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ABSTRACT.  In this article we obtain the boundedness of the periodic, discrete and ergodic
bilinear Hilbert transform, from LP1 x LP2 into LP3, where 1/py + 1/p2 = 1/p3, p1,p2 > 1,
and p3 > 1. The main techniques are a bilinear version of the transference method of Coifman
and Weiss and certain discretization of bilinear operators. In the periodic case, we also obtain the
boundedness for2/3 < p3 < 1.

1. Introduction

If7T : SR) x S(R) — S'(R) is a continuous bilinear operator which commutes with
simultaneous translations then, in the distributional sense, 7 can be represented as

T(f, g)(x) = /}R i FEEWmE, )2 ET ge dy

for Schwarzt test functions f and g belonging to S(R). It has been of great interest in the
last decades to find conditions on the symbol m such that 7' extends to a bounded operator
from L”(R) x LY(R) — L"(R) whenever 1/r = 1/p + 1/q (see for example, the works
of [7, 11, 12, 14], or [17]). In particular, if

T(f,g)(x)=/R KO)f(x — Vgl +y)dy .

where K (y) = §|2}(F1’)’ y' € ¥,_1 and  is an odd-function then

1 ° d
T(f,g)x)= E/}: Q(G)(/ fx —t0)gx + IG)T[> dé .
n—1 —00
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The operator inside the brackets Hp (f, g)(x) = f fooo f(x—1t0)g(x+10) dt—’ is the so-called
uni-directional bilinear Hilbert transform whose boundedness can be proved directly from
the boundedness of the bilinear Hilbert transform

o d
H(f,g>(s>=/ fis - s +0% s e,

This operator appeared for the first time in 1960, when A .P. Calder6n was analyzing Cauchy
integrals on Lipschitz curves and, in particular, the boundedness on L?(R) of the first

/‘((?7;;)2(” where A" € L*°(R), and he needed to prove that the

operator H maps boundedly L?(R) x L2 (R) — L'(R) (see [6, 16]).

After several articles concerning the problem, M. Lacey and C. Thiele (see [18, 20,
21]) proved Calderén’s conjecture showing that H : L”(R) x LY(R) — L"(R) whenever
p,gq>1land1l/p+1/g=1/r <3/2, (see also [13]).

Since then, multilinear operators have become a matter of great interest in Harmonic
Analysis.

In 2001, D. Fan and S. Sato [10] were able to show the boundedness of the bilinear
Hilbert transform on the torus

commutator with a kernel

Hy(f, g)(x) = /Tf(x —y)gx + y)cot(my)dy ,

by transferring the result from R. Their proof relies upon some DeLeeuw type transfer-
ence methods for multilinear multipliers (see [9]). Similar techniques have been recently
extended in [3] and [4].

Our aim in this article will be to study the boundedness of the bilinear Hilbert transform
in different measure spaces. In particular, we shall obtain the boundedness (on the same
range but p3 > 1) of the discrete Hilbert transform

m—nb
Hz(a,b)(m) = Y 2m=romtm
n#0 n

of the ergodic Hilbert transform

T"f(x)T"g(x)
n 9

Hr(f, 9)(x) =)
n#0

where T is an ergodic transformation acting on L?i (2) for a certain o -finite measure space
€2, and, hence also of

HD(f? g)(x) =

Z f(x—n)gx +n)
n#0 n
and, we shall also give a new proof of the result of Fan and Sato about the boundedness of
the bilinear Hilbert transform in the torus.

The main technique is based in the so-called transference method of R. Coifman and
G. Weiss (see [8]). This method was introduced in 1977 and since then, it has been developed
and extended by many other people (see [2], or [1]) and has shown to be an extremely useful
tool to prove the boundedness of many operators defined on certain measure space assuming
that we know the boundedness of a related convolution operator on a certain group.
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In 1996, L. Grafakos and G. Weiss (see [15]) proved a first result concerning a
transference method for multilinear operators. They consider a multilinear operator 7'
defined on an amenable group G by

T(g1,...,8)(v) = /Gk K(uy, ...,uk)gl(ul_lv)...gk(uk_lv) di(uy)...da(uy) ,

with g; in some dense subset of L”/(G) and where K is a kernel on G* which may not be
integrable, and they are able to transfer the boundedness of T : LP'(G) x ... LP*(G) —
LPo(G) whenever 1/pg = 1/p1+. ..+ 1/ px to the boundedness of operator T :LP () %
... LP () — LPo(u) where (M, u) is a measure space and

T(fi,..., fox) = /GkK(ul,...,uk)(R;Ifl)(x)...(R’,jkfk)(x)dx(ul)... dr(ug) ,

where f; is in some dense subset of L?/ (M), and R/ :G — B(LPIi(M))(j=0,1,...,k)
are representations which are connected through RSR,ﬂ =R}, forallu,v e Gand 1 <
J < k, and satisfy certain boundedness conditions.

In this article, we shall develop a transference method for bilinear operators in the
same spirit as the one started by Coifman and Weiss for linear operators, which will allow us
to transfer the boundedness of bilinear operators such as the bilinear Hilbert transform on R
to other groups, recovering the Fan and Sato transference result from our general principle.
We shall restrict ourselves to the two variable case, to locally compact abelian groups G
and to integrable kernels (although our results will work in multilinear situation, amenable
groups and more general kernels). A much more detailed study of this type of transference
will be undertaken in [5]. Here, we shall be more concerned about the applications related
to the bilinear Hilbert transform on measure spaces.

The second technique that we shall use concerns the discretization of bilinear opera-
tors.

2. Main Techniques: Transference Method and
Discretization

2.1 Transference Method for Bilinear Operators

Let K € L'(G) be akernel with compact supportandlet1 < py, p» < coand0 < p3 < 00

such that
1 1 1

p3 Pt P2
From now on, p1, p> and p3 will satisfy the above relation.
Consider the mapping

By (6, ¥)(v) = /G¢(u—1v)¢<uv>l<(u>dm(u),

for ¢ € LP'(G) and v € LP2(G), where m is the Haar measure on G, and let us define the
transference operator Tx : LP' () x LP2(u) — LP3(w) by

Tx (/. 9)(x) = fG (R £) () (R28) () K ) dm(u)
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where R/ : G — B(LPJ (1)) are strongly continuous mappings for j = 1, 2. Then:

Theorem 1. Under the above conditions, if, for every v € G, there exist A; > 0 such
that

IRI £ oi < AjNFNLes @.1)

and there exists a strongly continuous mapping R3 : G — B(LP3(w)) satisfying that, for
everyu,v € G and every f € LPY(M) and g € LP2(M),

R)(R.. fRig)=R) .\ fR},g. 2.2)
and such that, for every v € G, there exists B > 0 satisfying
1 ey < BIRSS | Loy - 23)

then, the bilinear operator Tk : LP' () x LP2(u) — LP3(w) is bounded and it has norm
bounded by Ny, ,,(K)A1A2B where Np, p,(K) stands for the norm of the bilinear map
Bk in the corresponding spaces.

Proof. Using the continuity of RS and (2.2), we get that
3 _ 3(pl
Rcfe) = [ RRLSRDK @ dn

= / R! _ fRy,gK (u)dm)
G

and by (2.3), we obtain that, for every f € LPI1(Q2), g € LP2(S2), and every open set
V CG,

1
1Tk (£ Wy = B s /V /Q |RTk (f. )| dpdm() .

Now, we can use similar arguments to those given in [8]. For any ¢ > 0, let V € V such
that

vc!

ax m(VC)’m( ) <l+e,
m(V) m(V)

with C = supp K. Then,

1Tk (f, 8) ”LI’% (1)

BP3 P3

dudm(v)

R f)xve-r(vu™) (Ry,8) xve wu) K (u) dm (u)

< B / e 5L e e

< BPNp,,pp (K)P?

1 p3/pi p3/p2
'm(V>/g[</vc—n RtV d’"(”)) (/C’R‘z’g‘m dm(”))) }d“
1 p3/pi 5 p3/p2
< BmNpl,pz(K)mm(V) </ IR, /] LPu) </ | &y ||L1’2>

< BPAP AT Npy o, ()P (Lo f1Ip gl

from which the result follows. ]
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2.2 Discretization Techniques

Let us denote A, = u + A where u € R and A is an interval in R and let I = (—1/4, 1/4)
and p > 1. Denote by Q : LP(R) — £”(Z) the bounded operator defined by

f— </1 f(t)dt>nEZ

and by P : £7(Z) — LP(R) the map defined by
(@nez — f = ZanXIn .

nez

Observe that | Q|| = 2=V/7 and | P|| = 271/7.
Proposition 1. Let K be an integrable kernel in L' (R) and let us define

K,,:// K(t)dtdu .
I J(n+1,)N(n—1y)

Tx (f. 8)(x) = /Rf(x —0gx +0)K(r)dt

If

then
QTx (Pa, Pb)(m) = Tk, (@, b)(m) =Y am—nbninKn -

nez

. 1
In particular, for p3 > 1, one gets Tkl py.p, < 31Tk | py,po where | Tx )l py1, pa

stands for the norm of the bilinear map T(k,) from £P1(Z) x £P2(Z) to £P3(Z) and
1Tk |l py, p, stands for the norm of the bilinear map Tk from LP'(R) x LP2(R) to LP3(R).

Proof. Given finite sequences a, b, we have that

Tk (Pa, Pb)(x) = Y anbnTk (X1, X1,)(x)

n,m
- Zanbm/ K (t)dt
n,m (

x—In)N(—x+1In)

= Zanbm/ K(t)dt .

n,m (x—n+DN(=x+m+1)

Now, itis clear that (x —n 4+ I)N(—x +m +I) # @, if and only if |2x — (n +m)| <
1/2, and hence, given k € Zand x € Iy, (x —n+ 1) N (—x +m + I) # @ implies that
|2k — (n + m)| < 1; thatis 2k = n + m. Thus,

/TK(Pa,Pb)(x)dx - Zanbm/ / K(t)dt dx
Iy n.m k+1 J (x—n+1)N(—x+m—1)

- Zanbm// K(t)dt du
n,m I J(k—n+1,)N(—k+m—1,)

= Z anbm /
1

n+m=2k

= Zak—zbk+z/f K(t)dtdu ,
1 Jusrona=1)

leZ

/ K(t)dtdu
(k—n+IL,)N(k—n—1y)
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and therefore, for every m € Z,
QTk(Pa, Pb)y(m) = Zazn—ilbm+nKn ,
nez

as we wanted to see. []

3. Applications

3.1 Bilinear Hilbert Transform on T

We shall apply our transference method to give a new proof of the result in [10] for the
bilinear Hilbert transform on T. For such a purpose take G = R with the Lebesgue measure,
(2, X, ) the measure space (T, B(T), m) the Lebesgue measure on T and R! = R? =
R3 = R, where . '
(Ruf)(elg) — f(el(G—u)) .
Trivially RJ, Jj =1,2,3, satisfy conditions (2.1), (2.2), and (2.3).

Definition 1. A function m € L®(R) is said to be normalized, if m, = ¢, * m is
pointwise convergent to m where ¢, (x) = ﬁx[_n,n] * X[—n,n]-

Theorem 2. Let K € S'(R) such that K (&) = m(€) for some normalized function m.
Let

et )0 = [ [ Fopome e dga,
for f, g € S and let

Tk (P, Q)x) =Y Y P()QUym(k — k')~ ),

keZ k'€
for P and Q trigonometric polynomials.
Then, if Tk : LP1(R) x LP2(R) — LP3(R) is bounded, we have that
Tx : LP'(T) x LP2(T) — LP3(T)

is also bounded, if p3 > 1.

Proof. As in Lemma 3.5 of [8], let us take y € L?(R) with compact support such
that ¥ (0) = 1 and let us define K, (x) = (mph,)(x) where h,(x) = ny(nx). Then
K, € L'(R), it has compact support and K, (x) — m(x) for all x € R.

Let

Tn(f,g)(x)=4Kn(l)f(x—l)g(x+l)dl
for f, g € S(R).

We shall show first that 7,, : LP'(R) x LP2(R) — LP”3(R) and sup,,cy || T, || < 00.
Now,

T (f, 8)(x) /Rkn(é)[f(x =g +)116) d¢

/Rfln(é)mn(é)[f(x — g +9)17&) d§

/ hy,(t)A,(t, x)dt
R
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where A, (x,1) = (ni, * f(x +)g(x —-))(#). We write

An(x 1) Amn(y)f(x+t—y>g(x—r+y>dy

/R e ILf (x4 1 — g — 1+ )]dy

/R (/Rclgn(z)m(y —z)dz)[f(x +1—gx —1+)]'dy

/RqE,xz)(/Rm@ S OLf G- gl — 1+ ')]de) dz.
Now, observe that

B(z,x,1) = /Rm(y—Z)[f(X+t—-)g(x—t+-)]vdy

/R K f(x 41— gt — 1+ y)dy

A;{K(y)FZ,t(x =G i(x +y)dy

where F, ,(u) = e™'¥ f(u +t) and G, (u) = ™ g(u —t).
Therefore,

To(f. )(x) = fR hn(r>< /R én(z)BﬂFz,t,Gz,t)(x)dz) dr
and, hence, since

1Bk (Fzt: Gzl ps < CllF il py 1Gztllpy = CHF Ml 118l ps »

and p3 > 1, we obtain that

T (f. )lps < Cllkallt] a1 11511181, -

Now, we can apply Theorem 1 with R, P(0) = P(6 — u), to get that the transferred
bilinear operator

T.(P, Q)(0) = / Ky PO —u)Q(0 +u)du ,
T

where K, (1) = Y mez Kn(m +u), is bounded from L?!(T) x LP2(T) — LP3(T) and the
norms are uniformly bounded for n € N. .
To finish the proof observe that, if e;(6) = % then

To(ex, ex) = exep / K, (u)e " ® =5 gy = exrirmn (k — k’)ﬁn(k - k),
R

and hence, y
lim T, (ex, ex) = expwm(k — k') = Tk (ex, ex) -
n—oo

Therefore, by linearity, density and Fatou’s lemma, we obtain the result. L]
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Now, in order to avoid the condition of p3 > 1 in the case of the bilinear Hilbert trans-
form, we need the following lemma that follows from the boundedness of the corresponding
maximal bilinear Hilbert operator (see [19]).

Lemma 1. LetO < A, A < oo andlet pi, p» > 1. Define K4 _a(x) = %XA<|x\<A/(x)~
Let

By a(f. 8)x) = /Rf(x —0gx + 1)Ky a(t)dt

and let || B a'll p,, p, denote the norm as bounded bilinear map from LP'(R) x LP2(R) into
LP3(R). Then

sup ”BA,A/”pl,pz <.
AA

Let us give an easy proof of the above lemma in the case p3 > 1. To this end, we
first need the following lemma.

Lemma 2. Let p3 > 1. Let hi, hy € L' (R) and define m(&) = sign(&)h1(€) + ha(§). If

By (f2 9)(x) = fR fR F©samE — me € ag dn

Then By, is bounded from LP\(R) x LP2(R) into LP3(R) and | B, nyllpy,pr < 1H | py,ps
lAili+ a2l

Proof.
Biyi(fs )(x) = /1‘@ /R FE©ZmMmE — )€ de dn

= / f f@&em Sign(é—n)< f h1<y>e—"@—">ydy)e"(“"”‘ d& dn
RJR R

+ f / f@>§<n>< f ha(y)e ' E=my dy)e"(H'vx de dn
R JR R

= / < / / F©&e g (me™ sgn(s—n)e““ﬂ”dédn)hﬂy)dy
R RJR

+ / < f / F()e 80T g (el d%'dn>hz(y)dy
R R JR

= /RH(fy, g—y)(X)h1(y)dy + /R fx—y)gx + y)ha(y)dy

where fy(y) = f(y — x). Now using the boundedness of the bilinear Hilbert transform,
Holder inequality and the integrability of 41 and A, one gets the result. L]

Proof of Lemma 1 for p3 > 1. It is known that

sin(i§w)

u

A/
maa€)=Kgal)= Sign(é)/A , 3.1

and hence,

ma () =m(AE) —m(A'E)
where m(§) = sign(§€) floo Sin(flu) du.
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X

Denoting by K(x) = K c(x) = %X{\x|>l}(x) and Q(x) = T we have that
K — Q =h € L'(R). In particular,

m(€) = K (&) = —i sign(¢)P (&) + h(&),

where P(x) = 1+17 is the Poisson kernel.
Then,

maa(E) = —i sign(®)(Pa€) — Par(€)) + ha(§) —ha (&),

where, as usual, f4(x) = %f(%).
Finally, we can apply Lemma 2 to obtain that

I1Ba,allpi,py = WH py,p2 I1Pa — Parlli + I1ha — harlly = 20Hlpy, py + 211001,

as we wanted to see. L]
As a consequence of the previous result, we obtain the following [10].

Corollary 1. The bilinear Hilbert transform on the torus

Hr(f, g)(x) = /Tf(x —y)g(x + y)cot(ry)dy,

is bounded from LP'(T) x LP2(T) into LP3(T) whenever p1, p» > land 1/p1 + 1/p2 =
1/p3 < 3/2.

Proof. Letustake A= 1/N and A’ = N in Lemma 1. Then, since the corresponding
kernel K4 4/ isin L' with compact support, we can apply our transference argument and
this lemma to obtain that the operator

TP, Q@) =Y Y PR)QWmyy n(k — k)~ ),

keZ k'€l

for P and Q trigonometric polynomials, satisfies that
TY : LPI(T) x LP2(T) — LP*(T)

uniformly in N. Letting N goes to infinity, we obtain the result. L]

3.2 Bilinear Hilbert Transform on Z

Using now the discretization technique of Section 2.2, we obtain the following result,
whenever p3 > 1.

Proposition 2. Let N € N, and let us define the truncated discrete bilinear Hilbert
transform by

—nb
Hz n(a,b)(m) = Z dm—nDm-+n
n
k#0,|n|<N
Then, for p1, p2 > 1,

sup ”HZ,N”p],pz <.
NeN
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Proof. Let us apply Lemma 1 with K = K ! and Proposition 1, to obtain that

Tn(a, b)(m) = Zain—nbm+nKn (3.2)

nez

is bounded from ¢7!(Z) x £P2(Z) into £P3(Z). Let us now compute K,, in this particular

case:
// K(t)dtdu
I J(n+1,)N(n—1I,)

dt dt
—du + —du .
1 Ja+nynm-1onG . N-1) 1 1+ L)Ne—L)N-N+1,-4) 1

20 2

Kﬂ

Observe that foru € I, we have that (n+I,)N(n —1I,) C (n — %, n+ %), and hence
K, =0,if [n| > N and Ko = 0.
For 1 <n < N, we can write

1/4
K, = 2/ / —du ,
0 (tu—tnrur How—u—Ln—utrHnd N1 1

2

and, if 0 < u < ‘l‘, we obtain that

1 1 1 1 1
<n+u—Z,n+u+Z>ﬂ(n—u—z,n—u—i—Z)=<n+u—z,n—u+z>.

Hence,

Integrating by parts, we obtain

1/4n 1 1 1+L 1/4n 2
/ 10g(1+x> dx = — log 41” —/ dex
0 —Xx 4n 1- 4 0 1—x
1 1+ 4 1
=—1 M) flog(l— — ),
4n °g<1_ﬁ>+°g< 16n2)
1 n+ i 16n?
K,=-1 ) —2nlog | ——— ) .
" 2°g(n_}T) "°g<16n2—1>

Since log(1 +x) = x + 0(x?), (x = 0), we finally get
K L io[—L )+ om0 !
= n _—
" 4n —1 (n— %)2 16n2 — 1 (16n2 — 1)2

= o=+ 06a) =+ 0()-

The case —N < n < —1 is obtained similarly, and the result follows from (3.2). L]

and hence,
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3.3 Ergodic Bilinear Hilbert Transform

The idea now is to transfer the boundedness of the discrete bilinear Hilbert transform to a
measure space using our transference result.

Let G = Z and let (2, X, u) be a o-finite measure space. Let T be a bounded and
invertible operator acting on L?i (2), such that

max (”T_l ”L(LI’i @y 1T L (Q))> =1,

fori = 1, 2. Let us assume that there exists a bounded and invertible operator S acting on
L73(K2), such that max (||S_1 ||L(L/’3 (Q))> ||S||L(LP3 (Q))) < 1 and such that

sm (TnfT—ng) — T/n+nme—ng . (33)

Then:

Theorem 3. The bilinear ergodic Hilbert transform

T T "
Hy(f, 900 = Y TLOT 7800

n#0 n
is bounded from LP1(Q2) x LP2(R2) into L3 (Q2) whenever p1, po > land 1/p1 +1/p2 =
1/p3 <1

Proof. It s trivial to see that, if we take R} = R?> = T" and R} = S" and use (3.3)
then conditions (2.1), (2.2), and (2.3) hold and hence, we can transfer, using Theorem 1, the
boundedness of the truncated discrete bilinear Hilbert transform proved in Proposition 2,
to show that, in fact,

N
T" f(x)T"g(x)
HY = L2 o
Yrom= ) p
n#0,n=—N
is bounded uniformly in N. From this, the result follows. L]

In particular, using 7f(x) = f(x — 1) and S = T one obtains the following:

Corollary 2. The bilinear Hilbert transform

£ = mglx +m)
=2

n

H(f, g)(x)
n#0

is bounded from LP'(R) x LP2(R) into LP3(R) whenever py, po > land 1/p; +1/p2 =
1/p3 <1
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