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ABSTRACT.  The purpose of this article is to study the Hilbert space W2 consisting of all solutions of the
Helmbholtz equation Au +u = 0 in R? that are the image under the Fourier transform of L? densities in the
unit circle. We characterize this space as a close subspace of the Hilbert space H2 of all functions belonging
to L2(|x\73dx) Jjointly with their angular and radial derivatives, in the complement of the unit disk in R2.
We calculate the reproducing kernel of W2 and study its reproducing properties in the corresponding spaces
HP, for p > 1.

1. Introduction and Preliminaries

The purpose of this article is to study Banach spaces of solutions of the Helmholtz equation
Au +u = 0 in R?. One can generate solutions to this equation from L' densities in the unit circle
T through the operator (see [3, p. 3])

2T do
Wf(S, t) — / el(S Sll’10+lCOS9)f(9)_
0 2w

where f € L'(T). The function W is nothing else but the Fourier transform of the density f on T,
considered as a tempered distribution in R?. Much work has been done in the study of the Fourier
transform of distributions supported in a surface and the related problem of the restriction of the
Fourier transform. In this article we describe W (L2(T)) as a function space. In n dimensions, this
problem was studied by Guo in [5], where he gave a necessary and a sufficient condition in terms of
mixed norms, for a temperate distribution to be the Fourier transform of an L? density in the sphere
in R”. In two dimensions, Gonzélez-Casanova and Wolf proved in [3] that given f € L%(T), the
restriction (W £ (-, 0), % (-, 0)) determines W f completely. Then they constructed a reproducing
kernel for the space of these restrictions in a certain Hilbert space provided with a nonlocal inner
product.
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In this article, we characterize the image W (L%(T)) as aclosed subspace of a Hilbert space H2.
This space H? consists of all functions belonging to L?(|x| =3 dx) jointly with their angular and radial
derivatives, in the complement of the unit disk in R?. We also construct and study the reproducing
kernel for W (L?(T)). This work is done in Section 2. In Section 3 we consider the p-version, H?,
of the space 12 and we study the class of solutions of the Helmholtz equation belonging to H?”.
These turn out to be Banach spaces and the projection P found in Section 2 provides a reproducing
formula for every 1 < p < co. We also show by means of an example that in general the operator
‘P cannot be extended as a bounded operator in H?.

Throughout this article we will use the following notations and results: D will denote the open
unit disk in R?, and © = R? \ D. The conjugate exponent of p > 1 will be denoted by p’.

For every integer n, the Bessel function J,, () can be defined (see [7, p. 20]) by

Jn(r) — /271 6,i(r siné)—n(-))ﬁ .
0 2

The Bessel functions satisfy the following functional relations (see [4])

20,(r) = a1 (r) = a1 (r) (1.1)
—rJyt1(r) = rJ,; ry—nl,(r), (1.2)

Jon(r) = (=D"Ju(r), (1.3)
D) = 1. (1.4)
nez

For n > 0 we have the estimate (see [7, p. 16])

n

nl2n

/ljz( )dr 1
— =0 .
o 2 ni2"

Also for n > 1, we have [4, p. 715]

/OOJZ()dr o1
P =—-—
o "7 mn?2-1/4

11 ()] < —e" 1. (1.5)

Hence, for n > 1 we obtain

Then, we conclude that for every n > 1,

/‘“Jz()dr_l Lo w6
o T r a0 G ) ‘

With r = +/s2 + ¢2 and § = arctan é, we consider the operators

u s ou t u
ar  rds r ot
u tau n ou
J— — —_f— §— s
00 as Jat

defined on D' (R2 \ {0}). Given a smooth function u, then g—br‘ and g—g are the radial and angular
derivatives of u, respectively.
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Definition 1. (a) For 1 < p < oo, we denote with H#? the space of all u € D'(2) such that u, g—':
and g—” e Ll (©) and

] loc
Nl = // <|u|" +
Q

(b) We will denote with WW? the space of all functions u € H? satisfying the Helmoltz equation
in R2,

1/

p
PN dx
= <00.
3

P 9u

ou n
or a0

Remark 1. (1) For any bounded open set U C €2, the restriction operator is continuous from H”
into the standard Sobolev space W 7! (U). Using this fact, it is easy to see that ? is a Banach
space.

(2) One can represent the dual space of 7 as in the case of the Sobolev space W ” 1(Q). In
fact, every L € (HP)* can be represented as

L // Fit 2 ) &
u= u — — —_—,
YT T80 ) kP
Q

where F; € LP(Q, |x|3dx) and | L| ~ 21‘3:1 IFill (. 1x|-3ax) @nd as we said before, p’ is the
conjugate exponent of p. The proof is the same as in the case of the space W 71 (Q).

(3) If u satisfies the Helmoltz equation in R2 and u = 0 in ©, then u is identically zero (see
for example (3.1) below). Hence WW” may be thought of as a space of functions in R2, with ||- ll¢p
as a well defined norm.

(4) Since the measure % is finite in 2, we have HP! C HP2, when p; > p>. The same can

be said about the space W?.
We end this section with the following estimates used in Section 3:

Lemma 1.
For each y > 2, there exist C > 0 and C,, > 0 such that

dy log|x|
O ] amyme = O ¥ €2

dy Cy
? sfzf by = e ¥ € S

Proof. The proof follows from elementary estimates on these integrals splitting
Q = Q1 UQyU Q3 U Qy4, where
Qp={yeQ:|x—yl=<Ixl/2},
Q={yeQ:1<lyl<lxl/2),
Q3 ={yeQ:lxl/2< Iyl <3Ixl/2 x| /2 < Ix -y},
Q={yeQ:3kl2<hl) [

For x,y € R2, x - y will denote the dot product of x and y. Also, if y = (y1, y2) we will
denote iy = (—y2, y1).

Throughout this article ¢ and C will denote generic positive constants that may change in each
occurrence.

2. A Reproducing Kernel for the Space WV

For n € Z, let e, (¢) = e~"¢. We also consider the translatipn operator fg(¢) = f(p —6)
and the rotation operator Ty, that is the complex multiplication by ¢!?. Then
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(1) Wfy=WfoTp;

(2) Since (e,)y = ¢"e,, we have We, (Tp(s, 1)) = " We, (s, t).
In particular, if (r, 8) are the polar coordinates of x € R2: then

(3) Weu(x) = e We,(r,0) = ™ J,(r).

Hence, we can represent the functions in W (L*(T)) in polar coordinates (r, 0), as series

u(r,0) = anJy(r)e™

nez

with 3" |a,|? < oo.

According to (1.5), this series converges absolutely and uniformly on compact subsets of R
Moreover, using the identity (1.1) repeatedly, one can see that the series can be differentiated term
by term, with absolute and uniform convergence in compact subsets of R?.

Following [7, p. 522], we will call these series Neumann series.

Theorem 1.
The operator W is a topological isomorphism of L*(T) onto W?2.

Proof. Forevery n € Z, let F,(re!?) = J,(r)e!"’. The family {F,},c is orthogonal in W2,
Furthermore, using (1.1) and integrating in polar coordinates, we have

f (1ot + 22 E
n(X) EY: (x) 3
Q

o0 o\ o, . dr @ (% ) dr
= o (1 +n ) RO S+5 | G ) = b ()
1 1

8ln( )
X
ar

2
"

2
AR

By (1.6), there exists ¢ > 0, such that for every n € Z, n # 0,
[ Full3g2 > ¢
and
|Fallye =v2+ 0 (1/2%) . @.1)
Thus, using the orthogonality of {F, },,c7, we can conclude that

cllflly = IWfllgz = Clifll2 -

It remains to prove that W is onto.
Given u € W?, the ellipticity of the Helmholtz operator implies, in particular, that u is smooth
in R2. If we consider the Fourier series representation of u(r, 6),

u(r,0) =Y Ay(r)e™
nez
the smoothness of 1 implies that the coefficients

;o

- 2.2)

2
An(r) = / u(r,0)e="
0

satisfy the following:
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For each k, [ > 0, the series ), ., n “1 An (1)
Thus, the Helmholtz operator written in polar coordinates,

converges uniformly on compact subsets of (0, 00).

2 19 1 92

il 1
8r2+r8r+r2892+

can be applied term by term.

‘We obtain
Z (rZAZ(r) +rA,(r)+ (rz - nz) An(r)> P
nez

The orthogonality of the functions e, (09), implies that for each n € Z, the function A, (r)
satisfies the Bessel equation of order 7,

rzAZ(r) +rA,(r)+ (r2 — n2) A,(r)=0.
Then, A,, can be written as a linear combination,
Ay(r) = anJy(r) + by Ny(r),

where N, (r) is the Neumann function of order n (see [4, p. 960]). Since N, has a singularity atr = 0
and A, (r) is bounded, it follows that b,, = 0 for all n € Z. We claim that ZneZ Ianl2 <C ||M||%_lz
In fact, by (1.6),

Yo = € ) / jann? J%r)—
0<|n|<N O<|n|<N
dr
— 2 42
= C Z hm/ lapn| J”(r)r_2
In|<N
< CRli_)mOO/ Zlann|2J2(r)
neZ

ou

d@—

I

< Cllul?, <.

Similarly, using the Cauchy-Schwarz 1nequahty in (2.2) with n = 0 and integrating both sides of the
resulting inequality on (1, co) with respect to , we obtain

d@d
|ao|2f1 Jo<r)—<//|u< 0r d
JEr)

. oo
Since 0 < [, —=dr < oo, we have

-1
e’} J2 d
lao)* < | 27 O(r)dr u(r, )12 do "L .
1 r2 r2
Q

2 2
D lanl? < Cllul,, -

nez

Finally,



54 Josefina Alvarez, Magali Folch-Gabayet, and Salvador Pérez-Esteva

We conclude that f = )", _, aye, belongs to L*(T)and u = Wf. L]

We will now construct the reproducing kernel for W2, as a subspace of the Hilbert space H?.
In the proof of Theorem 1, we observed that if we set B, = || Fy l|32, the family {8, F,} is
an orthonormal basis for W2,

Let
Z Fn(x)Fy(y)

2
nez 'Bn

BV InS) o
2 (r;,% s, 23)

K(x,y)

nez

In (2.3) and in the rest of this article, (r, ) and (s, ¢) will denote the polar coordinates of points
x,y € R?, respectively.

By (1.5), the series (2.3) that defines [C(x, y), converges absolutely and uniformly on compacts
subsets of R x R2.

Notice that by (1.3), we have

Bn = B-n

and /C(x, y) is real and symmetric.

Also, from (1.4), we have that (x, -) € W2 for each x € R2, with the series

Ky = ¥ 0T,

nez

converging in W2.
The orthogonal projection of H2 onto W? is given by

Pu=3 (u.b;"Fa), , By Fu

nez

with convergence in WW? and also pointwise.
For x € R? fixed we have,

Pux) = Z<u,ﬂ;2an>H2=<”’m>Hz

nez

a a
// [’C(x, u(y) + aiC(x, V)5 u(y)
Q

il 0 dy
+ K, y)—u(y) | = (2.4)
I e s
We would like to write the kernel /C(x, y) in a closed form. We will be able to do it up to
composition with a topological isomorphism of W2. More precisely we can prove the following.

Lemma 2.
Let M be the Fourier multiplier operator defined by the sequence (ﬂ,%) That is,

M (Z aneme> _ Zﬂ,%anemg ,

for any trigonometric polynomial 3" a,e'™. Then, M is a topological isomorphism of W2 onto

itself. Moreover, the kernel of the composition M o P is the function Jo(|x — y|).
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Proof. Notice that for some constants ¢, C > 0, we have
c<pr<C.
Then it is clear that the action of M in W? defined by
M (B )™ = BRI ()™
for every n € Z, is a topological isomorphism. In particular, we have that (see [4, p. 992])

MEG, y) =Y Jn(r)In(s)e™ =9 = Jo (Ix — y])

nez

where M may be thought of as acting on 6 or on ¢, since 8, = f_, foralln € Z.
_ The kernel Jo(|x — y|) has the same properties as . Hence it defines a continuous operator
P from H? into itself, given by

~ 9 3 9 3 dy
Puco = [[ [Joux — D) o do( = ¥ )+ = ol - y|>—u<y>} .
s as I o N
Q

It is easy to verify that the operators P and M o P coincide on the space H defined as the
linear span of the set {A(r)e’"0 A e CX(0,00) }nEZ' Since Hy is dense in H2, we conclude that

P=MoP. []

3. The Space W?

Theorem 2.
Let 1 < p < 00. Then,

(1) WP is a Banach space.
(2) The linear span of { Ju(r)ein? }nEZ is dense in WP,

Proof. (1) Let ®(x, y) be the fundamental solution of the Helmholtz equation in two dimen-
sions [1, p. 341] and [2, p. 106]), given as

D(x,y) = 3 (Jo (Ix = y]) +iNo (Ix — y])) -

Let Dr be the open disk centered at the origin with radius R > 1. If v € W? and x € Dg,
then for [ € [2R, 3R] we can write (see [1] and [2])

av a9
v(x) =/ (_a (y)CD(x,y)——(x,y)v(y))do(y), 3.1
ly|=l N as

where do is the Lebesgue measure on |y| = /. Integrating both sides of the equation above with
respect to / on [2R, 3R], we obtain

()—l (a—v()cb( ) i ) ))d (3.2)
U.X—R // asy x’y_as(x’yv(y Y. .

2R<|y|<3R

Using the reproducing formula (3.2), we can now show that WW? is complete.
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Let {u,},>0 be a sequence in WP converging to u € H”. The function ®(x, y) is smooth in
Dg x (D_3R\ DZR). Moreover, for each y € D_3R\ DsR, the functions ® (-, y) and %(~, y) satisfy
the Helmholtz equation. Thus, we can conclude that the limit function u satisfies (3.2) and it is a
solution of the Helmholtz equation in Dg, for every R > 1. It follows that u € WW”, and we have
proved that W7 is closed in HP.

(2) Let

Ko (@) — i (1 Il )eme
N N+1

n=—N

be the Féjer kernel.
Given u € WP, the proof of the surjectivity in Theorem 1 shows that we can write

u(r,0) = Zaan(r)ei”g

nez

for some a, € C, where the convergence is absolute and uniform in compact subsets of R2.
Consider now

un(r,0) = Ky * u(r, ))(®)

N
|n| ;
= 27 H_Z_N (1 N 1 aan(V)e’nG .

Then we clearly have thatuy € WWP. The fast decay of a,, J, (r), uniform with respect to r in compact
subsets of (0, 0o), implies that uy converges to u uniformly in compact subsets of R? as well. Let

2 _ p
wh(r) = /0 [|uN<r,9)—u<r,9)|P+‘W(rﬂ)
0(uy —u) P
+ ‘T(r, 0) i|d0.

Inserting aa_r and % inside the convolution that defines u y (r, ), we obtain

2 9 p
i < C/O |:|u(r,9)|p+ ‘au(r, 0)

p
Jas

By the dominated convergence theorem it follows that

0
+ ‘a_eu(rs 9)

© dr
Jim Wy — =0.
—00 J1 r
That is, we have shown that u converges to u in WP. L]

In general, the operator P cannot be extended to a continuous operator from #? into WP?. In
fact, Proposition 2 below shows that P cannot be extended to a continuous operator from #? into
itself, for p < 4/3. However, the next two results will show that P is continuous from #?” into
LP(2, |x|~3 dx) and that it has a reproducing property, namely, given u € H? the function u € WP
if and only if Pu = u.
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Proposition 1.
The operator P has a continuous extension from HP into LP (2, |)c|_3 dx).

Proof. As observed in (2.1), forn # 0

gr=2+0(1/n)

then
B2=1/2+0 (1/n2) .

Hence, the Fourier multiplier operators M and M ~! are continuous in L?(T') forevery 1 < p < 0o
(see for example [6, Prop. 4.1, Ch. V]). They also may be thought of as acting continuously on
LP (S, |x| 73 dx), starting with their natural action on Hg, which is also dense in L” (2, Ix| 73 dx).
In fact, by Fubini’s theorem we can find constants ¢, C > 0 such that

Y Au(r)e™

A

Cc

> B2 An(r)e™

LP(S2,]x|73dx) LP(S,]x|73dx)

IA

C

)

Z A, (r)einB

LP(R,]x|3dx)

for every finite sum ), A, (r)e"? in H,.

We observe that H is dense in H” for 1 < p < oo. Then the claimed continuity of P will be
proved once we prove this continuity for P=MoP, originally defined on H. To this end we shall
prove the continuity on L? (€2, |x|_3 dx) of the operators M, M> and M3 with kernels Jy(|x — y|),
%Joﬂx — ), and %Joﬂx — y|), respectively. We have the following estimates

C .
(a) |Jo(|x —yD| < )72

*) |%JO(|X B y|)| - ‘J1(|x — D I(;C—_yyl)lyyl = (1+|xE}’|)l/2; and

(©) [ Jox = yb| =[x = yp 2

_ _ x-iy Clxllyl
—‘]I(|x y|)|x_y| = Itx—y)32

To prove the above inequalities, one observes that
[ Jn(r)] < Cpr =12

for r > 0, and that the function J, (r) has a zero of order n at r = 0.
Proceeding as in the proof of Lemma 1, we see that the integral

Q
iS a bounded funCtion Of.x € Q

Since the kernel m is symmetric, we can use Schur’s lemma to conclude that it defines

a bounded operator on L? (€2, |x|’3 dx) for 1 < p < oco. As a consequence, M| and M, have the
same continuity property. Finally, we consider the operator M3. According to the estimate (c)

above, it suffices to prove that the operator 73 with kernel % is a bounded operator from

LP(Q, |x| 3 dx) into itself for 1 < p < oo.
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We have the following estimates, for every x € :

x| 1]
‘// (1+|x y|)3/2f( )| 13
P
// 'x"y' Fon) 2
(1+|x — yD*? ly |3
P
) //<1+| 1

Applying Holder’s inequality to this last integral, we obtain

» |yl dy IYLLfFDIP dy
= |x| 3293 32703
)t —yD¥2 1yl A+ 1x =y [yl
Using Lemma 1, we can estimate the above by
1 p/r P d
SCIxI”(Ongz') // lf O D
el (L+1x = yD>2 |yl

Then fixing 0 < 8 < 1/2 we obtain from llz‘T;'j;' < m% -

C L fDn)IP dy
T 14 —_ .
@I = 5 4/ 1+ [x — yD32 [y?

By Fubini’s Theorem and Lemma 1, we finally have

/ 7 f ol L C//lf( )|"d—y// dx
[J Ik /. Y P L) b=y P

p

1T3.f (017

IA

dy
= cffiror Sy
|y|2+3/2
Q
d
= cffirorss.
|yl
Q
This proves the continuity of M3 for any p > 1. L]

Now we are ready to prove the reproducing property mentioned previously.

Theorem 3.
Given u € HP, the function u € WP if and only if Pu = u.

Proof. Given u € H?, we claim that the function Pu(x) is well defined for every x € R2, and it
satisfies the Helmholtz equation on the plane. In fact, as shown by (2.4) , the operator P consists of
three terms. Let us consider first

LY d
f / K, y)u(y)— / / ( (r) () jin(o— w>>u<y)s—§. (33)
neZ
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Using the uniform estimate [5, Lemma 3.4]
[Jn() < Cs™13

valid for s > 1, we obtain that the norms || F; |, (Q.)x|3dx) AT€ uniformly bounded. Then, the

estimate (1.5) implies that for each x € R2, the integrand in (3.3) belongs to LY(Q, |y|_3 dy).
Moreover, its norm is bounded uniformly with respect to x in each compact subset of R.

This argument can be applied to the other two terms in the representation of Pu given by (2.4).
Moreover, it is legitimate to take derivatives of Pu of any order under the integral sign. Since KC(-, y)
satisfies the Helmholtz equation in R2 for each y € 2, so does Pu. Then, we can conclude that
u € WP if we assume that Pu = u.

To prove the converse, we recall that P is a continuous projection from H? onto W?2. This
implies that Pu = u for each u in the linear span of {J, (r)e’ } - According to Theorem 2, this
linear span is dense in W?. Thus, Proposition 1 implies that Pu = u for any u € W?. L]

Proposition 2.
The operator P cannot be extended to a bounded operator in HP forany 1 < p < 4/3.

Proof.  As in the proof of Proposition 1, we can show that M and M~ are continuous operators

inH?, for1 < p < oo, assuming that they are initially defined on the linear span of {Jn (r)e'"? }neZ.

Thus, the operators P and P will have the same continuity properties on H?.
We observe that COO(RZ) is dense in H?. Let uecC oQ(Rz) To estimate ”PM

calculate the norm in LP(S2, |x| =3 dx) of Pu, 2 I 2 Py and 2 3 2 Pu.
According to the proof of Proposition 1, the kernels Jo(|x—y|), 35 Jo(lx—y|) and Jo(lx -y

“HP we have to

define continuous operators on L? (2, |x|™ -3 dx).
It follows that

| Pu < Cllully -

”LP(Q Ix|73dx) =

The function %ﬁu involves the kernels WJO(|x -y, %Joﬂx y|) and 7= Braga Jo(lx — y|).

These kernels are all bounded in modulus by a constant multiple of L]l 7 which is the kernel

(I+[x—yl
of the operator 73 that we used in the proof of Proposition 1. Thus we have also

Finally, we need to consider the function %7314 This function is again the sum of three terms

0 ~
—Pu

<C .
o < Cllullyr

LP(S,]x|73dx)

32
—Pu f/ [—Jo(|x = yDu(y) + mfoﬂx - yI)—u(y)

+

a dy
J\ —yD)— —=. 34
2097 o(]x yl)awu(y)} 3 (3.4)
Repeating the argument above, we can prove that the kernels %Jo(pc —yl)and %Jo(lx -y

define continuous operators on L” (€2, Ix|73 dx).
The last term in (3.4) is an integral operator evaluated in %u, with kernel

92 o [Ji(x —
B —yh = 2| =D
300¢ 90 | |x—
Jilx=yD. . J~Ux—yD . .
—y ly+—)2}(ylx)(XZy)
lx — vl lx — yl
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Once again, the term D=3y y can be handled by the above argument.

[x—y]
Recalling that J; (?) ﬁas a zero of order 2 at ¢ = 0, the asymptotic expansion [4, p. 972]

Jo(t) = /27t cos(t — 3 /4) + O <I—3/2> ,

and the relations (x — y) -ix =x -iy = (x — y) - iy, we can write

S(x—yD . cos(lx —y[=3m/4) . 5
= Py Ciy) = L(x,y) + /2 : ,
P (y-ix) (x-iy) = L(x, y) /7 At —3)P (x-iy)
with C Ll vl
Xy
Lx,y)| < ——————— .
|L(x, y)l RENIRNIE

Hence, we obtain a representation of the integral operator

y v _p T
// 2000 0(|X—y|)f(y)s—3— f)+Tf(x),
Q

where R is a bounded operator in L? (2, |x |73 dx) and

cos(|lx —y| —3m/4) . dy
T = . )
" éf (14 Ix —yh*? G f(y)ly|3

The discontinuity of P will come from the term T( g—;) as we shall see.

To this end, we write (x - iy)2 = |x|? |y|2 sin® (e (x, y)), where a(x, y) is any choice of the
angle between x and y.

For every positive integer m, let D,, be the disk of center (0, 2rm) and fixed radius ¢ < /8.
For k > m let A be the region in the first quadrant between the circles centered at (0, 2w m) with
radii 2wk + 3% and 27k + %’ respectively, below the diagonal and above the horizontal line that
passes through (0, 277m). Let ¢ be a nonnegative smooth function supported in the disk centered at
the origin with radius ¢ such that 1/2 < ¢ (x) < 1 for |x| < &/2. Define

fm(x) = ¥ (x +(0,2mwm)) .

Forevery y € D,, and x € Ay wehavethatck < |x| < Ck,cm <|y| <Cmandck < |x—y| < Ck
for some positive constants ¢ and C. We also have that sin? (e (x, y)) > cand cos(|x — y| — 37”) >c,

for ¢ small enough.
Hence, for x € A,
2 fm (y) dy
clx| —m =
lx — yI3/2 |yl
Dy,
c|x|2k_5/2m_1 .

T fin (X))

v

v

Then

p

/ —ITf|m(|)3€)| dx > ck_5p/2m_p/ Ix|?P3dx
X

Ag Ak

kPRI PP | Ay = kPP m T

%

Adding on k& we obtain the estimate

||Tfm||LP(Q’|X‘—3dX) = em™327p (3.5
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Now consider the Fourier series expansion of f;, in polar coordinates
fn =D A e
nez

It is easy to see that | f;,,| and |V f,,,| are uniformly bounded in R2. Then, since the distance of
D,, to the origin is of order m, it is not hard to see that for every r > 1,

2 2w
) do . do C
4570+ a8 )| 5/ fur (ré)| 5= +/ 1V f (re®)| 52 = =
0 27 0 2r T m
Hence, the following estimates hold
p p _ -3
P - A el (e
m)||? (my||? -3
H 0 Nr,x3dx 0 leri@,x-3dx) " G0
Thus
p p
> A @) + A e —cm?.3)
n#0 LP(Q, x| 3dx) n#0 LP(Q,|x|3dx)
Finally, we define
(m)
1y = m3/P Z An_ (r)einQ _
s in
From (3.6), (3.7), and the L? continuity of the Fourier multiplier (see [6, Prop. 4.1, Ch. V])
= I/n:n#0
n 0:n=0
it follows that
lumllyr < C . (3.9)

Since for every x € Q2

0 (m) dy
f/ 50 (X =30 A () 5 =0,
Q

then (3.5) and (3.8) imply that

9 9 d dy
— —Jo(]- — v)— —
59 // b9 ol yl)a¢um(y) 3

Q LP(,]x|73dx)

— i i - 3/p d_y
Sk o= 3D )3
Q

- HR (m3/pf’”> +7 <m3/”fm>‘ LP(Q,|x]3dx)
= PN fol o g0 = | R (/7 Fi)

= cm'? ||Tfm||Lp(Q,|x|—3dx) = Cm?*P=3/2 )

LP(2,]x|3dx)

LP(,]x|3dx)
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valid for m large enough, where we have used that R is a continuous operator so that || R (m3/ P fm)
HLP(Q,\x|’3dx) is a bounded sequence, and 2/p — 3/2 > 0. Since {u;, }m>0 is a bounded sequence in
HP, this completes the proof of the proposition. L]

Remark 2. Notice that by a standard duality argument, we can conclude that the operator T
in the proof of Proposition 2 cannot be extended to a bounded operator in L? (€2, |x| 73 dx) for
[1/p — 1/2| < 1/4. However, we were not able to conclude anything about the continuity of P on
HP for p > 4,0r p € [4/3,4]\ {2}.
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