windows in the Schwartz class. This calculus seems most suit-
able for understanding the composition of localization operators with respect to their action
on phase-space (the time-frequency plane).

The Short-Time Fourier Transform and Localization Operators. To be more
specific and to formulate our results, we first define the short-time Fourier transform and
introduce the class of localization operators.

The operators of translation and modulation are defined to be

Tof() = f(t—x) and M,f(t) =¥ f(1). (1.1)

We often combine translations and modulations into time-frequency shifts (phase-space
shifts in physical terminology). Write z = (x, w) € R?¢, then the general time-frequency
shift is defined by

7(z) = MyT, . (1.2)
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Associated to time-frequency shifts is an important transform, the short-time Fourier
transform (STFT), which is also called coherent state transform, Gabor transform, win-
dowed Fourier transform, and the like. The STFT of a function or distribution f with
respect to a fixed nonzero window function g is given by

Ve f(x, ) = /Rd f@) gt —x) e ' dt = (f, My Teg) = (£, 7(2)g) , (1.3)

whenever the integral or the bracket (-, -) is well-defined. The short-time Fourier transform
can be defined on many pairs of distribution spaces and test functions. For instance, V, f, as
a sesquilinear form, maps L? (R?) x L2(R?) into L2(R?) and S(R?) x S(R?) into S(R?4).
Furthermore, V, f can be extended to a map from S’ RY) x 8’ (R?) into S’(R2?) [18, p. 41].
The short-time Fourier transform is the appropriate tool for defining localization operators.

Next, let a be a symbol on the time-frequency “plane” R?? and choose two windows
@1, 9> on R?, then the localization operator A%""#? is defined as

AP f (1) = /Zd a(x, w)Vy, f(x, 0)MuTe@a(t) dx do . (1.4)
R

Taking the “inner product” with a test function g, the definition of A%'#? can be written in
a weak sense, namely,

(A8 f.8) = @V [ Vin8) = (a. Vi, | Vir8) - .5

Ifa € 8'(R*) and ¢1, 2 € S(R?), then (1.5) defines a continuous operator from
SR to S'(RY). If ¢1(t) = ¢a(t) = 2‘1/46’7”2, then A, = AY"* is well-known
as (anti-)Wick operator and the mapping a — A%"'% is interpreted as a quantization
rule [3, 13, 24, 28, 33]. Furthermore, this definition is also a special case of the wave packet
operators of Cordoba and Fefferman [8, 16], and A%"**? serves as an approximation of the
pseudodifferential operator a(x, D).

While previous work—to a large extent—uses a combination of methods and is al-
ways focused on the model of pseudodifferential operators, we will use exclusively time-
frequency analysis in our study of localization operators. In a sense, this is perfectly natural,
because the definition of a localization operators is in terms of the basic transform of time-
frequency analysis, namely the STFT.

Results. Our starting point is the following composition formula for two localization
operators derived in [11]:

N-1

=D o,
Agl,(pZA;f,%(/M — Z —'A;Daa[‘fz + EN . (16)
la|=0 )

The essence of this formula is that the product of two localization operators can be
written as a sum of localization operators and a remainder term, which is “small.”

In the spirit of the classical symbolic calculus, this formula was derived in [11,
Theorem 1.1] for smooth symbols belonging to some Shubin class §™ (R??) and for windows
in the Schwartz class S(RY). In this case, the remainder term is regularizing and maps
L?(R%) into S(RY).

The goal of this article is much more ambitious. We will establish the validity of (1.6)
on the modulation spaces (Theorem 5 and Proposition 2). These function spaces are defined
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by imposing a weighted mixed L”-norm on the STFT, e.g., || fllmr = ||V f |l p (for suitable
window g). In view of definition (1.5) modulation spaces are bound to arise in the in-depth
treatment of the symbolic calculus.

The extension of the composition formula (1.6) is far from a routine generalization
and requires the entire arsenal of time-frequency analysis. The derivation of a symbolic
calculus is necessarily technical, and therefore we would like to point out explicitly the
innovative features and the level of generality of our results.

(i) Rough symbols. While in (1.6) the symbol b must be N -times differentiable, the symbol
a only needs to be locally bounded. The classical results in symbolic calculus require both
symbols to be smooth.

(i1) Growth conditions on symbols. The symbolic calculus in (1.6) can handle symbols with
ultra-rapid growth (as long as it is compensated by a decay of b or vice versa). For instance,
a may grow subexponentially as a(z) ~ e fora > 0 and 0 < B < 1. This goes far
beyond the usual polynomial growth and decay conditions.

(iii) General window classes. We provide a precise description of the admissible windows

~7X or Schwartz functions are considered as

@; in (1.6). Usually only the Gaussian e
windows [1, 11, 24].

(iv) Size of the remainder term. We derive norm estimates for the size of the remainder
term Ey that depend explicitly on the symbols a, b and the windows ¢;. In applications
to PDE, e.g., [23, 30] it is important that the remainder be regularizing, but this property
does not exclude the possibility that E y is large in norm. Therefore norm estimates provide

important additional information, see also [24, 25] for more motivation.

The Fredholm Property of Localization Operators. By choosing N = 1, ¢ =
@2 = ¢ with ||g|l2 = 1, a(z) # 0, and b = 1/a, the composition formula (1.6) yields the
following important special case:

AZYAT = AT + R=1+R. (1.7)

Under mild conditions on a we will show that R is compact and that AY'? is a Fredholm
operator between two modulation spaces M”¢ and M} (with different weights), see
Theorem 6. This theorem is remarkable because it works even for ultra-rapidly growing
symbols such as a(z) = @7’ for @ > 0 and 0 < B < 1. For comparison, the reduc-
tion of localization operators to standard pseudodifferential calculus requires elliptic or
hypo-elliptic symbols, and the proof of the Fredholm property works only under severe
restrictions, see [7].

Itinerary of the Proof of the Symbolic Calculus. To give the reader some insight
how the expansion formula (1.6) is derived, we sketch the main arguments developedin [11].
The composition of two localization operators can be formally written as

AL AP f =/RM A‘wa(y)b(Z)V%f(Z)(?T(Z)fM,ﬂ(y)fﬂl)ﬂ(y)mdydz- (1.8)

Assuming the symbol b to be N-times differentiable, we expand b(z) into a Taylor series
around y and obtain

by = 3 abe 2 y) +bn(y.2).

la|<N
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where the remainder is given by

bn(.0)=N Y f (1—nN- la“b(y+t(z—y))dt( y) :

lee|=N

For each o with |a| < N we obtain a term of the form

o!

1
— a(y) d3%b(y) (/ (2= )"V [ (2) (T (D), n(y)901>dz>7r(y)<pz dy.
]RZd RZd

The inner integral over z is linear in f and “covariant” in y, and can be expressed as an
STFT (f, 7 (y)®,), where ®, depends on ¢1, ¢3, ¢4. Using formulas for the moments of
the STFT, this new window was calculated explicitly in [11] to be

(27”)\0@ Z( )( 1)|/5|| (P’i X ,BIBOQ B2 >Xﬂlaﬂ2¢1. (1.9)

[Note that if @1, @3,04 € S (Rd), then also ®, € S (Rd).] Consequently, for the terms
|| < N, we obtain the localization operators

1 o 1 Dy,
ol oo a(y)0“b(y) Vo, f(¥) m(Y)p2dy = —A adh

The terms corresponding to || = N can be collected to aremainder E y given informally by

ENfZ/ / a(Y)bn (v, 2) Vo, f (@) (7 (2 s, T(y)@1) T (¥)@2 dy dz . (1.10)
R2d JR2d

By summing over ¢, |a| < N, we obtain the expansion formula (1.6). In[11, Theorem 1.1]
this formal idea was made rigorous for symbols a, b contained in a Shubin class and windows
@; in the Schwartz class.

For the extension of the symbolic calculus (1.6) to rough symbols and general modu-
lation spaces we need to check that all terms in (1.6) are well-defined on modulation spaces
and then derive norm estimates for their size.

To carry out this plan, we will proceed along the following steps. In Section 3 we
introduce the modulation spaces and list some of their main properties. In Section 4 we
present further time-frequency tools, such as properties of the STFT. In Section 5 we inves-
tigate the mapping properties of localization operators between modulation spaces. These
results enable us to give a rigorous meaning to most terms in the symbolic calculus (1.6).
Section 6 is devoted to a careful analysis of the remainder term E, and we will formulate
conditions for the boundedness and compactness of Ex on modulation spaces. This is the
most technical part of the article. In Section 7 we combine the entire machinery and prove
the symbolic calculus (1.6) in the framework of modulation spaces. In the last Section 7 we
study the Fredholm property of localization operators. This property is the main application
of the symbolic calculus and—at least for us—justifies its many subtle technicalities.

Notation. We define 12 = ¢ - 1, for r € R?, and xy = x - y is the scalar product on R¢.

Given a vector x =x1,...,xq) € R, the partial derivative with respect to x; is denoted
by 3; = W. Given a multi-index @ = (1,...,09) > 0, ice., @ € Z¢ and a; > 0,
we write 0% = 8 ~-8§“; moreover, we denote by X¢ the operator of multiplication:

X)) = (" - 15D f(@).
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Given a set K C R??, we denote by meas(K) the Lebesgue measure of K and by
Xk the characteristic function of K. We use the brackets (f, g) to denote the extension
to S'(R?) x S(R?) of the inner product (f, g) = ff(t)gﬁdt on L*(RY). The space
of smooth functions with compact support on R? is denoted by D(R?). We denote by
LO(]R2d) the space of all f € LOO(RM) that vanish at infinity, i.e., for all ¢ > 0 there exists
R = R(&) > 0 such that

[f (D] <e, for a.a. |z] > R.

The Fourier transform is normalized to be f (w) =Ff(w) = f f(e 2rito gy,
Throughout the article, we shall use the notation A < B to indicate A < ¢B for a

suitable constant ¢ > 0, whereas A =< B means that c "' A < B < cA for some ¢ > 1. The

symbol By < B, denotes the continuous embedding of the linear space Bj into Bj.

2. Modulation Spaces

2.1 Weight Functions

For the quantitative description of decay properties, we use weight functions on the time-
frequency plane. In the sequel v will always be a continuous, positive, even, submultiplica-
tive weight function (in short, a submultiplicative weight), i.e., v(0) = 1, v(z) = v(—2),
and v(z1 4+ z2) < v(z1)v(z2), forall z,z1,22 € R24 | We furthermore impose the GRS-
condition

lim v(nz)'/" =1, vz e R?, 2.1)
n— oo
The GRS-condition (introduced by Gelfand-Raikov-Shilov [17]) quantifies the subexpo-
nential growth of v in a precise manner. Every weight of the form v(z) = e“mb(l +
[z])* log" (e + |z|) for parameters a,r,s > 0, 0 < b < 1 satisfies the GRS-condition,
whereas the exponential weight v(z) = el a > 0, does not. Finally, we assume that v
satisfies the property

1
/ v(t2) dt < v(2) . 2.2)
0

Associated to every submultiplicative weight we consider the class of so-called v-
moderate weights M,. A positive, even weight function m on R?? belongs to M, if it
satisfies the condition

m(z1 +22) < Cu(zi)m(za) Vz1,22 € R

We note that this definition implies that % < m < v, m # 0 everywhere, and that 1/m €
M,,.
We will often use the polynomial weights (-)* defined by

() =) =(1+x2+0)"? z=@x w0 eR¥ secR 2.3)

\

and the product weights (-)* ® (-)* signifying (x)* (w)*.
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2.2 Modulation Spaces

The modulation space norms are a measure of the joint time-frequency distribution of a
function or distribution. They occur in many problems in time-frequency analysis and
play an increasing role as symbol classes for various types of pseudodifferential operators.
For their basic properties we refer, for instance, to [18, Chapter 11-13] and the original
literature quoted there.

Let po(t) = ¢~ be the Gaussian and let
Se¢ = span {m(2)go : z € de} 2.4
be the linear space of all finite linear combination of time-frequency shifts of the Gaussian
(the “space of special windows”).

Definition 1. For any moderate weight m € M, and 1 < p,q < oo we define the
modulation space norm on S¢ by

q/p
I f Wl pgpa = Voo fllppa = (/ </ IV¢0f(x,w)|”m(x,w)”dX> dw)
R4 R4

If p, g < oo, the modulation space M7 is the norm completion of S¢ in the M};?-norm.
If p = 0o or ¢ = oo, then M}/;'? is the completion of S¢ in the o (S¢, S¢)-topology. Then
by definition, M,ﬁ’q(Rd ) is a Banach space. If p = ¢, we write MP instead of ME'?, and
if m(z) = 1 on R? then we write M?-9 and MP for M.'? and M2?.

1/q

This definition can be read on several levels of generality. If v and therefore m €
M, grow polynomially, m(z) = (9(|z|N) for some N > 0, then M}'? consists of all
tempered distributions f € S’ (Rd) such that Vi, f € L,I;,’q (RM ) with the norm || f | MPa =
Voo fll pa. If p,g <2and m > 1, then M;;? is a subspace of L*(R?).

However, if v and m grow faster than polynomially, we may need to appeal to the
theory of ultra test functions and ultradistributions to get a concrete definition of M}'? in
place of the equivalent definition as an abstract norm completion [4, 15, 26]. For instance,
if u(z) = " fory < 1,then M! € S(RY) € S'(RY) C M?},, and the elements in MpE
are those “ultra distributions” whose STFT is in L59.

We list the some of the main properties of modulation spaces [18, Chapter 11].

Theorem 1. Let1 < p,q < 00, v be a submultiplicative weight as above, and m € M,,.
(i) Then M};? (R?) is a Banach space, and

1@ fllygpa S v 1 Fllygpa - 25)

(i) Duality: If 1 < p,q < oo and p' = % is the conjugate exponent, then (M}7)* =
phq’
M) -

Remark. The modulation spaces M, 'lis the dual of M 11/(3n where M 11 /?n is the closure

of S¢ in the M f}jf—norm [2]. Similarly, M,l,,’OQ = (M?}}n)*. Thus, duality and weak-*

arguments can be used for all indices p, g.

The following statement on norm equivalence is crucial and will be used repeatedly.
Again @y (1) = e,
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Theorem 2.
(i) [18, Lemma 12.1.1]. If f, g € M}, then

IWVefllLy S 1F Ty l1glug - 2.6)
(i1) Equivalent norms [18, Theorem 11.4.2]: If g € M$ and f € M}, then
Ve fllza S Uglpt 1 lpgpa S UV flippa 2.7

The estimates in (2.7) imply that the definition of M7 ? is independent of the window
g and that ||V, f1| LPa is an equivalent norm for any g € Mj. To understand the various

conditions on the occurring windows, it is helpful to keep in mind that M is the maximal
class of test functions that works simultaneously for all modulation spaces ML, 1 <
p,q < oo and all v-moderate weights m.

Among the modulation spaces occur several well-known function spaces:

(i) M*(RY) = L*R)).
(i1) Weighted L2-spaces: If s (x, w) = (x)*, then

M (RY) =L;RY) ={f : f)(x)* € L2(RY)}.
(iii) Sobolev spaces: If 73 (x, w) = (w)*, then

ME(RY) = H'(RY) = {f : f(o)(o) e L*(R)}.
(iv) Shubin-Sobolev spaces [28, 6]: If m;(z) = (1 + |z])* = (z)®, then

M3, (B) = L2(RY) 0 1 () = 0, (RY)

(v) The Schwartz class is related to modulation spaces as follows [21]: S(R?Y) =

M=o M5 RY).
(vi) The space of tempered distributions [21]:

S'(RY) = M (RY). (2.8)

5s<0

3. Time-Frequency Tools

The following properties of the STFT, defined in (1.3), will be used in the sequel. For
proofs, see [16], [18, Chapter 3].

Lemma 1. Let f, g, h € L*(R?). Then we have
(i) Covariance property: If x,u, w, n € R, then

Ve(MyTy f)(x, w) = e @MY, f(x —u,0—1n), (3.1)

and thus |Vg(m (1)) ()| = |V f (z = y)| for y, z € R¥.
(ii) Inversion formula:

/ Vo f (x, 0)My,Tihdx dw = (h, g)f , (3.2)
R2d
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where the integral is to be understood in the weak sense.

Fix a nonzero window y, we define an operator V,; mapping a function ¥ on R?? to
a function or distribution on R¥ by

VIF = F(x,0)MyTyy dx dw . (3.3)
14 R2d

Ify, f € L*(R?) and F € L*(R*®), then V¥ is simply the adjoint of V,, in the sense that

(VIF, f)=(F.Vy f).

The following proposition [18, Proposition 11.3.2] concerns the boundedness of the operator
V., and will be crucial for the analysis of localization operators.

Proposition 1. Letm € M,, y € M}, 1 < p,q < co. Then V) maps LD (R onto
MY and satisfies

IViF | ypo S WaoV I I Fllpa = 1y lagg 1 Fll g - (3.4)

In particular, if F =V, f, then the inversion formula holds in ML

f= ;/ Ve f(x,0)My,Tyy dxdow. (3.5
(v, 8) Jra

In this notation, we can write a localization operator informally as

AL f = V;z @V, f). (3.6)

Lemma 2. Let v be any submultiplicative weight and ¢o(t) = e Then, for all
multi-indices a, B > 0,

[ Veo (XP8%0) [ 1 = /de | Voo (XP3%00) (x, w)|v(x, ) dx dw < 00 . (3.7)

Proof.  We use the (multivariate) Hermite functions %, to show that the integral (3.7)
is finite. Since X#3%¢py can be written in the form pgo where p is a polynomial of degree
lae| + |B], XP3%¢p is a finite sum of Hermite functions X#3%py = ZlylslaIHﬂ\ cyhy.
By a well-known formula (called the “Laguerre connection” in [16]), the STFT of 4, is
Vaohy (x, w) = Loy, (7 (x2+w?))(x, a))e’”(szr‘”z)/z, where L., is a Laguerre polynomial
of degree |y |. Consequently, Vi, (X Ba%py) = |P(x, w)|e™™ ?+0™)/2 for some polynomial
of degree at most |«| 4 | 8]. Since a submultiplicative weight v grows at most exponentially

(.e., v(x, w) < O(eXI+1®Dy) the convergence of the integral (3.7) is guaranteed. L]
Lemma 2 helps us prove the boundedness of the operators X# 3% from M; (NS
into M;“_)N—\ﬂ\@(_)]v,w). A similar result can be found in [32].
1
Lemma 3. Letg e MU(<_)N®(.>N) and |a|, |B] < N. Then
xPog S gy : (3.8)
H |}M3<<->N*Iﬁ‘®<->N*‘°’|> Mo aNanm)
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Proof. We use the following algebraic formula [18, Lemma 11.2.1] to interchange the
operators 3% X# with time-frequency shifts:

O XP(MyTehy =Y > (51)@) 20miw) My T (3% XP~2R) . (3.9)

S1<a 5<B

forall (x, w) € R?? and «, B with ||, |8] < N. Substituting (3.9) into the STFT of X#3%g,
we obtain

|Vio (XP 9% g) (x, )| = |(XP 3% g, Moy Tip0)| = |(g. 3% XP (M, T 00))|

P> ( (5 mian | . (o0 x5 )|

§1<a =B

=@ ()Pl )y” Z( )( )g, (8, Mo T (0%~ XP =22 00))|.

81<a 5<B

Taking the L'-norm with weight v ((-)N~18l @ (-)N=Il) the previous estimate yields

B
Vo)l <Y 2(51)(32)”% R R

S1<a 8,<p

Now we apply Theorem 2 (i) to each of the terms on the right-hand side and obtain that

, —81 y B8
HX aag” Z Z ”g”Ml (N @M ”30‘ '€ ZQOOHM:’((') < 0.

N g (N
Si=w 5=p ®N)

The latter expression is finite, since by assumption g € Ml}((w (M) and 3*XPgy €

M1<>N® by Lemma 2. L]

Baa p.q
Remark. Similarly, one can see that X" 9 maps M (V@ )mtoM (IN—1Bl g (N~

4. Mapping Properties of Localization Operators
Between Modulation Spaces

We investigate how a localization operator maps modulation spaces into each other. For
a more detailed analysis of the boundedness properties of localization operators we refer
to [10].

Theorem 3. Letm € My, u € M,,.

(i) Assume that a € L (RM) @Y1 € M wand @2 € MIL, then the localization operator
ALY s bounded fmm M Lot into MJ wzth a norm estimate

[ AZ2 f | agpa S Norllaay, Iallagy Nallzgs, 1F Nagz - “.1)

(i) If a € L;’nO(RZd), S M and ¢, € M!

then Aal’ 2 s boundedﬁom Mu’q into
M 4 with
wum >

vw’

||A§"“’2f||M5;g S el o2l Nalizge 11y - 4.2)
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Proof. We write the localization operator A%"**? as in (3.6) and use Proposition 1.
(i) Since ¢, € M&), estimate (3.4) implies that V;z is bounded from LZ’q onto M ﬁ’q and,
for f € M}, we have

|48 F e = (V5@ Vor )]y

S lle2llpgs lla Vo, fll ppa -
w i

Since by assumption |a(x, )| < [lallLg m(x, o) for (x, ) € R? the L};?-norm of the
product a V,, f can be controlled in the following way:

g < g = g < q .
la Vo Fllpo < llallzgs, ImVi, fllppa = llallzge, 1V, fllng < oty lalis, 1£1yme

In the last equivalence we have used ¢ € M, and Theorem 2 (ii).

1
vw?

Hence, for f € M}, we have

(ii) Is similar. Since @2 € M,,,, V.5 is bounded from Ly, onto My, by Proposition 1.

|48 f g

Ve, @ Vor )]l vz
le2llugy, Nla Vey £l o
2y, lalge ICL/m) Vi, £l o

le2llagy, Nallige Ve, £l o < ot llag

IA A

s loallagy, lallzgs 1 llggpa. [
Remark. Note once again the role of the windows. In (i) the source space M ,fmq is
measured by the window ¢1, which by Theorem 2 has to be in M,}w. For the target space
M [j "1 we use s, thus the required condition is g5 € MIL.

The following result will be used in the proof of the Fredholm property of A%'"%?
(Corollary 1). For weights of polynomial growth, Lemma 4 was already observed in [7,
Lemma 3.8].

Lemma 4. Letm € My, uw € My. Ifa € L®R?*) with compact support, and
Y1 € Ml}, ¢ € MIL, then the localization operator A%"%* is compact from M} into
M,’Z’q,forl < p,qg <oo.

Proof.  We show that A%""*? is bounded and compact from M 1071; into M. The com-

pactness of AY"** from M7 into M[;'? then follows from the continuous embeddings

MET s My, and M} < M[. We denote the compact support of a by K € R??.

Let f € Mf;’v, then

[ Aﬁl’(pzf”MIL = | Vg, @V, f) ”M&J SllaVe flizy

/Kla(Z)IIlef(Z)Iw(Z)dZ

A

1
Sup|Vzp1f(Z)|—/ la(z)|v(z)w(z) dz
zekK v(2) Jk

<
S Il

and so A¥"%? is bounded.
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Let f, € M{Y 7o be a bounded sequence that converges weak™ to some f € M i’fv. This

is equivalent to saying that V,,, f,, converges uniformly on compact sets of R to Vo f»
e.g., by [15, Theorem 4.1 (v)]. Consequently,

4542 = )l agy, = 9P 1V (o = f)(z)l— / la@v(@w(z)dz = 0,

and this property implies that AZ"** is compact from M7}, to M,,. ! ]

For the analysis of the remainder, we will use the well-known fact that every linear
operator A : S — S’ can be written in the form Af = V;z (T Vy, f) for a suitable integral
operator T, see e.g., [16, 20]. The boundedness properties of operators given in this form
are derived as in Theorem 3.

Lemma 5. Let 1,9, € M) (R?) and T be the integral operator with kernel K on R*
(acting on functions F on R2d) defined by TF(y) = fRZd K (y, 2)F(2) dz and define the
operator A (acting on functions f on R%) by

Af = V(T Vg, f) .

If u € My and T is bounded on Lﬂ’q(RZd), 1 < p,g < oo, then A is bounded
on M} (RY).

Proof.  Since T is bounded by assumption and V;z is bounded by Proposition 1, we
obtain that

IAf lpgpe = |[Vigy (T Ve, ) ||M5.q < le2lpg IT Vg, )l e

< Crlleallpy Ve, fllLne S Crlleillay o2l 1 lagpa s

where the constant C7 is the operator norm of 7" on Lﬁ’q (R24). L]

5. Treatment of Remainder Term

The mapping properties of localization operators, as studied in the previous section, enable
us to understand the left-hand side in the expansion formula (1.6). We now turn to the
investigation of the remainder term Ey.

An explicit formula for the remainder and its Weyl symbol was derived in [11]. Here
we give a different treatment that leads to estimates for the operator norm of Ey.

We recall the form of the remainder term from [11] and the introduction (1.6). Let
bn(y, z) be given by

by(y.2)=N Y / (1= OV 9%b(y + t(z — y))dt(z_y) EENCRY

la|=N

then the remainder in (1.6) is given by the formula

ENf:[ / a(Y)bn(y, 2) Vs f (@) (2)pa, w(¥)p1) 7 (y)p2dzdy . (5.2)
RZd RZd



Symbolic Calculus and Fredholm Property for Localization Operators 383

If we introduce the integral operator 7 with kernel

K(y,z) =a(y)bn(y, 2) (m (D)4, T(¥)1) , (5.3)

ie., TH(y) = fde K(y,z)H(z)dz, then Ey can be written formally as
Enf =V, (TVyf). 5.4
After these preparations we can formulate the following result for the boundedness

and compactness of the remainder term.

Theorem 4. Letm € My, u € My, 1 < p,q < oo and assume that ¢y, ¢4 €
My v R, and g2, @3 € My, (RD.

(i) Ifa € L‘fj’m (R%?) and 3%b € L;’,,O(de)for || = N, then Ey is bounded on M[j’q with
the following estimate

1
< _ o
|ENS Iy ||a||L?7m< §| N“’ [E bHLﬁf)nwl||M3w<_>N||go2||MJJ||¢3||M,L||<p4||M3w<_>N||f||M5,q. (5.5)
o=

(ii) If 9%bm € LO(R??), then Ey is compact on M[z’q.

Proof.

(1) It suffices to show that the integral operator 7' defined by the kernel K in (5.3) is bounded
on L (R?). Then Ey is bounded on M}"? by Lemma 5.

Step 1. An estimate for the kernel K (y, z).
By assumption |a(y)| < ||a||Lcl>7m m(y) and [0*b(y)| < |10%D| L0 m(y)~!. Therefore we
find that

la(y)by(y.2)| = |a<y)|N||ZN /Ola—r)N-la“b<y+r<z—y)>dz%
< Nlalsm)(E—»" |ZN$”aab“Lﬁ?/olm(y itz —y) dt
< CNlallzzmG) (z - y)NIXZ:N%H3“b||L%o/01m(y)_1v(t(y—Z))dt
< lalless, Y O%||a“b||Lﬁv(y—z><y—z>N

la|=N

where in the last inequality we have used property (2.2) of the weight v. Consequently, if

we set Cypn 1= |lal Lo

B Z —‘||8°‘b||Loo < 00, the integral kernel K is dominated by
m a. m

la|=N
a convolution kernel in the sense that

1K (3, 2| S Capnv(y — 2Dy — )V Vi 0a(y — 2] - (5.6)

Step 2. Boundedness of the integral operator 7 on Lﬁ’q(RZd).
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By (5.6) we obtain that

\TH(y)|

‘/ K(y,2)H(z)dz
RZ:Z

IA

Cann /R 05— Dy — DN Vi aly — D HE) dz

= Capn(IH|* ()N [Vy04)) ).

If H € L7 (R??), then Young’s inequality with weights (e.g., [18, Proposition 11.1.3.])
implies that

IA

ITH| pa Cap.n | [H| % (v(-)N [V, 04]) e
Il pa [1Voroal v 1y

IH N pa Ve pall 1
Lt War#alin!

A

Step 3. The boundedness of the remainder E is now a consequence of Lemma 5. Ac-
cordingly, we need ¢z, 3 € M,L, whereas by Theorem 2 ||V, @4ll 11 N S il N
vw(-) vw(-)

loal pp1 o By keeping track of all the constants, we find estimate (5.5).

(i1) Compactness of En.

Step 4. We first show that if b has compact support then E is a compact operator from
M? into M:L. So assume that suppb C K for some compact set K € R??. Similar

arguments as in item (i) give the boundedness of the integral operator 7' from Mff’ toM llL.

Since by assumption b € L3°, we have

10%b(2)| < 8D, m(@) xk () .
Lm

As in Step 1 above we derive the kernel estimate

K. 2l S lalieg

~ 1/m

1 1
> JHa“bHL;.nofo (@ =YXk +1(z = y)di

le|=N

Az =WV V12 = ).

Let H € LZO(]RM ). To estimate T H we apply the preceding computation and also
use the w-moderateness of w. This yields the majorization

ITH|,1 < f (/ IK(y,z)IIH(z)Idz>u(y)dy
" R2d R2d

1
/ / /v(t(z—y))XK(y+t(z—y))| (z—WNH@) (5.7)
RZd ]RZd 0
Vg1 (z — W u()w(z — y)dzdydt .

N

Performing the change of variables 2’ =z —y,y' =y +1(z — y) sothatdy dz = dy' d7/,
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and using (2.2), we get

1
||TH||LL < HH”LZO /de /]A%M./O v(tz/)XK(y/)(z/)N|V¢4¢1(Z/)‘w(z/) d7' dy' dt

IH |52 A;zd xx (y')dy' /de v(2)w (@) ) | Vo1 ()| d2’

[ H |l meas (K) || Ve, 11 o (5.8)

A\

To prove the compactness, we need to show that every bounded sequence f, € M;°
possesses a subsequence f;, such that Ey f;;, converges in the M plb-norm. So, assume that

fn € MP = (Mll/u)* and || fullmge < 1 forall n € N. By the Theorem of Alaoglu-

Bourbaki there is a subsequence f;,, that converges in the w*-topology to some f € Mﬁo.

After replacing f,, by f,, — f, we may assume without loss of generality that f,, %o.
Since @3 € MIL R c M]1 / M(Rd), the w*-convergence implies in particular that

(Vs fr)(2) = {fuy» T (2)@3) — O, Vz e R¥ |

The estimate (5.7) yields the majorization

1
NEN fuellpn S / / f v(t(z = Dxx (v + 1@ = )| (2= 9N Vi fr, (2)
H R2d JR2d Jo
N Vp@1(z — W n(w(z — y)dzdydt .

Since Vo, fu ()(2) = |l fuyllmge < 1forall z € R?“, the previous integral is bounded
(uniformly in ny) by the function

vt (@ =) Xk 0+ 1@ =) (2 =NV V12 = mlwz =) .
This function is integrable on R?¢ x R?¢ x [0, 1] by (5.8). Thus, the hypotheses of Lebesgue’s
Theorem on dominated convergence are satisfied, and we conclude that || Ey f,, || M, = 0,
as desired. So Ey is compact from M} into M :L

Step 5. Since the embeddings M < MS° and M}, < M} are continuous, it follows
that E is compact from M}"? into M.

Step 6. If (3°b)m e LY for all |a| = N, there exist sequences of functions p% with
compact support such that

[(3*B)m — (o5 )m |, = 0. Vo, |a|=N.

Let EY; denote the operator obtained by replacing the derivatives 3%b by their ap-
proximations p{ in (5.2). Then by Step 5 EY, : M,’j’q — M,’j’q is a compact operator,
and we have

|9“b — o3 ||Lg$

|Ex = EXlapopaps S D o

le|=N

Being the limit of compact operators, Ey is also compact from M ,Iz “!into M ,‘f , L]
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6. The Main Theorem—Symbolic Calculus for
Localization Operators

We now have all the pieces in place to prove the validity of the composition formula for
localization operators

&= el
Agl,cpzAf}a@t — Z - Aa;;b‘m + EN (61)
la|=0 )

on modulation spaces. According to [11] the windows ®,, are given explicitly by the formula
1 o
- _1)lB81l a1 —p1 gar—p2 B1 982
“ = G ,32 (ﬂ)< DPil{s, x1=Prae2=hag ) xF1of g, . (6.2)
<o

In order to treat (6.1) on modulation spaces, we need to verify that (a) all occurring
windows are in the correct window classes, (b) all the terms are well-defined bounded
operators on modulation spaces, and (c) the equality (6.1) holds true. The proof consists in
the careful combination of the main results of Sections 4 and 5.

The generality of the hypotheses on the admissible weight functions, windows, and
symbols makes the conditions somewhat technical and cumbersome. At a first reading one
may assume that all weights are of at most polynomial growth. Then it suffices to take all
windows ¢;, j =1,...,4,inS (Rd) (whereas the more general conditions in the following
theorem permit to choose them in much larger modulation spaces).

Theorem 5. Consider the following set of hypotheses:

(i) Weights: m € My, u € My,

ey T . 1 1
(ii) Windows: ¢1, ¢4 € MW“.)N@(‘)N), 02,03 €M,.

(iii) Symbols: a € Lgx;m(RZd), 3%b € L°(R?) for all || < N.

If hypotheses (i)—(iii) hold, then the symbolic calculus for localization operators is
valid in the following sense:
(i) For |a| < N the window ®4 on R defined by (6.2) belongs to M,}w.
(i1) The composition formula given in (6.1) is well-defined on every Mﬁ'q,for 1 <p,qg <oo
This means that the product on the left-hand side and all operators on the right-hand side
are bounded from M ,’z’q to MY, and (6.1) is valid as an identity of operators.

(iii) If, in addition,
(9°p)ym € L°(R*™), Va,|a| =N, (6.3)

then the remainder Ey is compact on M},

Proof. Boundedness of the operators on the left-hand side. We apply Theorem 3 whose
assumptions are tailored for this purpose. By (4.2) Af”p“ is bounded from M ,IZ “©into M 5,,? ,
and by (4.1) AZ"** is bounded from M,/ into M}?. Thus, the product AF"*A7>% is

P .
bounded on M;”* with an operator norm not exceeding ||a||L?</>m 161 Lo 11 ||M$w ”m”MIL
llo3llazy lpallpy

w vw

Boundedness of the operators on the right-hand side. The boundedness of the remainder E y
on M ,’Z "4 was stated and proved in Theorem 4 (i). With the additional decay condition (6.3)
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the compactness of Ey follows from Theorem 4 (ii). Note that ((x, w))N < (x)V (w)V
and thus M;w«.)N@(-)N) c lew ~- The slightly stronger condition on @1, ¢4 is required
in the next step.

)

Next we turn to the sum of localization operators Aji;)‘o;;fz. We first check that each
window @, defined in (6.2) belongs to Ml}w. For 8 = (B1, B2) and |B] < N, Lemma 3
gives

1 1
Xﬁlaﬂzgol € Mvw((~)N_‘ﬂl‘®(‘>N_‘ﬁ2‘) c M,
and likewise X® P 8“2_ﬁ2<p4 € Mﬁw C L? when Bl < || < N. Consequently, the
brackets (@3, %1 7P19%2P2¢,) are well-defined as an inner product in L2, and ®,, as a
finite linear combination of X#13/2¢, is then also in M), € M.

Dy, , :
For boundedness of A3 ? on M}"? we invoke once more Theorem 3. We know that

ad*b e LY, - Ly = L*°(R??) and @, ¢ € M), hence Afg‘ojfz is bounded on M7,
Formula (6.1) is an identity of operators. So far we have shown that all terms in the symbolic
calculus (6.1) are well-defined and bounded on M ,’f 1 Ttremains to show that (6.1) is actually
an identity of operators, under the general hypothesis stated. Regarding this question, we
already know from the main result in [11] that (6.1) holds for windows ¢; in the Schwartz
class and symbols in certain Shubin classes, in particular for symbols a, b € S(R??). We
need to extend the validity of (6.1) to windows in the (possibly larger) modulation spaces
and to nonsmooth symbols in weighted L°-spaces.

To accomplish this extension, we view each of the terms in the symbolic calculus as
a multilinear form mapping (a, b, ¢1, . .., ¢4) = (a, b, ¢) to one of the operators

T(a,b,§) = AL-2AP# ATLE or En(a,b,¢). (6.4)
The operator norm of each of these operators on M, fj "% obeys an estimate of the form

17 (@, b, 6) g gpe ©.5)

o
S Nl J0bl g ol ol gl sl
for suitable «, |¢| < N as proved in Theorem 3 and 4, and (5.5).

The extension of the symbolic calculus from windows in S (R9) to windows in the
modulation spaces can be done by a routine density argument, because S¢ is dense in M, ,} for
any submultiplicative weight v. Since by (6.5) each operator T (a, b, ¢) is jointly continuous
ing;, j =1,...,4, we may choose four sequences ¢; , € S¢ such that ¢; , — ¢; in the
correctly weighted M ! norm. Then, as n — o0, each T (a, b, ¢,) converges to T (a, b, ¢)
in operator norm. As a consequence, the symbolic calculus (6.1) holds under the general
hypotheses on the windows as stated.

The extension of the symbolic calculus to nonsmooth symbols is more subtle, because
S is not norm-dense in L‘l’j’m or L°. We have to take recourse to a weak-* approxima-
tion argument.

Givena € L??m (R2?), we choose a sequence a; € S(R>?) converging weak-* to a,
ie., (ax, F) — {(a, F) forall F € L,ln. Likewise, given b € L;> with 9%b € L° for all
a, @] < N, we may choose a sequence b,, € S, such that (0%b,,, F) — (3%b, F) for all
Fe L%/m. This is always possible by a regularization of b, see e.g., [22].
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Next we show that, for each operator T (a, b, ¢) in (6.4) and all f € M,’Z’q and

p/ q/
g€ Ml/;’t , we have

lim (T (ak, bn.¢)f.8)=(T(a,b.$)f.g). (6.6)

k,n—00

To be specific, we carry out the argument for the remainder Ey (a, b, §).
Since by Theorem 4 we have

HEn(@a D) f e)l S llalliss, s
there exists an F € L,ln (depending on all other parameters b, ¢;, f, g), such that

(En(a,b)f, g) ={a, F).

In fact, according to (5.2) F is given explicitly by
F(y) = /RM by (v, 2) Vo f (@) (D)4, T(V)@1) Vi 8(¥) dz,

and can be shown directly to be in L}, (R2?) as in Steps 1 and 2 of the proof of Theorem 4.

Consequently, if aj ﬂ a, then
(En(ak, b) f, g) = (ax, F) — (a, F) = (En(a,D) f, 8) .

For the convergence in b, let E; be the term in the remainder that corresponds to the a-th
derivative of b. Since as part of the proof of Theorem 4 we have shown that

(EX @ b f gl < 07D s, »
there exists G € L] /m (depending on a, f, g, ;) such that
(E§(a,b) f. g) = (0°b, G).
Consequently, if 9%b, “> 39b, then

(ES(a,by) f. g) = (0%bn, G) — (0°b, G) = (ES (a. b) f. g) -

By summing over all &, || = N, we have shown (6.6) for E. The weak-* convergence
of A7""*Ay** and Afggfz is shown by exactly the same argument.

Finally, the weak-* convergence of each term in the symbolic calculus (6.1) implies
that it remains valid under weak-* limits of the symbols a and b. Consequently, (6.1) holds
for arbitrary symbols a € L‘f?m and b with 0%b € L;? for |¢| < N. This completes the

proof of the expansion formula on M ,f , L]

Theorem 5 possesses a symmetric version that is obtained by using the Taylor expan-
sion for the symbol a instead of b. Precisely, the following result holds.

Proposition 2.  Under the assumptions of Theorem 5, with the rules of the symbols a
and b interchanged, that is, b € L‘f?m, 0%a € LY, Ya < N, we obtain the symmetric
composition formula

N—-1

. (_1)|¢¥\ v, ~
AZ],¢2AZ3,¢4 — Z —'A(fgaa)b + EN . (67)
la|=0 ’
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Here

(=Dl o 181 a1—p1qa2—p2 B1 982
B=a

and the remainder Ey is given by

ENf:/ / an(z, ¥)b(2) Vg, f () (m(2)pa, m(W)e1)m(Y)p2dydz ,
RZd RM

with ay already defined in (5.1). Formula (6.7) is a well-defined identity of bounded
operators on M},

(ii) If
(3%a)ym e L°(R*), Va,la|=N, (6.8)

then Ey is compact on Mﬁ’q.

7. Fredholm Property of Localization Operators

In the final section we investigate the Fredholm property of localization operators. As
in the theory of partial differential equations, the construction of a parametrix (a left in-
verse or a right inverse modulo regularizing terms) is one of the main applications of the
symbolic calculus.

Recall that a bounded operator A : By — Bj between two Banach spaces By, B is
called a Fredholm operator if

dimKerA < oo and dimCokerA < oo.

Equivalently, A is Fredholm, if there exists a left parametrix B : B, — B such that

BA = Ip, + K for some compact operator K; : By — Bj and a right parametrix

C : By — Bj suchthat AC =1, + K for a compact operator K : B, — B> [5, 11].
The expansion formula (1.6) for A%""*?> with N = 1 and b = 1/a yields a natural

candidate for a parametrix, namely the localization operator A‘f%p‘ . This idea is formulated

precisely in the next theorem.

Theorem 6 (Fredholm property). Lerm € M,, u € M, Assume that the symbol a and

the windows @1, @2 satisfy the following conditions:

(i) la| < 1/m, in particular a € L;’f(RZd),

(ii) (0ja)m € Lforj=1,...,2d, and

(i) @1, @2 € My o and |1, ¢2)| = 1.

wv?(
Then the operators

01,92 . p.q p.q ¥2,91 . p.q p.q
AV M — My, and Apy s My — M

are Fredholm operators.

Proof.  Construction of a left parametrix for A%""#>. Once more, Theorem 3 (ii) implies
that A%"'*? is bounded from M}"? into M[;!, since a € L (R*?). Likewise, 1/a € LS,

and by Theorem 3 (i) A‘f;f‘ is bounded from M}, into M},
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Next, we apply Theorem 5 with N = 1 to the product A(f%pl AY"?? and obtain the

composition formula

A‘f?;;/)l AZI,WZ — A?Ov‘ﬂl + El , (71)
as an operator identity on M/".

According to (6.2), ®¢ is given by &g = (@1, ¢2)¢2. Using the inversion for-
mula (3.2), which corresponds to a = 1, we obtain

A;Do,wlf - / L(f, m(2)®Po)wzp1dz
R2d

= (g1, P0)f =1, @) *f = f.

The remainder E; is compact on M ﬁ "1 because of assumption (ii) on a and assump-

tion (iii) on the windows and Theorem 4 (ii). This means that Agfffl is a left parametrix

for A2,

Construction of a right parametrix of AS"%*. The construction of a right parametrix
is similar. Since we apply Proposition 2 to M ﬁ,,? instead of M [Z 1 we have to replace the
pair of weights (w, ) in the hypotheses by the pair (vw, wm). Then, by the symmetric
formula (6.7), we obtain the composition formula on M [Z;,,q :

P2 p92.91 _ AP0 | T ol
AP RAO = AP L By =1+ E) .
Again by Theorem 4 (ii) Eilisa compact operator on M 5,,? , and thus A(f%pl is the right
parametrix for Ay""¥?,

Altogether we have shown that AY"'%? is a Fredholm operators between M 5 4 and

M. Likewise, A‘fff' is Fredholm between M}/ and M[?. L]

Theorem 6 applies to the standard weight functions, such as (1 + |z|%)*/? or (1+z])°,
and also to submultiplicative weights satisfying a condition of the form [3;v(z)| < v(z)*

for some 7,0 < v < 1. However, as wr;tten, our main theorem does not seem to work for
the subexponential weights v(z) = e 0 < b < 1, because

by _glzlb _1%j
(ajeaIZI )e alel” — _g|z1b 1ﬁ
Z

possesses a mild singularity at 0 and is not bounded in a neighborhood of 0. The next result
shows that this difficulty can be circumvented easily, because the decisive property of a in
Theorem 5 is the asymptotic behavior at co and not the local behavior at 0.

Corollary 1.  The conclusions of Theorem 6 hold if condition (ii) on the symbol a is
replaced by the weaker condition:

(ii’) There exists a compact set K C R?*? such that,
(1—xx)@jaym e LO(R*™), j=1,...,2d. (7.2)

Proof.  We first find the left-inverse of A%""#?. Let v be a test function in D such that
¥(z) = 1for z € K. Then the product A7:*' A7"#* can be recast as

P2,P1 AQL,P2 _ AP2:P1 491,92 $2,91 P1,92 $2,91 P1,92
Alja A" = A0 Aay™ + Ajayy Aai—) T Adjwa-nAaizy) - T3
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Since both functions @y and (1/a)y are bounded with compact support, Lemma 4
guarantees that the corresponding operators are compact on M, ,’j 1 Thus, the first two terms
of the right-hand side of (7.3) are compact operators on M ,’j "1 To treat the third term, we
apply the expansion formula of Theorem 5 with N = 1 and we obtain

02,01 01,902 _ Do, 01
Ajoa-p ey = Aqlyp T EI
= 1+ (g1, <P2>A¢_722’§1+¢2 +E;.

Since (ii’) implies that a(l — 1) satisfies condition (6.8), the remainder E; is com-
pact on M 5 ! whereas the compactness of the operator A‘fzz’:zzr g2 on M ﬁ’q follows again
by Lemma 4.

We have shown that A‘f;fl AY"?? = I + R, for some compact operator R and thus
have obtained a left parametrix for AY"*“>. The argument for the right parametrix is similar.

L

Remark. Itisnatural to conjecture that for symbols of the form a = 1/m the localization
operator A%""#? is an isomorphism between M?:¢ and M/}’?. Under very restrictive condi-
tions (m depends only on one variable, or m is hypoelliptic and grows at most polynomially)
this has been proved in [14, 7] and others. Using completely different techniques (Banach
algebra methods and spectral invariance) the following can be shown: Assume that a is
measurable and 0 < A < a(z) < B < oo for almost all z € R24 and 01,92 € Mj, then
AP s an isomorphism on MEY for1 < p,q <ooandallm € M, [19]. In contrast to
existing results, no smoothness conditions are required on the symbol « in this case.
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