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1 Introduction

It is now known that a moduli space of projective manifolds with ample
canonical class has a rich local structure. From a theorem of Aubin and
Yau, a projective manifold – whose canonical class is ample – admits a
unique Hermitian-Einstein metric. This Hermitian-Einstein metric induces
a Hermitian structure on any associated space of harmonic forms, and in
particular, on the first cohomology of the tangent sheaf. Given a moduli
space of the above mentioned type, the Hermitian structure constructed on
it using this Hermitian form on the first cohomology of the tangent sheaf
turns out to be a Kähler structure. On a moduli space of compact hy-
perbolic Riemann surfaces the Kähler form coincides with the well-known
Petersson-Weil form. This generalized Petersson-Weil form on a moduli
space of smooth projective manifolds with ample canonical class can be
realized as the curvature of the Hermitian connection on a certain deter-
minant line bundle equipped with the Quillen metric [FuS]. If we restrict
ourselves to the case of dimension one, namely the Riemann surfaces of
genus g with g ≥ 2, then this property of the Petersson-Weil form on the
moduli space of Riemann surfaces of genus g was established earlier in [W]
and [ZT1]. Further properties of the Petersson-Weil form on a moduli space
of Riemann surfaces can be found in [ZT2] and [I].

An analytic construction of moduli spaces of Kähler-Einstein manifolds
(also in the non-reduced category) can be based upon deformation theory:
The automorphism group of the distinguished fiber acts on the base of a uni-
versal deformation, thus giving rise to an open subset of the moduli space.
Unless just manifolds of dimension one are treated, the base of a universal
deformation may be singular, in particular it may be non-reduced. In the
latter case the space of infinitesimal deformations is larger than the tangent
space of the reduced base space. However, the Petersson-Weil Hermitian
metric is defined on the whole tangent space through the inner product
of harmonic representatives of Kodaira-Spencer classes with respect to a
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Kähler-Einstein metric on the respective fiber. These representatives arise
in a natural way from the metric tensors on the fibers in the holomorphic
family. The construction in [FuS] for singular reduced base spaces also
applies in the non-reduced case: The differential structure of the central
fiber is fixed and the singular base space embedded into some smooth space
so that the given family of holomorphic structures can be extended to a
differentiable family of almost complex structures. In this way all relevant
differential operators can be extended to the ambient space. The implicit
function theorem gives an extension of the Kähler-Einstein metric on the
central fiber to a tensor on the total space of the whole family, which will be
finally restricted to the (singular) holomorphic family. These considerations
hold also in the situation of moduli spaces of Hermite-Einstein bundles.

In this paper we consider moduli spaces of pairs of the form (X,E),
where E is a unitary flat bundle over a smooth projective manifold X
whose canonical line bundle KX is ample. Later, in the fourth section,
we will consider projectively flat connections. With little modification our
results can be carried over to the case of polarized Ricci-flat varieties.

The tangent space at a point of such a moduli space is given by the
first cohomology of a certain holomorphic vector bundle over X known as
the Atiyah bundle. Furthermore, such a moduli space has a natural Kähler
structure, which will be called the Petersson-Weil metric. This Petersson-
Weil Kähler form coincides with the natural Kähler form on the unitary
representation space, if X is kept fixed. Also, if the representation is kept
fixed locally, then the form coincides with the earlier mentioned Kähler
form on a moduli of projective manifolds with ample canonical class. The
precise statement is given in Lemma 2.15.

The main property established about this Petersson-Weil form is that
it can be realized (even in the non-reduced case) as a “fiber-integral”, i.e.,
fiberwise integral of a differential form over the universal space for X [The-
orem 3.1]. As a consequence, the Kähler form (rather a rational multiple
of it) coincides with the curvature form of the Hermitian connection on a
certain determinant line bundle equipped with the Quillen metric. This is a
generalization of the earlier mentioned theorem of [FuS]. When X is a fixed
Riemann surface, then in his well-known paper [Q], D. Quillen proved that
the curvature of the determinant line bundle over the representation space
Hom(π1(X), U(n))/U(n), equipped with the Quillen metric, coincides with
the natural symplectic form on Hom(π1(X), U(n))/U(n). We also recall
that the earlier mentioned result of [W] and [ZT1] on the Petersson-Weil
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form on the moduli space of Riemann surfaces was also proved by estab-
lishing a fiber integral formula. If the base of a universal deformation is
singular or non-reduced, it extends locally to a smooth ambient space as a
Kähler form, since it possesses locally a ∂∂̄-potential. We note that there
are some essential differences between the dimension one situation and the
higher dimensional case.

H. Royden in [R] showed that the holomorphic sectional curvature of
Teichmüller space Tg is strictly negative. Subsequently, Royden, Wolpert,
[W], showed that the sectional curvature of Tg is strictly negative. In fact,
Wolpert produced an explicit upper bound for the curvature, which was
conjectured by Royden. Moreover, the curvature is strongly negative in
the sense of Siu [S2]. The curvature of the Petersson-Weil metric on the
Teichmüller space has been considered also in [J], [Tr].

In Theorem 4.1 the curvature of the Petersson-Weil Kähler metric on
the moduli space of pairs (X,E) of the above type is computed. It turns
out that when X is kept fixed, the holomorphic sectional curvature of the
Petersson-Weil metric on the moduli space of unitary flat connections on
X is nonnegative [Corollary 4.3].

In the second part of the paper (sections 5 and 6), we consider the sit-
uation where X is a smooth quasi-projective variety over C. It is known
that certain equivalence classes of unitary representation spaces for the
fundamental group of X0 = X − D, where D is a divisor with normal
crossings in a projective manifold X, share many of the properties of the
space of equivalence classes of unitary representation space for the funda-
mental group of a projective manifold. The representation spaces for the
fundamental group of X0 in question are obtained by fixing the conjugacy
classes of the monodromies around the irreducible components of D. Such
a space has a natural symplectic form, which was constructed in [BiGu]
when X is a Riemann surface and in [BrF] for arbitrary dimension.

In sections 5 and 6 we actually consider the special case where all the
local monodromies around the boundary components are of finite order.
In such a situation, the symplectic form on the representation space con-
structed in [BiGu] and [BrF] has a rather simple description. Moreover the
proof of the result, saying that the symplectic form is actually Kähler, is
also immediate in this situation of monodromies of finite order. We express
an integral multiple of this Kähler form as the curvature form of the Her-
mitian connection on a certain determinant line bundle equipped with the
Quillen metric. This implies – in particular – that the cohomology class
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represented by the Kähler form is a rational one. Finally we compute the
curvature of this Kähler form using Theorem 4.1.

W. Goldman in [G1] introduced a symplectic structure on the space
RX(G) = Hom(π1(X), G)/G consisting of equivalence classes of represen-
tation of the fundamental group of a compact oriented surface X into a
reductive group G. If the genus of X is at-least two, then using the uni-
formization theorem, the Teichmüller space T (X) coincides with a compo-
nent of RX(PSL(2,R)). In [G1, Proposition 2.5] it has been proved that
the restriction of the symplectic form on RX(PSL(2,R)) to the compo-
nent T (X) actually coincides with a multiple of the Petersson-Weil form
on T (X).

Now, let T ng denote the Teichmüller space of genus g Riemann surfaces
with n punctures. Assume that 2g−2+n > 0, in order to to ensure that any
punctured Riemann surface Y represented in T ng has the Poincaré metric.
Using the Poincaré metric, the vector space of quadratic differentials on
Y , with at-most simple poles at the punctures, gets a Hermitian structure.
This Hermitian structure defines the Petersson-Weil form on T ng . On the
other hand, T ng coincides with a component of the subset of the represen-
tation space Hom(π1(Y ), PSL(2,R))/PSL(2,R) defined by the condition
that the monodromy around any puncture in Y is conjugate to the regular
unipotent element in PSL(2,R). Thus, by a construction in [BiGu], the
space T ng gets a symplectic structure. Imitating the proof of [G1, Proposi-
tion 2.5] it is easy to establish that this symplectic form on T ng is again a
multiple of the Petersson-Weil form.

Fixing an element g ∈ π1(X), and also a function f on G invariant
under the adjoint action, a function F on the representation space RX(G)
is obtained. The Poisson bracket {F,F1} of two such functions F and F1
has a very simple description, known as the product formula [G2]. It will be
interesting to be able to develop an analog of the product formula expressing
the Poisson bracket of two functions, obtained in the above fashion, on the
space of equivalence classes of representations of the fundamental group of
a higher dimensional Kähler manifold.

Acknowledgments. The first named author learned the representation
spaces of fundamental group together with K. Guruprasad, to whose mem-
ory he dedicates the endeavor. This paper was written during a visit of the
second named author to the Tata Institute of Fundamental Research. He
would like to express his sincere thanks for the warm hospitality. Thanks
are due to the referee for pointing out several references.



230 I. BISWAS AND G. SCHUMACHER GAFA

2 Local Structure of a Moduli Space of Projective
Manifolds Together with a Unitary Flat Vector Bundle

We denote by X a connected smooth projective variety over C with ample
canonical line bundle KX . The degree of a coherent sheaf on X will be
defined using the polarization KX . Let E be a stable vector bundle of rank
r over X satisfying the condition

c1(E) = 0 = c2(E) . (2.1)

Invoking a theorem due to Donaldson [Do], such a vector bundle E admits
a unique unitary flat connection.

In [STo2], the existence of a moduli space of pairs (X,E) of the above
type has been established. Furthermore, a Hermitian structure on the space
of infinitesimal deformations of such a pair has been constructed. This
Hermitian structure actually endows the moduli space with a Kähler struc-
ture [STo2, Theorem 2]. This Kähler structure is a generalization of the
Petersson-Weil metric on the moduli space of compact hyperbolic Riemann
surfaces. It may be noted that if the underlying complex manifold X is
kept fixed, then there is a Petersson-Weil Kähler form on any moduli space
of stable bundles over X, not necessarily satisfying the condition (2.1).

A word on the notation that will be used : the terminologies of a vector
bundle and the corresponding coherent sheaf will be interchanged without
making any distinction between them.

2a Infinitesimal deformations of a pair. Take a pair (X,E) of the
earlier type. Let ΣX denote the sheaf of infinitesimal deformations of the
pair. Recall that

ΣX ⊂ Diff1
X(E,E)

is a subbundle of the sheaf of differential operators of order one mapping
sections of E to itself. The subbundle is defined by the property that the
image of it by the symbol map coincides with the tangent bundle TX ⊂
TX ⊗ End(E) consisting of vector of the type v ⊗ Id. In other words, ΣX

fits into the following Atiyah exact sequence

0 −→ End(E) −→ ΣX(E) σ−→TX −→ 0 (2.2)

where σ is the symbol map. The space of all infinitesimal deformations of
the pair (X,E) is parametrized by H1(X, ΣX(E)). The Kodaira-Spencer
deformation map for the pair will be briefly recalled.
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Take a connected analytic space S with a base point 0 ∈ S, and a family
E −→ Ey y
X −→ Xy yπ
0 −→ S

(2.3)

of pairs parametrized by S, together with a fixed identification of the pair
over the base point 0 with the given pair (X,E). The map π in (2.3) is
assumed to be proper and smooth with connected fibers Xs = π−1(s), where
s ∈ S. Furthermore, the restricted vector bundle Es = E|Xs is assumed to
be stable for all s ∈ S. Taking the direct image, using π, of the exact
sequence

0 −→ ΣX/S −→ ΣX (E) −→ π∗TS −→ 0 (2.4)
of sheaves on X , where ΣX (E) is the Atiyah bundle for the vector bundle
E and ΣX/S is the relative Atiyah bundle, the following connecting homo-
morphism

π∗π
∗TS = TS ⊗OS π∗OX −→ R1π∗ΣX/S

is obtained. Let
ρ : TS −→ R1π∗ΣX/S (2.5)

be the pre-composition of the above homomorphism with the homomor-
phism induced by the obvious inclusion of π−1(OS) in OX . This homomor-
phism ρ is the Kodaira-Spencer map that we are seeking. The restriction

ρ(0) : T0S −→ H1 =
(
X,ΣX(E)

)
,

of the above homomorphism of OS-modules to 0 ∈ S, is the infinitesimal
deformation map for the pair (X,E) in the family (2.3).

We do not assume that the dimensions of the vector spaces H1(Xs,ΣXs),
s ∈ S, are independent of s, thus allowing singular, and also not necessarily
reduced, base spaces S of universal deformations of the pair (X,E).

The amplitude of the canonical line bundle KX ensures that H0(X,TX)
= 0, and hence the exact sequence in (2.2) yields the following exact se-
quence of cohomologies

0 −→ H1(X,End(E)
)
−→ H1(X,ΣX(E)

)
−→

−→ H1(X,TX)
µ−→H2(X,End(E)

)
. (2.6)

It will be shown that the above homomorphism µ vanishes. Furthermore, a
natural splitting of the resulting surjection H1(X,ΣX(E)) → H1(X,TX)
in (2.6) will be constructed.
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We already noted that since the vector bundle E is stable with vanishing
Chern classes, it admits a unique unitary flat connection. This connection
can be utilized in constructing a splitting of the sequence (2.2). More
precisely, denoting the unitary flat connection on E by∇, for a local section
v of TX, the local differential operator Dv on E defined by

Dv(s) = ∇vs
is actually a lift of v to a local holomorphic section of ΣX(E), and, in partic-
ular, σ(Dv) = v. In other words, we have a splitting of the homomorphism
σ in (2.2). Such a splitting amounts to a holomorphic decomposition

ΣX(E) = End(E)⊕ TX (2.7)
with the property that the homomorphism σ in (2.2) is the natural projec-
tion onto the factor TX of the decomposition. This immediately implies
that the homomorphism µ in (2.6) must vanish, and moreover, the inclusion

H1(X,TX) −→ H1(X,ΣX(E)
)

obtained using the decomposition in (2.7), is actually a splitting of the
surjective homomorphism

H1(X,ΣX(E)
)
−→ H1(X,TX)

constructed in (2.6).
The decomposition in (2.7) will be used in the construction of the

Petersson-Weil form on the tangent space H1(X,ΣX(E)) to the moduli
space of pairs at the point represented by (X,E).

2b Construction of the Petersson-Weil metric. Since KX is am-
ple, X admits a unique Kähler-Einstein metric, i.e., a Kähler metric with
the property that the Ricci form is the negative of the Kähler form [A], [Y].
Let ω denote the Kähler-Einstein form on X.

The decomposition (2.7) gives the following decomposition
H1(X,ΣX(E)

)
= H1(X,End(E)

)
⊕H1(X,TX) (2.8)

of cohomology.
The L2-inner-product of the harmonic representatives of the elements

of the cohomology group H1(X,TX), with respect to ω, gives a Hermitian
form on H1(X,TX). Let ωX denote this nondegenerate Hermitian form
on H1(X,TX). For a family of Kähler-Einstein manifolds, the (1, 1)-form
on the parameter space, obtained by the above pointwise construction, is
closed [STo2], [Koi].

The Hermitian form on H1(X,End(E)) is defined by

(α, β) 7−→
∫
X

trace(α ∧ β̄) ∧ ωd−1 (2.9)
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where d = dimCX, and α, β are the harmonic representatives with respect
to the combination of the Kähler-Einstein metric and the natural unitary
structure of End(E) (the vector bundle End(E) has a canonical Hermitian
metric induced by a Hermitian-Einstein metric on E). It is known that the
pairing in (2.9) is nondegenerate [Si2, Lemma 2.6].

Let ωE denote the Hermitian form on H1(X,End(E)) defined by (2.9).

Definition 2.10. The Petersson-Weil form on H1(X,ΣX(E)), denoted
by ωpw, is defined to be the Hermitian form ωX + ωE with respect to the
decomposition (2.8).

For a family of pairs as in (2.3), the pointwise construction of the
Petersson-Weil form will give a (1, 1)-form on the parameter space S. With
a slight abuse of notation, this form on S will also be denoted by ωpw.

Lemma 2.11. The (1, 1)-form ωpw on S is closed.

Proof. The form ωpw decomposes as ω1 + ω2, where ω1 (respectively, ω2)
is obtained from the pointwise construction of ωX (respectively, ωE) as in
Definition 2.10. We already noted that ω1 is closed. So it suffices to prove
that ω2 is closed. Also, it is enough to prove the closedness of ω2 under the
assumption that S is simply connected.

Let r be the rank of the vector bundle E in (2.3).
Consider the space of equivalence classes of irreducible representations

R :=
Homirr(π1(X), U(r))

U(r)
⊂ Hom(π1(X), U(r))

U(r)
. (2.12)

For any ρ ∈ R, the Zariski tangent space TρR is H1(X,Ad(ρ)), where
Ad(ρ) is the local system on X associated to ρ for the adjoint action of
U(r) on its Lie algebra.

After identifying the unitary representation space R with the space of
stable bundles over X satisfying the numerical condition (2.1), the Kähler
form for the pairing in (2.9) translates into

(α̂, β̂) 7−→
∫
X

trace(α̂ ∧ β̂) ∧ ωd−1 (2.13)

where α̂ (respectively, β̂) is the tangent vector of R corresponding to α (re-
spectively, β). Note that trace(α̂ ∧ β̂) ∈ H2(X,R) as α̂, β̂ ∈ H1(X,Ad(ρ)).

The 2-form onR defined by (2.13), which we will denote by ω̄, is actually
closed [Ko], [STo1].

If S is simply connected, the inclusion of X = π−1(0) in X induces an
isomorphism of the corresponding fundamental groups. This implies that
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for any s ∈ S, the two representation spaces

R and
Homirr(π1(π−1(s)), U(r))

U(r)
are canonically identified. In particular, we have a natural map

f : S −→ R
for the family (2.3), which assigns to any s ∈ S the element in R that corre-
sponds to the stable vector bundle E|Xs over Xs by the above identification.

The 2-form ω2 on S coincides with f∗ω̄, where ω̄ is defined in (2.13).
Now the lemma follows from the closedness of the form ω̄. �

The above proof of Lemma 2.11 leads to the following observation on
the local structure of the moduli space of pairs of the form (X,E).

Let M denote a moduli space of pairs of type (X,E), where KX is
ample and E is a stable vector bundle over X satisfying (2.1). Let M1
denote the moduli space of all X of the above type. So there is a forgetful
surjective map

F :M−→M1

which sends the point of M representing the pair (X,E) to the point of
M1 representing X. Clearly F is a holomorphic map.

For any simply connected subspace U ⊆M1, the pre-image F−1(U) is
naturally identified with U ×R, where R, as in the proof of Lemma 2.11,
is the representation space for the fundamental group of a fixed variety

X := F−1(0) ⊂ F−1(U)

This local product structure of M defines a foliation of M transversal to
the fibers of the projection F . This foliation on M will be denoted by F .

Lemma 2.14.. The leaves of the foliation F are locally holomorphic sub-
spaces of M.

(We cannot say that a leaf is a holomorphic subspace since it may not
be locally closed in M.)

Proof of Lemma 2.14. Let π̄ : XM1 → M1 be the universal family
over M1. Since the automorphism group of a projective manifold with
ample canonical class is finite, the universal family exists over a finite cover
of M1. Given the local nature of the statement of the lemma, we do not
need to deal with this issue, and we will treat the family as if it is overM1.

Fix a point ρ ∈ R. For a simply connected subspace U ⊆ M1, as
above, using the isomorphism between π1(X) and π1(π̄−1(U)), induced by
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the inclusion of X in π̄−1(U), the representation ρ gives a unitary flat vector
bundle E over π̄−1(U).

Now set S = U in (2.3), and also set E as above. The classifying map

fS : U −→ F−1(U)

for this family, which assigns to any u ∈ U the element in F−1(u) repre-
sented by the vector bundle Eπ̄−1(u), is the leaf of the foliation F passing
through ρ. Since the map fS is holomorphic, the lemma is established. �

We remark that Lemma 2.14 does not imply that F is a holomorphic
foliation on M. The foliation F would be holomorphic if and only if the
C∞ subbundle of the tangent bundle TM defining F is a holomorphic sub-
bundle. In fact, F is not in general a holomorphic foliation – for example,
when X is a Riemann surface of genus at-least 3.

The following lemma is immediate from the definition of the foliation
F and the Petersson-Weil form.

Lemma 2.15. The restriction of the Petersson-Weil form to a leaf of the
foliation F is the pullback using the map F of the Petersson-Weil form
on M1.

Using the decomposition of the tangent space of M into the direct
sum of tangents along fiber of F and tangents along F , and invoking
Lemma 2.14, we conclude that the almost complex structure ofM1 and that
of the moduli space of stable vector bundles together describe the almost
complex structure of M. This is done by considering the decomposition
(2.8) and simply taking the direct sum of the almost complex structures of
the two individual summands. Also, it is immediate that the two transver-
sal foliations ofM are orthogonal with respect to the Petersson-Weil form.

3 A Fiber Integral-formula and the Curvature of the
Quillen Connection on a Determinant Bundle

In this section we will first establish a fiber-integral formula for the Peters-
son-Weil form. Using this it will be shown that the Petersson-Weil form
on the moduli space M coincides with a constant scalar multiple of the
curvature of the Hermitian connection on a certain determinant line bundle
equipped with the Quillen metric. The determinant line bundle corresponds
to a virtual Hermitian bundle on the total space of the family F ∗XM1 . The
main theorem of [BGSo] constitutes the key input for the computation of
the curvature.
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3a A fiber-integral formula. Take a family as in (2.3), where the
relative dimension of the projection π is d. Consider the Kähler-Einstein
metric on the relative tangent bundle TX/S. The curvature form of the
relative canonical line bundle KX/S with the induced Hermitian metric has
the following property: when it is restricted to a fiber of π, it coincides
with the relative Kähler form. This curvature form on X will be denoted
by ωX . Let

ωX =
√
−1(gαβ̄dz

α ∧ dzβ + giβ̄dsi ∧ dzβ + gαj̄dz
a ∧ dsj + gij̄dsi ∧ dsj)

be the local description of ωX , where zα, zβ are the vertical coordinates and
zi, zj are the coordinates along S. The restriction of ωX to any Xs – which
is the Kähler-Einstein form on Xs – will be denoted by ωXs .

Let h be a Hermitian metric on E such that the restriction to any Es :=
E|π−1(s) is a flat metric. The curvature of the corresponding Hermitian
connection on E will be denoted by ΩE .

Let ωpw denote the Petersson-Weil form on the parameter space S for
the family considered above.

Theorem 3.1. The Petersson-Weil form ωpw on S has the following ex-
pression:

ωpw =
1
2

∫
X/S

trace(ΩE ∧ ΩE) ∧
ωd−1
X

(d− 1)!
+
∫
X/S

ωd+1
X

(d+ 1)!

where
∫
X/S is the integration along the fibers of π.

Proof. Before proving the theorem we make a
Remark about the notation. We will use covariant derivatives of
differential forms on the total space of X with values in End(E), or the
trivial line bundle, and restrict these to the fibers of the projection π from
X onto S. So there is no contribution of the respective Kähler metrics to
the covariant derivatives. Pulling up of indices and the tensor gβ̄α(z, s)
always refer to the metrics ωXs . Since ΩE |Xs is equal to the curvature form
ΩEs of the given Hermitian metric on Es, this notation is consistent.

We begin the proof of the theorem by computing the pairing (2.9) ex-
plicitly. Let ∂/∂si ∈ Ts0S be a tangent vector. Then a horizontal lift of
∂/∂si with respect to ωX is as follows:

vi =
∂

∂si
+ aαi

∂

∂zα

where aαi = −gβ̄α.giβ̄ [FuS]. We apply the splitting (2.7) over the total
space X and obtain [θ, vi].
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The ∂-exterior derivative of this form restricted to the fiber X equals

(Riβ̄ +Rαβ̄a
α
i )dzβ̄ +Aαiβ̄θαdz

β̄

where Aα
iβ̄

= ∂aαi /∂z
β̄ . With respect to the splitting (2.7), the End(E)-

component equals

µi = (Riβ̄ +Rαβ̄a
α
i )dzβ̄ = ΩE ∪ vi|X .

This formula also holds for deformations of pairs (X,E), where E is pro-
jectively unitary flat, i.e., Rα,β̄ = cgαβ̄IdE. Here in the flat case c = 0.

The TX-component is Aα
iβ̄

∂
∂zαdz

β̄ ∈ A0,1(X,TX).
The above TX valued (0, 1)-form coincides with the harmonic represen-

tative of the infinitesimal deformation of X corresponding to it [FuS].
As the next step in the proof we will show that µi is harmonic. This is

carried out in the following lemma.

Lemma 3.2. The form µi is harmonic.

Proof of Lemma 3.2.

∂
∗
µi = gβ̄αµi;α = −gβ̄αRiβ̄;α

= −gβ̄αRαβ̄;α = 0 .

The last step follows from the fact that Rαβ̄ = 0. This completes the proof
of the lemma. �

From the above lemma it follows that the H1(X,End(E))-contribution
of (2.9) reads (

∂

∂si
,
∂

∂sj

)pw

E
=
∫
X

trace(Riβ̄Rαj̄)g
β̄αg dV .

Continuing with the proof of Theorem 3.1, we observe that since any
(Es, hs) is flat,

1
2

∫
X/S

trace(ΩE ∧ ΩE) ∧
ωd−1
X

(d− 1)!

=
(∫

X
trace(Riβ̄Rαj̄)g

β̄αg dV

)√
−1dsi ∧ dsj̄ = ωpw

E .

Next the H1(X,TX)-contribution will be calculated (this is also done
in [FuS]).

The component of ωd+1
X /(d+ 1)! which contributes to the fiber integral

formula equals φgdV
√
−1dsi ∧ dsj̄ , where φ = gij̄ − gβ̄igαj̄gj̄α. Now

�φ+ φ = Aαiβ̄A
δ̄
j̄γgαδ̄g

β̄γ
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so that ∫
X
φgdV =

(
∂

∂si
,
∂

∂sj

)pw

X
=
∫
X
Aαiβ̄A

δ̄
j̄γgαδ̄g

β̄γg dV .

This completes the proof of the theorem. �

Given a complex space Y, a Kähler structure in the strong sense is given
by a local differential two form ωY which possesses locally a ∂∂-potential
of class C∞ (with respect to the differentiable structure induced by local
embeddings into open subsets of some CN ). This form is required to induce
the Hermitian metrics on all tangent spaces TyY, y ∈ Y. This means that
ωY is locally the restriction of a Kähler form on an ambient space. If E is
a holomorphic vector bundle, a Hermitian metric of class C∞ is defined in
a similar strong sense.

Let E → X → S be a universal deformation of a flat (respectively
projectively flat) holomorphic vector bundle(E,h) over a Kähler-Einstein
manifold (X,ω), where S is in general neither smooth nor reduced.

Let S be embedded into a polydisk U ⊂ H1(X,ΣX). Since our situation
is local with respect to S, we can use a C∞-trivialization X → X × S of
X → S, and a holomorphic family Js, s ∈ U , of almost complex structures
on X which are integrable over S. Furthermore, there is a family of semi-
connections on E over U , which satisfy the integrability condition over S
and define the holomorphic structure of the vector bundle E over X . The
differential operators ∂ and ∂ on X and the connection on E are induced
by differential operators on the ambient space. A Kähler-Einstein form ω
on the fiber X = Xs extends to a two form ω̃ on X × U , whose restriction
to X induces a Kähler form in the above strong sense. Primarily it will
be positive definite on the fibers Xs, but adding the pullback of a two
form on U , which is Kähler on S, will make it positive definite on X . By
adding a term

√
−1∂s∂sφ, where ∂s and ∂s are the respective operators on

Xs, s ∈ S, the term ω̃X |Xs is turned into a Kähler-Einstein metric (of the
same constant Ricci curvature). This can be achieved by using the implicit
function theorem and using the extended differential operators over U (cf.
[FuS]). In this way we get a Kähler metric ˜̃ω on X (with possibly singular
structure).

In the same way a projective flat (or flat) metric on E over X is extended
to a C∞ metric on E using the implicit function theorem, giving the term
(projectively) flat a meaning also over a singular base space.

In order to compute (covariant) derivatives of order p in holomorphic
and order q in conjugate holomorphic directions say, at some point, we only
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need that the infinitesimal neighborhoods of the given point of order

r = max(p, q)

is isomorphic to the r-th infinitesimal neighborhood of the corresponding
target space (and not smaller). In particular, derivatives of order (1, 1)
always exists.

Finally the metric ˜̃ω will be modified. Its determinant defines a Her-
mitian metric g on the relative anticanonical bundle K−1

X/S, which is of
class C∞ in the above strong sense. The form

√
−1∂∂g = ωX is such

that the restriction ωX |Xs is the Kähler-Einstein form on Xs, and the local
∂∂-potential is obviously given.

The following result follows from Theorem 3.1.

Corollary 3.3. The Petersson-Weil form ωpw is locally ∂∂-exact on S.

Proof. Since the integrand in Theorem 3.1 has this property locally, the
assertion in Corollary 3.3 follows from [V]. �

3b The determinant bundle on the moduli space. Let π : X → S
be a family of projective manifolds. As earlier, the relative canonical line
bundle KX/S will be assumed to be relatively ample.

Let p :M→ S be the relative moduli space of stable vector bundle of
rank r with trivial determinant and vanishing Chern classes. Thus, for any
s ∈ S, the fiber p−1(s) is naturally identified with the representation space

Homirr(π1(π−1(s)), SU(r))
SU(r)

.

It is known that in general there is no universal vector bundle over the
fiber product M×S X . However, there is a natural vector bundle

Ad(M) −→M×S X
of rank r2 − 1 such that for any s ∈ S, the restriction

Ad
(
(p× π)−1(s)

)
:= Ad(M)|(p×π)−1(s)

to the fiber (p×π)−1(s) is the universal adjoint bundle overMs×Xs. The
vector bundle Ad(M) is constructed by simply patching the vector bundles
given by the trace zero endomorphisms of the universal vector bundles over
sufficiently small analytic subsets of M. This construction works since by
the projection formula, any two such universal vector bundles over U ⊆M
differ by the pullback of a line bundle over U .
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Given any element of the K-group K(M×S X ) of the fiber product
M×S X , or equivalently, any formal expression of the type

Ē =
m∑
i=1

aiEi

where ai ∈ Z and Ei are vector bundles overM×SX , there is a determinant
line bundle det(Ē) overM [KnMu], [BGSo]. The following identity is valid

det(Ē) =
m⊗
i=1

det(Ei)⊗ai ,

The fiber of det(E) over m ∈M is naturally identified with the line⊗
j

∧top
Hj
(
π−1(p(m)), E|π−1(p(m))

)(−1)i+1

Let
L := det

(
(Or2−1 −Ad(M))⊗ (KX/S − K−1

X/S)⊗(d−1)) (3.4)
be the determinant line bundle over M. The above line bundle KX/S over
M×SX denotes, with a slight abuse of notation, the pullback of the relative
canonical line bundle KX/S over X using the projection onto the second
factor.

The vector bundle Ad(M) has a natural flat Hermitian structure in-
duced by a flat Hermitian structures of stable vector bundles represented in
the moduli spaceM; the uniqueness of the Hermitian structure on Ad(M)
is ensured by the fact that any two flat Hermitian metrics on a stable vector
bundle differ by a constant scalar. Also, the relative tangent bundle TX/S
over X has a unique Kähler-Einstein metric. In fact, this metric is the
restriction of the form ωX on the total space of X . This, in turn, induces
a Hermitian metric on KX/S .

Thus, invoking a general construction in [BGSo], we have a Quillen
metric on the determinant line bundle L defined in (3.4). Let H denote
this Hermitian metric on L.

Our next aim is to compute the curvature of the Hermitian connection
on L and compare it with the Petersson-Weil form defined in (2.10).

3c The curvature of the determinant bundle and the Petersson-
Weil form. Using the decomposition of the Petersson-Weil form in Def-
inition 2.10, the Petersson-Weil form ωpw on M decomposes naturally as

ωpw = ωX + ωE . (3.5)
To calculate the curvature of the line bundle L defined in (3.4) using

Theorem 0.1 of [BGSo], first note that there cannot be any contribution of
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the Todd class in the the formula (0.3) in Theorem 0.1, page 51, of [BGSo],
for the case of L defined in (3.4). Indeed, the lowest degree term of the
Chern character

Ch
(
(Or2−1 −Ad(M))⊗ (KX/S −K−1

X/S)d−1)
= Ch

(
(Or2−1 −Ad(M))⊗ (KX/S −K−1

X/S)
)d−1

is already of degree d + 1 (i.e., the corresponding differential form is of
degree 2d+ 2).

The restriction of the Chern form c1(KX/S) to a fiber Xs is the Kähler-
Einstein form ωXs on the fiber. Now, in view of Theorem 3.1, from Theo-
rem 0.1 of [BGSo] it is immediate that

c1(L) = 4πrωE (3.6)
where ωE is the component of ωpw as in (3.5).

Let
L′ = det

(
(KX/S −K−1

X/S)⊗(d−1)) (3.7)
be the determinant line bundle over M equipped with the Quillen metric.

The Theorem 10.5, page 166, of [FuS] gives the following formula for
the first Chern form of L′:

c1(L′) =
2(d+ 1)!

π
ωX (3.8)

(r in Theorem 10.5 of [FuS] is −1 in our situation).
Now combining (3.6) and (3.8) we conclude that

cωpw = det
(
a((Or2−1 −Ad(M))⊗ (KX/S −K−1

X/S)⊗(d−1))

+ b(KX/S −K−1
X/S)⊗(d−1))

where the positive numbers a, b and c can be fixed using the constants in
(3.6) and (3.8).

4 Curvature of the Petersson-Weil Metric

Take a family of pairs as in (2.3) which is locally complete.
Our aim in this section is to prove the following theorem describing the

curvature of the Petersson-Weil metric:

Theorem 4.1.

Rpw,E
ij̄kl̄

=
∫
X

tr(Rij̄�Rkl̄)g dV +
∫
X

tr(Ril̄�Rkj̄)g dV

=
∫
X

tr
(
G(Λ[µi∧µj̄ ])Λ[µk∧µl̄]

)
g dV +

∫
X

tr
(
G(Λ[µi∧µl̄])Λ[µk∧µj̄ ]

)
g dV
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where � denotes the Laplacian for smooth sections of End(E) with non-
negative eigenvalues, and G is the corresponding Green’s operator.

We will first establish a lemma which will be needed in the proof of
Theorem 4.1.

Lemma 4.2.
∂Gpw,E

ij̄
(s)

∂sk
=
∫
Xs

tr(Riβ̄;kRαj̄)g
β̄αg dV .

In order to make computations we use Lie derivatives with respect to
horizontal lifts of tangent vectors. The lemma follows from the Remark
below, since LvkωX has no nonzero component in fiber direction.

For differential forms on fibers Xs the following seven remarks are valid.

Remark (a). Lvk(Riβ̄dz
β̄) = Riβ̄;k̄dz

β̄ .

Proof.

Lvk(Riβ̄dz
β̄) =

[
∂

∂sk
+ aαk

∂

∂zα
, Riβ̄dz

β̄

]
= (Riβ̄;k̄ + aαkRiβ̄;α)dzβ̄

= (Riβ̄;k̄ + aαkRiβ̄;α)dzβ̄ = Riβ̄;k̄dz
β̄a .

Remark (b). Lvl̄(Riβ̄dz
β̄) = ∂̄(Ril̄ + aτ̄

l̄
Riτ̄ ).

Proof.

Lvl̄(Riβ̄dz
β̄) = (Riβ̄;l̄ + aτ̄l̄ Riβ̄;τ̄ +Riτ̄a

τ̄
l̄;β̄)dzβ̄ = (Ril̄ + aτ̄l̄ Riτ̄ );β̄dz

β̄ .

Remark (c). ∂
∗(Riβ̄;kdz

β̄) = 0.

Proof.
∂
∗(Riβ̄;kdz

β̄) = −gβ̄αRiβ̄;kα = −gβ̄αRαβ̄;ik = 0 .

Remark (d). ∂(Riβ̄kdz
β̄) = [Riβ̄ , Rkδ̄]dz

β̄
∧
dzδ̄.

Proof.

Riβ̄;kδ̄ = Riβ̄;δ̄k + [Riβ̄ , Rkδ̄]

= Riδ̄;β̄k − [Riβ̄ , Rkβ̄] = Riδ̄;kβ̄ + [Riδ̄, Rkβ̄]− [Riβ̄, Rkδ̄] .

Remark (e). ∂
∗([Riβ̄, Rkδ̄]dz

β̄
∧
dzδ̄) = 0.

Proof. gδ̄γ [Riβ̄, Rkδ̄];γ = 0, since Rαβ̄ = 0 = Rγδ̄.

Remark (f). Riβ̄;kdzβ̄ ∈ A0,1(X,End(E)) is harmonic.

Remark (g). �Rij̄ = gβ̄α[Rαj̄ , Riβ̄].



Vol. 9, 1999 QUILLEN METRIC AND PETERSSON-WEIL FORM 243

Proof.

Rij̄;αβ̄ = Rαj̄;iβ̄ = Rαj̄;β̄i + [Rαj̄ , Rβ̄i]

= Rαβ̄,j̄i − [Rαj̄ , Riβ̄] = −[Rαj̄ , Riβ̄]

Hence Remark (g) follows.
We begin the proof of Theorem 4.1.

∂2Gpw,E
ij̄

∂sk∂sl̄
=
∫
X

tr
(
Lvl̄(Riβ̄;kdz

β̄) ∧Rαj̄dzα
) ωd−1

X

(d− 1)!

+
∫
X

tr
(
Riβ̄;kdz

β ∧ Lvl̄(Rij̄;kdz
α)
) ωd−1

X
(d− 1)!

.

Let I1 denote
∫
X tr(Lvl̄(Riβ̄jkdz

β̄)∧Rαj̄dzα) ωd−1
X

(d−1)! and let I2 denote the

expression
∫
X tr(Riβ̄;kdz

β ∧ LVl̄(Rij̄;kdz
α)) ωd−1

X
(d−1)! .

One can show that Lvl̄(Riβ̄jkdz
β̄) is cohomologous to(

[Ril̄, Rkβ̄] + [Rkl̄, Riβ̄]
)
dzβ̄

and
tr
(
Lvl̄(Riβ̄;k)Rαj̄

)
= tr

(
Ril̄[Rkβ̄, Rαj̄ ] +Rkl̄[Riβ̄, Rαj̄ ]

)
.

Now together with Remark (g),

I1 = −
∫
X

tr(Ril̄�Rkj̄ +Rkl̄�Rij̄)g dV .

We will now compute I2. From Remark (a),

I2 =
∫

tr(Riβ̄k ·Rαj̄;l̄)g dV .

Using normal coordinates at s = s0, i.e.,
∂2Gij̄
∂sk

∣∣∣
s=s0

= 0

on the tangent directions of H1(X,End(E)), Lemma 4.2 and Remark (f)
imply that all

Riβ̄;kdz
β̄ = 0 .

Hence I2 = 0, and

Rpw,E
ij̄kl̄

= −
∂2Gpw,E

ij̄

∂sk∂sl̄
= −I1 .

The contribution of the variation of Xs to the curvature is as follows
[S3]:

Rpw,E
ij̄kl̄

= −
∫
X

(�+ 1)−1(Ai ·Aj̄)(Ak ·Al̄)g dV
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−
∫
X

(�+1)−1(Ai ·Al̄)(Ak ·Aj̄)g dV −
∫
X

(�−1)−1(Ai∧Ak)(Aj̄∧Al̄)g dV .

Corollary 4.3. For fixed X, the Petersson-Weil metric on the moduli
space of unitary flat vector bundles has nonnegative holomorphic sectional
curvature.

The results established in sections 2, 3 and 4 on the moduli space of
pairs of the type (X,E), where E is a unitary flat vector bundle on a
projective manifold X, can be easily extended to the slightly more general
case where E has only a projectively unitary flat structure, i.e., we replace
(2.1) by the equation(

2rc2(E)− (r − 1)c1(E)2)[X] = 0

for the Chern numbers of a stable vector bundle of rank r over a canonically
polarized manifold X. A projectively unitary flat connection on E gives a
C∞-splitting of the Atiyah sequence (2.2). We use the splitting in order to
put a Hermitian metric on ΣX(E), which gives rise to an isomorphism of
vector spaces

Ap,q
(
X,ΣX(E)

)
−→ Ap,q

(
X,End(E)

)
⊕Ap,q(X,TX) .

The image of a typical section κ ∈ Ap,q(X,ΣX(E)) by this decomposition
will be denoted by (µ,w). A similar splitting exists over X for a family
(2.3), where ωX and h are defined as in section 3a.

We express the operators ∂̄ and ∂̄∗ on ΣX(E) (and ΣX (E)) in terms of
the above isomorphism:

Lemma 4.4.

∂̄κ = (∂̄µ+ Ω ∪ w, ∂̄w)
∂̄∗κ = (∂̄∗µ,Lµ+ ∂̄∗w) ,

where Ω is the curvature form of E over X or of E respectively, and

L : Ap,q
(
X,End(E)

)
→ Ap−1,q(X,End(E)

)
is the adjoint operator of

Ap−1,q(X,End(E)
)
→ Ap,q

(
X,End(E)

)
w 7→ Ω ∪ w .

Denoting by EndX(E) = End 0
X(E) ⊕ OX , ΣX(E) = Σ 0

X(E) ⊕ OX the
decomposition into the trace-free part and the trace part with similar no-
tation for E over X , we observe that these decompositions are orthogonal
for (p, q)-forms. As in section 3 we assign to a tangent vector ∂/∂si ∈ Ts0S
its horizontal lift, apply the C∞-splitting of the Atiyah sequence (over X ),
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and take its ∂̄-exterior derivative, restricted to the central fiber X. This
yields a pair

(µi, wi) =
(

(Riβ̄ +Rαβ̄a
α
i )dzβ̄, Aαiβ̄

∂

∂zα
dzβ̄
)
.

The definition of the Petersson-Weil norm is∥∥∥∥ ∂

∂si

∥∥∥∥2

PW

= ‖µi‖2 + ‖wi‖2

(cf. [STo2]). With respect to a decomposition

µi = µ0
i + νi · idE ,

where µ0
i is the trace-free part and νi ∈ A0,1(X), we have

Lemma 4.5. The forms µi, µ0
i , and νi are harmonic. Furthermore Lµ0

i = 0,
Ω ∪ wi = 0. In particular (µ0

i , wi) ∈ A0,1(X,Σ0
X(E)) is harmonic.

Proof. The harmonicity of µi, µ0
i , and νi is straightforward (cf. Lemma 3.2).

Using that E is projectively flat and trace(µ0
i ) = 0 we get Lµ0

i = 0, and
Ω ∪ wi = 0 holds, since Aiβ̄δ̄ = Aiδ̄β̄.

In this way the Petersson-Weil inner product is induced by harmonic
representatives of Kodaira-Spencer classes in

H1(X,Σ0
X(E)

)
⊕H1(X,OX) .

If a vector bundle E has a projectively unitary flat structure, the in-
duced connection on the vector bundle End(E) is flat. So we have a map
from the moduli space of pairs of the form (X,E), where E is projectively
flat, to the moduli space of pairs of the form (X,F ), where F is unitary flat
and the top exterior product of F is the trivial line bundle with the trivial
connection. This map between moduli spaces fails to be injective only on
the Picard group part. More precisely, for two such stable vector bundles
E and E′ if End(E) is isomorphic to End(E′), then E′ = E⊗L, where L is
a line bundle. It is rather straight-forward to check that this map between
the moduli spaces is compatible with both the holomorphic structure and
the Hermitian structure. This ensures the extension of the earlier results
to the case of projectively flat vector bundles.

5 The Infinitesimal Structure of a Moduli Space of
Parabolic Stable Bundles

Let X be a connected smooth projective variety of dimension d over the
field of complex numbers. Let D ⊂ X be a divisor with normal crossings.
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This means that D is a reduced divisor, each irreducible component of D
is smooth, and the components intersect transversally. Let

D =
l∑

i=1

Di

be the decomposition of D into its irreducible components.
For each component of D we fix a conjugacy class in the unitary group

U(r). Denoting the conjugacy class associated to Di, 1 ≤ i ≤ l, by Ci,
assume that all the eigenvalues of any element in Ci are roots of unity.

Let X0 := X − D be the complement of D. Consider the following
irreducible unitary representation space for the fundamental group of X0

Homirr(π1(X0), U(r))
U(r)

.

The group U(r) acts by conjugation on Homirr(π1(X0), U(r)), the space
of irreducible U(r) representations of π1(X0). The quotient space for this
action of U(r) does not depend upon the choice of the base point in X0
needed to define the fundamental group. Consider the subspace

RP ⊆
Homirr(π1(X0), U(r))

U(r)
(5.1)

defined by the property that, for any ρ ∈ RP , the monodromy along a loop
in X0 around any Di and contractible in X is in the conjugacy class Ci
associated to Di.

The space RP gets identified with a moduli space of parabolic stable
bundles on X with parabolic structure over D and with vanishing parabolic
Chern classes [Bi2]. The parabolic data needed in the construction of
a moduli space of parabolic stable bundles is supplied by the conjugacy
classes Ci. We will briefly describe this identification of RP with a moduli
space of parabolic bundles.

Fix a positive integer N such that any eigenvalue for any conjugacy
class Ci is a N -th root of unity. (The existence of such a N is warranted
by the assumption on Ci.) Take a finite Galois cover

p : Y −→ X (5.2)
such that Y is a connected smooth variety, and the reduced divisor p−1(D)red
is a normal crossing divisor with

p−1(Di) = kiNp
−1(Di)red (5.3)

for all i ∈ [1, l], where ki ∈ N. The existence of such a covering p is ensured
by the “Covering Lemma” due to Y. Kawamata [KMaMat, p. 303, Theorem
1.1.1]. The Galois group for p will be denoted by G.
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The equality (5.3) implies that for any ρ ∈ RP , its pullback by p,
namely p∗ρ, is actually an element of Hom(π1(Y ), U(r))/U(r). Equiva-
lently, denoting the flat vector bundle on X0 corresponding to ρ by E(ρ),
the flat connection on p∗E(ρ) extends across p−1(D). This unitary flat vec-
tor bundle on Y corresponding to the representation p∗ρ will be denoted
by E(p∗ρ).

The vector bundle E(p∗ρ) on Y is naturally equipped with a lift of the
action of G on Y . In other words, E(p∗ρ) is G-linearized. Moreover, the
G-linearized connection on E(p∗ρ) is irreducible in the sense that there is
no proper flat subbundle of E(p∗ρ) of positive rank which is left invariant
by the action of G on E(p∗ρ).

Let RG denote the space of all isomorphism classes of pairs of the form
(ν, fν) where

ν ∈ Hom(π1(Y ), U(r))
U(r)

and fν is a lift of the action of G on Y to the unitary flat vector bundle
E(ν), satisfying the following two conditions:

1. For any i ∈ [1, l], Ci is the conjugacy class of the action of a generator
of the isotropy subgroup of a general point y of p−1(Di)red on the
fiber E(ν)y. The action on the fiber of the isotropy subgroup of a
general point of an irreducible component of the ramification divisor
for the covering map p, not contained in p−1(D), is the trivial action.
Note that the isotropy subgroup of a general point of an irreducible
component of the ramification divisor is a cyclic group.

2. There is no proper flat subbundle of E(ν) of positive rank which is
left invariant by the action fν of G.

It can be checked that the map

Γ : RP −→ RG (5.4)

defined by ρ 7→ E(p∗ρ), is a diffeomorphism of possibly singular spaces.
The space RG is identified with a moduli space of G-linearized stable

vector bundles over Y [Si1, page 878, Theorem 1], [Do]. Hence RG has a
natural structure of a quasi-projective variety over C. With a slight abuse
of notation, this moduli space of G-linearized stable vector bundles will also
be denoted by RG .

A bijective correspondence between a class of parabolic bundles over X
and G-linearized bundles over Y constructed in [Bi1] gives an isomorphism
between the moduli spaces

F : RG −→MP . (5.5)
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Finally, the composition F ◦ Γ, where Γ and F are constructed in (5.4)
and (5.5) respectively, gives the identification between MP and RP that
we are seeking. It can be checked that this identification does not depend
upon the choice of the covering p. Thus the representation space RP has a
natural structure of a quasi-projective variety.

We will now see that using the above maps Γ and F it is quite easy
to obtain descriptions of the real tangent space of RP , the holomorphic
tangent space ofMP , and also the isomorphism between these two tangent
spaces induced by F ◦ Γ.

For any ρ ∈ RP , let Ad(ρ) denote the unitary local system on X0
associated to ρ for the adjoint action of U(r) on its Lie algebra u(r). The
local system p∗Ad(ρ) on p−1(X0) extends to Y . This extension will also
be denoted by p∗Ad(ρ). We note that the complex vector bundle for the
local system p∗Ad(ρ) is End(E(p∗ρ)). The following identification of the
real tangent space

TRp∗ρRG = H1(Y, p∗Ad(ρ)
)G (5.6)

is valid; H1(Y, p∗Ad(ρ))G is the space of G-invariants for the natural action
of G on H1(Y, p∗Ad(ρ)). Let

τ : X0 −→ X

be the inclusion. It is rather straight-forward to check that the equality

H1(Y, p∗Ad(ρ)
)G = H1(X, τ∗Ad(ρ)

)
(5.7)

is valid. Indeed, the obvious inclusion τ∗Ad(ρ)→ (p∗p∗Ad(ρ))G can be eas-
ily seen to be actually an isomorphism. In view of this equality, the iden-
tification in (5.7) follows immediately after first equating the G-invariants
of the both sides of the following isomorphism of G-modules

H1(Y, p∗Ad(ρ)
)

= H1(X, p∗p∗Ad(ρ)
)

and then finally noting the natural isomorphism

H1(X, p∗p∗Ad(ρ)
)G = H1(X, (p∗p∗Ad(ρ))G

)
.

The isomorphisms (5.6), (5.7) and the map Γ, constructed in (5.4),
combine together to yield the following identification of the real tangent
space:

TRρ RP = H1(X, τ∗Ad(ρ)
)
. (5.8)

The isomorphism (5.8) can also be found in [BrF] (Lemma 4.2) and in [T].
Let E(ρ) denote the unitary flat bundle over X0 associated to ρ for the

standard representation of U(r) on C r. The corresponding holomorphic
vector bundle has a natural extension, known as the Deligne extension, as
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a holomorphic vector bundle over X. A description of this extension can be
found in [D]. Let E(ρ) denote the holomorphic vector bundle over X which
is the Deligne extension of E(ρ). It follows easily from the construction of
the Deligne extension that

E(ρ) =
(
p∗E(p∗ρ)

)G
. (5.9)

Recall that the flat vector bundle E(p∗ρ) over Y , which is the natural
extension of the flat vector bundle p∗E(ρ) on Y −D̃, has a natural structure
of a G-linearized bundle.

This vector bundle E(ρ) has a natural parabolic structure [MeSe], [Bi2].
Let E(ρ)∗ denote this parabolic bundle. The parabolic bundle E(ρ)∗ is the
image of ρ by the map F ◦ Γ constructed earlier.

For a description of the holomorphic tangent space, T
E(ρ)∗

MP consider

the flat complex vector bundle Ad(ρ) ⊗R C over X0. Let Ad(ρ) denote
the Deligne extension of it. The sheaf of holomorphic sections of Ad(ρ)
can be identified with the subsheaf of the sheaf of endomorphisms of E(ρ)
that preserves the quasi-parabolic flag over D. Indeed, denoting this quasi-
parabolic flag preserving subsheaf of End(E(ρ)) by End1(E(ρ)), the natural
map from Ad(ρ) = (p∗(p∗Ad(ρ) ⊗R C))G to End((p∗E(p∗ρ))G) gives the
required isomorphism between End1(E(ρ)) and Ad(ρ).

Since the holomorphic tangent space T
E(ρ)∗

MP known to coincide with

the vector space H1(X, End1(E(ρ))) [MYo], [Yo], we now have

TE(ρ)∗
MP = H1(X,Ad(ρ)

)
.

To construct the R-linear isomorphism between the real tangent space
TRρ RP and the holomorphic tangent space T

E(ρ)∗
MP induced by F ◦Γ, we

first consider the Hodge decomposition of the cohomology of the unitary
local system p∗Ad(ρ)⊗R C on Y , namely

H1(Y, p∗Ad(ρ)
)
⊗RC = H1(Y,End(E(p∗ρ))

)
⊕H0(Y,Ω1

Y ⊗End(E(p∗ρ))
)
.

(5.10)
The operation of taking complex conjugation in H1(Y, p∗Ad(ρ))⊗RC identi-
fies the subspaceH1(Y,End(E(p∗ρ))) with H0(Y,Ω1

Y ⊗End(E(p∗ρ))). Now,
since the decomposition in (5.10) is a decomposition of G-modules, and that
H1(Y,End(E(p∗ρ)))G is naturally a direct summand inH1(Y,End(E(p∗ρ)))
the following isomorphism

H1(Y, p∗Ad(ρ)
)G = H1(Y,End(E(p∗ρ))

)G (5.11)

is obtained by considering the G-invariants of the two sides of (5.10).
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The right-hand side of (5.11) can be identified as

H1(Y,End(E(p∗ρ))
)G = H1(X, , p∗End(E(p∗ρ))

)G
= H1(X, (p∗End(E(p∗ρ)))G

)
= H1(X,Ad(ρ)

)
.

The last equality is obtained by substituting End(E) in place of E in the
equality (5.9). Thus from (5.11) we have

H1(Y,End(E(p∗ρ))
)G = H1(X,Ad(ρ)

)
.

Now, in view of the the map Γ in (5.4) and the isomorphism (5.6), the
above isomorphism gives the required isomorphism between TRρ RP and
T
E(ρ)∗

MP .
An element ν ∈ RG is a smooth point of the moduli space if

H2(Y,End(E(p∗ρ))
)G = 0

(the proof of the above criterion for the smoothness of a point of the moduli
space of G-linearized stable vector bundles is identical to the proof of the
analogous smoothness criterion for a point of the moduli space of usual
stable vector bundles). Thus we conclude that ρ ∈ MP is a smooth point
if H2(X,End1(E(ρ))) = 0 [Yo].

Our next step will be to construct a Kähler form on the Zariski tangent
space of MP . For this purpose fix an ample line bundle L on X. Now
consider the following antisymmetric bilinear paring on H1(X, τ∗Ad(ρ)):

(α, β) 7−→
∫
Y

trace(α ∪ β) ∪ c1(L)d−1 ∈ R , (5.12)

where d = dimCX. Note that for the constant sheaf R on X0, the direct
image τ∗R is the constant sheaf on X. Thus trace(α ∪ β) ∈ H2(X,R).

Using the description of TRRP given in (5.8), the pairing (5.12) defines
a 2-form on RP . This 2-form will be denoted by Ω. The form Ω coincides
with the one defined in [BrF] if the Kähler form used in [BrF] represents
c1(L). We will show that Ω is a Kähler form on RP .

Since p is a finite morphism, the line bundle

L̃ := p∗L

on Y is ample. For any ν ∈ RG , the pairing on H1(Y,Ad(ν))G defined by

(α, β) 7−→
∫
Y

trace(α ∪ β) ∪ c1(L̃)d−1 (5.13)

is nondegenerate – a fact which is a consequence of the Lefschetz decom-
position of cohomology of unitary local systems [Si2].
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Since the pairing in (5.13) is G-invariant, it restricts to a nondegenerate
pairing on the G-invariant part H1(Y,Ad(ν))G which has been identified
with TRν RG . Let Ω′ denote the nondegenerate 2-form on RG obtained this
way. It is known that Ω′ is a closed, or in other words, it is a Kähler form
[Ko], [STo1].

Consider the pullback Kähler form Γ∗Ω′ on RP , where Γ is the map
defined in (5.4). Comparing (5.12) and (5.13) it is immediate that

Γ∗Ω′ = #G.Ω (5.14)

where #G denotes the cardinality of the group G, and Ω is the Kähler form
on RP defined in (5.12). This shows that the symplectic form Ω must be
Kähler.

With a slight abuse of notation, the Kähler form (F−1)∗Ω on MP ,
where F is the map defined in (5.5), will also be denoted by Ω.

6 Properties of the Kähler Form on the Representation
Space

6a The Kähler form as a curvature form. Let D :MP → Pic(X)
be the morphism defined by E∗ 7→

∧rE, where E is the underlying vector
bundle of the parabolic bundle E∗. Fix an element ζ in the image of D.
Let

NP := D−1(ζ) ⊆MP (6.1)
be the subvariety of MP .

In the identification Γ in (5.4), between the space of parabolic stable
bundles and the representation space RG , the subvariety NP corresponds
to a subvariety of RG consists of all ν such that the composition det◦ν is a
fixed character ζ̄ of π1(Y ). The homomorphism det denotes the character
defined by taking determinants. This subvariety of RG will be denoted
by RζG .

Fix a unitary character ξ ∈ Hom(π1(Y ), U(1)) which is a r-th root of ζ̄,
i.e.,

ξr = ζ̄ .

As in section 3b, let M denote the moduli space of usual semistable
vector bundle on Y of rank r with trivial determinant and with vanishing
Chern classes. Let

P ′ : RG −→M (6.2)
be the map defined by forgetting the lift of the action of G. In other words,
P ′ sends (ν, fν) to ν. Consider the map Γ that was defined in (5.4). Finally,
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let
P := P ′ ◦ Γ : NP −→M (6.3)

be the composition of morphisms P ′ and Γ.

Lemma 6.4. The pullback of the Petersson-Weil form on NP , namely
P ∗ωpw, coincides with #G.Ω, where Ω is defined in (5.12).

Proof. In view of the identity (5.14) it suffices to show that the map P ′

defined in (6.2) pulls back the form ωpw on M to the form Ω′ on RG. But
this is immediate after comparing (2.9) with (5.12). �

Let LP := P ∗L be the pulled-back Hermitian line bundle over NP ,
where L is the Hermitian line bundle equipped with the Quillen metric
that was defined in (3.4). The Lemma 6.4 and the equation (3.6) combine
together to yield the following theorem:

Theorem 6.5. The curvature form of the Hermitian line bundle LP is
4#GπrΩ.

An immediate consequence of Theorem 6.5 is that the form Ω represents
a rational cohomology class on NP .

6b Curvature of the Kähler form. LetM denote the moduli space
of semistable vector bundles over Y of rank r and with vanishing Chern
classes, but the top exterior product is not assumed to be fixed.

There is a forgetful map from the moduli space RG , defined in section 5,
to M which sends any (ν, fν) to E(ν), the vector bundle associated to
the representation ν, forgetting the G-linearization fν . Let Q′ denote this
forgetful map.

Now define
Q := Q′ ◦ Γ : RP −→M .

From the proof of Lemma 6.4 we have

Lemma 6.6. The pullback of the Petersson-Weil form on RP , namely
Q∗ωpw, coincides with #G.Ω, where Ω is defined in (5.12).

In particular, the map Q is an immersion. The following lemma gives
some more information on the map Q.

Lemma 6.7. The image of the map Q is a totally geodesic subspace of M.

Proof. The Galois group G acts naturally on M. More precisely, for any
g ∈ G, the automorphism of M defined by

E 7−→ (g−1)∗E
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is the action of g. Clearly the image of Q is contained in the subspace of
M on which G acts trivially.

From the equation (5.6) it follows that the differential of the morphism
Q maps the tangent space TERP at E ∈ RP to the G-invariant part of
the tangent space TQ(E)M at the point Q(E) ∈ M. In other words, the
differential of the inclusion map of RP into the subspace of M consisting
of all points fixed by G is actually an isomorphism. This implies that
the image of Q is the union of some components of the subspace of M
consisting of all points on which G acts trivially. This immediately yields
that the image of Q must be totally geodesic in M, since any irreducible
component of the space of all G-fixed points must be a totally geodesic
subspace of M. �

Now, in view of Lemma 6.6 and Lemma 6.7, the formula for the cur-
vature of M in Theorem 4.1 immediately gives a similar formula for the
curvature of RG with respect to the Kähler form Ω.
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