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ABSTRACT.  In order to quantitatively illustrate the role of positivity in the Falconer distance
problem, we construct a family of sign indefinite, compactly supported measures in RY, such
that their Fourier transform and Fourier energy of dimension s € (0, d) are uniformly bounded.
However, the Mattila integral, associat;d with the Falconer distance problem for these measures
d

is unbounded in the range 0 < s < 57—.

1. Introduction

Let 1 be a compactly supported Borel measure in R?, d > 2. Suppose that j is s-
dimensional in the sense that its energy integral

I5 (1) =//|x =y dpx)du(y) < oo (1.1)

The question that arises often in geometric measure theory and related areas is to
determine the rate of decay of the spherical average

G,L(t):/ Rtw)| do, =1, (1.2)
Sd—l

The quantity o, (¢) plays the central role in restriction theory as well as the study of
distance sets. See, for example, [9] and the references contained therein for background.
Let us point out one important geometric context where the quantity o, (¢) arises.
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The Falconer distance conjecture [2] says that if the Hausdorff dimension of a compact
set E C RY is greater than %, then the Lebesgue measure of the distance set A(E) is
positive, with

A(E)={lx —yl:x,y € E},
where | - | is the standard Euclidean distance. Wolff [8] in dimension d = 2 and Erdogan [1]
in all d > 2 proved that the Lebesgue measure of A(E) is indeed positive if the Hausdorff
dimension of E is greater than %—i— % The proofs invoke highly nontrivial harmonic analysis,
whereas a weaker exponent ‘71 + % can be justified in a considerably more straightforward
way. See e.g., [2, 4], and [5]. In fact, for a restricted class of measures, the “threshold

dimension” 5 + % has been improved by the authors [3] to % , which we also expect to be
true in the general case. The latter exponent appears in the present note as well, supposedly
as an artifact of the construction we use. This suggests strongly that to exceed this exponent,
positivity of the measure must be used in a very substantial way.

Mattila [4] initiated the L? approach to the Falconer distance problem, aiming to
prove that there exists a positive probability Borel measure w supported on E, such that

M(M)zfooaj(t)td—ldz < 0. (1.3)
1

We refer to the quantity M () as the Mattila integral. If M(w) is uniformly bounded,
the Lebesgue measure of A(FE) is positive. This represents the second moment argument,
based on the fact that if v is the (properly weighted) pull-forward of the measure pu x @
under the distance map E x E — R, then the one-dimensional Fourier transform v on
R4 (coming from using polar coordinates) is such that

D) = Cat T o) . (1.4)

In the sequel, constants will be often buried in the notations <, 2 and ~ in the usual
way. These constants may depend on the dimension, the diameter of the support of w,
etc, and sometimes are written out explicitly as C, Cy, Cy, ¢, with their values changing
without warning.

It follows from (1.4) that if (1.3) is true, the distance measure v, generated by u, has
an L? density, and its support has positive Lebesgue measure by the Cauchy-Schwartz in-
equality.

In order to prove (1.3), all of the aforementioned references followed Mattila [4] who
sought to establish a point-wise estimate in the form

ou(t) < Cut™, t>1, (1.5)

for some B < s, cf. (1.1). If this is the case, polar coordinates and Plancherel imply that

M) S []RE[1E4Ha—p ge
Ca [ [lx—yI79Pdux)duy)
~ o Ig—p(n),

the energy integral of u of order (d — B). This integral is bounded if d — B is smaller than
the Hausdorff dimension of E, denoted by s.

In order to motivate the main result of this note we need a few bits of notation. First,
for a not necessarily positive Schwartz class function f, define

of () =/Sd_. |Fuw) [ do, 1>1. (1.6)
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The spherical averages of Fourier transforms for general sign-indefinite measures have
recently been addressed in a number of articles. See, for example, [6, 7] and the references
contained therein.

Define

FI(f) = /|f<s>|2|srd“ds - cd/O oprldt | (7

Observe that in the case when f defines a positive measure in R? , the quantities
FI;(f) and I;(f) are the same up to a constant. See, for example, [9] for a detailed proof.
Similarly, the fact that the Fourier transform of f is bounded clearly implies that f has
bounded variation, which is not the case in the sign-indefinite case.

The following construction-based theorem indicates that without the positivity as-
sumption, even though the “Fourier energy” integral F I ( f) is bounded, the Mattila integral
M (f) corresponding to the measure du = f dx may behave quite badly in the sense that
it will diverge not only for small s, but also in some range of s > % where the Falconer
conjecture is supposed to hold. This emphasizes the role of positivity in the context of the
latter conjecture, which turns out to be crucial even though the Fourier transform of f in
the construction below is positive and uniformly bounded, as in the lattice based examples
explored previously [2, 3]. Our main result is the following.

Theorem 1. Forany(0 <s < zg—il, there exists a one-parameter family F, of compactly
supported C° ® functions, with support contained in a ball of radius < 1, such that for
fa.s € Fo | fq.5] is uniformly bounded, FI(f, ) = 1, while M(fy ) — 00 as g — oc.

We note that the assumptions of Theorem 1 are meant to mimic the positive case.
More precisely, the condition that FI;(f) ~ 1 says in the positive measure context that f
is supported on a set of Hausdorff dimension of at least s. In particular, if we start out with
a positive probability Borel measure p supported on a set of positive Hausdorff dimension,
then many reasonable localizations of @ on the Fourier transform side lead to functions
satisfying the assumptions of Theorem 1. Our desire to understand the behavior of such
functions in the context of the Falconer distance problems led us to the construction behind
Theorem 1.

Remark 1 (C. Thiele, private communication). If we are willing to relax the conditions
in Theorem 1, a simpler construction can be used to yield a similar conclusion. Let f7(§) =
€] = ¢ (£ — T wp), where ¢ further denotes a fixed nonnegative radial Schwartz-class bump
function supported in the unit ball, T is a large positive real parameter, and wy is a fixed

vector of modulus 1. Then clearly

FI(fr) = /}ﬁ@)ﬁsrd“dm 1

while
— 2 _
/d . | fritw)|” do ~ TS yir—1.741)(2) .
i

This leads immediately to the lower bound

T+1
M(fT) 2 T—2S+2/ td_l dt ~ T—2S+d+l — 00, as T — 00,
T-1

provided that s < %, a stronger conclusion than the one offered by Theorem 1. However,

this example clearly does not satisfy the assumption that fT is uniformly bounded.
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2. A Lower Bound for the Spherical Average

Let g > 1 and the family F contain functions f, ;, defined by the following relation:

Fas® =8(a75€) Y blag &) .

acA

where ¢ is the radial cut-off function as above; let us also assume that the Fourier transform
a is nonnegative. Furthermore, A is a Delone (alias Delaunay, or well-distributed) set in
the sense that elements of A are separated by at least some C~!, while any cube of side
length C in R4 contains some element of A. The function f4q.s> as well as the constants that
are not written out explicitly in the estimates below, depend on the specific Delone set A to
be described, as well as the parameters ¢, s. We shall need the following estimates.

Lemma 1.  For every Delone set A, all s € (0,d) and q > 1, the function f s is
supported in the ball of radius 2, and | f, 5| is uniformly bounded.

Lemma 2. For every Delone set A,
Fl(fg5) 1, (2.1

with constants independent of q.

Let us take Lemma 1 and 2 for granted for the moment and obtain a lower bound for
the spherical average o, () (Which will also serve as an upper bound). We have, for some
0 <c=0(Q) that

~ ~ 2
s @ = c[dla™ €)Y Bas/a)+ Ry, 22)

acA

where By, ,(x) denotes the characteristic function of the ball of radius r centered at x.
Since the Fourier transform of ¢ is rapidly decaying and, in fact, nonnegative, the term
R, > 0Ois easily seen to be O(1), being actually handled by the same argument that we use
to estimate the main term below.

Since ¢ is radial, let ¢g be the function of one variable such that ¢ (x) = ¢o(|x]),
with $0 (with a slight abuse of notation) denoting a Schwartz class nonnegative function of
one variable, such that a(é ) = $O(|S |). Clearly, ¢o(|€]) vanishes rapidly as || — oco. It
follows that

_d

fsd_llﬁ,,s(tw)|2dw 2 \ao(q s

|$0(617

2
O] Xaea fsi-1 B, 1 (0/q) do

" (2.3)
t)| ! ZaeA:éS\a\Sé—&—% L.

ola

%

At this point, in order to get the desired family JF, we consider a special Delone set A
with the properties we need. Let A contain the origin, plus on each sphere of integer radius
m we place ~ m9~! 1-separated points of A. It follows that whenever ¢ is a positive integer
multiple of ¢, we have

;)
Z 1~ (- , (2.4)
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soforn=1,2,...,allt € (—c¢,c),and all t = nqg + 7,
/SH |fq,s(tw)|2dw 2 ’¢o(q‘ft)‘2#, (2.5)
in particular whenever
g Sat, op, 02 2.6)
Observe that choosing g ~ 14, as we may, we obtain
/s[z_l |fyto) do Z 5 2.7)

for a sequence of ¢s going to infinity, tuned to a sequence f; s of members of the family F.

3. Proof of Lemma 1 and Lemma 2

To prove that f, ; in Lemma 1 is compactly supported, we write

fos@) = Yaen [ EG(q75E)Plag — &) dk
= Yuen [ [ FTIEVEG(gVE) dEeP TV (y) dy 3.1
= qT Yaen [T (g5 (x — ) (y) dy

from which it is apparent that f vanishes identically outside the ball of radius 2.

To prove Lemma 2, let us use (2.2) once again, and by the standard cut-off argument
the term R, representing the rapidly vanishing “tails” of the nonnegative $(aq — &) for
lag — €] 2 1 will satisfy the same bound. The principal contribution into the quantity
FI(fy,s) comes from the term

~ 2
> [ 18ta™ ) s e e

acA

~, _d_\,2
—cv X [18late) Bus rarle e

acA, a#0

where the uniformly bounded quantity C > 0 comes from the term a = (0, ..., 0) in the
summation. On the other hand, the second term is nonnegative and bounded from above by

, —d NN
CNG™ Ve apolal ™™ [ (1 +q 7 1E]) B, 1(5/q)dE
d —N
= CNG* Yyen anolal ™ [(1+q75TEN) B, 1(8)dE

q
_ _ _ d_1\%
S qsq dz 4, |a| d+s qsq d(qS 1) ~1.

I<lal=gs

As all the quantities involved are nonnegative, the quantity F'I;( f; s) is also bounded from
below by some ¢, and the proof of Lemma 2 is complete.
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4. Conclusion of the Proof of Theorem 1

We must finally estimate

00 2
/ </d 1 |fq(ta))|2da)> 1 ar .
1 sd-

From (2.5) and (2.7) we know that

7z 2,05 b
/S‘H |fq(ta))| do 2 prag

whenever é is an integer, and we can without loss of generality reckon that the estimate
persists as ¢ varies from mgq to mq + 1. It follows that

4, )
s +1 =~ 2 _
M 2z Shs et (fue o) do) @t ar

d_y
qs 1 d—1

2 Domel m(mQ)

> g4

= 4° .

The power of ¢ on the right-hand side is positive unless

d2
2d —1°

s =

as claimed. This completes the proof of Theorem 1.
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