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ABSTRACT.  There are many advantages in the use of Hadamard matrices in digital signal
processing. However one possible disadvantage is the so-called overflow, as measured by the
associated Lebesgue constants. We show that for certain classes of recursively generated Hadamard
matrices, there are logarithmic upper bounds for these constants. On the other hand, for some
Hadamard matrices the Lebesgue constants are of order /m. These results have natural analogues
in classical Fourier analysis.

1. Introduction

Let E be an m x n Hadamard matrix, which for our purposes means its entries are all
=+1 and its rows are mutually orthogonal. The rows of E form a basis of R" precisely when
m = n, and in this case we say that E is a full Hadamard matrix. The orthogonal projection
onto the span of the rows of E is the matrix § = n~' E*E, where E* is the transpose of
E. The norm of S as a linear operator on R"” equipped with the Euclidean norm is 1, since
it is an orthogonal projection. However there are other norms for R”, and each of these
determines an operator or matrix norm. In particular, if ||x| o, = sup;<;, |x;| denotes
the supremum norm for R”, then the corresponding co-norm (or gain) of an m x n matrix
A = (a;;) is defined by

n
1Alloo = sup {l[Axlloo : ¥ € R, llxllog = 1} = Sup > aij] - (1.1
§l§mj=1

The Lebesgue constant of E is the oo-norm of the projection operator S. We write L(E) =
[ISlloo- Thus if E' = (e;;), then

LE)=n"" sup Z Zekiekj ) (1.2)

Isiz=m i k=1
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Lebesgue constants of Hadamard matrices are invariant under various elementary
transformations. In particular, it follows easily from (1.2) that

L(PiD\EDyPy) = L(E) ,

where D1 and D; are diagonal matrices with =1 diagonal entries and P; and P, are per-
mutation matrices. Thus £(E) is unchanged by multiplying any row or column of E by
—1, or by reordering the rows or columns of E.

‘Row inflations’ also leave Lebesgue constants invariant. That is, suppose that E is
a Hadamard matrix, r is a positive integer and that [E E ... E] denotes the 1 x r block
matrix, each of whose entries is E. Then it is easy to verify that

L(E)=L(EE ... E). (1.3)

There are many applications of Hadamard matrices in digital signal processing [2,
7, 8]. For example, a signal x may be treated as a vector in R"” and ‘encoded’ by its
Fourier coefficients with respect to some orthogonal basis. Using a Hadamard matrix E,
the rows of E are the basis vectors, and the Fourier coefficients are obtained by matrix
multiplication; they are (up to a scalar multiple) simply the entries of Ex. Furthermore,
the fact that the entries of E are all =1 means that the entries in the product Ex can be
evaluated simply as sums and differences of the entries of x. The product Sx is a partial sum
of this Fourier expansion and can also be evaluated easily. It can be regarded as a ‘partial
reconstruction’ of x. In data reduction this reconstruction is based on a relatively small
subset (of size m) of the full set of size n Fourier coefficients. However, an undesirable side
effect of this process is the so-called ‘overflow.” In many practical situations, for example
in the quantized intensities of pixels of an image, there is a natural bound on the size of
the components x;, and we would like the components of the reconstruction Sx to satisfy
the same bound. The Lebesgue constant is a measure of the extent to which this can fail.
If the gain L(E) = 1, (which rarely occurs for Hadamard matrices), then the components
of Sx satisfy the same uniform bound as the components of the original signal x. On the
other hand, if £(E) > 1 then there are signals x for which the reconstruction Sx has
components that greatly exceed the bound on the components of x. For this reason we
study the behavior of the Lebesgue constants associated with various types of Hadamard
matrices. In particular, we are interested in the growth rates of L(E,,) as m increases, where
E,, denotes the matrix consisting of the first m rows of a given Hadamard matrix E.

There is a strong Fourier analysis background to this study. Suppose that {e(’ )ire
Z} is the standard Fourier basis of L2(—, ), (here ¢ (z) = ¢'™). Then the classical
Lebesgue constants are

1 T

_ sin(m + 1/2)¢
2 ),

Lo sin(7/2)

These are the co-norms of the projections onto the subspace of L?(—, ) spanned by
{e(’) ] < m} and it is known [5] that £,, = %logm + O(1). Furthermore, by a deep
result of McGehee, Pigno and Smith [6], the co-norm of the projections onto the subspace
of L*>(—m, ) spanned by any set of m characters e is at least ¢| log m, for some constant
c1 > 0.

On the other hand, some rearrangements of the standard Fourier basis allow larger

lower bounds for the Lebesgue constants. For example, if r1, r, r3,... is a lacunary
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sequence of frequencies satisfying ry41 > ary for some o > 1, then [4]

m
§ : eirkt

k=1

1 m

:E .

Ly dt > C2\/E s (1.4)

for some ¢; > 0. (In fact, there is a more general result of the form (1.4) in which the set of
frequencies form a Sidon set, and the constant c¢; is related to the ‘Sidon constant’ of that
set).

We shall establish discrete analogues for this behavior. In particular, we shall show
that L(E},) isbounded above by ¢3 log m for areasonably wide class of recursively generated
Hadamard matrices E. On the other hand, there are Hadamard matrices E for which L(E},)
grows at least as fast as c4+/m. Some of these can be obtained as ‘lacunary’ submatrices of
the standard recursively generated ones. We shall also give heuristic arguments that suggest
that the \/m growth of L(E,,) is typical rather than the exception.

2. Slow Growth

In this section we show that there are classes of recursively generated Hadamard
matrices E for which the associated Lebesgue constants L(E,,) grow slowly with m, that
is, have logarithmic bounds.

2.1 Hadamard-Sylvester Matrices

Perhaps the most familiar Hadamard matrices are tensor powers of the 2 x 2 matrix

H = [ } _1 1 ] We call these the Hadamard—Sylvester matrices. Thus HV = H, and

for k > 1 H**D is defined recursively by

HO  g®
k+1) _ rg(k) _
H =HYQ H = [ O _pg® ] 2.1)
1 1 1 1
So H® = i _i _i :i , and so on. Each H® is a full Hadamard matrix of
1 -1 -1 1
size 2k x 2k,

There is a formula for the entries of H® [2]. If H ®) = (h;f)), then
)
hl.j =(-D" 2.2)

where i = ix_1ix—2...i1ip and j = jx—1jk—2 . .. j1jo are the binary expansions of the row
and column numbers i and j, and wherei- j = Zﬁ;g) iy ju- (For this purpose the rows and
columns are numbered from 0 to 2¢ — 1).

It is easy to verify that L(H®)) = 1 for each k > 1. We now examine the Lebesgue
constants of the submatrices H,;k). First we note that the numbers L(H,flk)) are independent

of k. To see this suppose that m < 2=, Then H,;k) = [H,;k_l) : Hn(f_l)] by (2.1), and so
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by the concatenation property (1.3)

L (H,;“) _y (H,Ef‘”) . 2.3)
It follows from (2.3) that E(H,,(f)) = E(Hn(f/)) itm < 2% < 2¥ and we denote this common

value by L(H,,).

The special nature of the Hadamard—Sylvester matrices provides a simple recursive
formula for the Lebesgue constants L(Hy,). In fact an argument based on (2.2) shows that
the sequence (L(H;,)),,> satisfies the recurrence relations

C(Hm) +L (Hm-H) +1
2
The behavior of the sequence (L(H,;)),,~1 can be seen in its graph, part of which
appears in Figure 1. Loosely speaking, L£(H,,) aepends upon the number of sign changes
in the binary expansion of m.

L (Hyy) = L(Hy) and L (Hypy1) =

for m>1. 2.4

4.5 T T T T T LR | T L |

25F

° 10
FIGURE |

It follows from (2.4) that L(H,;,) > 1 for all m and L(H,,) = 1 if and only if m = 2k
for some non-negative integer k. Thus L£(H,,) returns to its smallest value 1 at each integer
power of 2. The largest value of L(Hp,) in the interval 1 < m < 2k occurs when m = %2"

~

and m = 22%. In fact, if Y; denotes max | ., <ok L(H,,), then it can be shown using (2.4)
that for each positive integer k,
kK 7 2

3 1 1
Yi= =+~ +=(=2"*%=L(H,). wh =2k (=2F——(=DF). @5
k 3+9+9( ) (Hyn), where m 7 <12 3( ) (2.5)



Lebesgue Constants for Hadamard Matrices 251

The straight line in Figure 1 is the graph of 1 + % log, m. We can use (2.4) to show

that 1 + %logz m is indeed an upper bound for L(H,,). We state this result as our first
theorem.

Theorem 1.
Let Hn(lk ) denote the m x 2 matrix consisting of the first m rows of the k’th Hadamard—
Sylvester matrix, where 1 < m < 2k Then

c (H,ff)) <1+ %logzm .

Theorem 1 gives the sharpest bound for £(H,,) of the form « + flog, m. For if
L(Hy) < a+pBlogy,mforallm > 1, then L(H;) = 1 implies that > 1 and (2.5) implies
that 8 > 1/3.

2.2 A Class of Recursively Generated Hadamard Matrices

We give a recursive method for generating full Hadamard matrices including the
standard Hadamard—Sylvester matrices H ¥ as special cases. The construction was inspired
by the recursive definition of the so-called PONS matrices as given in [1].

We start with a given full Hadamard matrix E of size p x p, say. We write E in block
column form

E= , (2.6)

where each A, consists of p/q consecutive rows of E for some factorg of p. For1 <r <gq
let ASD = A,, and for each k > 1 let A§k+l) be the p x p block matrix given by

k+1 (k) p
AGHD _ [e,-,-AHr,l]ij:l : @7

where the subscript for A% in (2.7) is interpreted as j + r — 1 (mod ¢). Finally we define
foreach k > 1

*
EO =[aP 4P . aP]" (2.8)

1
1
Sylvester matrix. However if we use the same starting matrix E and set ¢ = 2, then

Ar=A"=[1 1] 4=a"=[1 -1],

Example 1. If E = |: _i ] and ¢ = 1, then E® = H®, the k" Hadamard—

A aA 111 -1
£ AP A Al 11 -1 1
L a? AP A0 | - 1|
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and so on.

We can obtain logarithmic upper bounds for the Lebesgue constants associated with
the recursively generated Hadamard matrices E®), defined above. The proof appears in
Section 4.

Theorem 2.
Let E,gf) denote the m x p* matrix consisting of the first m rows of the Hadamard
matrix E® as defined by (2.8), where 1 <m < pk . Then

2
p p
E(E,Sf)) < ? (1 —Hogpm) + g

3. Rapid Growth

There are various ways of obtaining Hadamard matrices E whose Lebesgue constants
L(E,,) grow rapidly, that is, faster than c/m. Perhaps the simplest of these is the following.

We shall say that an m x 2" unimodular matrix is column-complete if its columns
are all possible vectors of length m with £1 entries. It is easy to check that the rows of any
such matrix are mutually orthogonal. We can show that the Lebesgue constant of such a
matrix is of order /m.

Theorem 3.
If B is a column-complete unimodular matrix of size m x 2, then

£(B(’”)>/Jn_1—>/2/7asm—>oo.

Proof. Each entry of B®*B® is a sum of the entries in one of the columns of B,
and the rows of B/™* B(") ¢onsist of all of these column sums, arranged in different orders.
So the rows of § = 27" B™* B™ a]] have the same 1-norm, and £(B) is the average
of the absolute values of these column sums. That is,

2" | 'm
L (B(m)> =2"" ; ;b[/’

: @3.1)

where b;; is the (i, j) entry of B The sum in (3.1) can be evaluated using the binomial
theorem, but its form depends on whether m is even or odd. We can show that if m is even

then
L (B(m)) =L (B(mfl)) — m(m)! —m _ lz_meem/IZm
((m/2))? T ’
where |6,,| < 1, by Stirling’s formula, and the theorem is proved. L]

3.1 Lacunary Submatrices

We can show that drastic rearrangements of the rows of the Hadamard—Sylvester ma-
trices can produce matrices whose Lebesgue constants grow rapidly. These rearrangements
are natural analogues of the lacunary subsets in classical Fourier analysis.



Lebesgue Constants for Hadamard Matrices 253

Theorem 4.
Let R,Sf) denote the m x 2% matrix consisting of rows 2122 . 2mof H® where
m < k. Then for m sufficiently large

£ (R®) ~ Van7r

Proof. The recursive definition for H® can be used to show that R,Sf ) is a row inflation
of R,(,,m) and that R,§1m) is column-complete. Now apply (1.3) and Theorem 3. L]

We conjecture that similar results hold for lacunary submatrices of the matrices £®)
as defined in Section 2.2.

3.2 Random Bases

We now examine the expected behavior of the Lebesgue constant of a ‘randomly
generated” unimodular matrix, that is a matrix E = (e;;) where the ¢;; are independent
random variables that take the values 1 and —1 with equal probability. We shall assume
that m?2 < n, where m and n are the number of rows and columns of E, respectively. We
define the Lebesgue constant of E in the same manner as before: L(E) = [|S||o,, Where
S = n~'E*E. The matrix S is unlikely to be an orthogonal projection, but we shall show
that S is close to an orthogonal projection with high probability.

Theorem 5.

Let E be a randomly generated unimodular matrix of size m x n, where m < a./n
and o < 1. Suppose also that 0 < k¥ < +/2/7 and that ¢ > 0. Then for all sufficiently
large m,

h(cw)>mwﬂ)>1—g. (3.2)

Furthermore, if S’ is the orthogonal projection onto the range of § = n~! E*E, then for all
a’ > a and all sufficiently large m,

Pr([s—5,<a)>1-¢. (3.3)

Proof.  Write S = (5;;) where s;; = n=' Y}, exiex;. Then s;; = mn~! for each i,
and for each i # j, s;; is a random variable with expected value €(s;;) = 0 and variance
Yar(s;j) = mn~2. It follows from the binomial theorem and Stirling’s formula that

¢ (|s[j|) = ,/2/7'[@9/12’"m1/2n_1 and %at(|sili|) = (l - %69/&") mn~2 <mn~?,

for some 0 (dependent on m) satisfying || < 1. So if S® denotes the i row of S, then

(,S(Hs(i)’l) = mn V2 m e 2y — 1y

V2112 and
Q]at(HS(i)Hl) mn~' <m~!.

\

A
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So by Chebychev’s inequality, Pr (|| §® ||1 > /cml/z) > 1 — ¢ for all sufficiently large m.
Since L(E) = || S|l = sup; [SP],. (3.2) follows.

Let G = n"'EE* = (g;;). Then g;j = n=' Y}_, eixej, and so g;; = 1 for each
i, and for i # j, g;; is a random variable with expected value €(g;;) = 0 and variance
Yar(gij) = n~L. Let |I — G| s denote the Hilbert—Schmidt norm of I/ — G. Then

11 = Glifs = Yiz, & and

m(m — l)n_1 < 012, and

e (I - Gliy)

Lar (III - G||%1,S) dmm — )(n— Hn3 <4m®’n™% <4m™2 .

So by Chebychev’s inequality, Pr (||/ — G||gs < @) > 1 — ¢ for all sufficiently large m.

If |1 — G|, < 1, then G~ exists and has a positive square root G2 LetF =
G~'2E,and let S’ = n~' F*F. Then S’ is an orthogonal projection with the same range
as S. So ||Fll, <n'/?, and

IS =8|, =n""|F*U = G)F||, <1 —Glla < Il = Glys .

and (3.3) follows. L]

4. Proof of Theorem 2

In this section we outline the proof of the main result in Section 2.2. We shall
need several lemmas, the first of which is a simple consequence of (1.1) and the triangle
inequality.

Lemma 1.
Suppose that the matrix X has m x n block form: X = [X;;]. Then

1Xlloo < nsup | Xij] . -
L]

The second lemma ensures that the matrices E® are indeed Hadamard matrices.

Lemma 2.
Suppose that Agk) is as defined by (2.7). Thenfor 1 <r,s <gandk > 1,

prAP AR =51, .1

where [ is an identity matrix.

Proof. The proof is by induction on k. From (2.6) EE* has ¢ x ¢ block matrix form
(ArA_f)q But E is a Hadamard matrix and so EE* = pI. So (4.1) holds for k = 1.

r,s=1"
Now suppose that (4.1) holds for some k£ > 1. By (2.7) A§k+1) A§k+1)* has p x p

block matrix form (B,“,){Z v—1» Where

P P
k k
By, = E e”werAi(ylrflAgufsfl = ( E euwevw> pkgrsl = pk+18rs8uv I,
w=1

w=1
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by the inductive hypothesis and the assumption that £ is a Hadamard matrix. So AﬁkH)
A§k+1)* = p**1s,,1, and since this establishes the inductive step, (4.1) holds for all k > 1.
L]

By (2.8) E® E®* has ¢ x ¢ block matrix form [Aﬁ")A?‘)*]fS:l ,and so by Lemma 2

pFE®E®* — | Tt is clear from (2.7) and (2.8) that E® is unimodular, and so E® is
a full Hadamard matrix.

Lemma 3.

For each positive integer k > land 1 <r,s <gq,

p a0 a®| < psa. “.2)

Proof.  Again the proof is by induction on k. Since each Ay is a p/q x p unimodular
matrix, A¥Ag is a p X p matrix, each of whose entries is bounded in absolute value by p/q.
Therefore |A¥As | < p*/q. So (4.2) holds for k = 1.

Now suppose that (4.2) holds for some k > 1 (and all r and s5). By (2.7) A£k+l)*A§k+l)

has p x p block matrix form (Cuv)f v—1» Where

p
k k k k
Co = (Z ) ADE A® = s a®r a®
w=1

£k+l)*A§k+1)

since E is a Hadamard matrix. So A isa p x p block diagonal matrix with

diagonal entries pA®* A%, pAflf:TAglfgl, e pAfI;);_lAgi)p_l, and hence
i _ k k
pkl HA£1<+1>*A§/<+1) H —p~* sup HAQ;HAQWF] H <prlq,
© I<u<p ©
by the inductive hypothesis. So (4.2) holds for all k > 1. L]

Lemma 4.

For each positive integer k > 1,1 <r,s <g,and 1 <m < pk/q,
P A0 POAB| < k=1p2a+p/a, (43)

where P,,(,k) is a diagonal matrix of size p*/q times p¥/q, whose first m diagonal entries
are all 1 and whose remaining diagonal entries are all 0.

Proof.  Again the proof is by induction on k. By an argument similar to that used in

Lemma 3, |A*PS" A, H < p2/q. So (4.3) holds for k = 1.
o

Now suppose that (4.3) holds for some k£ > 1 (and all r,s and m). By (2.7)
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Pn(1k+1)A§k+l) has p x p block matrix form:

B k k k T
en Al enAl), e elPAE—gp—l
k k k
e A enA, o A,
*) *) *)
eu1Ays ep2Agyy T eupAerp—l (4.4)
k k k k k k
e PYAY e 12PPAY) e, PPAY)
0 0 0
i 0 0 0 i

where m = pup*/g +vand 1 < v < p¥/g. So AXTD*pUD A& has p x p block

matrix form (Dm,)i7 v—1» Where

w
(k)= (k) (k) k) 4 (k)
Dyy = (Z €;u€w> Ar+u—1As+v—l + e/i+1y'4€l/-+1>vAr+u—1Pv( )As+v—1 :
t=1

Therefore

(k)* (k)
p H Ar+u— 1 As—i—v—l

< pg+p* ((k - Dp*/g+ p/q)
= kp"*? /g + P /g

(k)= (k) 4 (k)
+ HAr—i-u—IPV As+v—1

[ Duvlloo

IA

by Lemma 3 and the inductive hypothesis. So by Lemma 1

p ! HAV‘“)*P,E{‘“)Ay‘“) HOO < psup I Duvllos < kp*/q + p/q -
u,v

So (4.3) holds for all k > 1. L]
The next lemma gives a modification of inequality (4.3).

Lemma 5.
Suppose that 1 <m < pk /q. Then foreachk > k" and 1 <r,s <gq,

P AR PP AR | < (= 1) PP+ p/a. 4.5)

Proof. If k = k/, then (4.5) reduces to (4.3). So suppose that (4.5) holds for some
k > k’. Then the p x p block matrix form (4.4) for P,,(1k+l)A§k+l) reduces to

k k k k k k
en Pyl AL enPPAY) e, PAY
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p
So ASkH)*P,S,kH)Ang) has p x p block matrix form [eluelvAilf:_lP,flk)Agfzv_l] R

u,v=1
and hence
—k—1 1 1 1 —k k k) 4k
prit [adr Al ] o pE sup |a®n pBA® |
S I<u,v<p &
2
< K—=1)p*/g+p/q

by Lemma 1 and the inductive hypothesis L]
Lemma 6.

Suppose that 1 <m < pf/gand 1 <r,s < g. Then

2
—k || 4% plh) 4k p p
P HA£ P p kAL )Hoo < v (1+1log, m) + 7

Proof. L/et k' = [log P mq—|, the least integer greater than or equal to log, mq. Then
1 <m < pX/qandk > k'. So by Lemma 5

p* HAﬁk)*P’;k)Agk)

‘OO <(K—=1)p*q+p/q.

Butk’ — 1 <log,mq < 1 +log,m since log,q < 1. L]

We can now complete the proof of Theorem 2 by finding the desired logarithmic
bound for £(E,(,f)). Write m = up*/q + v, where 1 < v < pX/q. If p¥/q < m, then

T
EW = (AP 4P . a® PP 0. 0)

So by Lemmas 3 and 4,

m
k k @ 40 | A% pl) 46
K(Efn)) = pF > AP AR 4+ AW PR AL
t=1 00
ST ® ®)
—k * —k * (k)
A A
< p*/q+(k—Dp*/q+p/qg=kp*/q+ p/q
< (l+log,m)p*/q+p/q.

On the Other hand, lf 1 <mZ< pk/q, thel‘l

(1+1og,m) p*/q + p/q

IA

by Lemma 6.
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