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ABSTRACT.  For the Fejer means on Lp(R), 1 < p < 0o an equivalence between the rate of
its convergence and an appropriate K -functional is established. For the Bochner-Riesz means on
Lp(Rd), 1 <p<oo d=1,2,... an equivalence between the rate of convergence and the
corresponding K -functional is obtained. The results are of the form of strong converse inequality
of type A.

1. Introduction

Optimal (best up to a constant) quantitative estimates of the rate of approximation of an
approximation process is a desired property in the study of the process. Such estimates are
given here for the Fejer and the Bochner-Riesz means.

For an approximation process A, on a Banach space B of functions a quantitative
estimate of the rate of approximation is usually given using a K -functional K (f, O, A™")p,
that is,

If = Aifllp < C inf (IIf —glz+27"]1Q¢gllg) = CK(f, Q. 27H), (1.1)

where Q is an unbounded (usually differential) operator on B and © > 0. Estimates of
this type [like (1.1)] are called direct results. It is the strong converse inequality in the
terminology of [2] with the same K -functional that establishes it (the K-functional) with
1 to be the appropriate measure of smoothness for investigating quantitatively the rate of
convergence of Ay f to f.

The weakest form of a strong converse inequality is

K(f, 0.27") sAsug IAf — fllB . (1.2)
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which is a strong converse inequality of type D in the terminology of [2], and which is still
stronger than most converse inequalities appearing in the earlier literature.

In this article we will deal with strong converse inequality of type A in the terminology
of [2] (the most refined) given by

1
1 K0 27)p < NALf = fllp = CK(f, Q. 27") (1.3)

that is, without the supremum given in (1.2). In addition to being optimal and clearly
superior to the combination of (1.1) and (1.2), this form has further benefits and establishes
lA; f — fllB as another measure of smoothness.

For some approximation processes and appropriate K-functionals such inequalities
were established in [2]. In several other articles using various techniques other strong
converse inequalities were proved. Perhaps the most notable is Totik’s result [5] yielding
strong converse inequality of type A for the Bernstein polynomial approximation in C[0, 1].

In the present article strong converse inequalities of type A are given for the well
studied Fejer and Riesz-Bochner means. Reasonable estimates on the constants A and C
of (1.3) are also achieved.

2. The Fejer Means

The Fejer means on R are given by

1 [ /sin §\2
Fif.x) = Gix f(0) = 53— (51;/22) fr—yydy, A>0. (1)

The Hilbert transform of f is given by
1 R — 1 _
Hf(x)= PV. — / SO = gim L / Jo=w o 2o
T J-0o u lu|>8

§—0+ 7T u
We can now state and prove the following theorem.

Theorem 1. For f € L,(R), 1 < p < o0, or Co(R) for p = o0, we have

SK(£2), SR~ FOlLm <3K(f.1) 23)
2 AL, T R Lp(R) = AL, R '
where
1 } 1) d
K(f, X)Lp o = 0 (nf — g, + 5 | == He ) L,,(R)> 2.4)

and the infimum is taken on all g such that % Hg(x), which is defined as an element of S’
(the tempered distributions), is in L,(R).

Remarks. We note that (2.3) constitutes a strong converse result of type A (see [2]). In
the definition of the K-functional the infimum could be taken on a much more restricted
class of functions without changing the value of the K -functional.

Proof. We first establish the identity

d
Gixf =Gr#Grxf = ——HGx[). 2.5)

1
A
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—~ \
The Fourier and inverse Fourier transforms f and F are given by

f© =foo f(x)e ™ dx and Iv*“(x) L /OO F(£)e™ d¢ . (2.6)

2r J_
Recalling that
Gor r©=(1-51) Fo. 16+ Gxpre=(1-1) Fe
and
[ H G n] @ =igismn(1- 1) For=10(1- 1) Fe.

we observe that the Fourier transforms of both sides of (2.5) are identical. We note that
while for f € L,(R),1 < p <2, f(&) is always a function, for f € L,(R),2 < p < o0
we can only state that f(é) is an element of §’. For f in L,, Gy x f and G, * G, * f are
in L, and therefore so is % H(Gj * f). Wenow use (2.5) and |Gy |1, (r) = 1 to obtain

NI IeL ERT |

=f = Grx fllp +11Gr* (f = Grx flp
=20f = Guxflp,

which is the converse result and the left inequality of (2.3). To obtain the direct result we
choose g = g 1, p such that

a+oK(r.5) =15 —glp+ 5 | 5 el

Xde '

We now write

If =G fllp =II(f =8 = Gi(f =@y +1g = Gixzglp
=20f —zglp+llg—=Grxglp.

We will complete the proof when we show

11 d
~G <3—H—H H , 27
llg A*x8llpy < < 7 gp 2.7

since then

1
If = Gox fllp <30+ 0K (1. )

p

and ¢ > 0 is arbitrary.
To establish (2.7) we write

lg —Girxgllp <IIGrxg—Gr*xGr*gllp
+1Gr*xGrxg—GaxGarxgllp+11Ga*xGaxg—gllp
=1+ L(A) + I(A) .
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Since forany f € L,,1 < p < oo, or f € Co(R), ||GA>|<GA>|<f—f||,, — 0as A — oo,
we may choose A sothat I3 < ¢ % H % Hg || (If Hg = 0, then g = constant and (2.7)
is redundant.) Following (2.5) and |G, |1 = 1 we wrlte

Bz iG]
- — *
l_)\dx )Lgp

- H 10+ (g 1),

<5z el

To estimate I, we first observe that
d 2 d
d G Gurw = Gﬂ*<aHg>

which is obtained by comparing their Fourier transforms, the identity d% (1 — @)2 =

I
215 (1 - El), and the fact that £ Hg € L,
We now write

A Ry
=2| [ o >‘ff‘
= uw ne)|, %
2 [ e, %

21 d
=5 2 el
A lldx p

p

Combining the estimate for /1, I and I3, we complete the proof of the direct result. L]

3. Bochner-Riesz Means

For f € L p(Rd), 1 <p<oo,or Co(RY ) the Bochner-Riesz means are given by

N[ my EEY e
Ranaf1=(g3)" [ F@(1-5r) et as 1)

where
Fer= [ re .
Rd
While f(é) is not necessarily a function, it is known (see [3, p. 380]) that, if b > % s
Ry p,a fisin Ly, if f is, since

Ry paf(x)=Gypax fx) (3.2)
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with

IGspall, = Mb,d), Gipa(x) =rG1pa(rx) =29Gra(rx).  (3.3)

The analogue of the result of Section 2 is given by the following theorem.

Theorem 2. Let f € L,(R?), 1 < p < 00, or Co(RY) for p = 0o, and let b > %for
d=1,2,.... Then

1 1
Clb.K(f.53) < IRl = [y < Cb.DK(f53) - G

where C1(b,d) > 0,
Ka(f.1%), = inf (If —gll, +*12g) (3.3)

and A is the Laplacian (second derivative when d = 1).

Proof. The proof of the direct inequality [the second inequality of (3.4)] follows a
similar pattern to the proof of that part of Theorem 1. We choose g = g¢ 3, p,4 such that

1 1
(+0Ka(f.53) 217 =gllp + 55 188l
and write

If —Rapafllp=If—Garpaxflp
<If—8) —Gipax(f—&lp+1g—Gipaxglp
=Ji+/.

We estimate J; by
NN f=gll(1+Mb.d)).
To estimate J, we write
2= Grbd*8— Gapt1,d *&llp + G b1, %8 — Gap+1.d *8&llp
+1GAap+1,ax8 —&llp

=hLh+L+1s.

We now write

1 1 1
I = H 5 AGrpa *®) H,, = 5 1Gsha* Agly < 5 M(b.d) | Agll
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b+l _
=

b
+

Using ﬁ (1- ‘i—‘;) 200+ DIEP(1 - ‘i—‘;) l% for b > d%l, we have

Ay
L= H f — (Grpr1,a*x g du
n du »

A d/'L
=200+1D A(Gybd *8) Pl
A

p

A dﬂ
=2(b+1 G b,a * (Ag) Pl
A k

p
A d
%
<20b+1) / 1Gip,a* Dgllp —
A M
o] dll«
<2+ 1D)MD, DAl -
A
1
S(b‘i‘])M(bsd)ﬁ”Ag”p-

As Gp pi1,a(x) = NG py1,a(Ax) [see (3.3)], we have |G pi1.0 g — gllp — 0 as
A — oo forg € L,,(Rd), 1 <p<oo,org € Co(Rd) when p = oo, and using
the estimate of I, which is independent of A, we derive the direct part of (3.4) with
Ca(b,d)y=(b+2)M(b,d)as M(b,d) > 2.

For b = 1 (possible only for d = 1 and d = 2) we may follow the proof of the
converse part of Theorem 1 and obtain

1
il )=——— and C1(1,2) = ——
D =1ya @ 9=

with C1(1, j) and M(1, j) given in (3.4) and (3.3), respectively. For b # 1 we do not have
such elegant identities and C; (b, d) will just be generic.
We define 1, (f) by

&1
A
where n(§) = 1for0 <& < 1,n(¢) =0for& > 2 and n(§) € C*°(R4). Following [1,
Corollary 2.5], we have

Ka(f. 1), = I f = myeflp + 214010, - (3.6)

m(N"® =n(=)F©. x>0

Actually, in [1] d > 2 is assumed for many of the results on RY, and Theorem 3.1 there is
not valid for d = 1, but the equivalence (3.6) and its proof are valid for d = 1 and do not
depend on the condition d > 2 assumed throughout in [1]. As

Ka(f.1%), ~ Ka(f.31)%),, .

we have
Ka(f.1%), = I f =myco fllp +218m60 fllp -

Hence, to prove the converse result it is sufficient to show that

If =mpfllp <ClIf —Rapaflp (3.7
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and
A2 NAD s fllp <CUf = Rapafllp - (3.8)

We prove (3.7) first. We note that 1,,3 and R; 4 (for b > %) are bounded
multiplier operators on L p(Rd ), I < p < o0, and hence,

|1 = my3)(I+ Ropa+---+ R,]{j,fd)(f — Ry paf) ||p <Cillf —Rupaflyp.
Therefore, it is sufficient to prove now for some integer k that
| =m) R pafll, < Collf = Ripaflp-

In other words, it is sufficient to show that

P5.4(6) = (1 1 (%))

leads to a bounded multiplier operator on L,. A change of variable implies that it is

(-89,

+

1= (1- (5,

+

\4 \4
sufficient to deal with A = 1 and show that ®; x(x) € L (R?) where @ 1 (x) is the inverse
Fourier transform of @ «(§). We observe that & x(§) = 0 for |§] < % and for |&] > 1,

\2 \2
and that it is bounded. Therefore, @ ; (x) exists. To show that ®; 4 is in L we recall [4,
p. 26] that

\
Hq)l’kHLl(Rd) S C Z HDanI’k”LI(Rd) ’
la|<d+1

and hence, we have to check only that D*®;; € L; for || < d + 1, and as @ has

compact support, boundedness of D*®; ; for |o| < d + 1 is sufficient. For [£| < %,

enkb
1 — n(3l&]) = 0 and DF(1 — n(3|&])) = 0. For £] > 1 % and its derivatives are
T +
1enkb
equal to zero. For % < |&] < 1 we note that DF % behaves like (1 — |$|+)kb_‘m

near |£| = 2. The possible singularity is avoided by choosing k so thatkb —d — 1 > 0. To
prove (3.8) we have to show that
)

1= (5)°)

[ 2

l\)|

RAGHES

b

—_ | >

1 —
+

\
isabounded multiplier operator from L , to L ,. Itis sufficient to show that W (x) € Ly (Rd ).
The function (1 — z)?, b > 0 s analytic in z for |z| < 1 and equals 1 for z = 0, and

o o
hence, (1 —z)? =1— Y ¢,z" converges for |z < land 1 — (1 —2)? =z 3 ¢,z" ! with
n=1 n=1
o0
c1 = b > 0. Hence, we may write ———— = Y d,z" which converges for |z| < 1 as
> cpzt! n=0
n=l1
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o0

[1 —z|® # 1 for |z| > 0 and b > 0. Therefore, Zo dn7" converges uniformly for |z| < % .
n=

We now write

Wi (ED) = nGIED Y dals

k=0
and clearly D*W(|&]) is a bounded function of compact support for |o| < d + 2. This
implies (3.8) and the strong converse inequality [the first inequality of (3.4)]. L]
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