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An Almeost Orthogonal Radial Wavelet
Expansion for Radial Distributions

Jay Epperson and Michael Frazier

ABSTRACT.  This paper presents an expansion for radial tempered distributions on R" in terms
of smooth, radial analyzing and synthesizing functions with space-frequency localization prop-
erties similar to standard wavelets. Scales of quasi-norms are defined for the coefficients of the
expansion that characterize, via Littlewood—Paley—Stein theory, when a radial distribution be-
longs to a Triebel-Lizorkin or Besov space. These spaces include, for example, the L? spaces,
1 < p < oo, Hardy spaces H?, 0 < p < 1, Sobolev spaces L?, and Lipschitz spaces Aq, o > 0.
We also present a smooth radial atomic decomposition and norm estimates for sums of smooth
radial molecules. The radial wavelets, atoms, and molecules that we consider are localized near
certain annuli, as opposed to cubes in the usual, nonradial setting. The radial wavelet expansion
is multiscale, where the functions in the different scales are related by dilation. However, there is
no translation structure within a given scale, unlike the situation with standard wavelet systems.

0. Introduction

We develop an expansion of wavelet type adapted to the study of radial functions on R”, or
more generally, radial tempered distributions on R”. By “radial” we mean spherically symmetric.
If f:R" - Cand R € O(n),let Rf : R* — C be given by Rf(x) = f(R™'x). We consider a
tempered distribution ' € S’(R") to be radial if f(g) = f(Rg) for every test function g € S(R")
and R € O(n). More specifically, a radial function is of the form f(x) = fo(|x]), fo : [0, 00) — C.
For f: R" — C, radial or not, we could consider its expansion in terms of an orthonormal wavelet
basis {wl(f,;)}, weZ ke, j=1,...,2"—1,where w;’,;)(x) = 211/24, () (21 x — k) for appropriate
¥ (see [3, 15, 17]), or we could consider its (nonorthogonal) ¢-transform decomposition

f = Z Z(fs (p,uk)wuk

neZ keZ"
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for ¢, and V¥, determined by certain ¢ and i as above (see [9, 11]). One advantage of these
expansions is that most traditional function space norms are precisely characterized via Littlewood—
Paley—Stein theory by certain expressions involving the magnitudes of the coefficients in these
expressions [11, 12, 17]. Another advantage is that the ¥, and ¢, can be taken to be both spatially
and frequency localized so that the coefficients give a simultaneous space-frequency analysis of
f. In applications, such as signal analysis or numerical partial differential equations, this allows
one to combine the advantages of a Fourier decomposition—such as diagonalization of translation-
invariant operators, which becomes near-diagonalization for these and many other operators in the
@-transform and wavelet cases—with the ability to focus on interesting local behavior, such as shock
formation. In many real-world applications the essential characteristics of a signal are carried by
relatively few terms of the wavelet expansion as compared to the Fourier expansion, leading to quick
computation and rapid convergence of various numerical schemes. (See, e.g., [1, 2, 19].)

For a radial function, it should be possible to exploit the radial symmetry for mathematical
or computational advantage. However, the expansions above are not suitable for this. Even if i is
radial, its translates and dilates v, are not. Roughly speaking, the sum indexed by all translates over
7" introduces many unnecessary degrees of freedom in the expansion of a radial function f. We
will demonstrate the existence of radial functions {¢,t}, ez kez+ and {¥4} ez kez+ that are smooth,

frequency localized (supp @z, ¥ C (€ : 2#72 < |&| < 2%}), and spatially localized near certain
annuli 4, such that aradial f : R" — C can be expanded as

L= 0 ouk) Yk )

neZ k=1

See §2 for the exact statements. Note that the range of & is independent of the dimension 7, reflecting
the radiality.

We cannot obtain a satisfactory version of (1) simply by applying the standard one-dimensional
wavelet results to the restriction of f to R and extending radially to R” since this process destroys
Fourier transform localization, vanishing moment conditions, and norm estimates. Also, we cannot
apply the methods of the “T" of b” theorem [4] to a restriction of f since the relevant measure
" 1dr is not para-accretive. Moreover, the methods used by Meyer, Mallat, and Daubechies to
construct orthonormal wavelets do not apply here (as far as we can see) since these methods depend
on an underlying translation (or at least lattice or group) structure. So although we are interested
in exploiting symmetry (radiality), the main difficulty is to remove translation symmetry from the
construction. Further work in this direction is done in [6], where we develop a wavelet decompostion
adapted to polar coordinates in R?. In that case we have neither translation nor dilation symmetry.

The identity (1) is a nonorthogonal expansion similar to the ¢-transform decomposition noted
above; in fact, its derivation is similar. We start with a sampling formula (Theorem 1.1) for radial
band-limited functions—see the related results in [14]. This formula is obtained by a method similar
to the proof of the Shannon sampling formula (which lies behind the g-transform—see, e.g., [13]),
except that we use a Fourier—Bessel expansion instead of a Fourier series expansion. The sampling
formula and a standard partition of unity on the frequency side lead to (1).

As for the ¢-transform and wavelet expansions, Littlewood—Paley techniques can be applied
to (1) to obtain norm characterizations of the function spaces covered by Littlewood—Paley theory.
These include the L? spaces, | < p < oo, the Hardy spaces H”, 0 < p < 1, the Riesz potential
spaces, and the homogeneous Lipschitz spaces. To treat all these cases systematically, we state our
results for the homogeneous Besov and homogeneous Triebel-Lizorkin spaces, denoted B;q and



Wavelet Expansion for Radial Distributions 313

F'Zq, respectively. See §2 for precise definitions and results for F Zq; the Besov spaces are considered
in §5. In §6 we state results for the inhomogeneous Besov and Triebel-Lizorkin spaces, which
include as special cases the Bessel potential spaces L%, @ > 0, 1 < p < 00, and in particular the
Sobolev spaces LY. See [12] for a discussion of all these spaces in the context of Littlewood—Paley
theory, the g-transform, and wavelets. For a sequence s = {s,t} ez rez+- l€t

1/q
sl e = (22(2“ |k 1X 4,,) ) :

neZ k=1 Lr(R)

where X 4, = |Auk|™"*x4,, is the L?-normalized characteristic function of an annulus 4, defined
in §2. Our basic result in the case of homogeneous Triebel-Lizorkin spaces is that for radial f,
aeR 0<g <+4+00,and 0 < p < +o00,

IIfIIF“j(Rn) ~ I{(f, %k)}llr';q, 2

where &~ means the two quasi-norms are equivalent. (See Corollary 2.1 and similar results for the
Besov spaces in §5.) This is much like the case with the usual ¢-transform or wavelet characteriza-
tions, with cubes being replaced by annuli; in particular, the right side of (2) depends only on the
magnitudes of the coefficients in (1). These results are proved in §§1 and 2.

In §3 we obtain sufficient conditions for a family of radial functions m ., u € Z, k € 7", to
be a “family of radial molecules” for F r;q; by definition this means that for every sequence s € 77,

2, Z Sk

neZ k=

< cllslles, 3)
.aq 13
Fp

where ¢ < 0o is a constant independent of the sequence s. By Theorem 2.2, the collection {1} in
(1) is a family of radial molecules for F";q Such families are important, for example, because any
linear operator that is radial (i.e., takes radial functlons to radial functions) and has the property that
{T i} is a family of radial molecules for F is by (1), (2), and (3), bounded on the space R of
radial elements of Fl; . A radial function m, is defined to be a smooth radial molecule over A 1k
for R;q if it satisfies certain size, smoothness, decay, and cancellation conditions depending on ¢, p,
and g—see §3. The main result in §3 is that if each muk is a smooth radial molecule over 4, for
? then {m &} is a family of radial molecules for F » . This is the content of Theorem 3.1.

The conditions assumed for smooth molecules m ,; in Theorem 3.1 are similar to those in the
rectangular case, with cubes replaced by annuli, except for the cancellation condition:

P b}

/ m i (x)|x|/ dx =0, “)

required for j =0, 1,...,/, where/ > n/ min{l, p, g} —n — 1 — « (the condition is void if / < 0).
To understand (4) consider the case « = 0, p,q > 1 (e.g., F'?,z ~ LP, 1 < p < 00), so that the
minimum acceptable / is zero. Then condition (4) is just that the molecules m ,; have mean zero.
The proof of the ¢-transform analogue of (3) in [11] involves using the cancellation assumptions
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to subtract off constants in certain convolution estimates, leading to geometric decay terms arising
from the diameter ¢, - 27* of the dyadic cubes { O,k }rez in R" of side length 27#. Now it happens
that the diameters of the annuli 4,4 go to infinity with k, for fixed . Nevertheless, we obtain a
positive result because of the fact that a radial function with mean zero is orthogonal to any function
that is homogeneous of degree zero, not just to constants. Thus, in the proof of (3) we can subtract
a function of the angle, leading to estimates involving the width of the annulus A4, (i.e., its outer
radius minus its inner radius), which is bounded by ¢ - 27* independent of k. We emphasize the case
I = 0 because then (4) is just the usual mean zero condition, but this principle of compensating for
lack of localization by using stronger cancellation is behind the use of (4) to prove (3) in the general
case.

As we take / > 0 (in particular « — —oo or p, ¢ — 0), condition (4) becomes unfamiliar and
quite restrictive. Unlike the cancellation condition in [11], (4) does not follow from the assumption
0 ¢ suppm ., for the odd values of j. In particular, the functions v, in (1) do not necessarily
satisfy (4) for odd values of j. Consequently, from Theorems 2.2 and 3.1, we have two families of
molecules, neither of which contains the other.

In §4 we consider the radial analogue of the smooth atomic decomposition results in [9] and
[11], which held there for all «, ¢, p indices. For the radial case, if / < 0 in (4), we can imitate
these methods using annuli instead of cubes to get analogous results (see Theorem 4.1). However,
if [ > 1, the restrictiveness of (4) does not allow this method to succeed and we do not know if there
is an appropriate radial result in this case. Although the cases where / < 0 are of main interest (e.g.,
L? spaces and Sobolev spaces), this phenomenon is curious and perhaps merits further study.

In §5 we consider the Besov spaces, in §6 the inhomogeneous spaces, and conclude with some
further questions in §7.

1. Preliminaries

For the Fourier transform, we use the conventions
f& = / f)e™dx and f(x) = (2;1)*"/ F(&)e™ de.
RVI Rﬂ

Let do, denote (unnormalized) Lebesgue surface measure on the sphere {x € R" : |x| = ¢}, and let
w,—1 denote the measure of the unit sphere {x € R" : |x| = 1}. Then we have fda, = w,_ "L
The usual convention is in effect, i.e., that the symbol ¢ denotes a constant that can change from line
to line in a sequence of inequalities. We take as our definition of Bessel functions

1

2)Y ! 4
(x/2) / (- t2)v—l/ZelXt dt forv > _55
-1

S = =2
)= w1 1/2)
and J_;2(x) = (2/x)'/? cos x. From now on we let v = (n — 2)/2. It follows from the definition
of Bessel functions that

n—1 D (IE])

g\t =2 n/2 )
(doy)(§) = 2m)""t D

®)
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This may be used to show that if f is radial on R", i.e., f(x) = fy(]x]), then

(27.[)11/2

f(é)zw

/0 So(s) Ty (s|E])s"* ds. (6)

For proofs of (5) and (6), see [5, Lemma 5.1] and [20, Theorem 3.3], taking into account our
convention for the Fourier transform.

Let j,1 < ju2 < ju3 < --- denote the positive zeroes of J,. We will use the result of
McMahon’s asymptotic expansion, that

Jok = (k+v/2=1/Hm + O(1/k).
(See [21, pp. 505-506].) For A > 0, let

\/E Jv (jv,kk)

hyi(h) = :
vk S Gos) A

Then {A,};2, is known to be a complete orthonormal basis for L2([0, 11, A"~'d)).  (See
[8, p. 147].) The following pointwise convergence lemma is obtained by a change of weight in
[21, Theorem 18.24].

1.1. Lemma

Suppose v = (n — 2)/2. Let f(\) be a measurable function on the interval [0, 1] such that

1
/ A2 £ (0| da < 0.
0

If AY £ (L) is continuous on (a, b) and has bounded variation on (a, b), where 0 < a < b < 1, then
the series

D U Bk o, ae-tan b (x)

00
k=

converges to f(x) for every x € (a, b).

The @-transform expansion [9, 10, 11] was derived from an r-dimensional generalization of
the Shannon sampling formula. The next theorem provides an n-dimensional radial version of the
sampling formula. (Compare with [14].)

1.1. Theorem

Suppose f, g are radial, f € S'(R"), g € S(R"), supp f Cc {& € R" : |&| < B} for some
B > 0,andsuppg C {£ € R" : |&| < B}. Let e be a fixed unit vector in R”. Then for every x € R”
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(fx ) =2B""> Goadi1 Gow) ™ f(B™ juke) g xdopi,, (x). ()
k=1

Proof.  Suppose first that /' € S. We will show that the right side of (7) is a continuous,
integrable function, whose Fourier transform equals f g.
The principal asymptotic formula for J, (x), as x — 400, is

Jy(x) = 2/mx)?cos(x — v /2 — 7w /4) + O(x ).
(See, [21, 7.21].) The asymptotics for j, ; therefore imply that
Jim oSy o) = 2/

Since the zeros of J, and J, 1 are interlaced, we conclude that there exist constants ¢, ¢; > 0 such
that

1 < jokdip1 Gok) < 02 (8)

for all k. Also, since f € S, the sequence of numbers { / (B~ j, x€)}?>, has rapid decay as k — oo.
Finally, the family of continuous functions {g * dog-1;,,}3>, has the property that

1 il -1
lg*dog-1j, 1@y < @p1 (B~ jo)"  llgllzemwny < k"™

We conclude that the right side of (7) converges uniformly to a continuous function. As for integra-
bility, note that

1 =l —1
lg*xdog-1j, loiwy < @1 (B jo)" lglwry < k"™

Using the rapid decay of the numbers /(B! j, ;) and the Lebesgue dominated convergence theorem,
we see that the Fourier transform of the right side of (7) is

2B a2t Goa)) ™ (B! juk@)@(E)do 1, (6).
k=1
Now we show that for0 < A < B,

[o.¢]
fOe) =2B""Y G2y Go)) ™ f(B™ joke)do i, (he).
k=1

By scaling, the functions { B~/ 2h,,,k(B’l)»)},f‘;l form a complete orthonormal basis for L2([0, B],

A=1d)). Since f € S, the function F(1) = f (Ae) satisfies the hypotheses of Lemma 1.1, suitably
scaled to [0, B]. Hence, the Fourier—Bessel series
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o0
B™"2(F, hy ik (B™')) 120, 81.00-1a3) B~ *hy k (B™' 1)
k=1

converges to F'(1) for every 0 < A < B. Now,

(F, hv,k(B_l ')>L2([0$B],)J'*1d)\)

B : -1
_ V2 Foy oGk B
Jv+1(]u,k) 0 (B_])‘)V

N2 @)
Jv+1(jv,k) (Biljv,k)v

V2,
B Jv+1(jv,k)

Al da

o0
/ F(\)J, (o x BT A2 d
0

f(B7 ' j,re),

where the last equality comes from the Fourier inverse version of (6). Also,

\fz(zn)fn/Zj‘:Z/anfl
Jv+1 (jv,k)

hok(B~'2) = (o515, (he).

This completes the proof if f € S.

In the general case f € &', we apply a regularization argument. According to the Paley—
Wiener theorem, f is a smooth function of exponential type. For ¢ > O let f(x; &) = y(ex) f(x),
where y € S satisfies y(0) = 1 and supppy C {£ : |£| < 1}. Then f(-;¢) € S, so thatif & > O is
sufficiently small we may apply the above result to get

(fCie) %) =2B"" Y Goadiy 1 Goa)) ™ f(B juke; £)g # dogj, ().
k=1

It is elementary now to obtain (7) by taking the limit & — 0. O

2. The Radial Wavelet Transform

Throughout this sectiqn e denotes a fixed unit vector inA R". Let ¢, ¥ € S(R") be radial
functions such that supp ¢, ¥ C {§ : 1/4 < [E] < 1}, [@(E)], [¥(6)] = ¢ > 0if 3/10 < |§| < 5/6,
and

D> 6@ e Qe =1 fork #0.

nez
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(Such functions exist—see, e.g., [12, p. 54].) Let ¢, (x) = 2" (2"x) and ¥, (x) = 2" (2" x).
Recall that if f € S’(R") and f is supported at the origin, then f must be a polynomial on R”.
Hence, if /' € &', then the identity

f=) GuxPuxf

HEL

holds in &'/P, where we use the notation ¢, (x) = ¢,(—x). Now applying Theorem 1.1 to the
functions ¢,, % f and ¥, using B = 2, we obtain

f 22 ptl Z(]vk 1(]1) k)) u* f(2 M]V ke)w“ *doy- Hv

HEL
Since ¢, and f are radial, so is their convolution ¢, * f. We claim that

2u(n D
Qux fQHjyre) = —————(fi ou xdoruj,). )

] k a)n—l

By a regularization argument, it suffices to prove this claim for bounded, measurable functions f.
In this case

Gur [ os0) @L[@wf@ﬂhwﬂm@)

= wn__II//gZ#(Z’“jv’ky—x)f(x) dx doi(y)

2u(n 1)
= I % ff(x)/¢ﬂ(x — »)dor-uj,, (y)dx
uk n—1
21(n=1)
= 0 (fs ou xdo-uj,),
]uk Wy —1

by an application of Fubini’s theorem and a change of variables. Define

2(1(n=2)+1) 12
Ouk = | — - Qu*xdoy-uj,,.
]f,kJ1;2+1(]v.k)0)n—l g

Similarly define vk, using ¥, in place of ¢,. Then we obtain the radial wavelet expansion

=Y oud V. (10)

neZ k=1

Note that ¢, (x) = 2“”/2<p0k(2"x) and ¥ (x) = 2“"/21//0k(2“x).
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The remainder of this section is devoted to the characterization of function spaces in terms of
the coefficients in the expansion (10). Recall that the homogeneous Triebel-Lizorkin space F' Zq is
defined to be the set of all ' € §’/P for which

1/q
1A e = <Z(2ﬂ“|¢m * f|)q) < 00,

v/
ME Lp(Rﬂ)

(Equivalent norms are obtained from different choices of the function ¢ satisfying the conditions
given above.) The range of allowed indicesisa € R,0 < g < 00,and 0 < p < oo. Let qu denote

the subspace of radial elements f € F;q, with || f] p= AN E Since the elements of F;q are
P P

actually equivalence classes modulo polynomials, what we mean by a “radial element” is that there
exists a radial distribution in its class. We introduce the nonstandard convention that j, o = 0, and
we define, foru € Z, k € 27,

A[Lk = {)C eR": 27”‘].11,lc—] =< |x| =< Ziﬂjv,k}‘

Thus, if k = 1, this setis a ball; otherwise the setis an annulus. Let 77 denote the space of sequences
§ = {Sut} ez kez+ for which

0 1/q
||S||,;Zq = <Z Z(2“a|sﬂk|)?,4#k)q> < 00,
MEZ k=1 Lr(R)
where x , = 1[4 w712 x 4, denotes the L*-normalized characteristic function of 4 ;.
2.1. Theorem
Leta € R,0 < g <00,and 0 < p < o0o. The operator
. p% sog

StR, =7,

defined by

SN =/, o)}

is bounded.

2.2. Theorem

Leta € R,0 < g <00,and 0 < p < o0o. The operator

. paq 50q
. e
T ry Rp
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defined by

Tsuh) =Y ) surtuk

neZ k=1
is bounded.

Note that (10) implies that 7" o S is the identity map. Thus we have the following.

2.1. Corollary
Leta € R,0 < g <00, and 0 < p < 0o. Then for a radial f € S'(R"),

AN e 2 G @raid e

Using these results we can address the convergence properties of (10).

2.2. Corollary
IffeR'Zq,q<oo,and
+n 00
fn = Z Z(f’ 90#/()1##/{,
pu=-—n k=1

then f, — finRZq asn — 00.

To prove this corollary, apply Theorem 2.2 and the dominated convergence theorem to f — f,,.

Proof of Theorem 2.1.  First, note that because of the asymptotics of j, x,

Wy —1

|4kl = (@7 )" = Q7" fup)) = 27k (1)

n
Suppose x € A, ;. Then using (11), (9), and (8)
2Iw|<fa ‘puk>|)2AM (x)
< 22 2 URI(f )]

2(un=2)+1)

12
— QHenun/2p—(n—1)/2 ( ) I{ f. [ daz—,lj“k)|

It e G wn -y

S un=2)+1) V2 ey \ 7!
— coHeun/2p—m=1)/2 |Qp * fQ27H ), re)]

i ]2 1 n—1
Tokvir ) @wn—1 Jok @n

< c2m

X
P f(z—m,k>
z N
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(The constants ¢ may change from line to line but depend only on the dimension n.) Since x € 4,

. X . . _
X = 27"k —| < 27" ok — Jok—1) < c27H.

|x|

Therefore, for every y > 0, there exists a constant ¢, < 0o such that

- . X
§0/4*f<2 M]v,k|>

|x

|9 * f(x — )
< ¢, 2" sup ————— 1= ¢, 2™ f(x).
YT (k2 T

QHa

The last object is Peetre’s maximal function [18]. Now with p fixed,

o 1/g
(Z(T‘“I(ﬁ gou,m;m(x))Q) <2 f(x)] ae.,
k=1

by the essential disjointness of the sets {4,x}7,. Hence, by Peetre’s inequality [18] (for y chosen
sufficiently large)

1/q
ISCHIlper < ¢ (ZIZ"“w,’i*fl"> <clflge. O

NEL L

For the proof of Theorem 2.2 we require three lemmas. Let M denote the Hardy—Littlewood

maximal operator, whose action on f € LlloC (R") is given by

Mf(x) =sup|B|*1/ | /1,
B B

where the supremum is taken over all balls in R” centered at x. Note that this version of the maximal
operator maps radial functions to radial functions.

2.1. Lemma

Let e € S"~'. There exists ¢ > 0, independent of k € N, such that
My 4, (re) = c(1+|r — juiD™".

Proof. Thisiseasyif k = 1, so assume k > 2. Suppose 0 < a < b, and let A(a, b) denote
the set {x € R” : a < |x| < b}. Also let B(x, r) denote the ball of radius r, centered at x € R”". If
r > 0, then we have

b b—
B(";L e, Za)CA(a,b)ﬂB(re,b—a+|a—r|).
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Hence

v

MXyap(re) = |B(re,b—a+la—r)|™"! / XA (¥)dy

B(re,b—a+|a—r|)

- |B((a +b)e/2, (b—a)/2)] _ (b —-a)/2)"
|B(re,b —a+ |a —r|)| b—a+|a—-r)"

Applying this with a = j, x—1 and b = j, , and using the asymptotics of j, , the result is

>c(l+lr—jh™ O

27 ok = Juk—1l"
Mx,,, (re) = — — e "
vk = Jok=1 + 17 — Jox—11)

In §3 we will require sharper estimates on My , . However, the above elementary result
suffices for this section.

2.2. Lemma

Lete € 8"\, andlet 0 < n < 1. For everym > n/n + 1, there exists a constant ¢ < 00,
depending only on n, n, and m, such that for every u € Z, {S;}yez+, andr > 0

[ee]

0 1/n
sl (14287 =27y ™" < c (M (Z |sk|”xm>) (re).
k=1

k=1
Proof. It suffices to prove the lemma for u = 0, because that case implies

o0
sl (14 2%]r =277 ju kD™
=1

o0
D sl + 1257 = joa) ™"
k=1

00 1/n

¢ (M (Z |sk|"xA0k>> (2"re)
k=1
00 1/n

c (M (Z |sk|’?XA”k>) (re).
k=1

(L + 17 = jugD ™™ 57+ |7 — Joi) ™7
e(L+Ir — oD ™" (M (Is" x4, )" (re)

s 1/n
c(l+|r— joxh) ™" (M (Z |Sl|nXAo/>) (re).
=1

A

For the u = 0 case we use Lemma 2.1,

skl (L + 17 = JoxD™"

IA

IA
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Now we sum over k. Since m > n/n + 1, there exists a constant ¢ < oo independent of » such that

o0
YA+l =)™ <e. O
k=1

2.3. Lemma

Suppose f: R" — Cisradial. Ifm > 0and | f(x)] < (1 + |x])~™*"=D forall x € R", then
for every € > 0 there exists a constant ¢ < oo such that

|fxdoy(x)] < e(1 4| x| —t[)™"
forall x € R".

Proof. If n = 1, then we trivially get the bound | f * do,(x)| < 2(1 + | |x| — £])™™, so
assume n > 2. Since f x do, is radial, it suffices to check the estimate at x € R” of the form

re; = (r,0,...,0). Let do,, denote the Lebesgue surface measure on the sphere S(r,t) = {x €
R" : |[x — re;| = t}. We have

[ xdoi(re)) sz(y)dar,f(y)-

Using | f(1)| < c(1 4 |p|>)~"+7"=D/2 and the law of cosines |y|> = > + t> — 2rt cos 6, where @ is
the angle between O re; and 7e; y, we get

T
| f*do,(re))| < / c(1+7r*+1> = 2rtcos)~ =012 (tsin@)" %t d6
0

/2 b4
= / ()do + (-)do
0

/2
=1+1L

Clearly II <I. If t < 2/m, then using
r2 412 —2rtcosd > (r —t)* for0<6 <mn/2, (12)
we get
I<c(l+ @ =) " D2 <c+ |r—t)~" Y,

which is more than satisfactory. If # > 2/, then we write

1/t /2
1:/ ()do +/ ()do =TI +1V.
0 1/t
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Using sin@ < 6 and (12),
1/t
I < c(1 4 (r —)?)~ =2t / 0" 2d6 < (1 + |r — )"0,
0

For IV, we use (12), sinf < 6, and
r? 412 —2rtcosO > (r> + t2)(1 — cos @) > ct*62, 0<6<m/2,

to obtain for € > 0

/2
v < /ﬂ C(] + (I" _ t)Z)—(m—e)/Z(tZQZ)—(n—1+€)/2tn—len—Z do
1/t
/2
<c(l+ |r—r|)-m+fr—€/ (]
1/t
< c(l+|r—¢p~™te. 0O

From Lemma 2.3 we see that for every m > 0 and every multi-index y,
| D7 @O, 1 D7 Y ()] < €272 VP21 22 x| = 27# i)™,

where ¢, ,, is a constant independent of x and .

Proof of Theorem 2.2. Let

f = Z Z Sp,k'(//uh

neZ k=1

Since

Supp ¥, 9 C {8 1 2072 < 8| < 2,

we have ¢, * ¥, =Ounless A = — 1, , or u + 1. Thus

pu+l oo

Qux fre) =Y Y suguxulre).

A=p—1 k=1
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Now, by writing out the convolutions and changing variables, we see that

2()»(n72)+1) 172
u * Yar(re) = T Genon P * Ya xdoy-j,  (re)
v,kYv+1\JV, n—

2(An+1) 172 .
= —j;l’kc]l,z’k(jv,k)wn—l @r * Yo xdoj,  (2"re),

where { =  — A. Restrictingto & = —1, 0, 1, we have
o * Yo < cn(L+ 1y~
for all m > 0, since ¢_1, @y, @1, Yo € S. According to Lemma 2.3 this implies
lpz * Yo x doj,, (re)] < eI+ |r — juxD™™.
Hence, by (8),
0 % Yok (re)] < 2Pk DA 4 22— 270 DT
Choose n € (0, 1] such that p/n, g/n > 1. By Lemma 2.2

4+l oo

o fGre)l < ¢ Y Y 2Pk s (14 24 = 270 jua) "
r=p—1 k=1
n+1 00
<c Y (MO 2P s x,, )Y (re).
r=p—1 k=1

So, we have

1/q
LA oo = (Z(zwm * f|)q>

HEZ Lo
1
u+1 0 A a
<c Z He Z M Z2/\nn/2k—n(n—l)/2|S)\k|nXA_k
neZ A=p—1 k=1
Ly

n/q ) 1/n

00 q/n
<c Z (M (ZQ’”IS,J;WAM)”))

neZ k=1 Lo
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Applying the Fefferman—Stein vector-valued maximal inequality [7], since p/n, g/n > 1, weremove
the operator M and use the essential disjointness of the sets {4 ;)32 for u fixed, with the result

o q/n n/q 1/n
A1l oo < Z(Z(Msukb%m)”)
? ueZ \k=1
Lr/n
00 1/q
| (SEe i)
neZ k=1 Lo

ellsudllpss. O

3. Smooth Radial Molecules

The purpose of this section is to describe a family of smooth radial molecules for R'Zq. We
assume that o € R, 0 < g < 00,and 0 < p < oo are fixed. Let 0 < n < 1 be such that
p/n,q/n > 1,let J > max{n/n,n/n —a}, let S > n/n, and let / be the smallest integer in the set
{—=1,0,1,2,...} suchthatn +/+ 1 4+a —n/n > 0. Also let N = [«], and let § € (0, 1] be such
that N + & > «. A radial function m ,; : R" — C is said to be a smooth radial molecule over A4,
for qu if

/ m i (x)|x|* dx =0, a=0,1,...,1; (13)
R
I ()| < 20072 0D (14 2 (x| = 270 g ) (14)
DYy ()] < 2002 DRI 2 k] = 27 k) TE S Ny (15)
| DY myi(x) = DY my ()| < 2002 jrm oIt e — )P (16)
Ssup (1+2]x +0(" =0 =27 D™, ly|=N.
0<6<l
The superscript y denotes an ordinary multi-index. Our convention is that (13) is void if / = —1

and that (15) and (16) are void if N < 0. Note that the functions ¢, ¥,.x from §2 satisfy, to within
a constant, (14) through (16), but not necessarily (13).
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3.1. Theorem

Leta € R,0 < g <00,and 0 < p < 0o. Suppose that for each u € Z and k € Z*, m . is a
smooth radial molecule over A, for qu. Then there exists a constant ¢ < oo independent of {s,}
and {m .} such that

E E Sk ke

HEZL keZT

< C||{Suk}||r'jf-
R’
The proof follows the method of proof for the ¢-transform in [10]. We require estimates

on |¢, * my,(x)|, followed by some maximal function estimates. First, though, we make some

observations about using the vanishing moments hypothesis (13). Since the molecules are radial,
(13) implies that for every y € " 'anda = 0,1, ...,1,

/ my(ry ) r' ™ dr = 0. 17
0

Forx e R,y € §"~!, define

h//.,x,y’(r) = (pp.(x - Vy/),

a
(a) _
My = 2z ).

Now using the vanishing moments condition (17),

o0
Pu *Mmyp(x) = 1/ hu,x,y’(r)m)\k(ry,)rnildrdal(y/) (18)
s=1J0

*© ! (a) -\ - (}" _z_xj\),k)a /N\on—1 /
- / / By ) = S0 @ o0 T Y i dr o (),
Sn—l 0 a—0 .

There are two ways of estimating |¢,, * m,x| using (18). First, we claim thatif 0 < 8 < 1, then

r=27"j0°

/
By () = DI Q7 o) (19)
a=0 .

<clr =27 j, (/P21 qup (14 20]x — 274, ) — 0 — 27 ju )y D7E,
0<0<1

where L can be taken arbitrarily large. To prove (19), note that

B ) =Y (DYDY @) —ry) ().

yilyl=a
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Therefore, using Taylor’s theorem, we have

-1 —A: \a - N\
O e =270 e =270
R e e R
a=0 : :
—A ! —A !
0] (r—27"Jvx) 0} . T =27"00)
= ey O = by QT )
<clr =27 juil" Y 1D @u(x — £3) — DY g (x — 27" o k)|
lyl=l
=clr =27 ol D 24D (2" (x — £)) — D (2" (x — 27 ju i),
lyl=l

where £ is some number contained in the open interval / with endpoints » and 27*j,;. If
2#4r — 27* j, x| < 1, then by the mean value theorem and the fact that ¢ € S, we have

|DY (2" (x — £))) — D" o(2"(x — 27" jux))]
<2ME =27 j, k| sup [D(D7@)((1 —0)2"(x — EY) + 02" (x — 27", 1))
0<0<1

< @127 jux — rDP sup(l + 2% |x — 0y )"
oel

On the other hand, if 2“|2"\ Jvk —r| > 1, then we have

|DY (2" (x — £))) = DY 92" (x =27 ju 4 ¥ < esup(l 4+ 2|x — 0)/N7F,
el

which suffices for (19). The other way of estimating (18) is simply to use the triangle inequality:

! __2—A L a
By ) = 3R, @ j LSt 20)

— wox,y al

!
< 2" (142" —ry' DT e )l = 27 a2 A+ 24 x — 27 ) D,
a=0

where L may be taken arbitrarily large. In general, (19) gives the better estimate if [r —27* j, x| < 274
while (20) gives the better estimate if [r — 27" j, x| > 27*. Note that (19) and (20) are still correct
when/ = —1, if we take § = 1.

We will repeatedly use the next elementary lemma.

3.1. Lemma

Suppose s,t > 0and L > s + t + 1. Then there exists a constant ¢ < 00 independent of A, k
such that

/OO Ir =27 jusl*r'dr < QMsHHD I
o (L4+24r —274j, DL~ vk
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Proof. By a change of variables, the integral in the lemma equals

g [~ Vsl ds
o (I+Ir—jukht

We split the last integral into three parts. First,

kN — xS dr Pk S Gyx — )t dr 4 © pSdr _t
. L = — T = vk 7 Sl
o A+1r—=jus 0 (I+7r) o (I+r)

Similarly,

vk

Finally,

) lr—j |xrt dr [S)
Jk 4 f— . _ .
/ ]v—.Lfc/ Pl gy < cjs it < e < gt O
2 vk (1 + |r - ]v,k|) 2 vk ' '

To state the next two lemmas we require more notation. Let x € R” be fixed, and define

A, = {keN:2-27%j,, <Ix|},
B = {keN:2%j /2 <Ix| <2-27% s}
C, = {keN:|x| <27 j,41/2}.

Let B = max{k : k € B,}, and let T be the smallest integer such that 27 > 2, 5. Let
Sw=1{keBy:|lx| =27 joul =271}
and, form =1,2,..., T let
Sim =tk e By : 2" < ||x| =274 sl <277

Note that

T
B, = U Sim-
=0

Bk = julrdr et e [ Pdr
. L = L = c]v,k L = c]v,k'
e (L1 = okl 0 (1+r) o (I+r)

329
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3.2. Lemma

Suppose i < A. Then there exist constants R > n/n —«a, s > n/n, and ¢ < 0o, such that

i. ifk € A;, then
|9 * M (0)] < 2R 20 x|y o202 0D,
ii. ifme{0,...,T}andk € Sy, then

|(py, *m)\k(x)| < C2<M7k)(R+17n)(l +2m+u7}t)7s2)tn/2j]:]§n71)/2;

iii. ifk € C,, then

@ Mg ()] < QTR 207 j, )=t DR,
Here c is independent of i, A, k, x, and in (ii) m.

Proof. Letp~ =max{0,27*j,x — 2 *}and pt =27, +27*. From (18) and (14)

0y M ()]
I ot 00
- / / () dor () dr + / / (Y doy()dr + / / () dor () dr
0 Sn—l ,0_ Sn—l p+ Sn—l
=1+ 11+ II,

where

r=27"j0°

1
_ (a) -\
() = hu,x,ywr)—;hﬂ,x,,,(z o)

LM DR M — 27 T
We consider II first. Then |r — Z_Ajvyk| < 27*. Hence for y/ € sl

sup (1+24x =27,y =0 =27, )y D75 <c(l+2%x =274, /D7E @21
0<6<l1

Let

(4) = (1+2%x =27, D" Fdor(y)
Sn—l

o0
(B) = / Ir =27 P (L4 24 — 277 i D)
0
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We will take 8 € (0, 1] such that n/n — o < n+1+ B < J. This is possible, since n + [ <
n/n—oa <n+Il+1andn/n —a < J. Note that if / = —1, then we can (and will) take 8 = 1,
since in this case we haven — 1 <n/n —a < n < J. Now, by (19), (21), and Lemma 3.1,

II

IA

czu(n+l+ﬂ)2)\n/2j‘:]§n71)/2(A)(B)

IA

C2(M—A)(n+l+ﬁ)2)»n/2jlf.nk—1)/2(14)' (22)
Ifk € 4;, then forall y/ € "7, |x —27%j,x)/| = |x|/2, so
(4) < c(1+2%x)~5

For the case k € S),,, we use Lemma 2.3 and a change of variables to obtain

(14+2%x —ry/ D" doi () < e@r) " V(A 424 x| — r[)H*". (23)
Sn—1

Thus, for k € S;,,, we have

QI ) T 427 x| — 27 )
O e A0S Wl ¢ o ) i

(4)

IA

IA

(This holds even form = Osince A > w.) Ifk € C;, thenfor y € §"!, [x =277, 4| = 2% j, x/2,
S0

) <c 427,07

Substituting these estimates above, taking L > n 4+ n/n, and recalling thatn +/ + 8 > n/n — «,
we obtain satisfactory estimates for II in all cases.

We now consider II1. In this case 2“|r — 27> Jvkl = 1, so the term with ¢ = [ in the sum over
a on the right side of (20) dominates the terms witha =0, 1, ...,/ — 1. Thus Il =1V 4 V, where

o0
v [ a2y )RR 2 = 27 ) don ("
P N

and, with (A) as above,
V< c2u(n+l)2An/2jv—,1§n—1)/2(A)(D)’

where

(D) = / = 27 (1 4 22— 27 o) dre
ot
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By the change of variables 2y — Jvk =T,

o0
D) = [ 2
2

o0
< cz—)»(n-H) (}"H_n_l_']—‘rj:l;lrl_']) dr
2h—p ’
< CZ*X(HH)(z(M*K)(-}*n*D _|_j;l’;12(14*?»)(1*1))
< cz—k(n-%l)jst,;l2(#—)»)(J—n—1). (24)

Hence V < c2("‘”J2x”/2j‘Tk_l)/z(A). This is the same as (22), with J in place of n + [ + B. Since
J > n/n — «, the estimates above for (A4) yield the desired estimates for V.
To estimate 1V, let

(E):./ (1 +2"x —ry/ D~ dor ().
Sn—1

If k € Cy, then for r > p™ > 27*j, ;> 2|x|, we have |x — r)/| > cr for y/ € §"~!, so
(E) <c1+2'n7" <1 +2"7 )07,
as for (A4) above. Using the [ = 0 case of (24), we obtain
vV < cz(u—A)J(l + 2“_Aju,k)_L+"2M/2ju(f'k_l)/2

for k € C,, as desired, since J > n/n — o and we can take L > n/n.
Now suppose k € A4,. Then by (23),

(E) <c@"r) " DA+ 2" x| —r])~HH". (25)

Substituting this above, we obtain

max{p™,3|x|/4} 00
Wg/ ow+/ (-)dr = VI + VII,
P

+ max{p*,3|x|/4}

where
() = 22 P2 4 2 x| = )T 4 24 =27

For VI, since r < 3|x|/4, we have | |x| — 7| > c|x]|. So

o0
VI 22300 4 2 =2 / (1+ 2 =27 i)™ dr.
pt
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Using the / = 0, n = 1 case of (24) and taking L > n + n/n, we obtain satisfactory estimates for
VL. For VII, note that » > 3|x|/4 > 3-27j,4/2, so that 1 + 2*[r — 27, 4| > c(1 + 2*r). If
|x| < 27#~! then since p* > 27*, we obtain

oo
el D | @hy Y dr
2

VII

IA

IA

Cz(u—x)szn/zj;]En—l)/z’

asneeded. If |x| > 27#~! thensince r > 3|x|/4,itfollows that 1 +-2*|r =27 j, | > c2*r > c2*|x|,
sotaking L > n + 1,

VIl

IA

[o.¢]
2P @ )2 / (1+ 24| |x| = r)~H*"dr
—00

IA

c2)»n/2j*]§n*1)/22(117)»)‘1(2;1, |.X |)7J’

v

5

as desired in this case.
Now suppose k € Sy, m € {0, ..., T'}. Substituting (25) and making the change of variables
24(r — 274 j, k) — r, we get

IV < c2M/2 =i / (I+|r =2"(x| =27 oD H" (A 4+ 22 ) dr.
1

Ifm < A — pu+ 2, wesimply use (1 +2*#r)=/ < 227 for r > 1 to get (taking L > n + 1)
IV < c2(“_*”2)\"/2j;,§"_1)/2, which is more than satisfactory since J +n — 1> J > n/np —a. If
m>A—pu+2and1 <r < 2" 2 then r < 2| |x| — 27 j, £1/2, so that 1 + |r — 2/(|x| —
274 ol = 14+ 27 x| =277 juil/2 = e(1 4 2"#7*). Hence

omAp—A+2

/ (L4 |r =2*(x| =27 ju )~ + 22~ ar
1

< C(l +2m+ﬂ—l)—L+n2(ﬂ—)\)J’

as desired, by taking L > n +n/n. If r > 2"+#=2=2 > | then (1 + 2 #r)=/ < 2WH/(1 +
2m+/4—k)—J’ and

o0
f (It 1r = 2% (x| =27 jo)) " dr < c,
2

Mt p—h—2

by taking L > n + 1. Since J > n/n, this is sufficient, giving the needed estimate for IV in the final
case. This completes the estimate for III.

The estimates for I are similar to those for III. We assume p~ > 0, i.e., 2"4]},/{ > 1. As for
III, we have 2#|r — 27* Juil = 1, which leads to I < IV’ + V', where
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.
IV = c2#" / (E)2M72 DR 4 24 — 274 k) ar
| ,

and
V/ — Czu(n+l)2An/2j;]En—l)/2(A)(D/).

Here
P A ! A A J 1
(D) = / = 27 ol (L 24— 27 o) dr
0

Jvk
= / 27 A ) Gog — )"
2

A=

by the change of variables j, ; — 2*r — r. Clearly (D') < (D), so we obtain the required estimate
for V' as above.

To estimate IV’, suppose first k& € A,. Then r < 27%j,;x < |x|/2, so for y € §"°!,
|x — 73| = c|x|, which implies (E) < ¢(1 4 2#|x|)~%. Thus, by the / = 0 cases of (D) < (D) and
(24),

v

IA

-
2" (1 +2”|x|)*2*"/2j;,§"’“/2/ (1+2Mr =27 o)™ dr
0

IA

CZ(M_DJZM/ZJ'V(Z{_I)/Z(I . 2y_|x|)—L'

This is acceptable if we take L > n/n.
Now suppose k& € C,. Then by (25),

-
IV < 22 P / (U2 x| = )™ (U4 24 = 27 ) ™ dr.
0
If r <3-27%j, /4, then [r —27%j, .| > 27*j, x /4. Hence, taking L > n + 1,
327 i /4
/ (L4 2% x| — D54+ 24 r =277 kD~ dr
0
sj;,;’/ (142" x| — )~ dr
' —00
<27 st A+ 2 20

since 2"’kj,,,k > 1. Now suppose 3 - 2”\j,,,k/4 < r < p~. Then since k € C,, it follows that
r > 3|x|/2,s0 | |x| —r| > cr > 27" j, . Hence
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P
./ (427 |x| = r) 5 A 4+ 24 — 274 k)™ dr
327 ok /4

o
< (14277, )b / (L+2%r =277k~ dr
3274 joi /4

Jvk/4
<c(1 +2M—lju,k)—“"2—*f rdr
2)‘—11

=c(l1 + 287 j, ) HHmamkh/,

Taking L > n + n/n, we have a satisfactory estimate in this case.
Finally, suppose k € Sy, m € {0, ..., T'}. Using (25),

v

IA

p,

2 / (129 x| = r) (4 24 = 27 i)~ dr
0

ufkj

2875 ok
= MR / (4 1r =28 Q7 o = XD~ (A + 2270~ dr,
1

by the change of variables 2#(27* j,  —r) — r. Now it is clear that the estimates above for IV hold
for IV as well. O

In the next lemma we apply Taylor’s theorem to the molecules 7, instead of ¢,,. Since ¢,
and hence ¢,,, have vanishing moments of all orders, we have

—_ Y
P Mg (x) = f oulx = D) — Y D)L= ay (26)
R’ IYI=N v
Since ¢ € S,
lou(x — M| < 2 (1+2%|x — y)7F, (27)

where L can be taken arbitrarily large. When N > 0, we can use (16) to estimate the other term in
(26),

— Y
() = 3 Dm0 L 28)
lyI=N v

(y—x)¥
p!

_ 14
m(y) — Y Dymu{m%— > DY)

ly|=N-1 ’ lyl=N

—x)
u for some p € (0, 1)

D (DYmu(x + p(y =) — DV myg(x)
lyI=N

< 2PNy —x Y sup (14 24 x40y — ) = 27 kD)™
0<0<1
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This estimate is true for all x, y, but when 2% y — x| <1 we have

sup (1424 |x +0(y —x)| = 274D ™5 < el + 24 x| =27 jus )5,
0<b<l1

in which case (28) is bounded by
cz)un/zjlzlgnfl)/zz)LNz}LB'y _ x|N+8(1 + 2)»| |x| _ 27Ajv,k|)7s~ (29)

When N < 0, then N + 8 < 0, so that when 2*| y — x| < 1, the bound (29) for (28) still holds, with
S replaced by J > n/n. On the other hand, just using the triangle inequality and (14), we have for
2y —xI=1,

ma(y) = Y DYmyu(x)

(y—x)
[yI=N v

(30)
< 2P IR 2ty = 27 o

+ 22TV y — N 2 x| = 27D

3.3. Lemma

Suppose A < . Then there exist constants R > o and ¢ < 0o such that

i. ifk € A,, then
@ * M ()] < 2BTORQ@M|x )2/ D2,
ii. ifmef{0,...,T}andk € Sy, then
|§0M *mkk(x)l < CZ(A—M)Rz—msz)\n/zj‘:;n—l)/2;
iii. ifk € Cy, then

A—)R :—sArnj2 —(n—1)/2
| % Mg ()] < QOIOR jigp/2 =D/

Here c is independent of i, A, k, x, and m, and s = min{S, J} > n/n, with J, S as in (15),(16).
Proof. By (26)-(30),

| * my(x)| < e+ 1+ 10),
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where
I — 2)»(n/2+N+5)j]:]En71)/2(1 + 2)\| |x| _ 27Ajv,k|)7S
: / 20| x — pIN (1 4 2% |x — y)"Edy,
B(x,27%)
o= M2 b f 247 (14 2Mx — y)"E(1+ 24 |y — 274 jusl) S,
R"\B(x,2*)

I = 2)\(n/2+N)j\:/£l’l—l)/2(1 + 2)»| |x| _ Z_Aju,kl)_s .

/ 24 = yIN (14 2% — )~ dy.
R"\B(x,27%)
We consider I and III first. By the change of variables 2*(x — y) — y,

f 28 x — pIN (1 4+ 2% |x — y) T dy
B(x,27%)

2/ 27#(N+5)|y|1\/+5(1 + |y|)7L dy < C27M(N+5),
B(0,26) B
by taking L sufficiently large. Similarly, assuming L > N + n,

/ 24 x — pIN (1 +2%x — y)"Edy @31
R"\B(x,27%)

< cz—p.N/ |y|N—L dy — CZ_MNZ()L_M)(L_N_,!).
B R\ B(0,21—)

If k € A4,, then
(42" x] =27 oD ™" < el 424 |x )~
if k € Sy, then
(42 [x] =27 s D™ < (1 4+2")7%
and if k € C,, then
T+ 24 x| =27 kD™ < e+ o)™

Taking L > n + o and recalling that N 4+ § > «, we obtain satisfactory estimates for I and III in
all cases.
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To estimate II, we define a set 4 in each case as follows:

i Ifke dy,letA={y:|x—y| >2"and||y| —27*j,4| > |x|/4}.
ii. IfkeSuy,letd={y:|x—y >2""and||y| —27*j,x| >2""*/4}.
i IfkeCoLletd={y:|x—yl>2"and ||y — 2 jusl = 27 jur/4.

In each case, define B = {y : |x — y| > 27*} \ 4. Then

[ oar=[od+ [op=vy.
R"\B(x,27%) A B

where
() =21+ 2x — D EA 4+ 22 |yl =27 kD

For IV, we can estimate (1 + 2*||y| — 27" j, x|) ™%, for y € 4, by c(2*|x|)~* if k € 4;, by 27" if
k € Sym, and by cj, ;i if k € C). Estimating

/ M (1 4 2% x — y) " Edy
R"\B(x,2~%)

by the N = 0 case of (31), we obtain the desired estimates for IV.
For V, we make the trivial estimate (1 + 2*[|y| — 27" j, x[)™* < 1. We write

Ix =yl =[xl = Iy =1l =27 el = Tyl = 27" ol

Examining the definitions in each case, we obtain, for y € B,

i |x—yl>|x|/4ifk € 4,,
ii. |x—y|=2"*/4ifk e S,
iii. |x —y| >27"j,./4ifk € C;.

We write
(14+2%x =y = (1 +2"x — yD (1 +2"|x — y) 7+,

and estimate (1 + 2#|x — y|)~™* by 23=W5(2*|x)~S if k € A,, by 23=W2"5 if k € §),,, and by
20-ms 72 if k € C;. By (31), assuming L > s +n,

/ zlm(l + 2/L|x _ y|)—L+S dy < CZ(A—/L)(L—s—n)‘
R™\B(x,2-%) -

Taking L > n + o, we have the required estimate for V. O
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34. Lemma

There exist constants € > 0 and ¢ > 0 such that for any sequence {Si}scz. ez

o0
24 @y Y Y s (x)

reZ k=1

00 1/n
<cy ol (M(szﬂsxu"%) (x)) N2

reZ k=1

Here n € (0, 1] is such that p/n, q/n > 1, as above, M is the Hardy—Littlewood maximal operator,
and ¢ and € depend on «, p, q and n, but not on x, {s,}, or {m;;} as in (13)—(16).

Proof. Let 4,, B,, {SA,,,}T and C; be as in Lemmas 3.2 and 3.3. First suppose k € 4;.

m=0>

If v < A, we use Lemma 3.2(1) and (1 4 2*|x|)™* < (2*|x])™/" (since s > n/n) to obtain

_ _ _ — .(n—1)/2
2,uoc|(pu *mkk(x)| < cz(u M) (R+a n/n)z)»az An/n|x| n/nzkn/Zjlfflk )/ ,

with R > n/n —a. If A < u, we use Lemma 3.331), 2*|x])™ < c(2*|x|)™/" (since s > n/n and
x| = c27* forx € 4;),and j, """ < ¢j"""* to obtain

2;101|(pu *mo(x)] < cz(k—p_)(R—a)z)\az—An/r]|x|—n/n2An/2j$le—l)/2,
with R > « in this case. Thus we have ¢ > 0 such that in both cases,

pu— _ _ .(n—1)/2
2lm|(p/4*m)hk(x)| SCZ | Mszkaz )Ln/nlx| n/nz)nn/ZJ]fflk )/ .

By the continuous imbedding /7 — ', and since ;" "> < ¢j"' 7" "V"/% we obtain
20 > Y s (x))

LeZ ke A,

<c Z Z 2—\;¢—)\|5Iskk|2ka2—kn/n|x|—n/n2)»n/2j‘fj1k—l)/2
Vel ked,

1/n
e oy n—1=(n—1)y/2

< CZZ |u—xle (Z |Skk|r)2mn2 )‘"|x| nzknn/ZJ‘lj’k (n—1n/ ) )

LeZ keA;

By considering B(x, 3|x|/2), we see that the term inside the parentheses above is bounded by
MY ey, 1517277 %", ) (x). This yields the part of (32) for k € 4;.

Now suppose k € Sy, for some m € {0, 1, ..., T}. If u < A, note that in Lemma 3.2(ii) we
have R+1—-n>n/n—a+1—-n=1/n—a+@m—1)(1/n—1) > 1/n — «. Hence, by reducing
s if necessary, we can assume R + 1 —n > s —« and s > 1/5n. We obtain

2/LOI|¢M *mxk(x)l < cz(u—k)(R+l—n+a—s)2Aa2—mszkn/2jl:]£n—l)/2’
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If A < p, Lemma 3.3(ii) gives
2/I.Ol|(pﬂ My (x)| < cz(A—/L)(R—a)2Aa2—ms2An/2j;lEn—1)/2,
where s > n/n > 1/n and R > «. Thus, in either case we have
2Lwt|(pﬂ *m)\k(-x)l < 627|u7M6‘2)\a27m32)\n/2j]:15n71)/2’

with s > 1/5 and & > 0 independent of m. By the imbedding /7 — [', then

24 % Y Y sumk(x)]

MeZ keB;,

T
=2, % Y D Y sumu(x))

reZ m=0 keS,n

T I/n
<c Z 27|}L7ME Z p—ms ( Z |S)Lk|n2)uan2)»nn/2jv7]£n1)77/2) .
m=0

reZ ke€Sim

We claim that

D Aspln2renimn/2 RO < com ( > 21“"|sxk|">zzkk> (x). (33)
k € S)\m k € SLm

This follows easily from Lemma 3.5, which we state and prove at the end of this section. Using (33)
in the estimate above and replacing the sum over k € S;,, by k € B;, we can sum over m to obtain
the part of (32) for k € B, since s > 1/7.

Now suppose k € C;. Let

To=1{keCy:27 ), <27"}
and, form =1,2,3,...,
T = (k€ Cy : 2" 1 <274 j < 2m=Hy,

Then Cy, = sy Tam- Suppose k € Tyy. If w < A, then 1 4+ 2#7* ji, , &~ 2™ so by Lemma 3.2(iii),

IA

_ — .(n—1)/2
2Ha|(p,u, *mkk(-x)| 02(;1 )»)(R+O{)2)»ot2 msz)»n/ZJIfTIk )/

— Cz(ﬂf)\)(R+Otfn/n)2([47)x)n/n e zfmszxn/zjv(fzkfl)/z’

with R > n/n — o and s > n/n. Now suppose A < w. In Lemma 3.3(iii) we have R > « and
s > n/n, so by reducing s if necessary, we can assume R > « + s —n/n and s > n/n. Since
k € T)p, we have j, ; > 2"+~ (when m = 0 this follows since Jvk = cand A < u). Hence
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_ —a— — .(n—1)/2
2Ma|(ﬂu*m)\k(x)| < Cz(k W (R—a 3)2}»012 msz)un/z‘]‘f’”k )/

— CZ()Lf,u)(RfafswLn/n)2(M7A)n/n Zka zfmsz)\n/Zj‘E’nkfl)/Z‘

Hence in either case there exists ¢ > 0 (independent of m) and s > n/n such that
2Md|(pu ()| < 027\;Lf)»\s2(;/.7)L)n/n2)La2711152)tn/2j]ink71)/2.

Using the imbedding /7 — ! again,

24 Y Y spumap(x))|

LeZ keC;,

= 21|g,, * Zf} > sumu(x))|

reZ m=0keT,,

1/n
00
<c Z zfl/xf)\ls Z p—ms ( Z z(ufk)n |S)\k|r]2)\an2)\nr)/2j‘:lk1(n1)W/2> .

LEZ m=0 keTy,

Since k € Ty,, € C,, we have |x| < 27%j,;/2 < 2" #~!_ Therefore |B(x, |x| + 2" )| ~
20m=wn = which implies that the term inside the last parentheses above is bounded by
c2"™M (Zken,,, 249 | g | )}Z}Ak)(x). Using this estimate above and then replacing the sum over
k € T, by the sum over k£ € C,, we can sum over m to obtain the portion of (32) for k € C,,
since s > n/n. O

Proof of Theorem 3.1. We take the /9 norm over u € Z of both sides of (32). If ¢ > 1,
we use Young’s inequality ||a@ * b||;s < ||la|l;|b|l;e, while if 0 < ¢ < 1 we first use the g-triangle
inequality | >, a;|7 < Y, |ax|? followed by the ¢ = 1 version of Young’s inequality. Since ¢ > 0,

the result is
q 1/q 00 q/n
(Z (2#0[ ) ) <c Z (M (Z 2#0¢'?|Suk|77)22“k> (x)>
neZL HeZ k=1

Taking the L” norm of both sides and applying the Fefferman—Stein vector-valued maximal inequality
as in the proof of Theorem 2.2, we obtain the desired result

o0
DD Sk

neZ k=1

1/q

Qux )Y Sumu(x)

reZ k=1

<cl{swllpes. O
‘g P

Rp

It remains now to prove the inequality (33).

3.5. Lemma

Letx e R, x #0, A € Z, m € {0,1,...,T}, and k € S,,,. Then there exist constants
a, ¢ > 0 independent of x, m, A, and k, such that

|46 N B(x, 2" *aq)| > c2mn=Dp=>n, (34)
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Proof. By a dilation argument we may assume that A = 0. The n = 1 case is easy (just
take a > 1), so we assume that n > 2. By symmetry we may assume that x is a positive multiple of
the unit vector e; = (1,0, ..., 0). Note that the quantity |4ox N B(x,2"a)| is increasing in a. Let
Y = Supgen(jvk — Juk—1) < coandtakea > 1+y. Then B((jys—1+ jv.r)e1/2, ok — jui-1)/2) C
Aox N B(x,2"a), since | |x| — jux| < 2", and 2"a > 2" +y > 2" + (juox — juk—1). Hence
|Aox N B(x,2"a)| > c(infren(o.k — jok—1))" > 0, which proves (34) for small values of m.

If2" > j,,—1/4,take a > 9 4 2y. Then

2"a 22'4'2m+2)/ + 2" Zz'jv,k—l+27/+2m szu,k +2™.

Since | |x| — jux| < 2™, we see that Aoy C Ao N B(x,2™a). Thus, |Agr N B(x,2"a)| = j‘f',;]. On
the other hand, since k € Sy, C By, we have (without using 2™ > j, x_1/4) that when 8 > 1

Jok = 1x1/2 > jup1/4 > cjupir > 27 > 2.
IfB=1andm > 0 we use
3jv,l > |x| +jv,1 > | |X| - jv,ll > 2m/2

Finally, if 8 = 1 and m = 0, we use the trivial fact that | 4¢;| > c¢. These observations prove (34)
when 2" > jv,k71/4-

Now suppose that max{1, 4y} < 2" < j, x—1/4 (which rules out k = 1) and, as a first subcase,
that j, » < |x|. We will consider the effect of taking a > y 4+ 2. Let j, ;-1 < r < j, k. The ball
B(x,2"a) intersects the n — 1 sphere {y € R" : |y| = r} in a nonempty spherical cap C, whose
boundary dC, is either an n — 2 sphere (meaning a pair of points in the # = 2 case) or else empty. If
dC, # @, then the points in dC, have a common first coordinate, say 7 (r). In this case the hyperplane
{y e R" : y-e; = t(r)}intersects B(x,2"a) in an n — 1 disk D whose boundary coincides with
dC,. Let p(r) denote the radius of D. Then the (n — 1)-dimensional measure |C, |, of the spherical
cap C, is bounded below by a quantity of the form ¢, (o (#))"~" if t(#) > O (this is an isoperimetric
inequality) and by a quantity of the form cj:’;ll > 2mt=Dif t(r) < 0 or if dC, = @. Using
spherical coordinates,

vk
[0 N B(x, 20| = ¢, / Colyr dr.

.fv,k—l
Thus, it suffices in this case to show that
inf{p(r) : r € [Joh—1, juxl and £ (r) > 0} > 2"

for some ¢ > 0 independent of k, x, m. First, suppose that j, z—; — 2" < t(r) < j,. Then
lx —t(r)e] <2-2" +y. Since (p(r)> + |x —t(r)e1]* = (2™a)?, we obtain

4 2
Y 4+ Y )02 > (@ — (y +2)%)22,

(P()? = @"a) = 22"+ ) =@ = (4+ -+
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Next, if 0 < ¢(r) < jox_1 — 2™, then we use (p(r))* + (¢t(r))> =r* > jf’kfl to get
PN = sy — Guke1 =27 =2 jopg2” =22 > 722",

Finally, we consider the subcase where j, ; > |x|. Since 2" > max{1, 4y}, it must be that m > 0.
Therefore, | |x| — j,x| > 2"~! > 2y, which implies that |x| < j, ;_;. This time we consider the
effect of taking a > 1. If |x| < #(r), then

0=<t(r) —Ix| < jok — Ix| =2".

Hence, from (¢(r) — |x|)* + (p(r))?> = (2"a)?, we obtain (p(r))> > 22" (a® — 1), as desired. If
t(r) < |x|, then we get a lower bound for |C,|,_; by considering a ball of smaller radius than
2™a, centered at x, such that #(#) = |x|. Then the value of p corresponding to this smaller ball
satisfies [x| +p > r. Butr — |x| > jix1 — x| = jox — x| —y = 2" =272 = 2m=2 5o
p>2"2, O

By considering B(x, 2" ~*a), the inequality (33) now follows.

4. The Smooth Radial Atomic Decomposition

In some applications (e.g., trace theorems—see [9] or [11]) it is useful to have represent-
ing functions of compact support in the standard rectangular Littlewood—Paley decompositions.
Nonorthogonal decompositions of this type can be obtained easily from the Calderén reproduc-
ing formula. Such results have a long history, part of which is described in [12]. More recently,
Daubechies [3] constructed smooth orthonormal wavelets of compact support. Here we present a
radial version of the older, nonorthogonal decomposition. However, because of the requirement (13)
in the proof of Theorem 3.1, we obtain norm equivalences for RZq only for « large enough; e.g., for
p,q = 1, werequire > —1.

Forp € Zand k € Z*, we let A, be the fattening of Ay: Ay = {x € R" : 274 (41— 1) <
|x| < 27*(jyr + D}. Since jyx — jux—1 = m + O(1/k), this fattening is of the same order as the
width of the annulus 4. For @ > (n/min{l, p, q}) —n — 1, we define a smooth radial atom for
A,k to be any radial function a,,; satisfying

i. suppau < ANMk,

ii. /.auk = 0,
—(=1)/2
iii. |[D?au(x)| < cy2"”/22“|’/‘jv,k" 2,

for all multi-indices y, where ¢, = 1 for |y| < « + 1 and the ¢, are independent of u and k for
|| > o + 1 (with fixed values to be determined by the proof below).

4.1. Theorem

Suppose 0 < g < 00,0 < p <oo,anda > (n/min{l, p,q}) —n — 1. For f € qu, there
exists a sequence s = {s,i} € 77 and functions {a,k} ez kez+ (both depending on f) such that each
ayy is a smooth radial atom for A,
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=" st (35)

WEZ keZ™

and
IIfIIR'Z‘f ~ IISIIr'j/, (36)

with equivalence constants independent of f. The identity (35) has the interpretation that the partial
sums

u=+N

Sy = Z ZS;Lka/,Lk

u=—N keZ*

converge to f in the qu quasi-normas N — oo if ¢ < +oo and in §'/P if ¢ = +o0.

Proof.  Select a radial function € D(R") satisfying supp & < B(0, 1), [6 = 0, and

|é(E)| >c>0if1/4 < |&] < 1. (See, e.g., [9, p. 783].) Then there exists a radial function
¢ € SR") suchthatsuppp C{&E:1/4 < |&] < 1}, ¢&)| >c > 0if3/10 < |§] < 5/6, and

D e re0@@ e =1 if & e R"\{0). (37)

nez

For p € Z,let ¢, (x) = 2" (2*x) and 6,,(x) = 2#"0(2*x). By (37), we have

[=2 0uxeuxf, (38)

NEL

with convergence in S’/P. Since {4,4}72, is an essentially disjoint cover of R,

g [0 =Y [ 6,6 = g x 1. (39)
k=1

nk

For a sufficiently large constant ¢’ to be determined later, define

Y2 sup g, * ()]

YEA ik

Suk = C/|Aﬂk|
and, if s, # 0, define

1
aur(x) = T/A Ou(x — Y)ou * f(y)dy. (40)

nk
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Thus (38) and (39) yield (35). Since 6, ¢, f, and A4, are spherically symmetric, a, is a radial

function. Since supp 6,, € B(0, 27#), we have supp a,x € A, + B(0,27#) = 4,4, i.e., (i) holds.
Since [0 = 0, (ii) also holds. Next,

1
— [ 2#m2HWI(DY9) (2" x — 2 )| g * f(W)|dy

| DY ayi(x)] <

Sk J A,
2ulyl .

< —|dul™Y / |DY6(2"x — y)|dy
¢ Aok
21yl Jvk

= — IA,Lkl“/Zf |D?6| % do,(2"x) dt.
¢ k=1

By Lemma 2.3,

|DYO| * do,(2¥x) < c;,m(l + [2¥|x| — )7

Since | 4,712 & 2072 ;D2 we have | DY ay(x)| < Zmoen/2mr] =D Taking ¢f large
enough gives (iii). Hence each a, is a smooth radial atom for 4 ;.
If x € A, then by the radiality of |¢, * f| we have

| Akl ™ Is) = ¢ sup{lgy  frx/IxD)| 27" jogmr <7 <277 ok} < el f(x).
As in the proof of Theorem 2.1, we obtain

lIsllzes < CIIfIIR";% (41)

The converse estimates are obtained from Theorem 3.1. We check that for the assumed
indices, radial smooth atoms a,,; are, up to a constant factor, radial smooth molecules as defined
before Theorem 3.1. By the assumption on « in Theorem 4.1, we can take 0 < n < 1 sufficiently
close to min{l1, p, g} so that p/n,q/n > landn + 1+« —n/n > 0. This allows us to take / = 0
in (13), so (13) reduces to (i7). Then (14),(15), and (16) follow, up to a constant multiple, from (i)
and (iii). Thus, by (35) and Theorem 3.1, we have

”f”R'z" = clisllzea (42)

The remark about convergence in the quasi-norm when g < oo follows by applying Theorem 3.1 to

f_fN = Z Zsukauk

|u|>N k=1

and using the dominated convergence theorem. O
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The obstruction to such a result if « < (n/min{l, p,q}) —n — 1 is as follows. To apply
Theorem 3.1 to get (42), we need to assume (13) with / > 1 for g, in place of m ;. Even if we
find a 6 satisfying such a condition, (40) does not guarantee that this condition will be “inherited”
by a,, unlike the simple mean-zero condition. Finding a version of Theorem 4.1 for « below the
stated value remains open.

5. Results for the Besov Spaces

In this section we briefly describe some of the results for Besov spaces. Recall that the
homogeneous Besov space qu, a € R,0 < p,g < o0, is defined to be the set of all /' € S'/P
such that

1/q
171 oo = (Z(zw e f||Lp<Rn>>4> < o0.

HEL

Let H;q denote the space of all radial elements of ng, together with the same quasi norm as
qu. Again, by a radial element, we mean that that there exists a radial element in its class. For

S = {Sﬂk}’uez’kezj, deﬁne
q \ /g
LP)

Il = (Z

HEZL

o0
D 2 skl X 4,
k

—1
Let {¢ut) uez.kez+ and (Vi ez kez+ be as in §2.

5.1. Theorem

Letaa € Rand 0 < p,q < co. The operator
g -aq
S Hp — hp
defined by

S(H =/, (P;Lk>}

is bounded.

5.2. Theorem

Leta € Rand 0 < p,q < oo. The operator

ag g
T.hp —>Hp
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defined by

oo

Tsuh) =YD SukVue
1

MEZ k=

is bounded.

5.1. Corollary
Leta e Rand 0 < p,q < oo. Then for a radial f € S'(R"),

AW oo ~ IHCS @i M o

Proof of Theorem 5.1.  As in the proof of Theorem 2.1, we have

o0
D 2 S i) R 4, (X) < 2% f(x) ae.
k=1

We will take y > n/p in the definition of ¢*. According to Peetre’s estimate [18],
¢ ) = (M f177))"" (x).
Applying the ordinary maximal inequality (since y p/n > 1) gives

ey fllee < cll@u* flier

with ¢ independent of u and f. The desired inequality || S(f)|| 5 <c|fI e now follows easily,
P P

since we obtain an equivalent norm to || - || B using ¢, in place of ¢,,. Ol
P

Proof of Theorem 5.2. By examining the proof of Theorem 2.2 we see that

ut1 00 1/n
Mg * fllr <c Y (M <Z|sxk|"5<f;u,[>) :
k=1

rA=p—1 P

where, as before,

f = Z Z Sukwp.lp

neZ k=1
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Taking 0 < n < 1 such that p/n > 1, applying the ordinary maximal inequality, and using the
essential disjointness of the sets {44}, (for fixed ), we see that the right side of the last inequality
is bounded by

1

+

12 00

D IsilX

k=1

I

-1 L

This immediately gives the desired inequality || f| g s clls|| Pk O
P P

For the molecular estimates, the only change in the definition of a molecule is that we need
only assume that 0 < n < 1 satisfies p/n > 1. From Lemma 3.4 we get, with p* = min{l, p}, by
either Minkowski’s inequality if p > 1 or the p-triangle inequality if p < 1,

1/p*
00 P/
- — * ~
D § sumae| < e | Y27 v (Y 2R s 7
reZ k=1 Lp LEZ k=1 Lrin
1/p*
) p v
< E 2—|K—M|8P szﬂskk')zAM
reZ k=1 Lp
S CE 2 [A—ple/2 szab‘kk'XAk

reZ LP

The second inequality follows from the ordinary maximal inequality (since p/n > 1)and the essential
disjointness of the sets {4,x}7- , for fixed A. The last inequality is trivial if p* = 1 and follows from
Holder’s inequality if p* < 1. We now have

00 g\ 1/q
< 27|)»7;L|(3/2 Z)La =~
) IR BN 0 o Dol PO
AL k= neZ \Arel k=1 Lr

P

| /\

22* Ikl X 4,

1/q
= clls]| o
P) hp ’

as desired. Here we have used [l * bll;s < |lallp||bllie if ¢ > 1 and ||a * bl < |[la|? * |b]?]],;
lalIL, o111, = Nalls1b]o if g < 1.

Finally, the atomic decomposition described in Theorem 4.1 is valid for the pair H 1 haq
with the same proof, except in this case we only require « > (n/ min{l, p}) —n — 1 and pis allowed
to take the value +o00. Let s, be defined as in the proof of Theorem 4.1. Then, using Peetre’s
estimate again,

(2);

HEZ

g _
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q \ /4
LV>

oo

ZZ“"‘( sup g * f(MDX4,

k=1 yeduk

IA

(

nez

[l e
h[”

IA

1/q
c (Z ||2““<5;i*f||ip>

neZ

IA

1/q
c (Z(zﬂ“nw * f||u)4> = clfl g

neZ

The converse estimate follows from the I-'Izq version of Theorem 3.1, which, as discussed above,
only requires that there exists some 0 < n < 1 such that p/n > landn + 1 + o —n/n > 0. This
is guaranteed by our modified hypotheses.

6. Results for the Inhomogeneous Spaces

In addition to the homogeneous Besov and Triebel-Lizorkin spaces B;q and F‘Zq, there are
also the inhomogeneous spaces B, and F,?. The Bessel potential spaces Ly ~ Fi>,1 < p < 400,
a > 0, arise in this scale; in particular, when o = k € Z" we have the usual Sobolev space L,f .
One advantage is that for the inhomogeneous spaces we have quasi-norms on all of §” and not just
the quotient &’ /P. As usual in this subject (see, e.g., [11, §12]), the results for qu and F Zq have
complete analogues for the inhomogeneous spaces. Since the proofs are virtually the same, we will
be brief.

To set notation, pick radial functions ®, ¥ € S(R") satisfying supp CiJ, U C{&: & <1},
D@, 19E)] = ¢ > 0if |§] < 5/6, and

) WE) +) 9.6, () =1 forallf R’ 43)

u=1

where ¢, ¥, are asin §2. For0 < ¢ < 00,0 < p < 00, € R, and f € S'(R"), let

00 1/q
LA e = 11D 5 fllzo + (Z(zwm x fl)")

n=l1 L

(see, e.g., [11, Lemma 12.1]). For the same ¢, «, f,and 0 < p < o0, let

00 1/q
1Al gz = 11D fllzr + (Z(zwnsou * f||Lp)4> :
n=1
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Let R,? denote the space of radial elements in F,? and H," the space of radial elements in B,?,
with the same quasi-norms, respectively.
From (43) we obtain

[=®xWs f4+ Y Guxix f, (44)
n=1

with convergence in S'. For k € Z™, let

5 12
b = o 72 . D de\/k’
]vykl]H](]v.k)wn—l '

and similarly define {W}}72 . Then each ®; and W} isradial. If f isradial, then by applying Theorem
1.1 as in §2 we obtain the identity

L= 00W A+ YD 0 Wk
k=1 u=1 k=1

For a sequence s = {sut}kcz+ 41=0.1,2,.. and indices as above, define

0 oo 1/q
Isll 20 = (ZZ Q" |5uk1X 4,,) )

=0 k=
Le

and

Zz*‘ 11X 4.,

q \ /4
LP)

For f e &, let S(f) = {sux}, where sor = (f, ®x), and for u > 1, s, = (f; @ui). Fors = {s,u} i
let

Isllpee = (Z

n=0

gk

T(s) = ZSOk\Dk + Z

k=1 p=1

sukd’uk

=~
Il

1

6.1. Theorem

The maps S : Ry — 1y (S HY! — hy!)and T : — Ry (T : Wy — HY) are
bounded, and the composition T o S is the zdentzty on R, o (H, q) Inparticular, ||f||RZq R ||S(f)||rgq
LS Wz = AUSCHOpea)-



Wavelet Expansion for Radial Distributions 351

Proof. Modify the proof in §2 by dropping negative indices and replacing ¢y with
o. O

A family of smooth radial molecules has the form {n 4}, x, where k ranges over Z* and
n=0,1,2,.... The only change in the definition is that when p = 0, (13) is not required.

6.2. Theorem

If {m i} is a family of smooth molecules for R, (Hy?), then there exists a constant ¢ > 0
such that for all sequences s = {Suk}kez+,u:0.1,2,...r

00 0
DD Sukmuk

u=0 k=1

< clls ],

R,
(and similarly with Hy", hgq).

Proof. Note that in the proof of Theorem 3.1, we only need (13) to estimate ¢,, * n;; when
u < A. (The u = X case is covered by Lemma 3.3.) Here u > 0, so for A = 0, (13) is never
required. O

For the smooth radial atomic decomposition, the decomposition takes the form

o0 o0
=20 Skt

=0 k=1

"

where the g, are as above, except that (ii) is not required for u = 0. The norm equivalence is, of
course, || f1l g 2 l1slloo (/e 2 [l ge)-

7. Conclusion

We conclude with some problems and directions for further study. The first and most obvious
question is whether there exists an orthonormal radial wavelet decomposition having good space-
frequency localization and allowing norm characterizations for the spaces occuring in Littlewood—
Paley theory. The “rectangular” wavelet theory, as developed by Lemarié¢ and Meyer [15], Mallat
[16], and others is based on dyadic translations and dilations. To work by analogy in the radial
setting seems impossible.

Theorems 2.1 and 2.2 can be used to study radial linear operators (i.e., linear operators map-
ping radial functions to radial functions) on qu, in the same way that the ¢-transform and wavelet

transform can be used to study linear operators defined on all of F Zq. There is a notion of radial
almost diagonality parallel to the standard notion of almost diagonality. In another direction, the
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radial atomic decomposition given by Theorem 4.1 together with the method of proving Theorem
3.1 can be used to study the restriction of a (not necessarily radial) linear operator to radial functions.
We plan to discuss some of these issues elsewhere.

In reference [6] we describe a wavelet-type transform adapted to polar coordinates on R?,
which generalizes the transform in this paper. The polar wavelets are not related to each other by
translation or dilation. Some of them are rotations of each other. Continuing in the direction of
removing symmetries, we could consider the general problem of developing a wavelet-type theory,
including Littlewood—Paley norm equivalences, on an arbitrary compact Riemannian manifold.
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