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ABSTRACT.  Given certain compactly supported functions g € L2(RY) whose 74 -translates
form a partition of unity, and real invertible d x d matrices B, C for which ICT Bl is sufficiently
small, we prove that the Gabor system {E g, TCng}m,neZd forms a frame, with a (noncanonical)
dual Gabor frame generated by an explicitly given finite linear combination of shifts of g. For
functions g of the above type and arbitrary real invertible d x d matrices B, C this result leads
to a construction of a multi-Gabor frame {E g,,, Tc;, gk}m,neZ“’,ke]—" where all the generators g
are dilated and translated versions of g. Again, the dual generators have a similar form, and are
given explicitly. Our concrete examples concern box splines.

1. Introduction

For y € R, the translation operator Ty and the modulation operator E, are defined by
(T, f)x) = flx—y), xeR’,
(EyHx) = VY F(x), x eRY,

where y - x denotes the inner product between y and x in R?. Given two real and invertible
d x d matrices B and C we consider Gabor systems of the form

{EBmTCﬂg}m,nEZd = {eZﬂiBmixg(x - Cn)}m,nEZd :

Our purpose is to construct a class of Gabor frames with generators that are easy to use in
practice, and having the additional property that we can find a dual generator of the form

h = Z ckTrg

keF
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for some finite set 7 C Z? and explicitly given scalar coefficients c;. One advantage of this
is that the decay of the dual generator % in the frequency domain is controlled by the decay
of g. Our results extend the one-dimensional results in [2]. As we will see, the extension is
nontrivial: It is not clear from the one-dimensional version how one has to define the dual
generators in higher dimensions.

Our approach is strongly connected with the results by Janssen [5, 6], Labate [7],
Hernandez, Labate, and Weiss [4], and Ron and Shen [8, 9]. However, in contrast to these
articles, the focus is on explicit constructions rather than general characterizations. For
more information about Gabor systems and their role in time-frequency analysis we refer
to the book [3] by Grochenig; for general frame theory we refer to [1].

In the rest of the introduction we collect a few conventions about notation and a basic
result for obtaining a pair of dual frames. The dilation operator associated with areal d x d
matrix C is

(Dc f)(x) = |detC|'? f(Cx), x e RY.
Let CT denote the transpose of a matrix C; then
DcEy = Ecr,Dc. DcTy =Te-1,Dc .
If C is invertible, we use the notation
ct=(c")™".
For f € (L' N L?)(R?) we denote the Fourier transform by
Fron=Fon = [ fme dr.
As usual, the Fourier transform is extended to a unitary operator on L*>(R?). The reader
can check that
FTcx = E—_ck F .

We conclude the introduction by stating a special case of a result from [4]; it will
form the basis for all the results presented in the article. Let

D= {f € Lz(Rd) : f € LOO(]Rd) and suppf is compact} .

Lemma 1. Let B be an invertible d x d matrix, and let {g,},cz¢ and {hy},cza be

collections of functions in L>*(RY). Assume that {TBm&ntm.nezs and {Tpmhn}y pega are
Bessel sequences and that for all f € D,
A 2| A 2
> Nfy+ B m)[ |aa)|"dy < o0, (1.1)
neZd mezd supp f
A 207 2
> Z/ N f(y + B*m)| ()| dy < oo. (1.2)
supp f

neZd me7Zd
Then {Tpm&n}m nezd and {Tmhn}ty nega are dual frames for L2(RY) if and only if
> &y — Bin)hi(y) = |det Blsyo, ae. v,
keZd

foralln € 7.
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2. Dual Pairs of Gabor Frames

We first prove a time-domain version of Lemma 1 for Gabor systems. As we will see, we
can remove the technical conditions (1.1) and (1.2) in the Gabor case. We begin with a
lemma.

Lemma 2. Let g € L*>(RY) and assume that B and C are invertible matrices. Then for

all f €D,
Z Z / A|f(V+Bﬁm)|2|g(V—Cn)|2dy<oo.
supp f

neZd meZzd

Proof. Let f € D. Then

SN lf+Bm < s Y | f(y+Bm)| . 2.1

meZd VEBu[O‘l]d meZd

Independently of the choice of y € B¥[0, 1]¢, only a fixed finite number of m e 74 will
give nonzero contributions to the sum on the right-hand side of (2.1); since f is bounded,
this implies that there exists a constant K such that

Z |f()/+Bnm)|2§K, ae. y.

meZ4

Hence,

3> Z/ A+ B*m)Plg(y — )P dy
supp f

neZd me7d
=f S +Bm)P Y 1sv — cmPdy
supp f, c7a nezd
<K f D gy = Cm)lPdy .
S0P /74

Choose an integer a > 0 such that

suppf C C[—a,al’.

Then
/ Y gy —CmPdy < / > gy — C)Pdy
Supp /74 Cl-a.a) nezd
< |detC| / > 1g(CE —n)Pdé .
[~a.a)? nezd

Now, using that (modulo null-sets)

[—a,al? = U (k + [0, 1)

ke[—a,a—1)9nZ4

and that the function & — Y 4 |g(C(§ — n))|? is Z¢-periodic,
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/[ . > lg(CE — )P ds

neZd

= (2a) /[O » > 18(CE —n)) P dé

nezd

— (2a)! / g(CE)P de
Rd

= |detcr‘(2a)"/ lg(mI*dn < oo . 0
]Rd

The following is the frame-pair version of Corollary 3.3 in [7]. It can also be consid-
ered as the time-domain version of Lemma 1. Results of that type already appeared in [8]
by Ron and Shen, and (in the one-dimensional case) in [5] by Janssen. We provide the short
proof for the sake of completeness.

Lemma 3. Two Bessel sequences {Epg,, Tcnglmnerd and {EpmTenh}, peza form dual
frames for L>(RY) if and only if

> g(x — Bfn — Ck)h(x — Ck) = | det B|8,0 - (2.2)
kezd

Proof. We note that {EgnTcng)m nezd and {EgmTcnh}, nezqe form dual frames if
and only if {F_lEBmTc”g}m’nezd and {f_lEBmTC,,h}m’HGZd are dual frames. Now,
FYEgm Tcng = T_Bm}"_lTCng; thus, the result follows from Lemma 1 and Lemma 2
with g, = F'Tc,g, hy = F ' Tc,h. O

We now present the first version of our results. For simplicity we consider the case
C = I. For any d x d matrix we define the norm || B|| by

[Bll = sup [|Bx] .
el =1

Theorem 1. Let N € N. Let g € L>(R?) be a real-valued bounded function with
supp g < [0, N1, for which
Z gx—n)=1.

nezd

. .. . 1 .
Assume that the d x d matrix B is invertible and | B|| < Jaan-D" Fori=1,...,d, let

F; be the set of lattice points {kj}‘;:l € Z4 for which the coordinates kj,j=1,...,4d,
satisfy the requirements

if j=1,...,i—1, then |kj|§N_1;
if j=i+1,...,d, then k;j=0.

Define h € L*(RY) by

d
h(x) := | det B| |:g(x) +2) ) gx +k)} . (2.4)

i=1 keF;
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Then the function g and the function h generate dual frames {EpuTug}y nepe and
{Egm Ty} peza for L*(RY).
Proof. We apply Lemma 3. Since B is invertible, for any n € Z? we have

thus, for n # 0, || B*n|| > 1/||B||. Note that with the definition (2.4), we have supph C
[—N + 1,2N — 11%; thus, (2.2) is satisfied for n # 0 if 1/||B|| = vd(2N — 1), i.e., if

In| = | BT B*n| < B | B*n

1
B _.
Bl = N

Thus, we only need to check that

> g(x —k)h(x —k) =|det B|, x € [0,1]*;
keZd

due to the compact support of g, this is equivalent to

> gx+mh(x+n) =|detB|, x €[0,1]¢. (2.5)
nel0,N—1]¢nzd

To check that (2.5) holds, we use that for x € [0, l]d,

Yoo gatm=1. 2.6)

nel0,N—119nzd
Forn = {nj}‘;=1 e [0,N — 1]d NZ4, andi = 1,...,d, let El” denote the set of lattice

points {kj}j?= | € 74 whose coordinates k ; satisfy the requirements

if j=1,...,i—1, then 0<k; <N-—-1;
if j=i, then n;+1<k; <N-1;
if j=i+1,...,d, then kj=n;.

Define 4, € L2(RY) by
d
hn(x) := | det B| |:g(x +n)+2Y 0 Y gl —|—k)} )
i=1 keE!
We now consider the finite set [0, N — 1]¢ N Z¢. Using lexicographic ordering, i.e.,

(1 eveniad) > (J1se vy Jd)
& (g > ja) Vv (g = ja) A (d—1 > ja—-1)) V-
V((ig = ja) N--- N2 = jo) Air > j1)

we write
[0,N —119N2Z% = {ny,n2, -~ ,nyal,



248

Ole Christensen and Rae Young Kim

withn; < ny for j < k. Then for x € [0, 114, (2.6) implies that

N4 2
j=1

= (gx+n)+gx+n)+-+gx+nya))
x (g(x+n)+gx+n)+ -+ gx+nya))
= gx+n)lglx +ny) +2¢(x +n2)+2g(x +n3) + -+ +2g¢(x + nya)l

+g(x +n)[glx +n2) +2g(x +n3) +2g(x +ng)+ - +280x +nya)l

+...
+...

+g(x+nya_gx +nya_y) +28(x +nya)l
+8(x +nya)lg(x +nya)l

Nd
1 -
= ME g(x +nj)hy;(x) .
j=1

It remains to show that for x € [0, 1]¢ and n = {nj}?=1 e[0,N — 119Nz,

h(x +n) = hp(x) .

In order to do so, it is sufficient to show that foranyi =1, ..., d,
Zg(x—l—n—i—k): Zg(x—l—k), xe[0,11¢. 2.7
keF; keE}
Fixi e{l,...,d}.If 1 <j <i,then
{nj+kj:{kj¥i_, e i} = [nj—N+1,nj+N—-11NZ (2.8)
> [O,LN—-1]INZ.
If j =i, then
{nj+kj:{kj}¥i_, e B} = [nj+1Lnj+N—-11NZ (2.9)
> [l+n;,N-1INZ.
If j > i, then
{nj+kj:{kjYi, € Fi} = {n)}.
Via the definition of the set E7' this shows that
E'C {n—l—k:k:{kj};?zl € F}. (2.10)
In order to show that we have equality in (2.7), we again fix i € {1,...,d}. Suppose that

m = {m ,-};1:1 e{n+k: k= {k,-};l:] € Fi}\ E". Then either, by (2.8), there exists
je{l,...,i — 1} such that

mj:=nj+k; ¢[0,N—-1]NZ;
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or, by (2.9),
mi:=nj+ki € ([(1+nj,nj+N—1\[1+n;, N—1)NZ=[N,nj+ N —11NZ.

In both cases, since suppg < [0, N]d, this implies that g(x + m) = 0 for x € [0, l]d.
Hence,

Zg(x+n+k)= Zg(x—i—k),

keF; keElf'
as desired. []

Example 1. For d = 1, the Gabor system considered in Theorem 1 is {E;;p Ty 8} m.nez
for some b > 0. The reader can check that

Fr={l,...,N—1};

thus, the expression for the dual generator % in (2.4) is

N-1

h(x) =bg(x)+2b Y glx +k).
k=1

This result corresponds to the one-dimensional case treated in [2].
For d = 2, (2.3) leads to the sets

Fi = {(ki.kp) €eZ?|1 <kj <N -1,k =0},
F, = {tkhik) €eZ?| kil <N—-1,1<ky <N —1}.

For N = 3, the sets F| and F> are marked on Figure 1.

2f o @) @) o @) 1
" @ O @) O ©) 1
o O ] 7

o = = o i 2 3

FIGURE 1 The sets F| (marked by [J) and F, (marked by Q) corresponding to N = 3 and d = 2.

Via a change of variable Theorem 1 leads to a construction of frames of the type
{EBmTcn8}ym neza and convenient duals.
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Theorem 2. Let N € N. Let g € L>*(R?) be a real-valued bounded function with
supp g < [0, N1¢, for which

Zg(x—n):l.

neZd
Let B and C be invertible d x d matrices such that |CT B|| < m, and let (with the
sets F; defined as in Theorem 1)
d
h(x) = | det (CT B)| |:g(x)+22 Zg(x+k):|. (2.11)
i=1 keF;

Then the function Dc-1g and the function D--1h generate dual Gabor frames
{EBmTcnDe-18)mnezd and {EpmTenDe-1h}, yeza for L*(RY).

Proof. By assumptions and Theorem 1, the Gabor systems {Ec7 g, Tng},, neze and
{Ect g Tnh}y neza form dual frames; since

Dc—lECTBan = EBmTCnDc—l )

the result follows from D-1 being unitary. L]

For functions g of the above type and arbitrary real invertible d x d matrices B
and C, Theorem 2 leads to a construction of a (finitely generated) multi-Gabor frame
{EBmTcn8k}m nezd keF> Where all the generators gi are dilated and translated versions of
g. Again, the dual generators have a similar form, and are given explicitly.

Theorem 3. Let N € N. Let g € L>*(R?) be a real-valued bounded function with
supp g < [0, N9, for which

Zg(x—n):].

neZd

Let B and C be invertible d x d matrices and choose J € NsuchthatJ > ||CT B|| Vd(2N —
1). Define the function h by (2.11). Then the functions

gk =Ty Dyc18. he =Ty Dycrh, ke Z4N10,J - 1)

generate  dual  multi-Gabor  frames — {EpmTcn8k}m nezd kezdnio.j—11¢  and
{EBmTenhich nezd kezdnpo, s —nd for L2RY).

Proof.  The choice of J implies that the matrices B and }C satisfy the conditions in
Theorem 2; thus

: 1 ; 1
{eszm.x(ch—lg) (x__cn>} and {eZmBmJC(DJC_lh) <x__Cn)}
J m,neZd J m,neZ4

form a pair of dual Gabor frames for L2(RY). Now,

1 1
—C = —Ck+C
o= LY, e

d
keZan[0,J—1}4 nez
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Thus,
1 1
(Dyc-18) - = 5Cn = U (Dyc-19) (- = 5 Ck = Cn
neZd keZAn[0,J— 114 neZ?
kezdn[0,J—-1}4
Inserting this into the expression for the pair of dual frames leads to the result. L]

Note that multi-generated Gabor system have appeared in various applications for a
long time, see, e.g., [10].

Via our results we now construct Gabor frames for L?(R¢) with box spline generators
and dual generators having a similar form.

Example 2. Let B, be the one-dimensional B-spline of order 2 defined by

X, x €0, 1[;
B(x) =13 2—x, xel[l,2[;
0, x ¢[0,2[.
Define g € L?(R?) by
g(x,y) = Ba(x) B2(y) ; (2.12)

then supp g < [0, 2]2, and

Zg(x—n):l,xeRz,

neZ?

since the integer-translates of B, form a partition of unity. Let the 2 x 2 matrices B and C

be defined by
I /11 1 0
BZE(O 1)’C=<1 1)'

A direct calculation shows that

s = |5 (o )

_ <%)2 (VZ+1)2.

2

= sup
6

2

i 1 2\ [cos®
10\0 1 sin 6

Thus,

|cTB|vVd@eN —1) = 13—0(2+«/§) =1.02--.



FIGURE 3
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253



254 Ole Christensen and Rae Young Kim

Thus, we can apply Theorem 3 with J = 2. Define the function 4 € L?(R?) by (2.11),i.e.,

h(x,y) = |det(CTB)|[g(x,y) +2g((x,y) + (1,0))
+2g((x, ) + (=1, 1)) + 2g((x, ¥) + (0, 1)) + 2g((x, y) + (1, 1)]

2xy+2x +2y+2, (x,y)€[—-1,0[x[-1,0[;
2x + 2, (x,y) € [-1,0[x[0, 1[;
4x —2xy+4 -2y, (x,y) €[—1,0[x[1,2[;
2y + 2, (x,y) €[0, 1[x[-1,0[;
—xy + 2, (x,y) €[0, 1[x][0, 1[;
_ i —2x+xy+4—-2y, (x,y) €][0,1[x[1,2]; (2.13)
10 | 2y +2, (x,y) €[1,2[x[-1,0[;
—xy +2, (x,y) € [1,2[x[0, 1[;
—2x4+xy+4-2y, (x,y)€el[l,2[x][1,2[;
6y +6 —2xy —2x, (x,y)e[2,3[x[-1,0[
6 —6y —2x +2xy, (x,y)€[2,3[x][O0,1[;
0, otherwise .
By Theorem 3, the four functions
gk =TicyDac1g. k € Z>n o, 11 (2.14)

generate a multi-Gabor frame {EpmTcn8k}m nez? kez2no12> With a dual frame
{EBm TCnhk}m’neszeZzn[oy1]2, where

he =Ty oy Doc-1h, k € Z2 N[0, 117 (2.15)

Example 3. Similar calculations can be performed for any tensor product of B-splines.
On Figure 3 we plot the box spline g(x, y) = B3(x)B3(y) and the function 4 in (2.11) for

the choice |
1 1 1 0
B_E(o 1>’C_<1 1)'
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