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ABSTRACT.  Let G be the semidirect product group of a separable locally compact unimodular
group N of type I with a closed subgroup H of Aut(N). The group N is not necessarily commutative.
We consider irreducible subrepresentations of the unitary representation of G realized naturally on
L2(N ), and investigate the wavelet transforms associated to them. Furthermore, the irreducible
subspaces are characterized by certain singular integrals on N analogous to the Cauchy-Szego
integral.

1. Introduction

Itis well known that the theory of continuous wavelet transform is reduced to study of square-
integrable representations of (not necessarily unimodular) locally compact groups G [13,
I]. The most typical example is the case that G is the ‘ax + b’-group and the representation
is realized on L2(R) [13, II]. The results can be naturally generalized to the case that G is
the semidirect product group of a vector group V with a linear group H on V (see [5, 8]
and [10]), and further extensions of the theory have been developed in various directions.
For example, wavelet transforms associated to nonirreducible representations are considered
recently by [12] and [19], while wavelets for vector-valued functions associated to induced
representations are studied by [2] and [3] (see also [1, Chapter 10]). Discretizations of the
theory are considered by many authors (see [4, 15, 16] for example). Another direction of
generalization is to the case that the normal subgroup V is not necessarily commutative.
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Actually, some works discuss the Heisenberg group case [14, 17, 20, 24], while there seem
to be few works treating a general semidirect product (confer [11, Section 5]). Inspired
by [14], we shall study square-integrable representations and associated continuous wavelet
transforms in such a general setting.

Let N be a separable locally compact unimodular group of type I, H a closed subgroup
of the automorphism group Aut(N) of N, and G the semidirect product group N x H. The
group N < G is not necessarily commutative. We write the action of » € Hton € N as
h - n. Let dv be a Haar measure on N, and §(h) (h € H) the positive number for which
dv(h -n) = 8(h)dv(n) (n € N). Clearly, § : H — R, is a representation of H. If
N is a vector group, then § is the absolute value of the determinant. We define a unitary
representation L of G on the Hilbert space L>(N) by

L(h) f(no) := (W)~ f(h™" - no) ,
L) f(no) = f(n~'no)  (f€L*N). heH, n.ngeN).

Itis easy to see that the representation (L, L2(N))is equivalent to the induced representation
Indg 1, where 1 stands for the trivial representation of H.

We investigate the representation L via the Plancherel formula for the unimodular
group N (confer [18]). It is known that the Plancherel measure p on the unitary dual N is
uniquely determined by the abstract Plancherel formula [6]:

/le(n)|2dv(n)=/N||m(f)llﬁsdu(k) (f e L"(N)N LA (N)) , (1.1)

where 1) is a realizationAof each A € N, and Il - llgs stands for theAHilbert-Schmidt norm
of an operator. For A € N and h € H, let h - A be the element of N for which the unitary
representation ., of N is equivalent to 7, o h~!. The group H acts on N in this way. We
denote by O} the H-orbit through A € N. Let us assume the following:

(A1) There exist elements A; (k € K) of N , indexed by some set K, such that
M(O;kk) > 0 and O;k N O;‘k, =0 (k #£Kk).

(A2) The stabilizer Hy :={h € H; h- Ay = A; } ateach Ay € N is compact.

(A3)Fork € K,themap H/Hy > hHy +— h-A; € Ofk is a homeomorphism, where
the topology on OL is induced from the Fell topology on N.

These conditions are rather natural in the context of wavelet analysis (confer [1, Chapter 9],
[10, Section IV], and [8, Section 3]. In the latter part of [8], some cases with noncompact
stabilizers are also discussed).

Under the assumptions, we shall construct irreducible subspaces of L2(N) associated
to the orbits (’)Ik, and show that each subrepresentation is square-integrable (Theorem 2).

Furthermore, if M(N \ I_Ike K Ojk) = 0, the unitary representation (L, L2(N )) is decom-

posed into the direct sum of such subrepresentations (Proposition 5). When ¢ is an element

of the irreducible subspace, one has lolI? = foi |72 (P) ”12{5 du()) for some k. Then ¢ is
k

admissible if and only if the integral

/0 Im @A duG)  Go=h- 0 (1.2)

A

is finite, where A is the Haar modulus of G [see (3.12)]. We give a Mackey-type descrip-
tion of our subrepresentations (Proposition 4), which indicates the connection between the
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present work and a general theory [18] on the Plancherel formula for group extensions (see
also [11, Section 3.6]). In the last section, we describe the orthogonal projections onto the
irreducible subspaces by singular integrals analogous to the Cauchy-Szego integral.

Let us fix our notation used in what follows. We write T for the set of complex
numbers with absolute value 1. For a Hilbert space H, let B(#) (resp. Bus(H), Br(H))
be the space of bounded (resp. Hilbert-Schmidt, Trace class) operators on /. The trace
norm of A € By (#H) isdenoted by || A ||, We write U(#) for the group of unitary operators
on H.

2. Covariant Functions on the Orbits O;‘k

In this section, we introduce some covariant functions on the H -orbit O;‘k c Nto get an
integral formula (Proposition 3) playing a significant role later.

Foreach A € N , we fix a realization (i), H,) of A. Extending the operator-valued
Fourier transform F : LY(N) N L2(N) — flga Bus(H;) du(r) given by F f (1) := m,.(f),

we define the unitary isomorphism F : L2(N) = f 139 Bus (H,) du()). Here we recall the
inversion formula of the Fourier transform F.

Proposition 1 ([11, Theorem 4.15]). Let (A()), 5 be an element of the direct integral
f Iga Bt (H,) diw()) of the Banach spaces Bty (Hy,.), and f a function on N defined by

fn):= /Ntr A (n)* du(r) (neN).

Then f belongs to L*>(N) if and only if (A, i € f]g; Bus(Hy) du()). In that case,
one hasFf(A) = A(A) (a.a. » € N).

Forh € Hand A € N , we take a unitary intertwining operator C (h, A) : Hy — Hp.x
between 7; o h~1 and 7., so that

C(h,\)o m\(h_l -n) = mwpa(n) o C(h, 1) (neN). 2.1
Note that this C (%, A) is determined up to multiple by elements of T owing to Schur’s lemma.
Thus, the map D(h, A) : B(H;) — B(Hp.y) givenby D(h, \)T := C(h,\)oT o C(h, 1)*
is uniquely determined. For operators S, T € B(H,;,), we have
DM, )(SoT)=DMh, )SoDh,NT . 2.2)
We see from (2.1) that
Tpa(n) = D(h, W (k™' - n) (2.3)
Forh,h' € H and A € N , we have the chain rule
C(h,h - x)o C(H', 1) = sppC(hh' 1), (2.4)
where s;, 5 5 1s an element of T, so that we get

D(h,h" - 1) o D(h', 1) = D(hh', 1) . (2.5)
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Proposition 2. If f € L>(N), h € H andn € N, one has

FIL(R) f10) = 82D (h. k™" - A)Ff(h™" - 1) ,
F[L(n) f10) = m.(m)Ff()

for almost all ) N with respect to the measure |L.

Proof. 1t is sufficient to show the case f € L'(N) N L*(N). We observe that

FLL(h) f1(0) = m(L(h) f)
:/ STV F(h - n)m(n) dv(n)
N

— 5 /N F)ma(h-n)dv(@) (0 =k n)

By (2.3), the last term equals

(2.6)
2.7)

a(h)lfzf f)D(h,h™t W)y, () dv(n)) = 82D (R, k™ - R)Ff(R71 1) .
N

Therefore (2.6) holds. As for (2.7), we see that
F[L(n)f]m=/Nf(n—1n1)m<n1)dv(n1>
= [ somemavon) =)
N

= JT)L(I’l) A f(nZ)TUL(’/U) d\)(l’lz)

=mmFfQ).

Hence, Proposition 2 is proved.

L

Although the following lemma and succeeding discussions are found in [18, II, 107—

108], we present them for completeness.
Lemma 1. Forh € H, one hasdu(h - 1) = 8(h)~ du()).
Proof. For a function f € L?(N), we have by (1.1) and (2.6)

1L fI? = / IFLL () f10) Iz die ()

_S(h)f |D(h, A= - 2)F £ (R A)HHSdu(A)

=8(h)/ﬁ |FF()|fsdn(h-2) (' =h""-2).

On the other hand,
IL)FI* =111 = /N IF £ ) Ifs dih) .
Namely, we have

fN IF £ O s 8 dpah - 2) = /N IF £ () lfis dp(h)
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forany f € L%(N), whence Lemma 1 follows. L]

It is easy to see that the measure d;(g) := S§(h)~Vdv(n)dh (g =@, h) € G)is
a left Haar measure on G, where dh is a left Haar measure on H. Then we observe for
hl eH
Ag(h1)dg(g) = dg(ght) = 8(hhy) ™ dv(n)d(hhy) ,

since ghy; = (n, hh1). On the other hand, the last term equals
8(h)~' Ap(h)s(h) ™" dv(n) dh = §(h) ™' A (h)dg(8) .
where A g denotes the Haar modulus of H. It follows that
8(h1) = Au(h))/Ag(hy) . (2.8)

Since the stabilizer Hy at Ax € N is compact, we have § (Hy) = {1}, so that we can define
a positive function u; on OL by

ug(h - Ax) :=36(h) (heH). (2.9)

Then we see from Lemma 1 that uy du is an H-invariant measure on the orbit (’)j{k. Thus,
there exists a positive constant ¢ such that

/Hp(h-/\k)dh =k /0 pPMu(r) dp(r) (2.10)

M

for positive w-measurable functions p on (’);k. Noting that Ag(Hy) = {1} owing to the
compactness of Hy, we define a function Dy on OF by

Di(h - A) := ek Ag(h) ™! (he H).
Then we see from (2.8) and (2.9) that
Di(h - ) = ckAp(h) 'u(h-2g)  (h e Hy) .

Thus, we get by (2.10)

/O* p(MDk(A)dum=pr<h-xk>AH<h>—1dh. 2.11)
s

Proposition 3. For a positive p-measurable function p on the orbit O, the integral
fH p(h—l - A)dh does not depend on A € O;k, and equals fO:k pA)Dr(A) du(A).

Proof. Writing A = / - Ay with & € H, we have

/I{p(h_l R dh= [ p( ) h) dh szP(h—l ) dh

H

= / p(h - M)A (h)~ " dh .
H

Therefore Proposition 3 follows from (2.11). L]
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3. Subrepresentations of L

In this section, we construct irreducible subrepresentations of (L, L2?(N)), and consider
the wavelet transforms associated to them. The representations are described by unitary
inductions in Proposition 4, and classified in Theorem 4.

Owing to (2.4), the map 7 : Hy > h — C(h, ) € U(H,,) is a projective rep-
resentation on #H,,. Since Hj is compact, we have an irreducible decomposition H;, =
Zfe A H;..,a» Where Ay is an at most countable index set. Note that each H;, 4 is finite

dimensional. For A = / - A € O*k, we see that the stabilizer H) :(={he H; h-A = A}

equals hHh . Similarly to the above, we define a projective representation t, of H; on
H;. by ta(h) :=C(h,X) €e UH,) (h e H,). We see from (2.4) that 7, (h) o C(fz, Ap) =
shC(ﬁ, Ak) O Tk (ﬁ_lhfz) (h € H,), where sy, is an element of T. Therefore, putting
Hio :=C (ﬁ, A Ha, o for o € Ay (note that the right-hand side is independent of the
choice of i for which A = / - Ak), we get Hy = Zj‘?eAk H).«» Which gives an irreducible
decomposition of (7, H,). By (2.4), we have

Ch, VHre = Hira - 3.1)

Let P, o be the orthogonal projection onto #,, «, and B, the closed subspace of Bus ()
given by

Bro={T €Bus(H); TPho=T]} . (3.2)
We see from (3.1) that D(h, A) P, .« = Pp.»,«, Which leads us to
D(ha }")BA,OC = Bh~k,a . (33)

If we identify the Hilbert space Bus (H,) with the tensor product H; ® H,., the subspace
Bi..« equals H; ® Hj o. Thus, we have an orthogonal decomposition

Bus(H) = Y. Bra - (3.4)

€A

Keeping (3.2) in mind, we define the subspace L o (N) of L%(N) by

D
Lia(N) = F! ( fo B duO»))

Mk
CFfO) =FfM)Pa (if »e03,)
"FfO)=0 (it r¢05 )]

(3.3)
= { f € L*(N)

Thanks to Proposition 2 and (3.3), each Ly o(N) is G-invariant.
Let us consider the square-integrability of matrix coefficients of the subrepresentation
(L, Ly,q(N))of G. For f, ¢ € Ly o(N), we have by (1.1) and (2.7)

(fIL(n)L(h)¢)=/O* tr Ff (W)F[L(n)L(W)$1(A)* dpn(r)
A

(3.6)
=/O* tr (Ff(WFIL(M)P1(W)*)m.(n)* dp(h) .

A



Wavelet Transforms for Semidirect Product Groups 43

We note that each F f (A)F[L (h)¢](1)* is a trace class operator on H,, since both F f (1) and
F[L(h)¢]()) are Hilbert-Schmidt operators. Indeed, (F f (L)F[L(h)¢] (A)*) re0;, belongs

to f(%k Br:(H;.) diu(X) because

fo* |E £ OFIL()GIA)* |1, die()

A

< Ff(a F[L(h A du(r
< [ VEFG s IFLLIG s G o

M

172 172
< {/O IF £ () s du(k)} {/@ IFLL(R)$1(M) Is dpe (L) ,

A A

where the last term equals || || [|L(R)¢| = | £l |¢]l by (1.1).
Now we assume that

/G I(FIL(g)) 1> dg(g) = /H /N I(FIL(n)L(W)G)|*8(h) " dv(n) dh < +o0 .

Then fN |(fIL(n)L(h)$)|> dv(n) is finite for almost all 4 € H. Thus, we see from (3.6),
Proposition 1 and (1.1) that

/N |(fIL)L()$)[* dv(n) = /O ) |F £ OOFIL(NI* |3 die () - (3.8)

“k

Therefore the integral fG I(fIL(g))|? d;(g) is equal to
/H /O FFOFILMGI0)* [ 8~ duGydh . 3.9)
M

Now we observe that

/ |F £ QOFLL()GI0)* |3 )~  dh
" (3.10)
=/H /H (tr Ff(A)F[L(hlh)aﬁ](k)*F[L(hlh)qﬁ](k)Ff()»)*) S(hh)~" dhy dh .

Since L(h1h)¢ belongs to Ly o(N), we have by (3.5)
Py o FIL(hi1h)P1(A)*FIL(h1h)$1(A) Py o = FIL(h1h)p1(W)*F[L(h1h)¢l(A) ,

which means that we can regard F[L (h1h)@d](A)*F[L(h1h)¢](A) as a linear operator on the
finite dimensional vector space H, . Let us consider the integral

7:= /H 8(h1h) ™" FIL(h1h)$1 () *FIL(h1h)$1(A) dhy € End(Hj o) -

We see from (2.6) that

F[L(h1h)1(h) = 8(h1) /> D(hy, MF[L(R)¢I(A)
= 8(h1)' 2t (h1) o FIL(W)$I(X) o Ta(h1) ™",
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so that

FIL(h1h)$1 (V) FIL(h1h)¢1(A) =8(h1)Ta (1) © FIL()¢1(W)*FIL(R)$I(A) o Ta(h1) .

Thus, we have
I= /H T(h) o (80~ FILWPI) FILWGI)) 0 mth) ™ dhi . (3.1D)
A

Therefore Schur’s lemma tells us that Z is a scalar operator on H,_, that is, we can write
T = cPy o with some constant ¢ € R. Then

cnpe =tr L =38h) " IFIL(NPIM) s ,
where ny o := dim H,, o = dim H; . It follows that
T = nj o 8(h) " IIFIL(R)PI (W) Iy Prce -
Thus, we see from (3.10) and (3.5) that the integral (3.9) equals
1

Nk«

/ * /H (i FF ) PuaF ) ) IFIL (@100 53 ™" dhdp(2)
A

1
f ) /H IFf ) 5 IFLL (1) 58 () ™" dhdpn(a) .
o A

nk

By (2.6), the right-hand side is rewritten as

! - 2
— szthl-,\ dh)d/\,
i o 1o o ) ar

which is equal to

k,a

fo CIFF@) s () /O P ()l Dk (2) dia(2)
Mk

A

1
=IfI* — / IFp (A s Dk (L) dpe (1)
nk o O;‘k

by Proposition 3 and (1.1). Hence, under the condition that ( f|L(g)¢) is a square-integrable
function on G with f # 0, we have shown

C¢ =

f I Wllfis DR dpn(3) < +o0 (3.12)

k,a "

and
fG I(FIL(g)$) 1> dg(g) = Coll FII* . (3.13)

Conversely, if ¢ € Ly o (N) satisfies the condition (3.12), the calculations above tell us that
the integral (3.9) converges for any f € L o (N). Thus, the right-hand side of (3.8) is finite
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for almost all # € H. Then Proposition 1 implies the equality (3.8), so that we get (3.13)
again.

Theorem 1. The unitary representation (L, Ly, (N)) of G is irreducible.

Proof. Let £ be a nonzero invariant subspace of Lj ,(N), and £+ its orthogonal
complement. We take a nonzero ¢ € £. Then for any f € £+ we have by (3.13)

0= / I(FIL@P)*dg(8) = Coll £1I* .
G
which implies f = 0. Indeed, this argument is valid even if Cy is not finite. Therefore
L1 = {0}, and Theorem 1 is verified. L]
From (3.12) and (3.13) we also obtain

Theorem 2. The representation (L, Ly o(N)) is square-integrable. The formal degree
(the Duflo-Moore operator [7]) Ki o : Lk,o(N) = Lk.o(N) of the representation is de-
scribed as

FlKia f10) = nea Dk 'FfG)  (f € Lia(N), A€ OF,) .

Applying the general arguments in [13, I] to our setting, we obtain the following
results for the continuous wavelet transform associated to the representation (L, L o (N)).

Theorem 3. For ¢ € Ly o(N) satisfying the admissible condition (3.12), the wavelet
transform Wy : Ly o (N) — L%(G) given by

—1/2

Wy f(g):=Cy " (fIL()®)  (f € Lra(N))

is an isometric intertwining operator from L into the left regular representation of G.
The range of Wy is characterized by the reproducing kernel Ry defined by Ry(g1, 82) :=

C;l (¢|L(g;1g1)¢) (g1, &2 € G). The inverse formula of Wy is given by

—12

f=C, /GW¢f(g)L(g)¢dc(g),

where the integral is taken in the weak sense.

For an element & of the stabilizer Hy at Ag, the operator D(h, Ax) maps B, o onto
itself because of (3.3). Furthermore, forh € Hy, n € Nand T € B;, o, we see from (2.2),
(2.3), and (2.5) that

D(h, m) [0, (n) o D(h™', 1) T] = D(h, M)t (n) © D(hy A (D(R™", M) T)
=m,(h-n)oT.

Therefore we can define a unitary representation (/x o, By, o) of the semidirect product
group Gy := N x Hy by

LT == D(h, )T, lea(@)T =1, (n)oT (T € Byyur h € He, n€N).

Proposition 4. The representation (L, Ly 4 (N)) of G is equivalent to the induced rep-
resentation Py o ‘= Indgk lk.a
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Proof. Let LZ(G, B, Ik,) be the Hilbert space of equivalence classes of measurable
B;,,.«-valued functions ¢ on G such that

(@) ¢(g8") = lia(8)7'¢(g) for g € G and ¢’ € Gy,

) @1% := [ o) s dh < +oo.

Note that the invariant integral over the quotient space G/Gy is given by the integral
over H because G/Gy is isomorphic to H/Hy and Hj is compact. We realize Py o on
L2(G, B, o lk.a) by Pr.a(2)®(g0) := (g~ 'g0). We shall show that the map @y :
Lio(N) = L*(G, By, «; l.) defined by

—1/2

Do f(g) = 8 TPD(T b ) [mna )T o Ff (- )]

(3.14)
(f € Lka(N), g = (n,h) € G)

gives a unitary equivalence between the two representations (L, Lg (N)) and (Pk q,
L%(G, B, lk,o)). First of all, we verify that ®; o f belongs to L%(G, By, .«; lk,a). For
h' € Hy we have gh’ = (n, hh') and §(h’) = 1, so that we get by (2.5)
q)k,otf(gh/)
_ 172 n—1/2 =1 5/ 1 ,
=c, B(hh ) D((hh ) ,hh' - )»k)[ﬂhhhkk n)""o Ff(hh . Ak)]
-1 —-1/2 - _ _
=D((n) " ) [e 2o VPD(h k- ak) [t (1) 0 Ff (- Ap)]]
-1
=lo(h) Praf(g)-

On the other hand, since gn’ = (n(h - n’), h) forn’ € N, we have
Do f(gn)
_1/25(}1) 2D b ) [ (n(h 7)) o B F - )]
Y25y 2D(h" b ) [mnag (B -n')” Yo tpa, ) o Ff(h - 0]
=1, (n) " o e P8 TVAD (N b ) [na, ()T o B (- Ap)]
= lk,a(n/)_ Do f(8),

where we use (2.2) and (2.3) for the third equality. Thus, the condition (a) holds for
¢ = &, f. For the condition (b), we observe from (2.9), (2.10), and (1.1) that

fH | Pko f (M) s dh = ¢! fH IF £ (h - ) Hs8(h) ™ dh

= /O CIFF@) s iy

s

=IfI?

Therefore &4 o f € L2(G, By, .« lk,a), and @y o is an isometry. Conversely, for ¢ €
L%(G, B« lk,«) We can take a unique element f € Ly 4(N) such that

Ffo) =c¢/*8(h) *D(h. m)e(h)  (h=h-1ecOf), (3.15)

because the right-hand side is independent of the choice of h for which A = & - A¢. Indeed,
if hy - Ay = A = h - Ay, we can write hy = hh' with i’ € Hj. Then we see from (2.5) and
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the condition (a) that

/25 () 2D (1. ) (i) = ¢l 28 (in) > D(i 1) (i)
= el%8(B) 2 D 1) D 1) D((R) " 30 ()
t25()" > D(F. )0 ()
Comparing (3.15) with (3.14), we can easily check that ¢ = @ o f, so that ®y 4 is sur-

jective. Let us investigate the equivalence of the representations. For gg = (ng, ho) and
h € H, we have by (2.6)

D o[L(R) f1(g0)
¢ 28(ho) V2D (hy " ho - M) [Thga (10) ™" 0 FIL(R) f1Cho - 2]
-1/2 1/2
=c; ""8(ho)”
x D(hy', ho - k) [7Thgay n0) ™" 0 8 2D (k™" ho - k) f (R ho - )] -

Using (2.2) and (2.3), we rewrite the last term as

e 28 (h o)™
x D(hy" ho - 2 D(hy b= ho - M) [ 1, (R - 0) T o Ff (R ho - )]

which equals
28 (h " ho)~'?
D((h~"ho) ™" k™ ko - h) [Tt (" 10) ™ o Ff (VR - 1)

by (2.5). The above is nothing but ®; o f (A~ go) since k' gg = (h~1ng, h~'hg). Namely
we obtain

PralL(R) f1(80) = pr,a(h) Pr,a f(80) -

For n € N, we observe from (2.7)

Dy o[ L(n) f1(g0)
¢ 28(ho) ™ 2D (hy " ho - M) [, (10) ™" 0 FIL () f1(ho - 1) ]
e P8y V2D (g ho - M) [Thgoas (10)TH 0 Thgay (n) 0 F £ (o - )]
e 28(ho) TV 2D (g ho - 1) [7ng (17 o) 0 Ff (ho - )]
and the last term equals @k,af(n’lgo) = pPk.a(n)Pk.o f(g0) since n’lgo = (n’lno, ho).
Hence, Proposition 4 is proved. L]

Identifying By, o with H;, ® ﬂ;%a, we can interpret Proposition 4 as the description
of (L, Lk «(N)) by the method of Kleppner and Lipsman [18]. Then the square-integrability
of (L, Lk o(N)) can be shown by [18, I, Corollary 11.1]. We can also deduce the following
statement from [18, I, Lemma 9.7]. However, we give a direct proof for its own interest.

Theorem 4. The representations (L, Ly o (N)) and (L, Ly o (N)) of G are equivalent if
and only if k = k' and the projective representations (ti, Hy.o) and (tx, Hy ') of Hy are
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equivalent, that is, there exists an isometry A : Hy o — Hi o suchthat 1y (h)oA= Aoty (h)
forall h € Hy.

Proof.  We first prove the “if” part. It is easy to check that the map Rs : By, o >
T — ToAo Py, € By, gives a unitary intertwining operator from (lx o/, By, o)
onto (Ix,«, By,,«). Therefore we obtain (L, L o (N)) ~ (L, L «(N)) by Proposition 4.
Next we shall show the “only if” part. Let W : Lg o(N) — Ly o (N) be an intertwining
operator between representations (L, L (N)) and (L, Ly o(N)) of G. Take f, ¢ €
Lio(N) \ {0} with Cy < +o00, and put f' := W(f), ¢’ := W(¢) € Ly o (N). Then
(fIL(g)¢) = (f'|L(g)¢) for g € G. On the other hand, recalling (3.6), we have for
g=mh)eG

(fIL(g)¢) = /o tr (FfQFIL()PIG)*)mn(m)* du(n)

s

(f1L(®)¢) = /O . (FFOOF[LMNG [ ()")m () du() -

At

Thus, we see from Proposition 1 and (1.1) that

0< /G (FIL(®)$)dg ()

- / L@ L) dg(s)
G (3.16)

2/ / / (tr £ GOF[L (1 )13 FILUN MG JOIE S/ ()"
OikﬂO;‘k/ H JH;
x 8(hih)™" dhi dhdu(3) .

Therefore (’);\"k N (’)fk/ # @, so that k = k’ by (A1). On the other hand, similarly to (3.11),
we have

/H5(h1h)71F[L(h1h)¢](?»)*F[L(hlhw’]()»)dh1

— /H n.(hy) o (3(h)—lF[L(h)¢](A)*F[L(h)¢/]()»)> ot (h) ' dh
€ Hompy, (). o', Hia) -

Since the left-hand side is nonzero by (3.16), we get Hompg, (H) o/, Ha,o) # {0}, which
means that (t, Hg o) and (tx, Hy o) are equivalent. []

We conclude this section by presenting the following result, which is easily seen
from (3.4) and the Plancherel formula (1.1).

Proposition 5. If w(N \ Llkex (’);k) = 0, the representation (L, L*(N)) is decomposed
into the direct sum of irreducibles as

2w =Y Y L.

keK acAg
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4. Szego-type kernels

For a function f € L*(N), we denote by fi« (k € K, @ € Ay) the image of f by the
orthogonal projection onto L o(N). Then fi o is characterized as an element of L%(N)
such that

FfO)P o (2€05),

4.1
0 (hg07). @1

ka,oc ()”) = {

inview of (3.5). In this section, we shall express fi by a certain singular integral analogous
to the Cauchy Szegd integral.

Let {X, ® }i=0 be a family of L'-functions on the orbit O* with respect to du such
that (1) 0 < X(t)(k) < 1,and (11) hm X(t)(k) = 1 for almost all S Ofk. Then we have

x{) e LX(O} . du) because ||x<’)|| 2, < 1 by (). Using (x{”}s=0. we define a

famlly of functions {Sli,oz}t>0 on N by
500 = [ 00w PLm e dut) (e ). 42)

o3,

and call S,Etl the Szego-type kernel. Since fO* ||X(t)()\.)P)L’0[”Tr du}) = nk,a||)(,((t)||L1

and fo* X ) Pyl die () = niall x| 112, Proposition 1 tells us that S, € L3(N)
with

(4.3)

(1) %
1) P, rLe 05 ),
Fs{), () = {gk W Pra (%€ 05)

(A ¢ O;k).

Theorem 5. For f € L*(N), the convolution product f S(l) belongs to Ly o (N) for
all t > 0. Furthermore, one has

: @)
lim = .
t—>1 +Of * Sk,a Jea
Proof. By (4.2), we have S,E’L(n_l) = S(t) (n) (n € N), so that

f80m) = f fn0)S) (ng'n) dv(ng) = /N F ()8, (n="no) dv(no)
= (FILS,) -
Then (1.1) together with (4.3) leads us to
f*S,EfL(n)=fO* (FfM[F[L@S ) s d ()
A

= [ ORGP ) ).

A
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Similarly to (3.7), we observe

/O* | X GOFFO) P ()

Mk

172 1/2
< { L IIFf(k)II%ISd/L(?»)} { L. |X;((t)()»)|2||PA,a||%sdlt()»)}

A A
1/2
= nla WA e -
We have also
2
fo N OEF O Pl du) < [O CFSO) s du@) = 1712

Ak A

Thus, we see from Proposition 1 that f * S,Etzx € L%(N) and that

X WFfMPa (L)),

Therefore f x S, belongs to Ly o(N) by (3.5). We have by (4.1, (4.4), and (1.1)

Ff 8]0 = { “.4

2
I few = f % SLI2, = fo = WOPIRFO)Pralis dib) -

A

The dominated convergence theorem tells us that the right-hand side converges to O as
t — 0. L]

Corollary 1. One has
Lia(N) = { feLPN); f = lim f xS, } :
t— ’

As an example, we consider the case that G is the ‘ax + b’-group with N = R and
H = R,. Weidentify N with R by 1 (x) := e~** (x € N, A € R), so that the Plancherel
measure d (1) equals (277)~'dA. The representation (L, L?(R)) of G is described as

Lb,a)f(x)=a ' f((x —=b)/a)  (b,xeN,acH),
and the irreducible decomposition is given by LZ(R) = L (R) @& L_(R) with

La@®) =] f e LP®); Ffo)=0 if 2¢0L],

where O := {1 € R; A > 0}. Note that the projection P, o is trivial in this case.
Putting X(it) (V) = e "™, we have

_ 1

@) )
Sy (x) = Xy Mm@ dph) = ———-—— |

+ (x) ‘/(:)j: + M) m(x) dp (i) i £in
so that the convolution f * Si)(x) is nothing but the classical Cauchy-Szego integral [22,
Chapter 3, Section 3].

On the other hand, when the argument is applied to the Heisenberg group case dis-

cussed in [14], we obtain the singular integral investigated by Strichartz [23].
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