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ABSTRACT.  As Fefferman and Stein showed, there is a tight connection between Carleson
measures and BMO functions. In this work we extend this type of results to the more general scope
of the BUOy (w) spaces. As a byproduct a weighted version of the Triebel-Lizorkin space I;"go,z is
introduced, which turns out to be isomorphic to BMO(w) as in the unweighted case.

1. Introduction

Given a growth function ¢ and a weight w, we shall consider the BMO,(w) space, that is
the set of functions whose oscillation, when averaged over balls, is controlled by means
of ¢ and w, measuring their degree of smoothness. More precisely, we shall say that a
locally integrable function f belongs to BMOy,(w) if there exists a constant C such that
the inequality

1

1
@/Bu(y)—mgﬂdyscw (1817) (1.1

holds for every ball B in R”, where, as usual, m g f denotes the average of f over B with
respect to the Lebesgue measure. The first appearance of this kind of weighted spaces goes
back to [8] and [14]. In the latter article, the authors introduced BMO(w) (¢ = 1 in our
context) as the natural space where weighted L°° functions are mapped by #, the Hilbert
transform on the line, generalizing the well known BMO space of John and Nirenberg. In
the more general context ¢(f) = t#, 0 < B < 1, it is shown in [10] that the fractional
integral operator I, maps L” (w) with p > n/« into these spaces, under suitable conditions
on the weight. Later, this result was extended to weighted Orlicz spaces [11] giving rise to
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the spaces under consideration in their full generality. Finally, in [13], it is shown that they
are preserved by the Hilbert transform on the line.

In their celebrated article [7], Fefferman and Stein shed light on the tight connection
between BMO-functions and Carleson measures. Let us remind that a measure (¢ on R’f] =
R" x (0, 00) is said to be a Carleson measure when a constant C exists such that for any
ball B(xg,r) C R”

u(B(xo,r) x (0,r)) < Cr".
With this notation the Fefferman-Stein result can be stated as:

J(x)
L+ [x[r+]

t|IV(P; f)|2(x) dx dt is a Carleson measure, where P;

f € BMO & dx < oo and

denotes the Poisson kernel .

Later on, W. Smith, in [17], proved an extension of this result to the spaces BMO,
(i.e., BMO,(w) with @ = 1) giving a suitable definition of ¢-Carleson measures.

A more recent version of this kind of characterization of functions in BMO appears
in Stein’s book [15] (see Theorem 3, p. 159). Basically, Stein’s statement is the following.

Theorem 1. Lety € S with [ = 0.

@ If f e BMO thendu = | f * ¥ |2 @ is a Carleson measure.

Lf ()]
1]x |1

(b) Conversely, suppose  satisfies a Tauberian condition, | dx <ooanddu =

| f s ¥y |? % is a Carleson measure; then f is in BMO.

Here, by a Tauberian condition we mean that f/? does not vanish identically in any ray
emanating from the origin (i.e., for every & # 0 there exists a ¢ > 0 with @(IE ) # 0) and,
asusual, ¥, = 7" (x/1).

Also, it is well known that BMO coincides with the Triebel-Lizorkin space F c?o,Z
(see [4] or [5]). The above result, even if very close, does not allow to conclude such
characterization: One should prove part (b) of the theorem under the more general situation
of a distribution in &’/P (P the set of polynomials) instead of the integrability condition
on the function f.

In this work we give an extension of the theorem above to the more general spaces
BMO () under appropriate assumptions on ¢ and w, which, at the same time, allows us
to obtain, as a corollary, the identification of BMO(w) with a weighted version of F 20’2 .

It is worth mentioning that Bui and Taibleson defined in [1] weighted Fg‘o ¢ Spaces.
However, as we will show, for « = 0 and ¢ = 2, their definition does not give the weighted
space BMO(w). In fact we prove that, at least for weights in the Muckenhoupt class A1, it
coincides rather with the unweighted BMO space.

In proving our main theorem we establish a duality inequality involving generalized
Carleson measures and tent spaces. This is achieved by means of an adequate atomic
decomposition of the latter spaces.

The structure of the article is as follows: Section 2 contains some basic facts and the
statement of our main theorem; Sections 3 and 4, respectively, contain some needed results,
interesting by themselves, about generalizations of Hardy and tent spaces; the proof of the
main theorem is given in Section 5, and, finally, Section 6 is devoted to the above remark
on weighted Triebel-Lizorkin spaces.
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2. Preliminaries and the Main Result

We start by reminding some basic notions about growing functions and weights.
For a nonnegative and nondecreasing function ¢ defined in [0, c0), we shall say that
it is of upper type B, if there exists a constant C such that

@01 < COP (1) 2.1)

forall & > 1 and r > 0. If there exists such number 8, we shall denote by I/ (¢) = inf{B :
@ is of upper type B}. Let us notice that our assumptions on ¢ guarantee that I(¢) > 0.
Similarly, whenever (2.1) holds for 0 < 6 < 1, ¢ is said to be of lower type 8.

Next we remind that a weight w belongs to the Muckenhoupt class A,, r > 1, if there
exists a constant C such that for any ball B C R"

1 1 e r—1
—/ w —/ w T <C,
|Bl JB |Bl J

and a weight o belongs to A if there exists a constant C such that for any ball B C R"

1
—/wainfa).
|B| Jp B

Any constant C satisfying the above inequalities will be called A ,-constant or Aj-constant,
respectively. Finally, a weight is in the class Ao, when it belongs to some A,, r > 1.

The following two lemmas contain some technical results about weights which will
be important to get our main theorem.

Lemma 1. Let p be a nonnegative increasing function of finite upper type and w a weight
in Aso. Then

(a) there exists a constant Cy such that for any C > 0

1 1
—_ C Co— C
"<|Q|/Q “’)5 °Tor J, 7€

for any cube Q C R™.

(b) If in addition p is concave, then there exists p > 1 such that for any C > 0, the
weights p(Cw) belong to A, with an A p-constant independent of C.

The proof of (a) is straightforward using the following characterization of Ao, (see,
for example, [2]).
There exist 0 < «, 8 < 1 such that for any cube Q C R”

Hx € Q:w(x) > pmow}| =z «|Q] .

Moreover, let us remark that, following the proof that this condition implies A, it is
easy to check that the index p such that w € A, as well as the A ,-constant, only depend
on the constants « and f.

For (b), since w € A, the above inequality holds for some values & and 8. Using
the concavity of 7, it is easy to see that the same type of inequality holds for p(Cw) with
exactly the same constants o and 8. From the above remark (b) follows.
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Lemma 2. Let p be aweightin A p» 1 < p < 00. Then there exists a constant C such that

<|E | )p w(E)
- < C——=
| B w(B)
holds for every measurable set E C B and every ball B C R".

The proof follows easily by using Holder’s inequality and the A, condition.

As we said in the introduction, we shall consider the spaces BMO,, (w) for ¢ a concave
function as above, and w a weightin A,. These spaces consist of locally integrable functions
on R" such that (1.1) holds. Moreover if we set || f | sm0, () as the infimum of the constants
for which (1.1) holds, BMO,(w) turns out to be a Banach space modulo constants. In
particular, whenw € A, 1 < p < 00, it can be proved (see [13], Theorem 2.2, p. 7) that a
function f belongs to BMO, (w) if and only if for any r < coand 1 < r < p’, there exists
a constant C, such that

1 r 1—r Hr 1/n
(5 170 —marroeyay) " <o (181)

holds for every ball B in R”. Moreover, for every fixed r satisfying these conditions, the
infimum constant C, defines an equivalent norm in BMO, (w).

Next we introduce a generalization of the notion of Carleson measures. For ¢ and w
as above, we shall say that a measure d . on Ri“ is a (¢, w)-Carleson measure when there
exists a constant such that

/B ldpl < Co(B)g*(IBI'") (22)

for any ball B C R”". Here B denotes the tent corresponding to the ball B = B(xy, r), that
is, B = {(x,1) € R’fl :|x —xo| +t < r}. As usual, we denote by [dt]y, ., the infimum
of the constants appearing in (2.2). This definition is a weighted extension of the notion
given in [17]. Now we are in position to state our main result.

Theorem 2. Let ¢ be a nonnegative, nondecreasing concave function defined on [0, 00)
with I(¢) < 1. Letgqo = 1+ (lfiﬂ and w be an A, weight. Further, let {r be a function
in S(R™) with a null integral. The following statements hold:
@) If f € BMOy(w), then du = |y, * f|2(x)m dx% is a (¢, w)-Carleson mea-
sure with

[ditlp. < CllLf 1m0, @) -

(b) Assume further that \ satisfies a Tauberian condition. Then any distribution f € S'/P
such that dju =| Yy * f|2(x)m dxdt—’ is a (¢, w)-Carleson measure, can be seen as a
BMO, () function with

1/ 1330, (@) < Cldply.o -

We notice that part (a) is a generalization of (a) in Theorem 1 while part (b) looks
slightly different. However, we may obtain as a corollary of our theorem such an extension.

Corollary 1. Let ¢ and w be as above and ¥ be a function in S(R") satisfying the

[f )]
Tt dx < oo

anddp = |f = w,|2(x)w';t)) dx% is a (¢, w)-Carleson measure, f is also in BMO,(w)
with ||f||%?M0¢(w) = C[d,uf]tp,w-

Tauberian condition and with a null integral. Then, if f is such that g,



A Look at BM Oy (w) through Carleson Measures 271

This corollary follows from the theorem by noting that a function f satisfying

fRn % dx < oo defines an element of S’ /P.

3. Some Basic Facts About H,;I (w)

In this section we present some results concerning weighted Hardy-Orlicz atomic spaces
that will be useful to our purposes. Mostly, they are spread in the literature, perhaps not
with the degree of generality we need here. We state them and outline their proofs for the
sake of completeness.

In the sequel we shall work with a nonnegative, increasing and concave function 7,
with 7(0) = 0 and of lower type £ > n”? Notice that n, being concave, is also of upper type
one. Given such 1 and a weight w € A, we shall say that a function a is an (1, g, w)-atom
if a is supported in a ball B, has zero average and

lallzre < — 21 (i) , 3.1
= @iy T\

where 1! denotes the inverse function of 5. With this notion, we define the atomic space
H,(]j (w) as the set of distributions f € S’ that can be written as f = X°, b; (in the sense of
distributions), where {b;} is a sequence of multiples of (7, g, w)-atoms such that

w(B)l4
B bi w )
E | |77( 5] || la )> < 00

where B; is a ball containing the support of b;. For any such decomposition we introduce
the quantity

Aq<{bi}>=inf{ Z|B|n< W|B| ||b,-||m<w)) 51] ,

and we denote by [ f] HY (@) the infimum of A, ({b;}) taken over all decompositions of f. It
is easy to check that [.] HY (@) defines a quasi-metric invariant under translations, which is

e @ = el g

positively homogeneous when raised to the (1/£)th-power (i.e., : [« f]

for every o € R).

Let us observe that any function g in LY (w), supported in a ball and with zero average,
belongs to H,? (w) and, moreover, if it satisfies (3.1) then, [g] HY () <1

The first result we need is quite standard.
Proposition 1. Let L be a functional in the dual of H) (»). Then there exists h €
BMO,(0) with o(t'/"y = 1/tn~1(1/t) such that

L(g) = /h(X)g(X)dx,

for any g € L1(w) with compact support and zero average.
Moreover,

llso,w) = [L] = inf {C ¢ IL(AI = CLFIe | - (3.2)
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Proof. It is easy to see that for any ball B, L defines a bounded linear functional on
Lg (B, w), the subspace of functions in L?(w), supported in B with zero average, since for
such f we have

B)\/d'
LI = CLe s, = C%Hﬂmao) :
1 n-

L
]

Extending L by the Hahn-Banach Theorem we know that there exists a function hp €
L7 (w'~7) supported in B, such that

L(f)szthszazB —mshg)f. feLYB.w)

and, moreover, we have

1 L,V
— | |hp —mphgl? 04 < Co(|B|'MY, 3.3
(w(B)/B|BmBB|w ) < Cy(1BIV7) (33)

with C independent of B. Taking now an increasing sequence of balls, by a standard
argument, a function & may be defined, modulo constants, satisfying (3.3) for any ball.
Since w € Ay it is known that such inequality implies & € BMO,(w), producing an
equivalent norm, (see comments after Lemma 2). Therefore (3.2) also follows.

The next result shows that functions in S with zero moments of any order are dense
in our spaces. Related results appear in [18], however their spaces are not quite the same
as ours.

Proposition 2. Soo ={f € S : supp f Clx:e<|x| < é}, for some € > 0} is a dense

subspace of Hg (w) aslongas g <2+ % - %.

Proof. Asin [16], given a ball By = B(xq, r), a function g € L7(w) N L! with zero
integral can be split, pointwisely and in the sense of &', as

g=> (€ —m)xe + ) BRi, (3.4)

k>0 k>0

where Eqg = By, Er = B(xo, r2k) — B(xo, r2k_l) = By — By—1,my = ﬁ fEk g, B =
Y iskr1MilEil = fB;- gand Ry = |Ex1| ' xg 11 — |El ™ xE,-

Clearly each term in the above sums is a multiple of an atom. Moreover, if g € S, it
is easy to check that this decomposition implies that g € H,;’ (w). Thus, Sy is a subspace
of H)l (w).

To obtain the density, we observe that it is enough to approximate functions in LY (w)N
L' with compact support and zero average. Let b be one such function and o be a radial
functionin S such that 5 (§) = 1for |§] < land6(§) = Ofor|&é| > 2. Foranys,0 <7 <1,
the function o; * b — o1/, * b belongs to S, and moreover we will show that

lloy x b — b”H,‘{(w) — 0 (3.5
and

lloye * b”H,?(co) — 0 3.6)



A Look at BM Oy (w) through Carleson Measures 273

when ¢ goes to zero.
To this end we use the above decomposition for g = oy * b — b, By = 2B*, with B*
a ball containing the support of b. We denote m} and B, the corresponding coefficients.
For x € Ey, k > 1, using the decay of o, we get the estimate

N-—n
|O—l * b|('x) S C(Na o, b5 B()a w)zk_N

for any positive integer N. Then
[(o b —b—mi)Xe, | g, < CEVT2EOTN k=1
Besides, for k = 0, using that o; is an approximation to the identity and that w € A,, we get
|XEy (o b —D)|lLa@w) — 0 for t—0.

Therefore, setting ht = (o, xb — b — mf() XE,» choosing N large enough and using again
that € A, we easily obtain that A, ({h;(}) —> 0, as desired.
Also, for any k > 0, due to the decay of o we get

|ﬂ,§|=’/Bca,*b

k

< VR = Nyp)

and hence
|BERe] Loy = CEVT27H N (@ (B

Arguing as above, we also get A, ({B*Rr}) —> 0. Then (3.5) is proved.

To show (3.6) we use (3.4) again, now for g = o1/, * b, and we denote by nﬁf{ and B,i
the corresponding coefficients.

First, for k > 1, using the smoothness and decay of o, we have for x € Ey

tn+1—M
lo1/: % b|(x) < Czk—Mllbllm(w),

for M as large as we want. Choosing M =n + 1 —§, with0 < § < 1, we get
101/ * DXE 9@y < Ct227F D 1b] Lo -
As for k = 0, we clearly have
(017t * D) XE, |l La(w) < Ct" 1Dl La(w) -
Therefore, setting fz;( = (o1 b — n”af()xEk and using that 7 is of lower type £, we obtain
(B | -, 5 k(n-+£(n(g—2)+5—1
5 il (L i) = ) T
k>0 k>0

Since g < 2 + % - %, we may choose § small enough to make the last series convergent.
This shows that A, ({ﬁ]’(}) — 0.

A similar argument proves the convergence to zero of A ({ B i Ri}), finishing the proof
of the proposition. L]
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4. Some Basic Facts on the Tent Spaces T, (w)

In what follows, for a measurable function G defined on IR:’_H , we set

B ydydi\'?
VG ) = ( / 60 0P TG )

where I (x) denotes the cone {(y,?) : |x — y| < t}.

For a nonnegative increasing and concave function 7, with n(0) = 0 and lower type
£ > n/(n+ 1), and a weight w in Lllo -(R"), we introduce the tent space T,(w) as those
functions G such that

4.1

WV(G)wlrn = [Glr ) < 00,

where by [g]z7 we mean inf{) : [ n(g/A1% < 13.
The main goal of this section is to get an atomic decomposition of T, (w), extending
the result contained in [3] for () = ¢ and w = 1. We start with the notion of atoms.
Given a ball B = B(x,r) C R" we denote by B the tent over B, i.e., B = {(v,0):
|x — y|+1 < r}. Now, a function a(y, ¢) is said to be an atom whenever it is supported in

some B and
yo(B(y. 1) dydt\'? Bl /1
<fR"++‘ laly. O ———— ) = o) 2" (ﬁ) : (4.2)

Observe that if we set W(y,1) = w(B(y,1))/t"t! the left-hand side of (4.2) is just
llallz2wy- Also, due to the concavity of 7, it is easy to check that atoms do belong to
T)(w) and, moreover, [a]r, ) < 1. With this notation we obtain the following result.

Theorem 3 (Atomic decomposition of Ty (w)). Let n be a function as above and w be
aweightin Ay_(17¢—1/n). Given F € T (), there exists a sequence of multiple of atoms,

{b;}, such that
F = ij a.e.

Moreover, if we denote by B; the ball associated to b such that supp b; C 3,' and define

B 1/2
A({b;)) = int :x >0:3 1B (% ||bj||L2(W)) < 1} . (43)
J

we have A({b;}) < oo and, moreover,
A({bj}) = CIF]T, ) - (4.4)

Before proving the theorem we need the following proposition which gives the
weighted version of a key estimate given in [3]. Before stating it, we introduce the definition
of the tent over a general measurable set 2 C R”" as the union of the tents B for all the
balls B C .

Proposition 3. Let w be aweight in Ax, and By a ball in R". Then there exists a constant
C such that, for every measurable function F defined on R" x (0, 00) and every measurable
set E C By, we have

/ |F(x,t)|2M@§c/ V2(F) (0o (x) dx .
Bo—$ " t Bo—E
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where Q2 = {x € By : M(Xg)(x) > %}, with M being the Hardy-Littlewood maximal op-
erator.

Proof.  Set Z = {(x.y.1) € (By— E) x (Bo— ) : |x —y| < t} and Z(, ;) =
(Bp — E) N B(y, t). We claim that there exists « > 0, such that for any (y, t) € By — €.

o(Zy,n) =z aw(B(y, 1)) . (4.5)

Infact, if (y, ) € Bo—, there exists xo ¢ Qwithxg € B(y, 1) C Bo. So M (Xg)(xo) < 1,
and, in particular

1
|ENB(y, )| < EIB(y,t)I .

Therefore |(By — E) N B(y,t)| > %|B(y, t)| and (4.5) follows from the A, condition.
Then, we have

w(B(y, 1)) dydt 1 dydt
[ reaoptE R B S raaP [ ewax Dy
By—&Q o JBy-Q Ziyn) t

t
ydt
o ) dx

L

1 dyd
_ _/ \F(y, 1)[? o) dx = J lt

/ w(x) </ [F(y,
Bo—E I'(x)

- _/ V2(F)(x)w(x) dx .
Byo—E

o

— Q| = R

Now, we are in a position to proceed with the decomposition into atoms.

Proof of Theorem 3. Fork € Zlet Ex = {x : V(F)(x) > 2"} and @ = {x :
M(XEg,)(x) > 2} Itis not hard to check that, except for a zero measure set, supp F C UQk

In fact, for any Lebesgue point (x, ) not belonging to any Qx, there exists a sequence
{yk} C B(x,t) with M(Xg,)(yr) < % Therefore for any k, |B(x, 1) N {z : V(F)(z) <
261 > %|B(x, t)|, and taking the limit for k tending to —oo, we get

|B(x, 1) Nf{z: V(F)(z) =0} = %IB(x,t)I .

From here we easily conclude that for some y € B(x,?), F = 0 a.e.in I'(y) and
hence F(x,t) = 0. .

Now, for each k we make a Whitney decomposition of €2 into cubes Q,j(. Next we
choose a family of corresponding concentric balls B} , containing Q ,j( and with radii C-times
the diameter of Q,](, in such a way that for the sets

Al = B{ N (0] x (0,00)) N (Q — 1),
it holds that
ﬁk — §k+1 C Uin

In fact, it is not difficult to see that it is enough to take C greater than Cq + 1, where Cy is
the constant of the Whitney covering.
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Now we define b,{ = Fx ;. Itis clear that they are multiples of atoms and that F' =
k

> b,{. It remains to show that A({b,{ D <C[F 17, (w)- First observe that, by Proposition 3,
we have

B(y,l))dydt
b/ </ ot 260(
ol = [, 1PO0) :

<c / YO Pek) dx
B —Ejy1
< 226+ (B]).

Wesety = [F ]le] f )" Since n is assumed concave, and hence of upper type one, we may
apply Lemma 1 to get

S 1ol (01 = Tt (2 424)

I3

<CZ/ (w(z)ﬂ)dz
cZ/ (maE)dz.

But, by part (b) of the same Lemma 1, there exists p > 1 such that n(Cw) € A, with a
uniform constant. Therefore the Hardy-Littlewood maximal operator is of weak type (p, p)
with respect to n(Cw) with a uniform constant. Thus, we have

ok+1 ok+1
f n(—w(z)> dz < Cf n(—w(Z)) d
{M(xg)>%} Y Ey Y
With this estimate, the above sum over k is bounded by
k+l 2k+1
C 2/ (—Mz)) dz < C/ Z n(—w(z)> d
k<logy V(F)(2) 4
o X [t
k<log, V(F)(2) V2"
W@V g
<c| ( i n(s)—) d
n 0 S
V(F)(z
< C/ n<ww(z)) dz,
n v
where we have used that the positive lower type of n implies fé n(s)% < Cn(t). Since by

definition of y, the last quantity is less than or equal to one, the theorem is
completely proved. L]

2k+2
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5. Proof of the Main Result

Proof of Theorem 2. Part (a). Let B = B(xo, r) be a ball in R”. We split f as
f=U—mpfxg+(f—mpfxge+tmpf=pf1+ 2+ f3,

where B = B(xo, 2r). Since v, has zero average, ¥; * f3 = 0. For f1, using Holder’s
inequality, we have

t" dydt

w(B(y, 1) t

“Y(B(y, 1) dyd
scfélwt*ﬁlz(y)w b AL

dyd
=C[ m*fnz(y)(/ w%z)dz) e
B B(y.1) 4

d
§C/ a)_l(z)</ W= filP () ,);Ht) z.
B(xq,r) I'(z)

Since w € Aj, from the theory of vector valued singular integrals we have that
the square function Sy f(z) = (fr(z) [ * f| ) dﬁlz 172 is bounded from L2(w~!) into

L*(w™1), then

1 =f|wt*f1|2<y>
B

I< C/ A@P o () dz = C/~ |f@) —mpflro™ (2)dz
Rn
=¢ (/ /@) —mpfPo™ () dz
+imp f —me|2wl(B)>
< Cw(B)(p2(|B|l/n)”f”%}MO(p(w) -

The last inequality is due to the equivalence of norms in BMO,(w) (see comments after
Lemma 2) and the fact that € A;. Now, for f>, denoting by By = B(xo, 2%r), we have

Pl =Y [ 1@ -ma iyl dx
k=2

Bir—Bi—1

=@ - ma - olds 5.1)
k=

k— Bik—1

oo  k
ZZ </ |f () — ms, f|dz)</ |1//t(y—x)|dx>=Dl+Dz,
2 =1 Br— By

where we have used the inequality | f(x) — mp f| < |f(x) — mp, f| + Z];.:] lmp; f —
m3j71f|.
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Using that ¢ € S, we get for (y, ) € B

o0
Dy <C / lf(x) =mp, fl——————dx
]; Br—By—1 ¢ (t + |y - x|)n+a

e 11
<c(h) ;W@/%klf(x)—mskfldx

=1 w(B
< C( ) I f 1 BMO, () Z S w;kk)§0(2kr) .

tO{

If ¢ is of upper type B, then taking @« = n + B and recalling that an A, weight is in
Ajp_. for some € > 0, Lemma 2 with p =2 — ¢, B = By and E = B allows us to obtain

t\n+B o(B) S
D1 = (1) I lawoy () 32K
k=2
I lmoyen () o2
= — V)————
BMO, @)\ - B|

To estimate D, we observe that

o

/ Y (y —x)|dx < C
Bi—Bi—1

(12

Therefore, with similar arguments to those used for D1, we get

D2<C||f||BMO()Z i Xk:w(Bj)w(er)
v 2y ok 2 1B)|

(B)
< C||f||BMoq,<w>( )’ e )sza sz(z 9iB-m

n+ B
< CIl swoyw (5 “’(’)% '

So we obtain the same estimate for D; and D;. Then, integrating over B and applying the
Aj; condition, we get

/ N7 *f2|2(y)w71(3(y,l)) dydt
B

" t
0*(r) (0(B)Y o dydt
< C”f”BMOq,(a)) 2(+B) (W . Mt ﬁw (B(y, t))T
02(r) (0(B)\* _, o gdt
< C”f”BMOw(w)z(n—Jrﬁ)(W w~ " (B)|B| A Mt ﬂT

=ClI|rf ”BMOW(‘“) Y (”)CU(B) .

Finally, from this estimate and that obtained for / we finish the proof of (a).
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Now we turn into the proof of (b). Under our assumptions on v, there exists veS
with [ ¢ = 0 such that, for any g € S,

1/e _ dt
8e = %*%*gT—>g

€

pointwise, when & goes to zero (see, for example, [15], p. 159). The above formula first
appeared in [12] and is often referred to as the “Calderén reproducing formula” or “Calderén
representation theorem.” Furthermore, for g € S, (see Proposition 2 for the definition), we
may follow the same steps as in [5], p. 122, to conclude that the above convergence occurs
also in the topology of S. Therefore, for f as in the hypothesis, g € Sx, and denoting
g(x) = g(—x), we have

(£.8) = lim (f.Z)

i 1/e _ . dt
_eino € (f’ wt*wt*g)?
) /e dt
= lim (Ve * £ W % g)T

e—>0 J¢

lim
e—>0
(5.2)

1/e _ dt
= lim ( /R W ) (e *g)(x)dx) —

where for the last equality we use that ¥, % f and v/, x g are C* functions and that, as we will
see below, the integral is absolutely convergent. We claim that for any pair of measurable
functions on RT’I, say F and G, we have

dx dt 12 1/¢
[P 0IIGE 0T < ClFI2IGI,, (5:3)
+

where dF = |F(x, t)|2Wr;’t))Xmi’ 77_1(%) = W and ¢ = 1/(1+ B/n), being B an

upper type for ¢, such that w € A, for some g < 1+ # Such choice of g is possible
due to the property ‘w € A, = w € A,_,, for some ¢ > 0’. Let us notice that if ¢ is of
upper type f, then, from its definition, 7! is of upper type 1 4+ 8/n and, consequently, 7
is of lower type £.

To show (5.3) note that if G € T;(w), in view of the atomic decomposition (see
Theorem 3), G can be written a.e. as

G(x,t):ij(x,t)
j

in such a way that

A({b;}) < ClGlry(w) -

Observe that Theorem 3 can be applied since, as we remarked above, w € Ay C A, e

Ax_(1/6—1/n)-
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Therefore, if B; is the ball associate to b; such that supp(b;) C B i, we get

, 1" dxdit\?
= ;(/B.'F(’C’”' oBx.1) 1 )

J

( wo t>|2w<B<x,r>>dxdr>‘/2
~ J A\

. " t
J

‘/ F(x,t)G(x,t

< [dF15 Y BN Po(1Bi1Y ") Ibjl 2w -
J

Now, if o denotes the last sum, it is easy to check that
w(B))'/?
DB In ( B0 Pl ) =1

In fact, replacing in o, ¢(|B;|"/") by 1/(|1B;In~'(1/|B;])), the above inequality follows
using the fact that 1 is of upper type less than or equal to one. Therefore, in view of the
definition of A, we get

o’ < A({b;})

which together with (4.4) gives (5.3). Now, applying this inequality in (5.2), we have

12 o dydt\'? v
Clduly/? (fr ()lwt*gl ) t,m) ()

Ln
1/¢
= claulf2[(s58)0),, -

where d i denotes the measure associate to ¥, * f, as given in the statement of the theorem.
Then, it is clear that part (b) of our theorem would follow from the above inequality by
using Propositions 1 and 2, provided we can prove that

(5591 < Clglys ) - (5.4)

(£ 8)]

A

Notice that we may apply Proposition 2 since w € A, forqg < 2+ ,ll - % In order to
check that (5.4) holds, we recall, as in the proof of part (a), that S¢ is nothing else but the
square function.

Then, the theory of vector valued singular integrals allows us to assert that it is bounded
on L9(w) for any w € A,;. Now, for a function b in L9 (w) with compact support on a ball
Bo = B(xg, ro) and zero average, Jensen’s inequality leads us to the following estimate

w(Bo) /7'
f n(Spb(w(x) dx < C|30|ﬂ<—||51/‘,b||m(w)) (5.5)
B | Bo|
5 w(Bo)/7

C|BO|77<W||I7||L4(¢»)> ,

where 1§0 = B(x0, 2rg). On the other hand, it is also known that

+1
) "TIB La ()
lx — xol w(By)l/4

’

Syb(x) < c(
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for x ¢ By. Then, a standard reasoning using this estimate, Jensen’s inequality and the fact
that w € A, allows us to get

ﬁ N(Sybwx))dx < C|Bol Y 2" (5.6)
BL’

0 j=2

(w(Bo)l/q, 1511 L4 (w) )

|BO| 2(2n—nq+1)j

w(By)'/e'
< C|BO|0<W||b||Lq(w)

because of our assumptions on g and £. Therefore, if b is an atom in H,? (w), (5.5) and (5.6)
imply (5.4) for g=>b. Consequently, (5.4) holds for every g in H,;] (w) , finishing our proof.
L]

6. A Weighted Triebel-Lizorkin Space

As we said in Section 1,.Bui and Taibleson introduced in [1] a weighted version of the
Triebel-Lizorkin spaces Fg, . Specifically, they take ¢ € S with supp ¥ C {§ : % <

] < 2} and Z?O:_OO |1ﬁ(2‘j§)|2 = 1 for |§] # 0. Then, for ® € Ay, the space
F$9, 0 € R,0 < g < oo is defined as the set of f in S'/P such that

00 1/q
sgp(%Q) /Q > (2f°‘|w2,-*f|<x>)"w<x>dx> <00, (61

J==log,(£(Q))

where Q denotes a dyadic cube in R” with side length £(Q). Forthe case« = 0 and g = 2
we have the following result.

Proposition 4. The space BMO is contained in F 30‘3 for any w in Ay. Moreover, if in
addition, we assume w € Ay, then both spaces coincide.

In view of the above proposition and Lemma 2, we consider that Fggz should be
rather defined as the set of f in S’/ such that

1 7(1 . 1" dxdi\'!
S‘é"(w(B)/g(’ W NO) Sy ) =

When oo = 0 and ¢ = 2, note that for € A4/, and ¥ in S satisfying a Tauberian
condition, Lemma 2 allows us to obtain two facts: First, a weighted version of the well

known result BMO ~ F go 5, and, second, as a consequence, that the definition of the space

does not depend on the choice of ¥r.

Proof of Proposition 4. Let f be in BMO. Given a cube Q, we split f as follows
f=0=—mooNXs+(f —mouwflXge +moof=f+a+f3,

where mg o, f = @ /, 0 fw and QO denotes the concentric cube with Q and side length
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2¢(Q). In order to prove that f satisfies (6.1) for « = 0 and g = 2, we first estimate

1= /Q S Wax AP0 dx

j=—1log, £(Q)

[l‘& Z [Vp-i *f1|2(X)a)(x)dx.

n
j=—00

IA

It is well known that this discrete version of the square function, that is G(f)(x) =
(Zj'i—oo [Yra—j * f|2(x))1/2, is bounded on L”(w) as long as w € A, (see, for example,
[4], p- 125, or, for more details, [9]). So, we have

1< c/ i) o (x)dx = Cf_ |f —mo.wflPw()dx
R 0

< Cllf i3m0 ©(Q) .

where the last inequality follows from the fact that

1 1/p
supg <@/Q lf— mQ,wf|pw> ~ || flsmo ,

(see, for example, [6], Corollary 2.4).
On the other hand, denoting by Qy the concentric cube with Q and side length ZkZ(Q),
a similar reasoning to that applied for getting estimate (5.1) allows us to get

|w2j*fz|<y><6<2;j>a iLL |f @) = moy.ofldx
= \wo)) \& 210 Jo,-o,., ’

ok
1
! Z Z o (Q;) /Q,- |f(x) —mg; oflo(x)dx

k=2 i=2

X/ |¢2j(y—X)|dX> ,
Ok—Qk-1

forevery j € Z, for o > 0 fixed. Then, since w € A, Holder’s inequality and the fact that
the norms are equivalent, yield to

2— o
- <Cl— .
[Va-i * f2l(y) < (E(Q)> Il.flmo
Now, from this inequality, we get
- »(Q) = i
Yo Wk AP@e®dx < C——|flamo Y, 27
Q j=—log, (0) () j=—1og; (Q)
< Co(Qlflsmo -

So, the above estimate, the one obtained for 7, and the fact that ¢ — j % f3 = O prove
f e F%“_ in other words, BMO C FC?O‘%

00,2°



A Look at BM Oy (w) through Carleson Measures 283

Now, assuming @ € A and using the well known unweighted result BMO ~ F go 2

(see [4], for instance), we can write

TP sup—/ S W # £ d

€] ~log, £(0)
= Cap (Q)/ S W # P ds
—log, £(Q)
Clearly, this implies F C BMO. ]
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