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ABSTRACT.  We introduce the notion of admissible subgroup H of G = HY x Sp(d, R) relative
to the (extended) metaplectic representation L. via the Wigner distribution. Under mild additional
assumptions, it is shown to be equivalent to the fact that the identity f = fH (f, he(h)P)pe(h)p dh
holds (weakly) for all f € L2@RY). We use this equivalence to exhibit classes of admissible
subgroups of Sp(2, R). We also establish some connections with wavelet theory, i.e., with curvelet
and contourlet frames.

1. Introduction

The study of reproducing formulae for functions in L2(R?) has attracted the interest of
many authors, in physics [1], group representations [9] and applied mathematics, both in
Gabor analysis [14] and in wavelet theory [4, 10, 18]. In a very general and abstract sense,
they can all be recast in a formula of the type

f=/H<f,¢h>¢h dh, feH, (L)

where H is a Hilbert space and & +— ¢y is an H-valued measurable function on some
measure space (H, dh). Of course, the cases of greatest interest concern Hilbert spaces of
functions, while the measure space H serves as parameter space. Thus, H takes into account
the particular kind of analysis and synthesis processes that a formula like (1.1), known as
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reproducing formula, is meant to describe. We are mostly interested in the case in which H
is a Lie group with left Haar measure dh, ¢ € L2(R?) is fixed and h > ¢y, is an L2(RY)-
valued unitary representation of H. This rich structure often provides both a very efficient
tool for computations and a means for finding new reproducing formulae, specially when
H is chosen among the subgroups of some classical group of linear symmetries. A class of
groups that has been widely studied is the class of semidirect products H = R x D, where
D is a closed matrix group (the so-called dilation group). They admit a natural unitary
representation on L*(R?), the main ingredient for the construction of a wavelet transform.
Initially, only irreducible square-integrable representations were considered [2, 12], but it
soon became clear that nonirreducible representations [15, 19, 13] are of relevance as well.

Recently, the authors of [18] have proved a characterization of those dilation groups
D which give rise to a reproducing formula (1.1). They introduce a notion of admissibility,
a sufficient condition for a subgroup D of GL(R, d) to admit a window ¢ € L>(R¢) such
that (1.1) works for all f € L?(R%). A dilation group D is admissible if there exists a Borel
measurable F € Ll(Rd) such that F > 0 and

/ F(x'a)da =1, forae. x € RY, (1.2)
D

where ‘a is the transpose of the matrix a, x — x 'a is the right action of a € D, and da
is the left Haar measure on D. The above definition is motivated by the analysis of the
“ax + b” group. In that case, any admissible wavelet ¢ (in the usual Calderén sense) gives
a function F = |1ﬁ|2 for which formula (1.2) holds.

We work in a somewhat different setting. First, the Lie group H in (1.1) is a subgroup
of the semidirect product G = H? x Sp(d, R) of the Heisenberg group and the symplectic
group. Secondly, the representation i +— ¢y, arises from the restriction to H of the reducible
(extended) metaplectic representation (i, of G as applied to a fixed and suitable window
function ¢ € L2(R?). A group H for which there exists a window ¢ such that (1.1) holds
is said to be reproducing. A complete classification of reproducing subgroups in the case
d = 11s given in [8], but for the case d > 2, the groups we treat here are the only known
examples.

Although, the setups R? x D and H? x Sp(d, R) are quite different in spirit, there
is a crucial conceptual link between them. The point is that both are intimately related
to the geometry of affine actions on Euclidean space. Indeed, one of the most important
features of s, is that it may be realized by affine actions on R?¢ by means of the Wigner
distribution. The reader is referred to [5, 11, 14] for a thorough discussion of this basic
construct in time-frequency analysis, some of whose properties will be recalled in Section 3.
The cross-Wigner distribution Wy, of f, g € L2(R?) is

Wie(x, ) = f N (x4 2) g (x = 2)dy. (13)

The quadratic expression Wy := Wy, ¢ is usually called the Wigner distribution of f. The
crucial property of W alluded to above is that it intertwines /i, and the affine action on R?¢.
In other words:

Wit §) = Wo (87 (.9)) . geG,

where g - (x, &) is the natural affine action of G on phase space. Actually, since the
reproducing formula is insensitive to phase factors, i.e., to the action of the center of H¢,
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the group G is truly R?? x Sp(d, R), whose affine action on R?? is rather obvious [see the
next section and in particular (2.2)]. This is why in our Definition 2 the Wigner distribution
plays the same role as F plays in (1.2). Thus, we call admissible a connected Lie subgroup
H C G if there exists ¢ € L%(RY) such that

/ W, (h_l - (x, s)) dh =1, forae. (x,&) € R .
H

The outline of the article is as follows. In Section 2 we establish some background
and notation. In Section 3 we prove Theorem 1, which states that under mild additional
assumptions on the mapping & > Wy (h~!- (x, £)), a subgroup H is reproducing if and
only if it is admissible. Theorem 1 has consequences on the geometric properties related
to admissibility. Some of these appear in [7]; a deeper study of the geometry of admissible
groups is developed in a forthcoming article [6]. In Section 4, Theorem 1 is applied to prove
the admissibility of a subgroup H of Sp(2, R) that we denote 7 DS(2). In Section 5 we
establish some connections with wavelet theory. We exhibit another reproducing subgroup
of Sp(2, R), which is a covering of the similitude group of the plane STM(2). We then
show that our theory, for both T DS(2) and SIM(2), parallels the theory developed in the
context of two-dimensional wavelets. The groups 7 DS (2) and S1M (2) are the forerunners
of the curvelet and contourlet frames, nowadays heavily employed in the context of signal
processing [4, 10]. In particular, curvelets are actively investigated from the point of view
of statistical estimation, sparsity of the representation and rate of approximation. Our
approach starts from the whole time-frequency plane R??, instead of looking at either time
or frequency, as is typical in the philosophy of the setting R¢ x D. This justifies the use
of the Wigner distribution and its time-frequency properties. In Section 6 we prove that a
class of groups, parametrized by 8 € R and including S/ M (2) when = 0, is reproducing.
This time, however, our proof is direct, namely we show (1.1) without using Theorem 1.

2. Preliminaries and Notation
The symplectic group is defined by

Spd,R) = {g € GL(2d,R) : 'gJg=1J} ,
_| 0 L
]

w(x,y) = xJy, X,y € R 2.1

where

is the standard symplectic form

The metaplectic representation p of (the two-sheeted cover of) the symplectic group
arises as intertwining operator between the standard Schrodinger representation p of the
Heisenberg group H¢ and the representation that is obtained from it by composing p with
the action of Sp(d, R) by automorphisms on H¢ (see, e.g., [11]). We briefly review its
construction.

The Heisenberg group H? is the group obtained by defining on R>¢*! the product

1
(1) (Z.1) = (z +7,t+1 — Ea)(z, z’)) ,
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where o stands for the standard symplectic form in R?¢ given in (2.1). We denote the
translation and modulation operators on L*(R?) by

Tof@0) = f(t—x) and Mef() =0 f@).
The Schrodinger representation of the group H? on L?(R?) is then defined by
PO, E.0) f(y) = T ATIEITX () — ) = 2T T M £ (y)

where we write z = (x, §) when we separate space components (that is x) from frequency
components (that is &) in a point z in phase space R??. The symplectic group acts on H
via automorphisms that leave the center {(0, 7) : € R} ~ R of H¢ pointwise fixed:

A-(z,t) =(Az,t) .
Therefore, for any fixed A € Sp(d, R) there is a representation
pa:H > ULXRY)),  G.0O) > p(A-(2.0)

whose restriction to the center is a multiple of the identity. By the Stone-von Neumann
theorem, p4 is equivalent to p. That is, there exists an intertwining unitary operator w(A) €
U(L*(R?)) such that ps(z, 1) = w(A) o p(z, 1) o w(A)~", for all (z, 1) € H. By Schur’s
lemma, /4 is determined up to a phase factor ¢’*, s € R. It turns out that the phase ambiguity
is really a sign, so that p lifts to a representation of the (double cover of the) symplectic
group. It is the famous metaplectic or Shale-Weil representation.

The representations p and  can be combined and give rise to the extended metaplectic
representation of the group G = H¥ x Sp(d, R), the semidirect product of H? and Sp(d, R).
The group law on G is

((z,0), A) - (1), A") = (2, 1) - (A2, 1), AA)
and the extended metaplectic representation i, of G is
te (2, 1), A) = p(z,1) o u(A) .

A slight simplification in our formalism comes from the observation that the reproduc-
ing formula (1.1) is insensitive to phase factors: If we replace jt.(h)¢ := ¢, with e* i1, (h)¢
the formula is unchanged, for any s € R. The role of the center of the Heisenberg group
is thus irrelevant, so that the “true” group under consideration is R* x Sp(d, R), which
we denote again by G. Thus, G acts naturally by affine transformations on phase space,
namely

g (.8 =Wgq.p)A) (x,8) =Ax6)+(q,p) . 2.2)

For elements of Sp(d, R) in special form, the metaplectic representation can be com-
puted explicitly in a simple way. For f € L*(R?), we have

M([g ,,f_l]) fx) = (det A)"'2 (A "x) 2.3)

" <|:é ({|> Fx) = iein(Cx,x)f(x) 2.4)

n(J) = (=) F, 2.5)
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where F denotes the Fourier transform
Fr& = [ foe O an g e LR R,
R4

Inthe above formula and elsewhere, (x, &) denotes the inner productof x, & € RY. Similarly,
for f, g € L*(R?), (f, g) will denote their inner product in L2(R%). Other notation is as
follows. We put R=R \ {0}, R+ = (0,£00). For1 < p < 00, || - ||, stands for the
LP-norm of measurable functions on R? with respect to Lebesgue measure. The left Haar
measure of a group H will be written dh and we always assume that the Haar measure of
a compact group is normalized so that the total mass is one.

3. The Reproducing Condition

Definition 1. We say that a connected Lie subgroup H of G = R* x Sp(d,R) is a
reproducing group for . if there exists a function ¢ € L2(R?) such that

7= [ onetdyue g an. for a5 e L2(R) G.1)
H

Any ¢ € L?(R?) for which (3.1) holds is called a reproducing function.

Notice that we do require formula (3.1) to hold for all functions in L2(R?) for the same
window ¢, but we do not require the restriction of u, to H to be irreducible. Equivalently,
formula (3.1) can be written in term of the L2-norm of f

I£13 = /H [(f. me(R)@) > dh, forall f e L*(RY). (3.2)

3.1 The Wigner Distribution and Some Useful Properties

We collect some well-known properties of the Wigner distribution and then we establish
Lemmata 2 and 3, which will be used in Section 4. For the proof of Proposition 1 see [11, 14],
whereas Lemma 1 is from [14]. Recall that the cross-Wigner distribution is defined, for
f, g € L*(R%), by (1.3).

Proposition 1. The Wigner distribution of f, g € L>(R?) satisfies:

(i) Wy is uniformly continuous on R*, and | Wy elloo < 270 fll2lIgll2.

(i) Wy o = W, g, in particular, Wy is real-valued.

(i) Moyal’s identity: (W, We) 2geay = (f2 8) 12rd) (f+ ) 12(Rd)-
(iv) If f, g € SRY), then Wyy € S(R*).

V) If f € L"RYNLERY), then || f115 = [gaa Wy (x, ) dx dE.

(vi) Marginal property:
/d Wex,6)de = |f(0)1>, VfeL*RY) with feL'(RY). (3.3)
R

An alternative description of Wy, is provided by the lemma below.
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Lemma 1. Let T,F(x,t) = F(x + % X — %) be the symmetric coordinate transform
and FoF(x, &) = fRd F(x,)e 2H&0 dt be the Fourier transform in the second variable.
Then

Wie=RT(f®3)- (34
We use Lemma 1 to prove the following density result.

Lemma 2. If R(x, &) is a real, slowly increasing measurable function on R* such that

/ R(x,5)Wy(x,8)dxdé =0, forall f € S(Rd) ,
RZa’

then R(x, €) = 0 for a.e. (x,€) € R*.

Proof. By Lemma 1 it follows that V := span{Wy, f, g € S(R%)} is dense in S(R?).
For f, g € S(RY), a straightforward computation gives

Wepg = Wyp+ W +2Re Wy, Wiyig =Wyr+ Wy +2Im Wy,

and the assumption implies (Re Wy ,, R) = 0 and (Im Wy, R) = 0. Since R is real, these
two identities are equivalent to (Wy,¢, R) = 0. The conclusion follows from the density
of V, because for every F € S(R??) the functional F > fRM R(x,&)F(x,&)dxdE is a
tempered distribution and we have

/ R(x,8)F(x,&)dxd§ = (F, R)
R2d

n
= <nlglgo Y aWsig R>

k=0

n
= nll)ngo<ZCkak)gk, R>

k=0
n
- nll>n;o Z Ck(Wfk’gk - R)
k=0
=0,
so that R(x, &) = 0, for a.e. (x, £) € R?*? and the proof is complete. L]

The next lemma will be used in Section 4.

Lemma 3. Let ¢o, ¢ € L>(R?) and define ¢ = ¢o ® ¢1 € L*>(R*?). Then
We (21, 22), (81, £2)) = Wy (21, 1) Wy, (22, £2) (3.5)

where the variables 71, 22, L1, {2 are in R4,

Proof. Simply compute the Wigner distribution (1.3) of ¢ = ¢ ® ¢;. L]

3.2 The Admissibility Condition

In this section we find an admissibility condition that, together with some additional inte-
grability and boundedness properties of 4 = W, (h~' - (x, £)) implies that a subgroup H
of G = R*? x Sp(d, R) is reproducing.
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Theorem 1. Suppose that ¢ € L*(R?) is such that the mapping
h> Wyoang (6, ) = Wy (h™! - (x, §)) (3.6)
isin LI(H)for ae. (x,&) e R gnd

f Wy (h™' - (x,8))|dh < M,  forae (x,£) e R*. (3.7)
H

Then condition (3.1) holds for all f € L*(RY) if and only if the following admissibility
condition is satisfied:

/de)(h*‘ (x,8))dh =1, forae (x,§) e R¥. (3.8)
Proof. Tt is enough to test the reproducing formula (3.2) on the Schwartz class. Namely,
if we show the mapping f + (f, ue(h)¢) is an isometry on S(R?) into L*>(H), the

pointwise convergence of the coefficients (f, u.(h)¢) guarantees that (3.2) holds for all
f € L2(R?) as well.

Sufficiency. Assume that (3.8) is true and take f € S(RY). By (v) of Proposition 1,
its L2-norm can be computed via its Wigner distribution, that is:

||f||%=f Wf<x,s)dxds=/ (f W¢(h—1~<x,s>)dh) Wi(x, &) dx de
de RZd H

=/ (/ Wy(h™" - (x,8)) Wf(x,g)dxdg> dh .
H \JRX™

In the last equality, the integral interchange is justified by Fubini Theorem. Indeed, by (3.6)
and (3.7) we have

f /|W¢(h_l~(x,$))Wf(x,$)|dhdxd$
R2d JH
=/ <f |W¢(h_1~(x,£;‘))|dh> |W(x,&)|dx dg
R2d H

< M/ [We(x,8)|dxdé < oo,
R2d
Further, Moyal’s identity gives
/R L Wo(h™" (. 8)) Wy (e §)dxdg = (Wissag. Wr) = (f. e (] e
hence, the equality

1713 = /H (f, we(m)@)I* dh, for all f e S(RY).

Necessity. Conversely, assume (3.1) true and let f be in S (RY). Moyal’s identity
gives

1718 = | (f W (™! -<x,§>)dh) Wy r, €)d dé (3.9)
R2d H
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Using again (v) of Proposition 1, equality (3.9) may be recast as

/ (/ Wd,(h_l . (x,é)) dh — 1) Wex,86)dxdé =0.
R2 \JH

The function

R(x,£) :/ Wy(h™" - (x,8))dh — 1
H

is real by (ii) of Proposition 1. Hence, (3.8) follows applying Lemma 2 to it. L]
Motivated by Theorem 1, we give the following definition.

Definition 2. We say that a connected Lie subgroup H of G = R* x Sp(d,R) is an
admissible group for j, if there exists a function ¢ € L?(R?) such that

f We(h™" - (x,8))dh =1, forae. (x,&) e R*. (3.10)
H

Any ¢ € L2(Rd) for which (3.10) holds is called an admissible function.

It is clear that we now dispose of two different tools for checking whether a subgroup
H of G = R* x Sp(d, R) is reproducing or not. Either we find a window function ¢ for
which (3.1) holds or else we check the admissibility of the subgroup H and use Theorem 1.
The latter method is used in the next section, while the former is applied in Section 5. We
stress that Theorem 1 admits other useful applications [6, 7].

4. The Reproducing Group TDS(2)

Throughout this section d = 2. We prove that the four-dimensional triangular group

t_l/ZSe/z 0

TDSQ) = {A”Z’y = [t‘/szSm t1218_4 1

:|:t>0,£e]R, yeR2} 4.1
is a reproducing subgroup of Sp(2, R), where

By = [yol ﬁj y=010) €R; 8= [(1) ﬂ (eR. (42
The matrix Sy is called shearing matrix. We use the letters TDS because the restriction of
the metaplectic representation to it gives rise to translation, dilation, and shearing operators.
This fact will be discussed in Section 5.

The main idea of the proof is to reduce the two-dimensional condition (3.8) to the
one-dimensional analogue that arises from a reproducing subgroup of R? x SL(2, R) and
to a reproducing condition for a window function of another reproducing subgroup of
R? % SL(2, R). It was proven in [8, Theorem 2.1] that, up to conjugation, there are exactly
five reproducing subgroups of R? x SL(2, R). We are interested in the following two:

[ ([)). o]
(G D)o
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A function ¢y is reproducing for Hy if
¢o € L*(R), and [goll2=1, 43)

while a function ¢ is reproducing for Hj if and only if ¢; € L?(R) and
o0 dx o dx 1 o — dx
[ 1ewrS = [CieeorG =5 [T awacas 0. @
0 X 0 X 2 0 X

Clearly, Hy ~ R? so that its Haar measure is the Lebesgue measure dg dp. The
group H; is the only reproducing subgroup that lies entirely inside Sp(1, R) = SL(2, R),
and it is isomorphic to the “ax + b” group.

Observe that (3.8) can be rewritten in terms of the right Haar measure d,-h as

/qu(h*l-(x,g))dh:/ Wy(h - (x,6)deh =1,
H H

leading to the following alternative formulation that Hy is admissible

/ Woo(x +¢q, &+ p)dgdp =1, forae. (x,é)e]Rz. 4.5)
RZ

We can finally show that T D S(2) is reproducing.

Theorem 2. Let ¢y, ¢ € S(R) be reproducing functions for the subgroups Hy and Hj,
respectively. Then, the window function ¢ defined by

1 ~
90,6 = (90 ®h1)(x. 6), (x,6) €R?, 4.6)
where ¢’;1 (y) = y91(»), isareproducing functionfor T DS(2), i.e., T DS(2) is a reproducing
subgroup.

Proof. Notice that the assumptions (3.6) and (3.7) are trivially satisfied. Hence, it
remains to verify the admissibility condition (3.8), i.e.,

> ' dt 4
Wy ((z,0)'Arey) —dedyidy, =1, ae. (z,¢) € R*, 4.7)
R2 JR JO t

where 1~ dt dt dy, dy is the right Haar measure of 7DS(2). Observe that the action
of the T DS(2) group on R* has only two orbits with nonzero Lebesgue measure on R?,
namely O(o,1,0,0) and O(0,—1,0,0). Then (4.7) is equivalent to

0 dt
f / W(,,((o,il,o,O)’A,,g,y)szdyl dy, =1, 4.8)
Rr3 Jo

where

14 l
(0.£1,0,0) A0y = 71/ (5, Lyiyis + yz> :

We only compute the integral related to the orbit O(q, 1,0,0) because the computation related
to O(,—1,0,0) is analogous. Performing the change of variables

V4
17V =, 7202 = uy, 7y = up, 12 <y1§ + yz) v
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with dt d¢ dy; dy, = 4da duy du; dv/ot6, we can write

o0 £ 14 dt
We (=2 2,1, y1, y1= —dtdy d
/RS/O ¢( <2 i y12+y2>> ; yiay:
o da
:4// We(ut, o, uz, v)—4du1du2dv. 4.9)
RrR3Jo o

In the following computations, we shall use Lemma 3, the Wigner marginal property (3.3),
and the assumption ¢1(y) = y¢1(y).

o0 d
4/ / Wy (u1, a, uz,v)—(j:dulduzdv:Z/ Weo (1, uz) duy duy
R3J0 o R2

|, v
X ~ (o, v) dv—
o Jr @1 ot
o0 da
=2 Wz (o, v) dv—
/0 /R ¢1(oz v) va4
© rda
2| |pr@| =
0 o

o0 ,da
=2 [ Cl@ri

o

Finally, the expression on the right-hand side is equal to 1, for ¢ is a reproducing function
of the subgroup H; and, consequently, fulfills the first reproducing condition in (4.4). []

Remark 1. The assumptions ¢, ¢; € S(R) are actually only technical ones. Any pair
of functions ¢g, ¢; € L>(R), reproducing for Hy and Hj respectively, defines a function
¢ € L*(R?) in (4.6) for which (5.17) (with constant ¢y = 1/2) and (5.18) of Theorem 5
hold true.

5. Connections with Wavelet Theory

We now come closer to the group theory that lies behind the construction of two-dimensional
wavelets. The analysis of oriented features in images requires more flexible objects than
the wavelets arising from the tensor product of the usual one-dimensional wavelets. An-
swers to this problem, in the context of signal processing, have been provided by frame
systems of directional functions with excellent angular selectivity, the frames of curvelets
and contourlets [4, 10]. Both make use of translation and dilation operations, and while the
curvelet approach obtains directional selectivity by a construction that requires a rotation
operation, the contourlet setup uses a shearing operation. Although, our results do not have
direct implications in either curvelet or contourlet analysis, we point out that they appear to
be connected from the point of view of group theory, that is, by looking at the restriction of
the metaplectic representation to two admissible subgroups of Sp(2, R), namely S1M(2)
and TDS(2).
The main results in this section are Theorem 3 and Theorem 4.

5.1 The Group SIM (2) and its Natural Representation

In this section we prove Theorem 3. The similitude group SIM(2) of the plane R? is
the group generated by translations, rotations, and dilations (a survey on the topic and the
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related two-dimensional directional wavelets is in [1]). More precisely, for a real angle 6
put

cosfd  sind
Ry = |:— sin 0 cos@i| ’ G

the standard 2 x 2 rotation matrix. Then S7M (2) consists of all the 3 x 3 matrices

‘R_
T(t,y,@):[ 09 {]

where t > 0, y is a column vector in R2 and 6 € [0, 27). The product in STM (2) is just
matrix product and a simple calculation yields

T, y,0)T(s,2,¢)=T(ts,y+1R gz, (0 +¢) mod 27), 0=<6,¢ <2m. (5.2)

Formally, the action of ST M (2) on R? is obtained by viewing R? as one of the affine charts

in RP?, namely
R? ~ {m x GR2} C RP? .

In other words, SIM (2) acts on RP? preserving this affine chart:

reso[ =[5 G)-[)

The wavelet representation v of S/M(2) on L2(RR?) is defined as follows:

V(e v, 0 f 00 =17 f (17 (Rox = )

where v(¢, y, ) stands for v(T (¢, y, 8)). Notice that if we transpose rotations, dilations
and translations to functions by

(Rof) (1) = f(Rox). (D)) =17 f (17'x), (T f) )= f(x =),

thenv(z,y,0) f = (Ty Ry Dt) f. The representation v is known to be irreducible on L2(R?)
and it gives rise to a reproducing formula. A wavelet ¢ is reproducing if

16|
./RZ |§|2 d§¢ < o00.

For our purposes however, it is convenient to view v in the frequency domain, that is, to
compose it with the Fourier transform F. We shall therefore write

w(t, y,0) fw) = (Fov(t,y,0) 0 F ' f)u) = te ™0 £ (tRyu) . (5.3)

The Group SI M (2) and the Action on the Lagrange Manifold

We adopt the following notation. If y = (y1, y2) € R?, we put

yrooy
DI , 54
g |:)’2 —)’1} >4
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a2 x 2 symmetric and traceless matrix. Consider the two subgroups of Sp(2, R):

12 0 ,
Go = {go(t, y) = I:t_l/zzy tl/z] t>0,yelR } (5.5)
K = {k(e) - [ROH/Z R_OQ/J .60 € [0, 471)} . (5.6)

It is straightforward to check that:

go(t, y)go(s, z) = go(ts, y +1z2)
k(©)go(s, 2)k(@) ™" = go(s, R_g, 2) (5.7)

the latter being immediate from
R_¢2%xRoj2 = ZR_gx - (5.8)

The equality (5.7) shows that K normalizes G and hence that GoK inherits the structure
of a semidirect product, where the product law is given by

go(t, Y)k(©) - go(s, k(@) = go(t, y)[k(O)go(s. z)k(9)_1]k(9)k(¢)
= go(t, y)go(s, R_92) k(0 + ¢)
=go(ts,y +tR_p2) k(0 + ¢) .

Of course, Go x K is a subgroup of Sp(2, R). Further, G is normal in Gg x K and
obviously Go X K /Gy >~ K. We shall write

=172 0 R 4/ 0
g(ta y’ 9)—80(1’ Y)k(e)— [t—l/Q.Ey t1/2:| [ 0 R_0/2

_ |: t_l/zR,Q 2 0 :|
lil/zxyR_g/z tl/zR_g/z )
Therefore
g(t,y,0)g(s,z,¢) = g(ts,y +1R_9z, (0 +¢) mod 47), 0=<6,¢ <4rm.

The mapping
gt,y,0)— T(t,y,0 mod 27)

is a homomorphism of Gy x K onto SIM(2) [see (5.2)] with kernel given by N =
{(1,0,0), (1,0, 2m)}, that is, Gy x K is a covering group of SIM(2). Consequently, the
metaplectic representation can not be viewed as a representation of S7M (2) on L2(R?) in
the proper sense, however, when restricted to L2, (R?), it becomes a proper representation.
This fact will be used in Theorem 3.

Next, we identify the action of ST M (2) on R? with the action of G( x K on a suitable
two-dimensional cell C of the Lagrange manifold L (R*). The Lagrange manifold is defined
as the set of maximal isotropic planes in R*, namely the two-dimensional linear subspaces
of R* that enjoy the following property: If x, y € £, then w(x, y) = 0. This set inherits
the manifold structure of a three-dimensional homogeneous space of Sp(2, R). Indeed, let
us represent planes in R* as 4 x 2 matrices via

L(A, B) = span [2:| , A, B € M>(R), rank [2] =2. 5.9
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Under the identification (5.9), two 4 x 2 full-rank matrices identify the same plane if and
only if they differ by right multiplication by some g € GL(2, R). Such a 4 x 2 full-rank
matrix represents a Lagrangian plane if and only if ‘AB is symmetric. Also, its columns
form an orthonormal set if and only if ‘AA + ‘BB = I. In this case,

g(A, B) = [2 _AB} € Sp(2,R)

and g(A, B) carries the “base” Lagrangian plane Lo = £(/, 0) onto L(A, B). In general,
Sp(2, R) acts on Lagrangian spaces from the left, by matrix multiplication on the spanning
column vectors. Since we know that g(A, B) - Lo = L(A, B), the Sp(2, R)-action is
transitive on L(R*) and the stabilizer at £ is the subgroup

U= ”g‘ ,/jfl] : A € GL(2,R), ¥ symmetric } CSp2.R).

Thus, L(R*) ~ Sp(2,R)/U. An open set in L(R*) that contains the base point Lg is Lo =
(L(X) := L(I, %) : ¥ symmetric }, and is diffeomorphic to R> under the identification
¥ < L(X). We put

c={cem =L xerY,

the two-dimensional slice inside L identified with the traceless symmetric matrices.

Proposition 2. The action of SIM (2) on R? corresponds to the natural action of Go x K
on C inside the Lagrange manifold L(R%).

Proof. Allowing right multiplication by ¢!/? Ry ,»2 and using (5.8), we compute

t7V2R 4 0 I (T2
g(t,y,0)  L(x) = span (|:t1/22yR_9/2 2R g | | =y [f Re/z]

i I
= span
p | Zy + tR—0/22xR0/21|

[ I
= Span
Pl =, +t2RM]

[T
= span
P _Ey+tR_9xj|

=L(y+tR_px).

Therefore, under the canonical homomorphism of Gg x K onto SIM(2), the action of
S1M (2) on R? corresponds to the natural action of Gg x K on C. ]

We now compute the metaplectic representation . on Gg x K. We start from a simple
observation. Every g(¢,60,y) € Gop x K decomposes as the product of a block-diagonal
matrix and a block-lower triangular matrix, both in Sp(2, R), as follows:

lil/zR_g/z 0 . lil/zR_g/z 0 1 0
t_l/zzyR_e/z tl/zR_e/z - 0 tl/zR_g/z l‘_lRe/zEyR_g/z I
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We rewrite this as g(¢, y,0) = D(t,0) L(t, y, 6). Owing to (2.3) and (2.4), we have
wu(g(t, y,0)) f(x) = u(D(t,0) L(t, y,0)) f(x)
= det (t‘l/zR_e/zyl/z u(L(t,y, ) f (tl/zRe/M)
=12 exp (in <|:t_1R9/2EyR70/2:| 1'% Ry ox, f1/2R9/2x>)
x f (tl/zRg/zx)
=112 exp (i (172 Ro a2y x, 2Ry ox)) £ (112 Ropox)
= (127 (Eyxx) ¢ (tl/zRg/zx) ;
that is
p(g(t, y, ) f () = 1/2e BN £ (112Rg px), 06 <4 (5.10)

‘We observe that the metaplectic representation of STM (2) is
W(T(t,y,0)) f(x) =1'"2T =02 g <f1/2R9/2x>, 0<6<2m,

and is not a group homomorphism. Note that, when restricted to L2, (R?), it becomes a
proper representation.

The Intertwining Operator and the Equivalence

Consider the mapping

) ) 22— y2
P:RxRy - RxR, X > 22 1,—x1x2 . (5.11)

Its properties are described in the next proposition.

Proposition 3. Let f be an even function defined on R%. The mapping (5.11) is a
diffeomorphism that satisfies:

(@) The Jacobian of ® at x € R x Ry is Jo(x) = ||lx|%;

(b) the Jacobian of ' atu € R x Ris Jo-1(u) = ||x )| 72 = 1/Q\ull);
(©) f(P(aRyx)) = f(a*Ryp®(x)) for everya € R, every x € R%;

) (@ (tRou)) = f(t'2Ron® ' (), for everyt > 0, everyu € R x R;
e (Zyx,x)=-=2(y, P(x)) forevery x € R x R and every y € R?.

Proof.  First we show that ® defines a bijective mapping of Ry x R4 onto R x R_.
Indeed, for (x1, x2) € Ry x Ry and (u1,u2) € R x Ry

2
2 2 u
XX x%——%:Zul
M X
<
uz
—X1X2 = Uy Xy = ——.

X1
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For fixed u» € R_, the map h(t) =t — u%/t defined in Ry is increasing since h'(r) =
1+ u3/t*> > 0. Further, h(t) — —oo for t — 0" and h(t) — +oo for t — oo,
Therefore, for any given u; € R there is exactly one value of x% such that h(x%) = 2u;.
Hence, for any given u; € R and u; < O there is a unique (x1, x2) € Ry x Ry such
that ®(x1, x2) = (u1, u2). This shows that ® is bijective from Ry x R4 onto R x R_.
Similarly, it is bijective from R_ x R onto R x R4 and hence from R x R4 onto R x R.
It is clearly smooth and its regularity follows from

—X1 X2
—X2 —X]

Jq>(x)=det|: ] =x? +x35.
This establishes that ® is a diffeomorphisms and proves (a). As for (b), it follows from (a)

and the observation that

2
2 2
X5 — X
2 2 2 1 2.2
M1+M2:< 2 ) +x1x2:

2
(o)

-

so that 2|u|| = |lx]2.
(c) Here we compute

D (aRgpx) = ® (a(cosOx1 + sinBx3), a(—sinHx1 + cosOxy))

= <§ [cos 20 (x% - x12> — 2sin 29(x1x2)] ;

ar. 2_ 2
= [sm 20 (xl - xz) — 2cos 29(x1x2)])

_ 2| cos20  sin26 @
=% | —sin20 cos20 —X1X2
= a’Ryp®(x) .

(d) Puta = /2 and y = 20 in (c) to get ®(t!/? Ry 2x) = t Ry, ®(x). Put next ®(x) = u
and take ®~! from both sides. This yields t'/2Ry 2 ® 1 (u) = @~ (tRyu) .
(e) From the definition of Xy and of ®, we obtain

Y1X1 + y2x2 X1 2 2
Tx, x) = , = — )+ n2 = —2(y, d(x)),
(Zyx, x) <[y2X1 _ )’IXZ] |:x2i|> YI(xl xz) y2(2x1x2) (y, @(x))

as desired to conclude the proof. L]
Theorem 3. The mapping
UF@) = llull "2 f (@7 w), ueRxR:

defines an isometry ongven (R2) onto L?(R?) that intertwines 7w and p.: 7w(g)olUd = Uou(g)
for every g € SIM(2).

Proof. Let f € L2, (R?). Then, by (b) in Proposition 3

even

1
s = [ s du= [ oolr(@w)
e s

+00  p+o00
=2f f |f () dx =/ |f )1 dx
0 —00 R2

=1£I3.

2
‘du
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Thus, U is an isometry. By (5.3) and (d) in Proposition 3
w(t,y,0) US) ) = 1”20 Y f (1 Rgu)

- ! ~2mily.u) =
= TRl f(cp (thu))

2, i (y,u) 12 1
—2mi{y,u —
— ||u||1/2e Y f(t Ry @ (u)) .

Finally, by (5.10) and (e) in Proposition 3

1
Uy, 0)f) ) = a2 (n@, 0, y) ) (@~ W)

1 . —1 —1 _
_ ||u”1/2t1/2em(2y<b (), ® (u))f (II/ZRQ/ZCD l(u))
172 .
= e O (1 Rope )
as desired. []

5.2 The Group T DS(2), the Contourlet Point of View

In this section we prove Theorem 4. We first explain the connection between 7"D S(2) and
the two-dimensional wavelet theory that leads to the contourlet construction introduced
in [10]. The point is that 7 D §(2) is isomorphic to the group of mappings of (functions on)
the plane generated by translations, dilations, and shearing, where the shearing operator is
given by
SeH @) =f("Sex).  fel’®),
and the matrix Sy is defined in (4.2). These are the ingredients of the contourlet frames [10].
Justas for curvelets, one allows dilation and translation operations, but the angular selectivity
is achieved by a shearing operation rather than a rotation.
Let L denote the two-dimensional subgroup of GL(2, R) given by

L:H:t O:|:t>0,€eR}.
—0t t

The affine action that it induces on R? leads to the semidirect product H = R? x L.
This action has two open orbits O and O_ in R2, where O4 = {(x1,x2); xo > 0} and
O_ ={(x1, x2); x2 < 0}. The wavelet representation v of H is

v(t,y, 0 f = (TyD:S) f, feL*(R?), (5.12)

but it is more convenient to view v in the frequency domain, namely
it y, Of W) = (Fovt,y, ) o F ' f)w) = e ™D 'S o f ). (5.13)
We have m = i, @ mo_, where mp, and o _ are the subrepresentations of 7 obtained

by restriction to L2(0+) and L2(0O_), respectively. A wavelet ¢ such that (]3 € L2((9+) is

reproducing for 7o, if
o0
I

. 2
o1, &) dE1 dy < 00
&
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and similarly for 7o _ (see [3] for more details).

Ify =1,y € R2, we put By = [y% ;;] a 2 x 2 symmetric matrix. Then, we
check that TDS(2) = Gg x G, where

12 )
Go =180, y) = —12p 172 t>0,yeR
v

S 0
G| = {gl(ﬁ) = |: 6/2 fS_e/2:| 4 GR} .

Indeed, for y = (y1, y2) € R2, it is easy to see that, using the parametrization in (4.1)

go(t, ¥)81(8) = A 0, (31, yatty1) »
so that T DS(2) = GoG set-theoretically. Furthermore,

g1(0go(t, (1, y2)g1 (O~ = go(t, (1, y2 — €y1)) . (5.14)

This means that G| normalizes Gy, so that T DS(2) is the semidirect product Gg % Gj.
Since Gy is normal in 7 DS(2), obviously TDS(2)/Go ~ G. Finally, the product is

g(t, (y1,¥2), g, (z1,22),8) = gltr, (y1 +1tz1, y2 +tzo — €tz1), s + 4) ,

which implicitly shows the isomorphism 7 DS(2) >~ H, as one checks by computing the
productin H = R? x L. Observe that the decomposition of 7 D S(2) as a semidirect product
is similar to the decomposition of ST M (2) as far as the normal factors are concerned. The
basic difference consists in the structure of their quotients: It is compact for S1M(2) and
noncompact for 7 DS(2).

In order to compute the metaplectic representation on 7' DS(2), we observe first that
the matrix A; y ¢ in (4.1) can be written as the product of a diagonal matrix D; ¢ and a lower
triangular matrix L; y ¢ as follows

—12
_ | Se/2 0 1 0
At,y,@ = Dt,ﬁLl,y,K = |: 0 t]/ZtS_e/2:| I:IIZSZ/ZBySZ/Z Il

We then use the fact that u is a representation and formulae (2.3) and (2.4) to obtain that
for f € L>(R?)

1Ay 0 () = 1(DreLiy) [0 = 12 (Ley ) (1725 2%)
_ t1/2ein('Se/23yx’Sf€/2x) f <t1/25—6/2x)

— ;1/2,i7(Byx.x) f (ll/zs_g/zx) _

The Intertwining Operator and the Equivalence for 7D S(2)

We shall be concerned with the mapping

2
v :RXR+—>RXR_, X (—xmg,—%) , (5.15)

whose properties are described in the following elementary proposition. Its proof is analo-
gous to that of Proposition 3 and is therefore omitted.

Proposition 4. The mapping (5.15) defines diffeomorphisms from R xR orfromRxR_
onto R x R_ and is such that ¥ (—x) = W (x). Further, it satisfies:
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(@) TheJacobianof WV atx = (x1, x3) € RXR+ (x = (x1,x) € RxR_, respectively)
is Jo(x) = x3;

(b) the Jacobian of W~ atu = (uy, u) € R x R_ is Jy-1(u) = 1/Quz);

) W1t Syu) = th\I!_l(u)for everyt > 0 and everyu € RxR_;

(d) (Byx,x) = —2(y, ¥(x)) for every x € R x Ry (x = (x1,x2) € R x R_,
respectively) and every y € R2.

The proof of the following theorem is analogous to the proof of Theorem 3 and its
details are given in [7].

Theorem 4. The mapping obtained by extending

Qf ) = 2us| 2 F (W wr u2)), weRxRy

1o R x R as an even function defines an isometry of Lgven R?) onto itself that intertwines

the representations 7 and [, that is w(g) o Q@ = Q o u(g) for every g € TDS(2).

Admissible Functions for 7D S(2)

The reproducibility of T D S (2) follows either by the admissibility condition (3.8) (Section 4)
or directly by the same techniques as in Theorem 6, with the admissibility conditions stated
below.

Theorem 5. Let H = T DS(2). The identity
/H (f, umQ) P dh = cy I 13, (5.16)

holds for every f € L*(R?) if and only if the function ¢ satisfies the following two admis-
sibility conditions:

¢ =4// P (P2 dxy =4// ¢ (—) P2 dxy (5.17)
R JO Xy R JO Xy

and
o0 — dx»
/ / ¢(x)¢(—x)—4dx1 =0. (5.18)
R Jo x5

Theorem 5 is proved in [7], where examples of admissible wavelets for 7D S(2) are
also given.

6. A Class of Reproducing Groups Including S1M (2)

The (double cover of) STM (2) is one in a family of reproducing groups parametrized by
R. For any parameter! pair (a, 8) # (0, 0), consider the three-dimensional subgroup of
Sp(2,R)

e~ /2R 2 0 5
HO[,,B = {ha’ﬂ(l‘, y) = I:zve_at/zitﬂ{t/z gat/zRﬂt/z it e R, y € R

IThe reason for assuming («, 8) # (0, 0) will be discussed below.
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where the rotation matrix Ry is defined in (5.1) and the matrix X in (5.4). Clearly,

I 0 e_w/zRﬂt/z 0

3 0 0 t [al —BJ 0
= exp =, 0 exp ) 0 —al — BJ )

where as usual J = [_01 (1)] Furthermore, £, = y{H + y>L, where H = [(1) _Ol] and
L= [(1) (1)] Thus, the Lie algebra b, g of Hy, g is spanned by

_[o o _Jo o _ 1 Tal—BJ 0
X_[H 0] Y_[L 0] Z‘E[ 0 —al—ﬁJ}'

Because of the brackets [H, J] = 2L and [L, J] = —2H one sees immediately that

[X,Y] =0
[X,Z] =aX—BY
[Y,Z] =pBX+aY.

According to the classification of three-dimensional Lie algebras [17], all b, g fall in the
class A ={gr : I’ € GL(2, R)}, where gr = span{X, Y, Z} has bracket table

[X.Y] =0 ,
[X.Z] =aX+bY F:[Z d]eGL(z,R).
[Y.Z] =cX+dY

r= Fa,ﬁ = |:73 _Olﬁ:|

is nonsingular since detI" = o + B2 # 0 because (o, 8) # (0,0). The isomorphism
classes in A are described by I', as we now explain. First of all, two multiple matrices
I' and AI" give rise to the same algebra if A # 0, for if gr = span{X, Y, Z}, then the
basis {X, Y, AZ} yields the bracket table that corresponds to A" and generates the same Lie
algebra. Thus, gr = g, if A # 0. The isomorphism classes within A are in one-to-one
correspondence with the conjugacy classes in PGL(2, R) = GL(2,R)/ (]R -id). In other
words, two nonmultiple matrices I' and I'’ correspond to isomorphic Lie algebras if and
only if they are conjugate in GL(2, R). It is however an elementary exercise to check
that a matrix g € GL(2,R) conjugates I'y g into a matrix I', s of the same type if and

In our case

only if g is of the form g = cRy or g = cK Ry, where c is a scalar and K = |:(1) —Oli|
1

In this case, g(ra,ﬁ)g—‘ = Iyp or g(I'y,p)g~ = Dy _p, respectively. Therefore, to
each point in {(1, 8), B > 0} there corresponds an isomorphism class in the subclass
H = {f)a,f; 1 (o, B) # (0,0)} of A. There is another issue that must be discussed, in the
light of Theorem 1. One of its consequences is that an admissible subgroup of Sp(d, R)
cannot be unimodular. This fact is proved in [6] and is really a straightforward adaptation of
atheorem proved in [18]. This explains why we have chosen («, 8) # (0, 0) from the start.
Indeed, if («, B) = (0, 0), then Hp g is (two-dimensional and) nilpotent, hence unimodular,
and the constructions that follow cannot possibly lead to admissible groups. Furthermore,
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we must exclude from our parameters all those that correspond to unimodular groups. The
modular function A on Hy g is, as for any Lie group, A(x) = det(Ad(x~1). fv=expV
is close to the identity,

A(v) = det (Ad <v—1)) — det(Ad(exp(—V)) = det (e_ ad V) — (V)

shows that A(v) = 1 if and only if tr(ad V) = 0. Thus, Hy g is unimodular if and only
if this is true for every V' € b, g. From the bracket table we see that tr(ad Z) = 0 and
tr(ad X) = tr(ad Y) = . Hence, Hy, g is unimodular if and only if o = 0. We summarize
this discussion, and other elementary facts, in the proposition that follows.

Proposition 5. The subgroups Hy g of Sp(2, R) satisfy the following properties:
(a) The product law in Hy g is explicitly given by:

hag(t, Mha (s, 2) = ha,ﬁ(t +s,y+ emRﬁ,z), f,se€R, y,zeR>.

(b) The left Haar measure on Hy g is dhq g(s,z) = e 25 ds dz.

(¢) Hqy,p is unimodular if and only if o = 0.

(d) Hgypgand Hy, s are conjugate within Sp(2, R) if and only if they are equal, if and
only if (a, B) = A(y, ), for some A #~ Q.

(e) Each Hy g is normalized by the natural copy of SO (2) inside Sp(2, R).

() The semidirect product Hy o X SO(2) is (canonically) isomorphic to Go X K.

(g) The restriction of the metaplectic representation to Hy g is given by:

1o p (1, y)) () = €212 00x) £ (o212R g nx) 6.1)

Proof. The statements follow either from the above discussion or from straightforward
computations. We content ourselves with a couple of comments. By the natural copy of
SO(2) inside Sp(2, R) we mean of course

SOQ2) ~ {kg _ [189 1?9} .0 [0, 271)} 6.2)

and by (5.8) one computes immediately kg hy g(2, y) ke_l = hg g (t, Rogy), which is the
conjugation referred to in (e). As for (f), notice that when @ = 1, 8 = 0 and T = €', the
matrix k1 (7, y) is the Go-component of an element in Gy x K. []

By (¢) and (d), we may assume « = 1, and by (e) we may define the family of groups
Gg=HigxS0(?2) B=>0.

The elements of Gg will be denoted gg = hgk, where k € SO(2). Also, the left Haar
measureis dgg = dhg dk. In the sequel, we shall parametrize K = SO (2) with the angular
parameter 6, as in (6.2). We prove next that the groups Gg are all reproducing.

Theorem 6. The identity

fG I(f, 1u(gp)d) > dgg = cp I FI13 (6.3)
B
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holds for every f € L*(R?) if and only if the function ¢ satisfies the following two admis-
sibility conditions:

_ l¢p (x)]? _
cp = Z/Rz L dx < o0 (6.4)
— dx
/ ¢xX)Pp(—x) —= =0. (6.5)
R2 x|l

First, we prove an identity of Plancherel type.

Lemma 4. Let ® be the mapping defined in (5.11) and h € L*>(R?) be a function which
vanishes outside some annulus ¢ < ||x|| < C, with0 < ¢ < C < o0. Then

2
/ dy—/ /|h(x>+h( o
- H

Proof. We make the change of variables ®(x) = u. By (b) in Proposition 3:

/ h(x)e*™ P gy
R2

)
/ h(x)ean(y,d>(x)) dx Zf /(h(x)+h(_x))€2n1<y,d>(x)> dx
R? o Jr

:/Rz (@) +n(-ew)) o ||xf;)||2'

By the Plancherel formula we obtain

2
/Rz fRz (1 (o7 @)+ (= w)) it ||xi:£)||2 “
_ - 2 d
Z/RW (@ l(”))”l(‘q’ 'w))| EOL
/ /|h(x>+h( P ”2,
as desired. L]

Corollary 1. Let h be as in Lemma 4. Then

J.

2
/R i h(x)e THEXE) gy | dy

= / / (|h()€)|2 + |h(—=x)* + 2Reh(x)h(—x)) d_x2 )
o JR [lxl

Proof of Theorem 6. By (6.1), we must evaluate

f I(f, w(hgh)p)|* dhg dk (6.6)
H; B XK

L1

2
dye 2 dr do .

, f0)e e ™ NG (e 2R (g0 g)x) dx
R
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Take f as in Lemma 4 and apply Corollary 1 to the right-hand side of (6.6)

/ (f. nhpk)$)|> dhg dk
H] B XK

2
/ f f f [|f(x>|2 |6 (> R-prjor0)x) | 6.7)

F1f (=01 |¢( = €2 R_pijor0yx) |

+ 2Re f(x) f(—x)e'¢p( — et/zR—(,Bt/Z-i-@)x)‘P(et/zR—(ﬁt/2+9)x):|

d
X —x2e72t dtdo .
[lxl
Suppose at first that f satisfies the additional property: f(x1,x2) = 0 for x, < O.
Perform now the change of variable given by the mapping

(t,0) —~ et/2R—(ﬁt/2+0)X =y, (6.8)
a well-defined diffeomorphism. One checks that dt df = 2¢™"||x =2 dy and hence

[ ntgonPdng ak = [ /|f(x>|2</ 6O — )dx
Hy pxK o Jr Iy ||
2
_im(a [ B d).
”f”2< g Iy*

If f(x1,x0) = 0, for xo > 0, the same relation holds. This argument shows that if the
reproducing formula (6.3) works for all f € L*(R?), then it works for f vanishing in a
half-plane and outside an annulus, so that ¢ must fulfil (6.4). Take now a bounded function
f supported in some annulus ¢ < ||x]| < C. Then

- 1
G@,t,x):=2Re f(x)f(—x)et(p( — el/zR_(ﬂt/2+9)x)¢(e’/ZR_(ﬂ,/2+9)x)W

is integrable with respect to the measure dxe > dt df. By performing again the change of
variable (6.8), and using the established value of ¢4, (6.7) becomes

2
/ |<f,u(h,sk)¢)|2dhﬂdk=C¢>||f||§+/ /f GO, 1, %) dxe™ dr do .
H11'3><1K 0 R RXR+

The reproducing formula (6.3) implies that the integral of G (0, ¢, x) vanishes. On the other
hand, using once more the change of variable (6.8)

2
/ /f GO, t,x)dxe > dtdo
0 JRJRxR,

(=) - d
N 4/ / Re {f(x)f(_x)¢(—Y)¢(y)} dx_y4 ]
TR Iyl

Choosing f such that f(x) f (—x) is real valued, respectively purely imaginary valued, one
obtains that

/Re{¢( y)¢>(y)} —0 and/ Im{qj(—y)m}d_y:()’
Iyl4 R2 Iyl4
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so that (6.5) must be true as well.

Conversely, assume that (6.4) and (6.5) are satisfied. If f is a function as in Lemma 4,

then all the terms (6.6) are integrable and (6.3) holds for f. We conclude by showing that it
actually works for all f € L>(R?). To see this, take f € LZ(R?) and let f, be a sequence
of functions as in Lemma 4 which tends to f in the L>-norm. Then F(f,,) = (f,, n(gp)o)
is a Cauchy sequence on Lz(Gﬂ, dgp) which tends pointwise to F'(f) = (f, u(gg)o).
Since (6.3) holds for all f,, it follows that it also holds for f. ]
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