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ABSTRACT.  We prove in two dimensions that the set of Cauchy data for the Pauli Hamiltonian
measured on the boundary of a bounded open subset with smooth enough boundary determines
uniquely the magnetic field and the electrical potential provided that the electrical potential is
small in an appropriate topology. This result has the immediate consequence, in the case that the
magnetic potential and electrical potential have compact support, that we can determine uniquely
the magnetic field and the electrical potential by measuring the scattering amplitude at a fixed
energy provided that the electrical potential is small in an appropriate topology.

1. Introduction

The Pauli Hamiltonian describes particles in a magnetic field with spin. In two
dimensions it is a direct sum of the pair of operators

19 2
Hj u ::Z(Tf—Aj> u+ Bu—qu (1.1)

where A denotes the magnetic potential, B = rot A is the magnetic field, and ¢ is the
electrical potential (see for instance Chapter 6 of [4]). Thus both direct and inverse problems
for the Pauli Hamiltonian consider separately both signs in B in (1.1). For simplicity we
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will choose the plus sign. All of the results below are also valid for the minus sign in B
with minor changes in the arguments.

We first describe the inverse boundary problem we consider. Let @ C R? be a
bounded domain with smooth boundary. We consider the Pauli Hamiltonian given by a
real-valued vector field A = (A1, A2) € WHP(Q) and an electric potential ¢ € L” (L),
p>2,

2 2
H u:=2(7——A,~> u+Bu—qu=0 inQ 1.2)
1 j

where B = rot A. Fix o = ijz throughout this article. The set of Cauchy data of the
solutions of (1.2) is given by

Cig = {(f, g) € CH(3Q) x C*(IQ) : there exists u € C* (Q) (1.3)
such that Hz ju =0, ulye = f, (V- ZA)M)|BQ cv = g} .

Here v denotes the unit normal to d€2. In the case that O is not a Dirichlet eigenvalue for
Hj; e C ig is the graph of the Dirichlet-to-Neumann (DN) map

Aj,: CHHQ) — C(HQ) . (1.4)

The inverse boundary value problem we consider in this article is whether we can determine
A and g from CA,q~

It was observed in [7, 8] that there is a gauge invariance in the problem. That is, if
@ € CH(Q) with plpe = 1, Vplyq = 0, then

CX+V<p,q = Cg,q :
Therefore we can recover at best the magnetic field, rot A, and g from the DN map. Recall
that rot A := % — % where A = (A1, A)).

In this article we prove the following semiglobal identifiability result:

Theorem 1.

Let Aj € WyP(Q),j = 1,2, 10t A} € Wy(Q), g1 € W'P(Q), ¢ € LP(Q), p >
2. For each M > 0, there exists €(M, 2, p) > 0 such that if ||X1||LP(Q) < M and
lgillwipq) < € and

C-

Ang = Cz‘fz,qz ’ (1.5)

we conclude
rot A1 = rot AE and g =¢q» InQ2. (1.6)

Wé "P(Q) denotes the space of WP (€)-functions whose boundary traces are zero.

Observe that no smallness condition is assumed on the electric potential g». We also
remark that the only place where we need that the magnetic potential has boundary trace
zero is in the proof of Lemma 4. If we assume further regularity in the magnetic and
electrical potentials, then Theorem D of [6] allows to extend the magnetic and electrical
potentials to R? with compact support. Theorem D of [6] deals with the three or higher
dimensional case. However the same result is valid for two dimensions. More precisely we
have:
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Theorem 2.
LetAj,q; € C°°(§),j = 1,2, and p > 2. There exists €(£2, p) > 0 such that if

llg1 ||W1-p(gz) < eand
C

=C (1.7)

ALq A2,q2°

we conclude
rot ffl = rot A} and g1 =¢q» InQ2. (1.8)

In [8] Sun proved in two dimensions for the Schrodinger equation in a magnetic field
that if || rot A [ly1.00(q) (J = 1,2) is small enough and g; (j = 1, 2) are in an open and
dense set in an appropriate topology, then we can determine uniquely rot A j and g; from
the DN map associated to the magnetic potentials and electrical potentials.

We remark that in dimensions n > 3 a global identifiability result of the magnetic
field and electrical potential was proven in [6] for the Schrodinger equation in a magnetic
field assuming some smoothness conditions on the coefficients.

A particular case of Theorem 1 is when the electrical potential in (1.1) is zero. Thus
we obtain the following global uniqueness result:

Corollary 1.
Let A; € Wy P(Q), j = 1,2, 10t A} € Wy P(R),q1 = 0,2 € LP(Q), p > 2. If
CXI,O =CA~2Yq2 , (1.9)
we conclude
rotAj =rotA; and g1 =¢g2=0 inQ. (1.10)

As a consequence of Theorem 2, a similar result to Corollary 1 holds with A j €
C*®(R2), j = 1, 2, without the assumption that the magnetic potentials have zero boundary
trace.

It is well known (see for instance Chapter 12 of [13], and [5]) that Theorem 1 implies
a similar result for the inverse scattering problem at fixed energy if we assume that the
magnetic potential and electrical potential have compact support.

The scattering amplitude for the Pauli Hamiltonian (1.1) with Ae wlep (R?), q €
LP(R?), p > 2, A, g with compact support, is defined in terms of the outgoing eigenfunc-
tions ¥ (A, x,w) where L e R—0, x € R2, we S Namely 1 satisfies

aj q(k, 6, w)
I

|x[2

buthon 0= 5 s B (2

where 6 = ﬁ The scattering amplitude, a ; 4 (A, 8, w), measures the effect of the magnetic
and electrical potential on a plane wave with frequency A and direction w of the form /¥

The inverse scattering problem at a fixed energy is to determine A, g from the scat-
tering amplitude a ig (X0, 8, w) with fixed Ag. Itis easy to see, as in the case of the Cauchy
data previously discussed, that we can recover at best the magnetic field and the electrical

potential. An immediate consequence of Theorem 1 is the following.
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Theorem .z R R
Let Aj and g; have compact supports. Let A; € Wl’p(Rz), j =12 rotA; €
WhLrP(R?), g1 € WILP(R?), Q@ € LP(R?), p > 2. For each M > 0, there exists
€(M, 2, p) > Osuchthatif |A1llLr@) < M and [|q1lly1.rq) < € and
ag o =%, 4 for a fixed X, (1.11D)
then
rot Ay =rotA> and ¢ =¢q» in R?. (1.12)

One can also state a corollary similar to Corollary 1
The method of proof of Theorem 1 is by reducing the problem to a similar one for a
second order equation which can be factored in terms of d and 9. Recall

=1
0= (dy +idy), 8=

5 (0%, — i0yx,) -

| =

We multiply Equation (1.13) by —}T and rewrite the result in the form
(0+a)(@—a)u—gqu=0 inQ (1.13)
where
=i, G=1 (1.14)
a:=z(Ar+id). 4= 9. .
We define the set of Cauchy data associated to (1.13) by
Cagi={(f.8) € C1(OQ) x C*(¥R) :ulyg = f . (1.15)
(9 — a)u)lsq = g, u € C* () asolution of (1.13) } .

Theorem 1 is then a consequence of

Theorem 4.
Leta; € W'P(Q), g1 € WhP(Q), g2 € LP(Q), p > 2, j = 1,2. Foreach M > 0,
there exists €(M, 2, p) > 0 such thatif ||a1||Lr(@) < M and [|G1]ly1.r(q) < € and

Car.gr = Car o » (1.16)
then
G1=G and 3 '@ +0"'a1=3 'a+9'ay in Q. (1.17)

Here 5_1 is the solution operator of the d-equation defined by

L[ f@)

7T Jol—2

7 f) =

du(z), z€R (1.18)

where du is the Lebesgue measure on R2. We note that 3" in this article is defined as an
integral operator on €2, not on the whole of R2. Of course (1.17) implies that

1 — 1 —
rota; = 3 (0a1 + 9a;) =rotay = 5 (0az 4+ 9az) inQ. (1.19)
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Observe that the article considers two rotation operators which are related by rota =
4—11 rot A.

The method of proof of Theorem 4 reduces (1.13) to a first order system and follows
the lines of [3] to construct complex geometrical optics solutions for (1.13) for all complex
frequencies, and uses the scattering transform of Beals and Coifman [2] (see also [9, 10, 11]).
An important difference with [3] is that we work directly on the bounded domain €2 rather
than the whole space as in [3]. This simplifies several of the arguments.

In Section 2 we construct the complex geometric optics solutions for the first order
system and consider the corresponding scattering transform. In Section 3 we study the
scattering transform determined by the solutions. Finally in Section 4 we prove Theorem 4.

2. Complex Geometrical Optics Solutions for the

d-System
In this section we reduce the second order equation
(3+a)@—au—qu=0 inQ (2.1)
into a system of first order 3 type system and construct geometrical optics solutions of the
system.
It is well-known that
=1
f@=3 (3f) @+C(flae) @, ze€Q 2.2)
where C(f|3q) is the Cauchy transform of f|3q, namely,
1 &)
C(f|BQ)(Z)=T/ SO d¢, z¢09Q.
i Jiel —z

We then define 8! and C to be the conjugates of 5_1 and C, respectively, i.e.,

_ =1, - — =
3N =38 (f), and C(f):=C(f).
Then the following formula immediately follows from (2.2):

f@ =370 +C(fha)@), zeQ. 2.3)

L CcC 0
c._(o 5). (2.4)

Let u be a solution of (2.1) and set w := (3 — a)u. Then the Equation (2.1) takes the

form
[(a+a O 0 g w '\
(5750 )- (V) )=

We rewrite the Equation (2.5) to obtain

(3 0 0 eTag o a 0 w o\
(3 5)- (o G070 )(1)=0 o

We also define
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where .
Ta(z):=0 a+0 'a.

o=(71)

_( 0 ey
o( 8 ).

We are seeking special solutions of the system

Set

and

(D— Q)Y =0 inQ 2.7)

—7 'z izk
e 0 e 0
e ( 0 e )m(z’k)< 0 e ) @9

where m(z, k) is a 2 x 2 matrix valued function in 2.
We need a few more definitions (see [3]): For z and k in C, let

in the form

éx(z) = exp (i (zk +zk)) and ex(z) = exp (i (zk + Zk)) |
and

Az, k) == Ar(2)

(e 0
o 0 e )

EA=E (@ @2 )_( au e_kam
ay ax exazl  axn

Then, m defined in (2.8) satisfies

‘We then define

Dym — Qm =0 inQ (2.9)
where Dy, is the operator

DA =E'DE(A.

—1
_ 0 0
D !.= .

DEwm — ExOm =0 inQ.

Let

We have from (2.9) that

Applying D! to the last equation and using (2.2) and (2.3), we get

Exm(z) — DT'ExQm(z) = C(Exmlso)(z), z€Q.
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Thus we conclude
(1 - Dk_lQ) m(z) = E; 'C(Exmlse)(z), z€, (2.10)
where [ is the 2 x 2 identity matrix and
D = E'DTE, .
In order to investigate the invertability of the operator / — D, ! 0, we consider its
null space. We denote by H(£2) the class of holomorphic functions in €.

Lemma 1.

Suppose that m € L°°(2) and satisfies (I — Dk_1 Q)m = 01in Q. Define v by (2.8).
Then Y1, Y2p € CLH%(Q) are solutions of the equation (9 4+ a)(d — a)u — qu = 0 in Q
and there are f;; € H(C \ Q)N (C\ Q) with fij(@) = O(z|™YHas |z| - 00,i,j=1,2,
such that

Vatlag — o agmitk i
O —a)nile = e—5_'a'eizkf” ’ 2.11)
and
Vnloq — o0l agmitk
2.12)

T
O —a)Ymle =€ *f.

The converse is also true: If Yoy, Yo € Cl2(Q) are solutions of (2.1) and satisfy (2.11)
and (2.12), then define ¥ by ¥11 := (0 — a)v¥p1 and Y12 := (0 — a)¥2, and m by (2.8).
Then we have (I — Dk_l O)m =01in Q.

Proof. Suppose that m € L*°(Q2) and
(I—D,;lg)mzo inQ.

Then, m € C1¥() and satisfies
Dy —0m=0 inQ,
and, by (2.10),
C(Exmly)(z) =0, zeQ.

Thus we obtain

C(mi1lpe) (@) =Clexmailpn) (@) =C (e—kmi2laq) @) = C(manly)() =0, ze€Q. (2.13)

(2.13)is equivalent to the fact that there are f;; € H((C\ﬁ)ﬂ((C\Q) with f;;(z) = 0(|z|_1)
as |z] — oo, i, j =1, 2, such that
miilae = fi1,
exmailye = for
e_rmizlae = fiz,

mulia = fr .
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This can be proven using Plemelj’s jump formula for the Cauchy integral, namely,
lim C(f)(z —tv(z)) — lim C(f)(z+1tv(z)) = f(z), z€9Q,
t—0t t—0F

where v(z) is the outward unit normal to 92 at z. Since i is defined by (2.8), (2.11),
and (2.12) follow.

To prove the converse, one can simply reverse the argument above. This completes
the proof. L]

For a € LP(Q), define Ta(z) := 3 '@ + 9~ 'a as before. Since 3 and 9" are

bounded from L () into C*(Q) (a = pTTZ), there exists a constant C = C(£2, p) such
that

ITalleeig < Cllall, -

Therefore, there are constants C and C; depending only on €2 and p such that

llexp(Ta)lloe < exp(Cllallp) (2.14)
lexp(Ta)llceiq) < Cillallp exp(Cllallp) - (2.15)

In fact, (2.15) follows from the following estimate:

lexp(Ta)(z) —exp(Ta)(¢)| = |exp(Ta)(2)||1 —exp[(Ta)(¢) — (Ta)(2)]|
< Crexp(Cllalip)llallp|(Ta)(¢) — (Ta)(z)
< Crexp(Clalpllallplz = ¢I* .

Lemma 2.
There exist constants C and C; depending only on 2 and p such that if Cy exp(C2
lall)lgll, < 1, then I — Dk_1 Q : L*® () — L*°(R) is invertible.

Proof. Fixo = P74. Since Q : L®°(Q) — LP(Q2) and Dk_1 CLP(Q) —» C*(Q)
are bounded, D, ! Q is a compact operator on L°°(2). Thus it suffices to establish the
injectivity of I — D, '0. Suppose that u € L () satisfies

u—D'Qu=0 inQ.

Then,
Exu— D 'ExQu=0.

Considering the first column of the last equation, we have
uj = ! (eT“quzl) (2.16)
ex@uz = 07" (exeuny) 2.17)
It then follows from (2.14) and (2.16) that

lutilloo < Cille"“qua Hp

< Crexp(C2llallpligllplluzilioo -
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We also have from (2.17) that

luzilloo < C3lle™ " un|

= Gyexp(Caflallp)lluinllco -

Note that all the constants in the estimates depend only on €2 and p . Thus if C{C3 exp(2C>
lallpligll, < 1, then we have up; = u;; = 0. In the same way, one can show that
u12 = ugy = 0. This completes the proof. []

3. The Scattering Transform

We assume that  — Dk_1 Q : L*®(Q) — L*°(Q) is invertible and let I € L*°(2) be
the 2 x 2 identity matrix viewed as a matrix valued function. Define

—1
m@kﬁ:(l—DﬁQ) I, 3.1)

and the scattering transform by

1
Sk =——7 /Q E(Q@m(z, k) du(z) (3.2)

where the operator 7 is defined by
a 0 —i
j( 1 a12>=(. 1012>'
a1 axn ian 0

(i) For each fixed z, k — m(z, k) is differentiable as a function of k and satisfies

Theorem 5.

%m(z, k) =m (z.k) Ap(2)S(k) . (3.3)

(i1) There are constants C3 and Cy4 such that

C3

lmi1C, k) —1loo+ Im22(, k)_lnoofm(”a”p + Dexp(Callallp)ligllp ., (3.4)
C3

lmi2(, k) lloo + lIm21(, k) lloo < m(”a”p + Dexp(Callallp) - (3.5)

Proof. (i) is proved in [3].
Note that m satisfies
Eim—D 'ExOm=1.

Thus m 1 and my satisfy
_al( Ta
mi; =9 e’ “gmor ) +1 3.6)

ex(Dmay =97 (eke_Tam11> . (3.7)
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From (3.6), we have
o Ta
lmi1 = e < Cille “gma ||p

< Crexp(C2llallpligllpllm2illco - (3-8)

We have that 99 is a Calder6n—Zygmund operator and therefore is bounded on L? (1 <
p < 00). Using this and (3.6) gives

lom11llp < C3le™“gma ||p
=< Czexp(Callallp)ligliplimailloo - (3.9)

Since ex(z) = #aek (2), one can see from an integration by parts that
3 (exe ™ T m11) (2)

1 r—
= [C(eke*T"mu)bQ)(z) + 37N ex(@Ta@)e T myy)(z) — 3! (eke*TaamU)(z)]

1
=—[h+ L+ I].
ik
A standard estimate for the Cauchy transform, (2.15), and (3.8) gives

”11 ”OO =< C4H67Tamll ||C"‘(8S2)
-T

< C4”€ a ||Ca(§)||mll ”ca(§)

= Csexp(Callallp)lallpliglipllmailioo + 1) . (3.10)
Since 9T is bounded on L? (p < 00), we have

Il < Cs||(@Ta)e™ " my ],

< CsllaTallp e "] lImiilloo

< C7llallp exp(Callall p)Igll pllm2illoc + 1) . (3.11)
From (3.9), we get

I53]ls0 < Clle™ | Nldmnllp
= Crexp(Callallp) gl plim2illoo - (3.12)

It thus follows from (3.7), (3.10), (3.11), and (3.12) that

Cg

| llallp exp(Callall p) gl pllm21lleo + (llall , + 1) exp(Callall p)]

lm21lleo <

and hence

Cy
|k|
if |k| is so large that Cglla|l , exp(Czllallp) gl p < %|k|. We can easily conclude from (3.6)
that

Imatllee = —=(llall, + 1) exp(C2|lallp)

Cio
lmi1 — oo < W(”a”p + Dexp(C2llalipligllp -

Estimates for m 12 and m>; can be derived in the same way. This completes the proof.

L
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Lemma 3.
Suppose that g € W!7(RQ). Let the scattering matrix

(0 sk
S(k)_<sz(k) 0 >

Then, there are constants C{ and C, such that

c

Is1 (k)| < ] Jlr T Uallp + Dexp(Callallpligliwrr - (3.13)
C

ls2(k)| < ] Jlr L Ulallp + D exp(Caliallp)(lglly + 1) - (3.14)

Proof. Let
m=1+m.

By (3.2), we have

1 - -
100 == [ @@ (@) (1 + (@) duta)
Q
If |k| is small, it is easy to see, using (3.4), that

Is1 (k)] < Cillallp exp(Callallpligllp -

If |k| is large, we get from (3.4)

C
< —(lall, + 1)€XP(C2||a||p)I|61||§, .

} / e ()€™ O g (i (2) dp(2)| <
Q k]|

By an integration by parts, we can show that

Ci
< —(llallp + 1 exp(Callall p gy -

‘ / 8™ g2y dp(o)| <
A ]

This gives (3.13).
Since

1 —Ta(z) ~
s2(k) = ——/ e_(z)e (I +m11(2)) du(z),
T JQ

(3.14) follows from (3.4) and the same argument. This completes the proof. L]

4. Proof of Theorem 4

In this section we prove Theorem 4. We need the following lemma due to Sun
(Equation (3.44) in [8]).

Lemma 4.
If Cay g, = Cay.qr» then 37 'a; = 371y on 3Q2.

Z. Sun proves this lemma under the assumption that the DN maps are the same.
However, exactly the same argument works with the assumption Cy, 4, = Ca,,4,- Also
Sun’s proof works under the weaker regularity assumptions assumed in this article. We
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also remark that the proof is similar to the one given in [12] for the case that the magnetic
potentials are zero to show that 3~ '¢; = 3~ ¢> on <2.

Lemma 5.
Suppose that Cyy 4, = Cay,q,- If 1 — Dk_lQ(l) is invertible on L>°(Q), so is I —
Dl:] 0®.

Proof.  Suppose that
(1-D'0®)m® =0 ing.

We then define ¥ by (2.8). Then, by Lemma 1, wz(? and wz(? are solutions of the
equation (9 + @)(d — a)u — qou = 0 in Q and there are f;j € H(C \ Q) N (C\ Q)
with f;;(z) = O(z|™Y as |z] = oo, i,j = 1,2, satisfying (2.11) and (2.12). Since
Cai,q1 = Cay,q,» there are solutions, say #1 and us, of @+a)®@—a)u — qgiu = 01in Q
such that

_1 _.—_ -
uilpn =l @ik fy

—1_ .
@ —anuilse =e? @eitkf
and

71 _i3 -
uslp0 = e @ik fyy

—1_ .7
@ —aDuzlse =e? @eitkf, .

Define m(D by

=1 .
@ —apur @—apuz \ _ e”? @ 0 o) 'tk 0
< ui uz ) B ( 0 e ) m 2, k) 0 e iz ’

Since 8 'a; = 9 1ay on Q2 by Lemma 4, we have m(lll) = f11, ekmgll) = f21, E,km(llz) =

fi2, mélz) = f» on 32 and hence C(ExmV|3q) = 0 in Q. Therefore, by Lemma 1, we
have

(1 - D,;IQ(“) mD =0 inQ.

Since I — Dk_1 0 is invertible, we have m" = 0 in Q. Thus we conclude that f;; = 0.

It then follows from (2.11) and (2.12) that 37 = 9y, = 0 on 92, j = 1,2. We then
have from the unique continuation property of the Schrodinger equation with magnetic
potential [1] that v>; = 0 in €2, and hence m® = 0. By the Fredholm alternative, we have

the invertability of 1 — Dk_1 Q® on L*®(R). This completes the proof. L]

Lemma 6.
If Cay gy = Can.qo and I — D' QO is invertible on L°(£2), then the corresponding
scattering matrices coincide, i.e., S M (k) = S@ (k) for all k € C.
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Proof. Letm') = (I — Dk_lQ(j))_l(I), j =1, 2. Then the scattering matrix S (k)
is given by

SO (k) = —%J f ExomY) du(z)
Q

1 .
=——J/ DEmY du(z)
T Q

1 .
0 — | emPaz
Q

- 1 0 =
- d 0
i /39 epmy1 dz

Thus it suffices to prove that m®M =m® on dQ. This can be proved using (2.10). In fact,
define w(} ), j =1, 2, according to (2.8), namely,

—1_ .
. —d aj 0 X etzk 0
w(/)(z’ k) = ( e 0 J ea_laj ) m(J)(Z’ k) ( 0 e_izk ) .

Then, fork = 1,2 and j = 1,2, ¢/ and v{/ satisfy
(@+a)) (9 —a)) vy —a;¥5 =0, inQ
@ —apval’ =vip -

Since Cqy,.q; = Cuay.q,» there exist solutions, say #1 and uy, of the equation @+ ax)®d —
a)v — g2v = 01in 2 such that

1
urloo = lﬂék)lasz ,

1
(0 — ax)uglaq = lﬂl(k)lasz .

Define m by

—1_ .
@—aduy @—aduy \ _ [ e @ 0 ek 0
< ui ) > N ( 0 o )m(z’ k)< 0 e-itk |-

Since 3 'a; = 9 'ap on 92, we have m(z, k) = mW(z, k) forall z € 3Q and k € C and
hence
Ek_IC(Ekme) = Ek_IC (Ekm(l)Lm) =1 inQ.

It then follows from (2.10) that

(1-p7'e®)m=1=(1-D'0?)m® ing.
Since (I — Dk_] Q(z)) is invertible, we have m = m®. In particular, m = m®@ on dQ.
This completes the proof. L]

We are now ready to prove Theorem 4.

Proof of Theorem 4. If ¢ is so small that C; exp(CM)e < 1, then by Lemma 2,
(I — D' W) is invertible on L>(£2). Then, (I — D; ' Q@) is also invertible on L>(£2)
by Lemma 5. Define m/), j = 1,2, by
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(1 _ Dk_lQ(j)> mD =1 ingQ,

andlet SU) (k) be the corresponding scattering matrix. Then by Lemma 6, we have SV (k) =
S@ (k) forallk € C. Put S(k) := SV k) = S@ (k) andm(z, k) := mV(z, k) —m? (z, k).
Then, by (3.3), m satisfies

P _
Sem@ k) =m (e F) A@Sk), keC. @.1)
Moreover, by (3.4) and (3.5), we have

C
m(-, k <—, keC. 4.2
lm (-, k) lloo T A (4.2)
We now show that m = 0. In view of (4.1), we obtain

d - -
ﬁ(mn +ma1) = (m2 (2, k) £maa (2, k)) e—xsz

%(mlz +ma) = (mi1 (2, k) £mo (z.k)) éesi
We then obtain using (4.2) that

mit £ myy =0 ((m12 (2. k) £maa (z,k)) e—xs2)

mip £my = 51:1 ((m11 (2. k) £mai (z. k) éxst) -
Here 3; ' is defined to be

— 1 k
aklf(w) Z_;A%du(k)v we(cs

and 9 L is defined likewise. It is well-known that 3 : L?; — L?; 41 is bounded where

L% is the L2 space on C weighted by (1 + |k|2)®. Thus it follows from (3.13) and (3.14)
that

lmiy £ maill 2 = Cilllall, + Dexp(Callall ) lgllp + Dlmiz £ maall 2,
llmi2 £maall 2 < Cilllallp + 1) exp(Callallp) g lrpllmin £ marll 2 -
Here the Lg-norms are in the k-variable. Thus we have
lmiy £ maill 2 < C(M + 1% Melmyy £ ma 2

for some constant C. If € is so small that C (M + 1)2eCMe < 1,thenwehavem;£tmy; =0
and my2 £ my = 0. Hence m = 0, or m™Y = m@. It then follows that 0V = 0@ in Q,
and hence e7% = 7% and q; = g, in Q. This completes the proof. L]

Theorem 1 immediately follows from Theorem 4 once we observe that
1 19 S
_ZZ<Tf —A,-) = (9 +4a) (@ —a) +rota

where a 1= %(Az +iAp).
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