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Abstract. We affirmatively solve the analogue of Lord Rayleigh’s conjecture on
Riemannian manifolds with positive Ricci curvature for any clamped plates in 2
and 3 dimensions, and for sufficiently large clamped plates in dimensions beyond
3. These results complement those from the flat (Ashbaugh and Benguria in Duke
Math J 78(1):1-17, 1995; Nadirashvili in Arch Ration Mech Anal 129(1):1-10, 1995)
and negatively curved (Kristdly in Adv Math 367:107113, 2020) cases that are valid
only in 2 and 3 dimensions, and at the same time also provide the first positive
answer to Lord Rayleigh’s conjecture in higher dimensions. The proofs rely on
an Ashbaugh-Benguria—Nadirashvili-Talenti nodal-decomposition argument, on the
Lévy—Gromov isoperimetric inequality, on fine properties of Gaussian hypergeomet-
ric functions and on sharp spectral gap estimates of fundamental tones for both small
and large clamped spherical caps. Our results show that positive curvature enhances
genuine differences between low- and high-dimensional settings, a tacitly accepted
paradigm in the theory of vibrating clamped plates. In the limit case—when the
Ricci curvature is non-negative we establish a Lord Rayleigh-type isoperimetric in-
equality that involves the asymptotic volume ratio of the non-compact complete
Riemannian manifold; moreover, the inequality is strongly rigid in 2 and 3 dimen-
sions, i.e., if equality holds for a given clamped plate then the manifold is isometric
to the Euclidean space.
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1 Introduction

The paper is devoted to the analogue of Lord Rayleigh’s conjecture, concerning the
lowest principal frequency of vibrating clamped plates on positively curved spaces.
Our results can be viewed as the concluding piece in the theory of clamped plates
after the seminal works of Ashbaugh and Benguria [AB95] and Nadirashvili [Nad95]
in Euclidean spaces, and the recent paper by the author [Kri20] on non-positively
curved spaces, all valid in dimensions 2 and 3. To our surprise, positively curved spaces
provide an appropriate geometric setting for the validity of Lord Rayleigh’s conjecture
not only in dimensions 2 and 3 for any clamped plate, but also in dimensions beyond
3 for sufficiently large domains. Before presenting our results in details, we shortly
recall some historical milestones related to the subtleties in the theory of vibrating
clamped plates.

1.1 Historical Aspects. The original problem appeared in 1877, when John
William Strutt, 3rd Baron Rayleigh [Ray45] formulated, inter alia, two isoperimet-
ric inequalities arising from mathematical physics; he claimed that the disc has the
minimal principal frequency among either clamped plates or fixed membranes with a
given area. Although Lord Rayleigh formulated his conjectures for planar domains,
he surely had the feeling that the statement should be valid in any dimension as
subsequent literature referred to these conjectures; in particular, both the “clamped
plate” and “fixed membrane” notions are commonly used in any dimension.

In the 1920s, Lord Rayleigh’s conjecture for the fixed membrane problem has
been confirmed independently by Faber [Fab23] and Krahn [Kra25], by showing that
the principal/first Dirichlet eigenvalue of the Laplace operator for any bounded open
domain  C R"™ is not less than the corresponding Dirichlet eigenvalue of a ball
Q* C R™ that has the same volume as €. Their arguments are based on the classical
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isoperimetric inequality in R™ combined with a Schwarz-type rearrangement. In the
1980s, Lord Rayleigh’s conjecture for fixed membranes has been solved on Rieman-
nian manifolds of positive Ricci curvature, see Bérard and Meyer [BM82], and on
those Cartan-Hadamard manifolds (i.e., complete and simply connected Riemannian
manifolds with non-positive sectional curvature) which verify the Cartan-Hadamard
conjecture, see Chavel [Cha84]; all these arguments rest upon the sign-definite char-
acter of the first eigenfunction for the second-order fixed membrane problems.

Transferring simply the arguments from the fixed membrane problem to clamped
plates can be elusive. To be more precise, the clamped plate problem can be formulated
as

A?u=Agu in Q,
0 1.1
U= o _ 0 on 09, (L1.1)
On
where Q C R" (n > 2) is a bounded open domain, A? is the bi-Laplace operator, a% is

the outward normal derivative on 0f2, while the principal frequency (or fundamental
tone) of the clamped plate €2 can be characterized variationally as

(Au)*dx
A() = Ao(Q) = inf ‘/Q

Jo_ (1.2)
wew2* (Q)\{0} / W2da
Q

Assuming that the first eigenfunction of (1.1) is of fixed sign for a domain Q C R"
(n > 2), Szeg6 [Sze50] proved in the early 1950s the validity of Lord Rayleigh’s conjec-
ture, i.e., Ag(£2) > Ag(€2*), where Q* is a ball in R” with the same volume as €. Szegé’s
proof used standard symmetrization/rearrangement techniques and he implicitly ex-
pressed his hope that any clamped domain should produce principal eigenfunctions
of fixed sign. However, his hope has been shattered soon, as Duffin [Duf53] (see also
Coffman, Duffin and Shaffer [CDS79]) constructed clamped plates with sign-changing
first eigenfunctions. Accordingly, Szegé’s initial argument for proving Lord Rayleigh’s
conjecture for clamped plates failed, becoming a hard nut to crack though several
decades; in fact, the main obstructions to follow the arguments from the fixed mem-
brane problem are formed by both the lack of a maximum principle for the fourth-
order clamped plate problem and the failure of a suitable rearrangement of the first

eigenfuntion u; in (1.1) with a suitable estimate of / (Aup)?dz. These phenomena
are deeply analyzed in the monograph of Gazzola, Grunau and Sweers [GGS10].

A breakthrough idea has been arising from Talenti [Tal81] in the early 1980s,
who decomposed the domain 2 C R™ corresponding to the positive and negative

parts of the first eigenfunction uy in (1.1). Using a Schwarz-type rearrangement of
these domains/functions, he was able to control in a suitable manner the quanti-

ties / (Auyp)?dz and / uldz in (1.2), obtaining a two-ball minimization problem by
Q Q
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means of which he provided the non-sharp estimate Ag(2) > t,Ao(Q*) with ¢, € [5,1)
1

for every n > 2 and lim,, o0t = 3.

More than 115 years had to pass before Nadirashvili [Nad94, Nad95] announced
the solution to the original (i.e., 2-dimensional) Lord Rayleigh’s conjecture, by slightly
modifying Talenti’s argument. Inspired by Nadirashvili’s achievement, Ashbaugh and
Benguria [AB95] proved Lord Rayleigh’s conjecture in dimensions 2 and 3, by using
sharp estimates in Talenti’s decomposition combined with fine properties of Bessel
functions. We note that the conjecture is still open in higher dimensions; however,
almost simultaneously with [AB95], Ashbaugh and Laugesen [AL96| provided an
asymptotically sharp estimate, i.e., Ag(Q) > w,Ag(Q*) with w,, € [0.89,1) for ev-
ery n > 4 and lim,_,o w, = 1. Recently, Chasman and Langford [CL16] proved a
non-sharp isoperimetric inequality for clamped plates on Gaussian spaces, stating that
['y(Q) > 'y, (92F) for some ¢ = ¢(Q2,n) € (0,1), where

I'y(Q) and ', (2*) are the fundamental tones of clamped plates with respect to
the Gaussian density w.

Since the fixed membrane problem of curved spaces is fully described, see [BM82,
Cha84], a similar question naturally arises also for clamped plates. Fixing a complete
n-dimensional (n > 2) Riemannian manifold (M, g), we consider instead of (1.2) the
fundamental tone

/ (Ayu)?do,
Ag(Q) = inf e (1.3)
uewSH @)\ {0} / 2du,
Q
of Q C M, where A, and dv, are the Laplace-Beltrami operator and canonical mea-
sure on (M, g).

When (M, g) is a Cartan-Hadamard manifold with sectional curvature bounded
from above by —x < 0, the author [Kri20] proved the validity of Lord Rayleigh’s
conjecture in dimensions 2 and 3 for small clamped plates, i.e., Ay(Q) > A, (%) holds
for every domain Q C M having volume V,(Q) = Vi (Q*) < ¢,,/k™/? with ¢ &~ 21.031
and c3 ~ 1.721, respectively; here V,(Q) and V,(Q*) denote the volumes of €2 in
(M, g) and the geodesic ball Q* in the space form (N[, g.) of constant curvature
—r, respectively, while A,(Q2*) stands for the fundamental tone of Q* in (N7, g.)
corresponding to (1.3). In particular, the above result provides in the limit case k — 0
the main result of Ashbaugh and Benguria [AB95]. The proofs in [Kri20] are based
on the generalized Cartan-Hadamard conjecture (see e.g. Kloeckner and Kuperberg
[KK19]) and peculiar properties of the Gaussian hypergeometric function, both valid
only in dimensions 2 and 3. Some non-sharp estimates of A4(€2) for clamped plates
Q) C M are also provided in dimensions beyond 3 in the same geometrical setting.

Since a systematic study concerning the fundamental tone of clamped plates on
positively curved Riemannian manifolds is unavailable, the objective of the present
paper is to fill this gap by solving the analogue of Lord Rayleigh’s conjecture (and
proving further related results) in this geometric setting; it turns out that unexpected
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phenomena occur with respect to the non-positively curved framework that are pre-
sented in the next subsection.

1.2 Main Results. Let (M, g) be a compact n-dimensional (n > 2) Riemannian
manifold (M, g) with Ricci curvature Ric(ysgy > (n — 1)k > 0, and consider the
clamped plate problem

u= Ou _ 0 on 09, (14)
on

where Q2 C M is a bounded open domain, Az stands for the biharmonic Laplace—

{ A?]u = Au in €,

Beltrami operator on (M, g) and % is the outward normal derivative on 0. The
fundamental tone A,(£2) of the set  C M associated with (1.4) is variationally
expressed by (1.3). As a model space, let S* C R""! be the n-dimensional sphere
with radius 1/y/k (i.e., with constant curvature x > 0), endowed with its natural
Riemannian metric g,; for simplicity of notation, we use A, (£2) and V,(£2) instead of
the fundamental tone Ay, (£2) and volume Vj, (€2), respectively, of the open domain
Q2 C SI'. Moreover, d,(N,z) is the geodesic distance on S!' between the North pole
N =(0,...,0,1/y/k) and = € S.

A deeper understanding of the feature of fundamental tones for generic clamped
plates on (M, g) motivates the investigation of some particular cases. Our first result
provides a quite complete picture on the behavior of the first eigenfunctions on 2-
dimensional spherical belts depending on their relative width. Given s > 0, let

B.(r,R) ={z €S2 :r < d.(N,z) < R}

be the spherical belt with radii 0 < r < R < m/y/k. We also recall the critical
Coffman—Duffin—Schaffer constant Copg & 762.3264 (see [CDS79]), whose origin will
be explained in the proof of the following result.

Theorem 1.1 (Spherical belts). Let R > r > 0. Then there exists ko € (0,72/R?)
with the following properties.

(i) Narrow relative width: if R/r < Ceps, then for every k € (0,kq), the first
eigenfunction of problem (1.4) on the spherical belt Q := B,(r, R) C S2 is of
fixed sign.

(ii) Wide relative width: if R/r > Cepg, then for every k € (0, ko), the first eigen-
functions of problem (1.4) on the spherical belt Q) := B, (r, R) C S? are sign-
changing, having a pair of azimuthally opposite nodal circular arcs.

Theorem 1.1 sheds light on the possibility of the rippling behavior of the first eigen-
functions on positively curved manifolds, similarly to the flat case, see also Fig. 1b.
The proof of Theorem 1.1 is based on fine properties of Gaussian hypergeometric func-
tions and a careful asymptotic argument which traces us back to Euclidean annuli
studied by Coffman, Duffin and Schaffer [CDS79].
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Our second result contains precise asymptotic estimates of the fundamental tones
for small and large clamped spherical caps, which will play a key role in the proof of
Lord Rayleigh’s conjecture. Given £ > 0 and L € (0,7/+/k), the spherical cap is

CHL)={x €S :d,(N,z) < L}.

The aforementioned asymptotic estimates are based on the first zeros of the transcen-
dental equations

T 1 1 1 1 1
2tan<m/4+,u> \P<\/4+u+2>+%\lf (\/4,u+2> =0, pu>0,(L5)

where U := (InT")" is the Digamma function and Rz is the real part of z € C, and

Vi —Leoth (my/p—1) — /u+ Leot (my/u+1) =0, pu>1. (1.6)

For later use, if v > 0 is fixed, J, and I, stand for the Bessel and modified Bessel
functions of the first kind, while b, and j, denote the first positive zeros of the cross-
product J, I, — J, I/, and the Bessel function J,, respectively.

Theorem 1.2 (Spherical caps). If n € Nso, k > 0 and L € (0,7/+/k) are fixed and
CT(L) C St is a spherical cap, then we have the following asymptotic estimates.

(i) Small spherical caps:

A(C™ML)) ~ =2 as L—0. (1.7)

(ii) Large spherical caps:

2,2 ;
" pok® ifn € {2,3}, o
A (CR(L)) {O ifn >4, as L — N (1.8)
where po =~ 0.9125 and ps ~ 1.0277 are the smallest positive zeros to the
transcendental equations (1.5) and (1.6), respectively.

As expected, in small scales, the fundamental tone has a Euclidean character
(cf. relation (1.7)); indeed, for any L > 0, one has that Ag(By(L)) = h‘%il/L‘l, where
Ao(€2) comes from (1.2) and By(L) C R™ is the n-dimensional Euclidean ball of radius
L > 0 and center 0. On the other hand, for large spherical caps (cf. relation (1.8)),
we surprisingly see an essential difference: while in high dimensions the fundamental
tones are gapless, in low dimensions there are spectral gaps given by means of the
first positive zeros to the transcendental equations (1.5) and (1.6), respectively. In
fact, relation (1.8) provides another evidence to the tacitly accepted view concerning
the difference between the low- and high-dimensional character of the fundamental
tone for vibrating clamped plates. We also note that relation (1.8) specifies a gap in
Cheng, Ichikawa and Mametsuka [CIM10, p. 676], who—regardless of dimension—
claimed that the fundamental tone always tends to 0 for clamped plates converging to
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the whole sphere; note however that this statement is valid only for fixed membranes
on the sphere, see e.g. Betz, Camera and Gzyl [BCG83]. The accuracy of estimates
(1.7) and (1.8) are shown in Tables 1 and 2, respectively.

Theorem 1.2 paves the way to prove Lord Rayleigh’s conjecture on positively
curved spaces for any clamped plate in 2 and 3 dimensions, as well as for sufficiently
large domains in high dimensions. The precise statement of our main result reads as
follows:

Theorem 1.3 (Lord Rayleigh’s conjecture; positively curved spaces). Let (M, g) be
a compact n-dimensional Riemannian manifold with Ric(y;g) > (n — 1)k > 0 where
n > 2. Then there exists v, € [0,1) (not depending on k > 0), with vo = v3 = 0 and

v, > 0 for n > 4 such that if 2 C M is a smooth domain and 2* C S} is a spherical
LG LN Up, then

Vg(M) — Vie(SE)
£y(9) = An(0). (L9)

cap with

Equality holds in (1.9) if and only if (M, g) is isometric to (S, g,;) and §) is isometric

to Q*. In addition, vy := limsup v, < 1.
n—oo

Since vy = v3 = 0, there are no restrictions on the size of clamped plates in 2 and 3
dimensions. However, our arguments work only for sufficiently large domains 2 C M
in higher dimensions, satisfying V,(Q) > v,V,(M) with v, > 0 for every n > 4.
Nevertheless, Theorem 1.3 provides the first positive answer in any geometric setting
to Lord Rayleigh’s conjecture in arbitrarily high dimensions. We notice that v, €
(0,1), n > 4, is implicitly given as a solution to a highly nonlinear equation. However,
we have vy, = limsup v, < 1, which shows that clamped plates in dimensions beyond

3 need not be pg?giocularly close—in the sense of volume—to the whole manifold in
order for the isoperimetric inequality (1.9) to hold. Numerical tests indicate that
v, < 1/2 for every n > 4, and vs = 1/2, see Table 3. Clearly, the most optimistic
scenario would be to have v, = 0 for every n > 4, which definitely requires a new
approach with respect to the one presented in our paper.

The first part of the proof of Theorem 1.3 is inspired by Talenti [Tal81] together
with the subsequent refinements of Ashbaugh and Benguria [AB95] and Nadirashvili
[Nad95]. Indeed, since the minimizer in (1.3) can be sign-changing (see e.g. The-
orem 1.1), a suitable nodal-decomposition is performed that we combine with the
Lévy—Gromov isoperimetric inequality, reducing the initial problem to a coupled min-
imization problem involving spherical caps on the model space S!. Then, fine asymp-
totic properties of the fundamental tone for clamped spherical caps (cf. Theorem 1.2)
combined with further features of Gaussian hypergeometric functions provide the
proof of Theorem 1.3.

We conclude the paper with the limit case when k — 0, i.e., (M, g) is a complete
non-compact n-dimensional Riemannian manifold with Ric(ys 4 > 0. The quantity

r—00 Wpr™

(1.10)
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stands for the asymptotic volume ratio of (M, g); here B,(r) is the open metric ball on
M with center x € M and radius r > 0, and w, is the volume of the Euclidean unit
ball in R™. By the Bishop—Gromov comparison theorem one has that AVR(s4) < 1,
and this number is independent of the choice of x € M, thus it is a global geometric
invariant of (M, g); moreover, AVR(574) = 1 if and only if (M, g) is isometric to the
usual Euclidean space (R™, go).

Theorem 1.4 (Lord Rayleigh’s conjecture; non-negatively curved spaces). Let (M, g)
be a complete non-compact n-dimensional (n > 2) Riemannian manifold with Ric(yy )
> (0 and AVR(Mg) > 0. Then

4
Ag(9) > ARy, wno(€7), (1.11)

for every smooth bounded domain @ C M, where Q* C R™ is a ball with V,(Q) =
Vo(92%) and

(1.12)

{1 ifn € {2,3},
wy, = E:

it
7 Lifn > 4.

If n € {2,3}, then equality holds in (1.11) for some Q C M if and only if (M, g)
is isometric to (R", go) and 2 C M is isometric to the ball Q* C R™. In addition,
Woo 1= li_}m wy, = 1.

As in the proof of Theorem 1.3, the conclusion of Theorem 1.4 follows from a simi-
lar nodal-decomposition, combined with a recent isoperimetric inequality, valid on any
complete non-compact n-dimensional Riemannian manifold (M, g) with Ric(ys4) > 0
and AVR 7,4y > 0, see Brendle [Bre21] and Balogh and Kristaly [BK] which is proved
by the ABP-method and the optimal mass transport theory, respectively. We also
emphasize the strong rigidity character of inequality (1.11) for n € {2,3}; indeed, if a
particular domain 2 C M produces equality in (1.11), the whole manifold (M, g) turns
out to be isometric to the Euclidean space (R", gg), which follows by the characteriza-
tion of the equality in the aforementioned isoperimetric inequality (see [Bre21, BK]);
the rest immediately follows from Ashbaugh and Benguria [AB95] for n € {2, 3}, and
Ashbaugh and Laugesen [AL96] for n > 4.

Structure of the paper. In Sect. 2 we state/prove those properties of the sphere
Si and Gaussian hypergeometric functions that are used in the paper. In Sect. 3 we
discuss the sign-changing character of the first eigenfunctions on spherical belts (see
Theorem 1.1). In Sect. 4 we perform the Ashbaugh-Benguria—Nadirashvili-Talenti
nodal-decomposition on positively curved manifolds, providing a sharp estimate of the
fundamental tone of a clamped plate by a coupled minimization expression involving
spherical caps. In Sect. 5 we prove sharp spectral gaps for small and large spherical
caps (see Theorem 1.2). Lord Rayleigh’s conjecture on positively curved Riemannian
manifolds (see Theorem 1.3) is proved in Sect. 6, while the limit case (see Theorem 1.4)
is discussed in Sect. 7. Finally, “Appendix A” contains well-known properties of special
functions that are collected for an easier reading of the proofs.
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2 Preliminaries

2.1 The Model Space S?.  Let n € N>y and £ > 0. The set S C R"*! is the n-
dimensional sphere with radius 1/4/k (i.e., with constant curvature k), endowed with
its natural Riemannian metric g,. Let (6,&) be the spherical coordinates on S} with
respect to the North pole N = (0,...,0,1/y/k) € SI', where 6 € (0, ) represents the
latitude measurement along a unit speed geodesic from N, while £ € ST =: S*~1 is
a parameter representing the choice of ‘azimuthal’ direction of the geodesic in S}}. The
distance from = = z(6,¢) € S! to the North pole is d,(N,z) = 0/\/k € (0,7/\/K).
The set

C"(R) = {x € ST : du(N,z) < R}

denotes the n-dimensional spherical cap with center N and radius R € (0,7/y/k). Its
volume is

S _ & (sin(vrp)\""
VH(CK (R)) - /C;‘(R) dvﬂ - nwn/o (ﬁ) dp) (21)

where dv, is the canonical measure on S} and w, stands for the volume of the unit
n-dimensional Euclidean ball. Performing a change of variables and using the relation
(2.1), for every integrable function h : [0, L] — R with L € [0, V,.(S})] we have that

L
/ h(s)ds = / W(Vo(C™(dy (N, 2)))dvn(2), (2.2)
0 Cr(Rr)
where Ry, > 0 is the unique number for which V. (C(Rr)) = L.
The spherical Laplacian on S is

L _ . 1-n 2 ( . n—lau}> K
Agw(z) = Ay, w(x) = K (sinh) 50 (sinf) 50 + 7sin29A£w’ (2.3)

where A¢ is the Laplace-Beltrami operator on the usual (n — 1)-dimensional unit
sphere S*~1.

2.2 Properties of Gaussian Hypergeometric Functions. Let a,b,c € C

(c¢Z_) and (a)m =ala+1)...(a+m—1) = F(;(J;;”) be the Pochhammer symbol,

m € N. The Gaussian hypergeometric function is

@Dl 2% 1) <1, (2.4)

2Fila,bieiz) =)

m>0 (C)m

and extended by analytic continuation elsewhere. The corresponding differential equa-
tion to z +— oF'y(a,b; c; 2) is

2(1—2)w"(2)+ (c— (a+ b+ 1)2)uw'(2) — abw(z) = 0. (2.5)



890 A. KRISTALY GAFA

PROPOSITION 2.1. If t — A(t) is a positive function and lim;_,o A(t) = ¢ > 0, then
for every C1,Co,C € R, it > —1 and x > 0 one has that

hszl ( \/7 \/Cii)\z(t);l4—/1;51112 (@))

= [+w) (m) { IMEE ;g .

Proof. By definition, for every m € N we have that

t—0

2
lim ¢ > (Cl+ CiAt(t)) = (£1)2 ™

and

A%(t)
t

Afu( ) —hm2F1< \/ \/ ;sin? i))
%)

. (01+\/Ciﬁ“>()m(§72\/01ﬁ<“)m (

:%gnz 1+pu

m=0

t—0

lim ¢2 (02 —/C+ ) = (_1)m(i1)%gm,

Therefore,

m!

o ( 1 (il)m£2m 2m
(1 + ) mZ:0 F(1+m—|—u)m' <2>

2\" ) J,(lx) for < +;
T +p) <£> { (fx) for © =~
which concludes the proof. O

For every p > 0 and n > 2, we consider the number

(n—1)?

Ai(p) = 1

+peC, (2.6)

and the specific Gaussian hypergeometric function

1 1

vslin ) 1= oy (5 = Aal) 5 + Aslii i) = zﬁi mte(0.1), (27)
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where

g o B Aiwzgr{% FAsn .

We now collect those properties of the Gaussian hypergeometric functions that
are important in our further investigations, most of which coming by well-known
properties listed in Olver, Lozier, Boisvert and Clark [OLBC10] and recalled in “Ap-
pendix A”.

PROPOSITION 2.2. If n € N>, the following properties hold:

(i) v+(0,t) = (1 — )2~ for every t € (0, 1);

(ii) v—(p, t) > 0 for every u > 0 and t € (0,1);

(iii) for every t € (0,1) the function p +— v (p,t) has infinitely many zeros in [0, 00);

iv) for every p > 0 the number of zeros of the mapping t — vy (p,t) in (0,1) is
f 0 th ber of f tl in (0,1) i
given by the Klein-number st := |A; () — “52| 4+ k# > 1, where |a| stands for
the greatest integer less than a > 0 and k#* € {0,1} (additionally, k' = 0 for
every n > 3 and p > 0);

v) for every p > 0 wit + -5 , the function t — =< 1s decreasing
f j> 0 with As(u) — 1 ¢ 7, the functi Ll s decreasi

between any two consecutive zeros of vy (u,-), where

= 5" g MR A B “ Ao,
m=0

(with the convention that a limit is taken in w_(p,t) whenever A_(p) = 0);
(vi) vy (1, 3) > 0=y (n,3) for every p € [0,n).

Proof. (i) Using the Euler—Pfaff transformation (A.12), we have that
nnn n _n t
t) =oF — == 1—t F j———
Ui(O,) 2 1< 2 2 2 ) ( ) 2 1( 27072’15—1)
=(1—1)>"1 vte(0,1).

(i) Assume that o > 0 and let A := J—A_(u) € Cand B := 3+A_(p) € C. First,

2
if p > "("4 2 then it follows that (A),(B)m > 0 for every m € N. Therefore, by the
definition (2.4) we obtain that v_(ju,t)

n(n 2)
it turns out by (A.12) that

> 0 forevery t € (0,1). Now, if 0 < pu < ,

n_A_ n n n
v-(pt) = (L= 1), (2—A72—B;2;t>

— (-0 (* (w2

~ A (): ;t) e (0,1).

N3

Since 0 < pu < @, every parameter in the latter expression is real and positive,
implying again that v_(u,t) > 0 by means of (2.4).



892 A. KRISTALY GAFA

(iii) By formula (A.10), the property that 1 — v (u,t) has infinitely many zeros in
[0, 00) for every fixed t € (0, 1), is a consequence of the result of MacDonald [Mac99];
see also Hobson [Hob31, p. 403-406] and Baginski [Bag90].

(iv) This property is attributed to Klein [Kle91] for n > 3 and Gormley [Gor37/38,
p. 30] for n = 2.

(v) Let p > 0 with Ay (p) — 3 € Z. Due to the explicit forms of wy and vy, and

basic properties of the Digamma function ¥ = (InT")’, the monotonicity of ¢ %

follows by direct computations that we illustrate in certain cases; similar arguments
are provided by Yang, Chua and Wang [YCW15] and Holtz and Tyaglov [HT12].
Whenever Ay (p) # 0, we will also use the notation

W(m+ 5+ Asc(p) = ¥(m+ 5 — As(p))
A (p)

(1) == By (1) , meN,
= [RA:(n) + 3] €

whenever Ay (p) # 0. On account of relations (A.6)—(A.
a is increasing and

7), if
N (where [a] is the integer part of a € R), then ( 3 E ;)

m= Omff
o (1) - : :
(m)mZm " is decreasing, respectively.
For the case * — 7, by (ii) we know that v_(su,-) > 0 on (0,1). Let us consider
1> gn(n —2) (for every n > 2); thus m, = 0and 8, (u) > 0 for every m > 1.

am(u))
B (1) ) >
A direct calculation or the monotonicity result of Yang, Chua and Wang [YCW15]

(see also Biernacki and Krzyz [BK55]) implies that the function (0,1) > ¢ :’:((5 :))

Moreover, by the latter property it follows that ( o is positive and decreasing.

is also decreasing. Analogously, when fn(n —2) > p > 1(n+2)(n — 4)

(for every n > 4), it follows that m, =1, 8y (1) = 1 and 3, (n) < 0 for every m >
1, while a, (1) < 0 for every m > 0 (see (A.6)—(A.7)), and the sequence (gggﬁ;)mx
is decreasing. Therefore, v’ (,u(,u))< 0 and v_(u,-) > 0 (due to (ii)), and in a similar

way as above, the function 7;)_ (o is decreasing on (0,1). If H,(t) == :f,,‘((ﬁ:)) v_(p,t) —

2 ’ /
w_(p, t) = (f:((:jf)))/ Zzgzg, then it turns out that H7,(t) = (w/,((uf))> —(p,t) <0 for

every t€(0,1),ie., H, is decreasing on (0, 1). Thus, one has H,(t) > lim, ~ H, ( ) =

o ((5’11)) v_(p,1) —w_(u,1) > 0 for every ¢t € (0,1), which implies that (%) <0

n (0,1), concluding the proof. Generically, if k& > 1 and *(n + 2k — 2)(n — 2k) >
p> 3(n+2k)(n — 2k — 2)

(for every n > 2k +2), then m,;

t— 15:((,‘;;)) is decreasing on (0,1). When A_(u) = 0, we consider the limit in w_,

replacing the expression LGASRES (“/)\) (i) (mt 3 -4 (1) by 20 (1,m + %) for all m € N,

where U(1,2) := L W(z); thus oy, (1) = 28, (1)¥ (1,m + 1) and the rest is similar
as above.

= k and a similar argument as above implies that
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For the case ‘ + 7, let #{ < ... < tlu be the zeros of vi(u,-) in (0,1), where
st > 1 is the Klein-number by (iii). A similar procedure as before, or by adapting the
argument from Holtz and Tyaglov [HT12] to our setting shows that w’_ (u, -)v4(p, ) —
wy (p, )0, (p,-) < 0on (0,1)\ {#},...,t%}, concluding the claim.

(vi) By (A.12) and (2.4), one has that

1 nn n 1 1 n 1
Vi (7172) _QFI (_272+17272) _FQFI (77‘7_1;272) -

Moreover, if 0 < p < n, then Ay (n) < %51, thus by (A.24) it follows that

1 2175 /nl(2)
U+ <,LL, 2> - I ( ntl Ay () I (ntl Ay (1) >0,
(T T T) (T T2 )
which concludes the proof. O

3 Clamped Spherical Belts: Proof of Theorem 1.1.

Let R >r >0, A > 0 and fix k € (0, (7/R)?). Particularizing (1.4), we consider the
clamped plate problem on the spherical belt B, (r, R) C S2, i.e.,

 Ow (Py)
w = a—n—Oon OB, (1, R).

Here, for any z = z (0,¢) € S2, the spherical Laplacian on S2 from (2.3) reduces to

{ A2w = w  in B(r, R),

Ajw(z) (3.1)

00

As the following subsections show. the proof of Theorem 1.1 is divided into three
parts.

— K 8<1n98w>+ K 82711}
~ singon \° sin20 92

3.1 Narrow Spherical Belts: eigenfunctions of Fixed Sign. = We first observe
that, if w : B,(r, R) — R is an eigenfunction of (P,), the same is true for its {-average

1

" or

B = 5 [ wlal@€)ic

We also notice that @ is azimuthally-invariant (or, spherical cap symmetric), i.e.,
w(x(0,-)) is constant for every fixed 0 € (y/kr, /KR). In particular, by using (2.3), w
is an eigenfunction of the ordinary differential equation

2 d/. d/ 1 d/. do o
S dd <51n9de (sin&d@ (sm@cw))) =\w, 0¢€ (\/rr,\/ER),

dw _ dw
@(\/ET) =w(VkKR) = @(\/ER) =0;

(3.2)

w(\/kr) =
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moreover w is of fixed sign whenever it is not identically zero, see, e.g. Leighton and
Nehari [LN58].
For further use, by applying (2.6) for n = 2, we introduce the numbers

Vi (k) = A (f) = \/% + A: €, (3.3)

while for z € C and 0 € (y/kr,/kR) we also define the Gaussian hypergeometric
function

1 1
P(z,0) :=oF, (2 a5 =% 1;sin? (g))

as well as

1

Q(z,0) ::W;i: 3+ Z)(:;'()QZ = sin?™ (g) (\IJ (; +z+ m)

0

+ (; -2+ m) — 20 (1+ m)) +P(2,0)In (sin2 (Z)) :

whenever % +2#0,-1,-2,..., see Olver, Lozier, Boisvert and Clark [OLBC10, rel.
(15.10.8)].

By the factorization (A,w— M w)(Agw+\2w) = A2w—A*w and (3.1), we observe
that the azimuthally-invariant function

w(z) = CrP( (k) 0) + C2Q(7\ (1), 0) + CsP (7 (K), 0) + CaQ(1 (k). 6) (3.4)

verifies the first equation of (3.2), where x = z(0,£) € B,(r, R) and the constants
{C’i}?zl C R are not all zero; hereafter we consider the general case 3 + Vi (k) #
0,—1,—2,..., as the complementary cases are obtained by limits, see [OLBC10, rel.
(15.10.9)-(15.10.10))]. If w satisfies the boundary conditions in (3.2), then w is of
fixed sign (see [LN58]) and we obtain four equations in {C;};_,. Since some of these
constants are non-zero, we necessarily have that

o | PO VD) QS (0 r) P (). r) Qo3 () ) |
P(vx (k), VER) Q(v) (), vER) P(vy (k),V&ER) Q(7y (k), VER) 7

where P'(z,0) := ZP(z,0) and Q'(z,0) := ZQ(z,0).
Let A =: Aig(n) > 0 in (3.3) be the smallest positive zero of the equation (3.5); it
follows that any eigenvalue that corresponds to an eigenfunction of fixed sign of (P)
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cannot be less than A2% (k). By analyticity, the function x — A% (k) is continuous
and let

Ao = A = lim AR (K). (3.6)

We show that, for every x > 0 one has the limit

Jo(Aox) for < +7;
1111’17)( )\SP( )( )7\/E1:) = { IO()\O«T) fOI' [ 7’ (37)
and
. + B 7TYO()\0(E) for ¢ -+ 7;
El)% Q(’Y)\;S:I;(R) (K/)v \/E[L‘) - { _QKO()\()‘T) fOI‘ [ 7’ (38)

where Y, and K, are the Bessel and modified Bessel functions of the second kind
(v > 0), respectively, see “Appendix A”. We first observe that \g > 0; otherwise the
terms involving the function Q@ blow up whenever x — 0, by reaching the branch
point 0 of both Y, and Kj.

Relation (3.7) immediately follows by Proposition 2.1 (with = 0). To prove (3.8),
by Proposition 2.1 (with ¢ = 0) and relations (A.9) and (A.5) (with n = 0) we obtain
that

ili% Q(’V:S.’I;(,Q)(K)v Vkx) = 1Y5(Ao).

Furthermore, by using the fact that Ini = 7i (where i = \/—1) and relations (A.2),
(A.4) and (A.5), we also have that

) N Ao <1 Aoz \ 27"
lim Q(%f‘;mﬂ“% Vkx) = 2Ip(Aoz) In <;> - 277@2:20 (2 (;) U(1+m)

= —2K0()\0.%'),

which concludes the proof of (3.8).

Due to relations (3.7)-(3.8), the analyticity of the aforementioned special func-
tions, the limit argument in relation (3.5) and simple properties of the determinants
imply that

Jo(Aor) Yo(Xor) Io(Mor) Ko(Aor)

Jo(hor) Yg(hor) Lo(Aor) Ko(hor) | _ (3.9)
Jo()\oR) Yo(AoR) Io(AR) Ko(AR) ’ '
Jo(MR) Yy (Mo R) Ij(MR) Ki(MoR)
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3.2 Wide Spherical Belts: sign-Changing Eigenfunctions.

For every z € C with % +2#40,—-1,-2,..., and 0 € (\/kr,/KR) we consider the

functions
F(z,0) :=oF, (;’ + 2, g — 2;2;sin? (Z)) ,
and
H(z,0) = F(z0)n (sm (g)) + i_IZQ sin~2 (Z)
- mfjo m)+ Sm_ﬂZ) sin”™ (g) '

-(‘I’(i—l—z—km)—i—‘l’(i—z—&-m) —\If(1+m)—‘ll(2+m)>.
For every @ = 2(0,&) € B,(r, R), let

w(x) = (D1F (7 (K),0) + DaH (7} (k) 0) + D3F (75 (k). 0)
+DyH(7y (K),0)) sin@sin, (3.10)

where the constants {D;};_, are not all zero and L £95(k) #0,—1,-2,...; in the
complementary cases we consider the limiting values. We notice that w changes its
sign on By(r, R) as

w(@(0,8)) = —w(x(0, 7 +£));

in fact, w has two azimuthally opposite nodal circular arcs, corresponding to the
values £ = 0 and £ = m, respectively.

Using the hypergeometric differential equation (15.10.1) and (15.10.8) from
[OLBC10], relation (3.1) shows that w from (3.10) verifies pointwisely the first equa-
tion of (By), i.e., A2w = Xw in B, (r, R). Moreover, the factorized form of the latter
equation—which is relevant only in the variable 6 after simplifying by sin é&—is equiv-
alent to

1 d . dw /{2 9 _
g (957) - (smw - ) @=0, 9 € (VarVhR).  (311)

In fact, the solutions @ (both for ¢ 4+’ and ‘ — ) correspond to the four expressions
involving the functions F and A in (3.10). For abbreviation, let

Fi(ﬁ)(e) = F(yi(k),0))sinf and H () = = H(~5 (k),0)) sin 6.
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0
The clamped boundary conditions w = e _ 0 on 0B (r, R) provide four equations

on

involving the constants {Di}?zl; since these constants are not all zero, we necessarily
obtain that

Fot o WEr) Hoys o (Var) Foe o (Var) oo (Vir)
et | Tt V) o WAD) Ty (V) Hol ) WRD g1y
o (VER) Rl g (VER) P ) (VER) H . (VRR)

Let AYG (k) > 0 be the smallest positive zero of (3.12) and consider
A= AG = hm)\ G(k). (3.13)

Similarly as before, we have that A; > 0 and, by using Proposition 2.1 (with p = 1)
and (3.13), it follows that for every x > 0 we have

Ji(A\izx) for < +7;

El)% \f Wxsc( )(H)(\fx) { Ii(M\z) for € =, (3:14)
Moreover, relations (A.9) and (A.5) (with n = 1) imply that for every x > 0 one has
the limits

%Yl()\lz) for ‘ +7;

3.15
%Kl()\lm) for ¢ — . ( )

EE%) \f 'Y)\SC( o\ (\/ECL‘) - {

Thus, by taking the limit £ — 0 in (3.12) for A := )\5%(/4) and by using basic properties
of determinants, we obtain

s Yot S
et | ) ViR R K| = (316)
HOuR) IO R) B(wR) Ki(\R)

3.3 Threshold Spherical Belts. Let 0 < r < R. Using (3.6) and (3.13), we
recall that

Ao = /\TR = hr% /\EZ(&) and Ap =\ = hrr%) NG (K), (3.17)

are the smallest positive solutions to equations (3.9) and (3.16), respectively. The unit
exterior radius case of the main result of Coffman, Duffin and Schaffer [CDS79, §4]
on planar annuli asserts (up to a scaling) that

(i) Ao < A1 whenever R/r < Cops; and
(ii) Ao > A1 whenever R/r > Ceps,
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Figure 1: Clamped spherical belts B, (r, R) C S? of a narrow and b wide relative widths, in
the case of which a first eigenfunction is of fixed sign and sign-changing, respectively. In both
cases the zero altitude is represented by the light blue sphere S2. The positive eigenfunction
a is rendered with a transparent light green material, while the positive and negative values
of the sign-changing eigenfunction b are illustrated by light green and dark red transparent
materials, respectively. In the latter case, the eigenfunction is divided by two dark blue
azimuthally opposite nodal circular arcs, while the preimages of the positive and negative
parts are rendered with transparent dark green and light red materials, respectively. When
k — 0, the relative threshold width R/r is given by the critical Coffmann—Duffin-Schaffer
constant Copg ~ 762.3264.

where Copg is the critical Coffman—Duffin—Schaffer constant. In fact, the value of
the constant Copg is determined whenever )\ﬁﬁ and )\f% coincide, which is based on
certain properties of Bessel functions, see also Coffman and Duffin [CD92]. In this
critical case, one has that )\EIE = )\ﬁg = %1“ = %,2“ with Al ~ 0.00062557144 and
A2 ~ 4.769102418. Accordingly,

R X\
CC’DS = ? = /\—i = 762.3264.

It remains to combine the latter relations with the limits (3.17) in order to conclude

the existence of kg € (0,7/R) such that for every x € (0, ko):

(i) Afﬂ(/@) < Af%(/i) whenever R/r < Copg, i.e., the first eigenfunction in (P,) is
of fixed sign (see Fig. la); and

(ii) )\ﬁg(n) > )\f’%(n) whenever R/r > Ccopg, i.e., the first eigenfunction in (P,) is
sign-changing having two azimuthally opposite nodal circular arcs (see Fig. 1b).

The proof is concluded. O
REMARK 3.1. Let k > 0, R < 7/+/k and consider the 2-dimensional spherical cap

C*(R) = {zx €S2 : d.(N,z) < R}.
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Whenever  — 0 (i.e., the interior radius of the spherical belt B, (r, R) shrinks to the
pole N € S2), the limit case of Theorem 1.1/(ii) states that for every 0 < R < 7/+/k,
any first eigenfunction of the clamped problem (P,) on the punctured spherical cap
C2(R)\ {N} C S? is always sign-changing; this scenario clearly holds for any value
of x. In this particular case of the punctured clamped spherical cap C2(R) \ {N} the
boundary condition for u reads as

u= g—z =0 on dC*(R) and u(N) =0,

i.e., the tangential condition at the North pole N vanishes.

4 Reduction of Lord Rayleigh’s Conjecture on Positively Curved
Spaces

Let n € Nsg be fixed. In this section, we assume that (M, g) is an n-dimensional
compact Riemannian manifold with Ricci curvature Ric(ys 4y > (n—1)x > 0. Rescaling
the metric, we could consider Ric(ys4) > n — 1 (and the unit sphere S" := S}), but
as we have seen in Sect. 3 the presence of x > 0 was crucial, thus for the sake of
coherency we preserve the general form of the initial metric.

4.1 Ashbaugh—Benguria—Nadirashvili—-Talenti Nodal-Decomposition.

If S C M is a measurable set, its normalized rearrangement S* C S} is an open
spherical cap centered at the North pole and

V(SY) _ V(S).
Ve(SE)  Va(M)
In a similar way, if U : S — (0,00) is a measurable function, we introduce its nor-
malized rearrangement U* : S* — (0, 00) such that
Vi{r € S*: U*(x) > t})  Vy({w € S:U(x) > t})
Ve (Sp) Vy(M)
By construction, U* is a spherical cap symmetric function, i.e., £ — U*(x(0,&)) is
constant and

, V> 0. (4.1)

U*(z) =sup{t > 0:2 € {U > t}*}. (4.2)

LEMMA 4.1. Let U : S — (0,00) be an integrable function and U* : S* — (0,00) be
its normalized rearrangement. If W C S is measurable and W* C S} is its normalized
rearrangement, then

/ Udv, U*dv,

W < W : (4.3)
Vy(M) V. (Sp)

In addition, if W = S, then we have equality in (4.3).
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Proof. Relation (4.3) can be viewed as a normalized Hardy-Littlewood—Pélya in-
equality; although it can be verified by standard techniques, we provide its proof for
completeness. Using the layer cake representation and the fact that xw+« = xjy, where
x¢ denotes the indicator function of any non-empty set @, it turns out by (4.1) that

[ v, = [w@U@ds@) = [ 7 [ ko @), (@)dtdsduy (@)
— [ [ xtwsnnwsa @) a)deds
f// (Daw > £} N {U > s))deds
g/ / min {V, ({xw > £1), V,({U > s})} dtds

V,i( - / / min{V,({z € S*: xjy(x) > t}),

(Sk
X Vﬂ({35 € S*: U (x) > s})}dtds
S [ vt e i > 0 €57 1) > s

\‘;Zgé / / / Xty >t3n{U+>s} (2)dvg () dtds
V() *
VH(SQ)/ xw (2)U” (@) dve ()
Vy(M) .
V@D e

If W = S, equality clearly holds in the above relations, since the set {xw > t} =
{xs >t} is either empty or coincides with the whole S for every ¢ > 0. O

Let © C M be a fixed open set. Since Ricarg) > (n — 1)k > 0, by the Bochner-
Lichnerowicz-Weitzenbéck formula it follows that the Sobolev space HZ(Q) = Wi
(22) is a proper choice for problem (1.4), see Hebey [Heb99, Proposition 3.3]. Further-
more, on account of the compactness of (M, g) (by the Bonnet-Myers theorem) and
basic properties of W02 ’Z(Q), a similar argument as in Ashbaugh and Benguria [AB95,
Appendix 2] shows that the infimum in (1.3), i.e., the fundamental tone

/ (Ayu)2do,
AQ) = nf o 7

weWZ2(@)\ {0} / v,
Q

is achieved. Let u € W02 2(Q) be such a minimizer; elliptic regularity results guar-
antee that u € C>*(Q).

Since u may change its sign in € (see e.g. Theorem 1.1), denote by u := max(u,0)
and u_ := — min(u, 0) the positive and negative parts of u, respectively, and consider
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also the corresponding preimages
Qp={reQ:up(r) >0} and Q_:={z € Q:u_(x)>0}.
In the rest of this section, we assume that
Vy(Q24)V,(92-) >0,

otherwise the minimizer u is of fixed sign and the subsequent argument becomes
considerable simpler. For further use, we also introduce the sets

Q2 ={r € Q: (Ayu);(r) >0} and Q2 :={r € Q: (Ayu)_(z) >0}

Let Q4 C S* and (%) C S? be the normalized rearrangements of Q4 C M and
Qﬁ C M, respectively. Since the subset of 2 where u is either constant or harmonic
is negligible,

one has that

Ve(€) + Vi (28) = Vi ((98)7) + Vi ((92)*) = V(). (4.4)

Let u% : 2% — (0,00) be the normalized rearrangement of uy : Q1 — (0,00), i.e.,
for every t > 0,

Vi{z € 94w (@) > 1)) Vy({z € Q4 s ug(a) > 1})

OACH = A =:j(t), (4.5)
and
Ve({z € Q% tur(x) > t}) B Vo({z € Q- tu_(z) > t}) B
V) - v, (00) B
see Fig. 2.

Let TF = SUp,eq, U+(x) > 0; clearly, by definition, one has that j(t) = 0 for
every t > T.F and h(t) =0 for every t > T, .

In the same way as in (4.5) and (4.6), we introduce the normalized rearrangements
(Agu)t of (Agu)s : QF — (0,00). We extend v’ : Qf — (0,00) and (Ayu)% :
(Q2)* — (0,00) by zero to the whole O* outside of Q% and (2%)", respectively. Our
further analysis is based on fine properties of the functions

T (s) = (Bgu)Z(s) = (Agu) 3 (Vi(2") — 5)

and

where we will use the notation
(Agu)i(s) == (Aju)i(z), whenever s =V, (Cl(d.(N,x))), € Q.  (4.7)

Some useful properties of the functions J and H are summarized in the sequel.
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M

(2) (b) (c)

Figure 2: Illustration of the Ashbaugh—Benguria—Nadirashvili-Talenti nodal-decomposition
argument. a A first eigenfunction u : @ — R of the clamped plate problem (1.4) having
nodal domains (the zero altitude is represented by the transparent light blue manifold M).
b Rendering the segments of the null-measure set v ~!(0) with dark blue lines, the image
shows the nodal-decomposition of the open set Q@ C M into the transparent light red and
dark green preimages Q_ = {u < 0} and Q4 = {u > 0}, respectively. ¢ The normalized
rearrangements u} : Q4 — (0,00) of ug : Q4 — (0,00) on the spherical caps % C S?, cf.
relations (4.5) and (4.6).

LEMMA 4.2. For every o € [0, V,(Q*)], one has that:
Ve (£2%)
/ J (s ds>/ J(s)ds = 0;
V(2%
(ii) / H(s)ds > / H(s)ds = 0;
0

() [ TOUCHAN 2)onla) = [ HOVLCEN.2))dvno).

0
Proof. By the divergence theorem and the boundary condition a—u = 0 on 042, it turns
n

out that / Agudvg = 0. Therefore, by applying Lemma 4.1 (with S = W := 04 and
Q
U := (Ayu)+) and by using the change of variables (2.2), it turns out that

Vi (S) ~ VL(SR)
Vg (M) /A uduy V(M) (/QA(Agu)_dvg—/gzﬁ(Agu)devg)
_ /(QA)*(Agu)i du,, — /(Qﬁ)*(Agu):dv,{
= | (@) @duela) = [ (A0 (@)dva)
_ /ﬂ (Agu) (Va(CR (N, 2))))dvg(x) - / (Agu)s (Ve(C™ (d(N, 2)))) vy (2)

Ve (Q%) *
- / ((Agu)* (s) = (Agu)i(s)) ds




GAFA CLAMPED PLATES IN POSITIVELY CURVED SPACES 903

Vi (%)
= / J(s)ds
0
Ve (%)

In a similar way, one obtains that / H(s)ds = 0. Now, by the definition of the

0
normalized rearrangement, the functions s — J(s) and s — H(s) are decreasing on
[0, Vi (£2%)]; therefore

/ " 7(s)ds > 0 and / " H(s)ds > 0, o€ [0, Ve(Q)], (4.8)
0 0

which conclude the proof of (i) and (ii).
(iii) By the first part of the proof, relations (4.4) and (2.2) we have that

Vo (2%) V(%) V()
0= / J(s)ds = / J(s)ds — / H(s)ds
0 0 0

= J(VK(C?(dn(Nw))))dvn(w)—/ H(Vi(Cp (de(N, 2))))dvg (),

o *
which completes the proof. O

Besides Lemma 4.2, we need more precise estimates for the quantities in (4.8) as
follows.

PROPOSITION 4.1. The following statements hold:
Vi (S2)3(t) Vi (S")
i ds > —
O sz -
o VRSRRE) V. (S?) _
(ii) /0 H(s)ds > V(M) /{u< " Agu(x)dvg(x) for every t € [0,T,];
(iii) either (Agu)* (s) =0 or (Agu)’ (Vi (2¥) — s) = 0 for every s € [0, V,.(2%)].

/ Agu(x)dvy(x) for every t € [0, T,]];
{u>t}

Proof. (i) Let t € [0,T,] be fixed; due to (4.5), one can find a unique number a; > 0
such that V. (C7(a:)) = Vi(SP)j(t). Moreover, since {u > t}* = {uy > t}* = C7'(ay),
it follows that ({u >t}N Qé) C C™(az) N (Q2)*. Using the latter relation together

with the change of variables (2.2) and Lemma 4.1 (with S := Q2 W = {u > t}N Q2
and U := (Agu)_), we have that

V(S0 ValCian)
(Ayu)* (s)ds = / (Ayu)* (s)ds
0

0
- / Vi(CH(dye (N, z)))dv,(x)
CQ(W)
) /CW) odusle) = /cma,,)m(m)*(Agu)*‘(x)dvﬂ(m)

v

Jumapey (B ()
{u>t}ﬂQ
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(S

(M /{u>t}ﬂﬂA (Agu)—(z)dvg(z)
(S

= Q) /{wt}(Agu)(:ﬁ)dvg(x). (4.9)

-~

=3
~—

>

S

BN

Let @; > 0 be the unique value such that Vi (Cl(a:)) = V(%) — V(SP)j(t). In a
similar manner as above, by a change of variables and (2.2), we infer that

VS0
71— / (Agu)” (Va(Q*) — 5)ds
0

Vi () Vi ()~ Vi () (8) .
- [ i [ (Agu) (s)ds

‘/ Agu)3 (Vi Crelde(N, 2))))dvi(x) = /Cn(a)m ) (Ve(CH(dw (N, 2))))dvg ()
= <n¢>*<A o) (z)dvg(z) — /C E@)H(%y(Agu)+(:c)dvﬂ(x). (4.10)

Applying Lemma 4.1 (with S = W := Q2 and U := (Aju),), one has that

* _ VH(SZ)
/(Qﬁ)*(Agu)Jr(x)dv,i(x) = VM) /Qﬁ(Agu)Jr(m)dvg(x). (4.11)

Furthermore, if we consider the set S; = {u < t}, it turns out that S} = CJ(a;); in-
deed, the latter fact follows from the definition of normalized rearrangement combined
with relations V(Sy) = V,(Q2) — Vy(M)j(t) and Vi (Cl(ar)) = Vi () — Vi (Sp)j(1).
Accordingly, due to Lemma 4.1 (with S := Q3, W = S, N Q2 and U := (Ayu)4), it
follows that

Lo Ao
Cr(ann(e2)s

/ (Agu): (2)dvg (z)

SIN(Q8)
> /(Smgﬁ)*(Agu)i(x)dv,@(x)
Vi (Sp)
= V,00) fgtm9¢<Ag“>+<$>dvg<w>- (112)
Using relations (4.10)—(4.12), it follows that
Vi (SE) V(SP)
=, o Jrp (Ao (agto) = G5 [ (S)(aing)
Y M> /m\st )dvy(®) = 35 /%ﬂ{u>t}<Agu>+<x>dvg<w>
~ Va(SE)

=V /{ - (2)du, (z). (4.13)
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The estimates (4.9) and (4.13) imply that

Ve (SR)i(t)
/ J(s)ds=1—-11I
0

PO oy B (2)ny () ~

—VH(SQ) u)(x)dvg(x
0 ooy Bt @) ),

which is precisely the required inequality.

(ii) The proof is similar to (i).

(iii) Let us fix the parameter s € [0, V,,(Q2*)]; if either s = 0 or s = V,(Q*), the
claim trivially holds. Otherwise, pick z,z € Q* such that s = V,,(C?(d.(N,z))) and
Vm(Q*) —5= Vn(cg(dm(N> f)))

On one hand, if 2 ¢ (Q2)*, then (Aju)*(s) = (Au)* (Vi(CP(ds(N,)))) =
(Ayu)*(x) = 0. On the other hand, if z € (Q2)*, then s = V,(C?(dx(N,x))) <
V. ((©22)%). Consequently,

Va(CR(de(N, 7)) = Vi) = 5> V(%) = Va((Q2)") = Va((Q2)"),

Le., (Q2)* C C(d.(N,T)) with strict inclusion. Therefore, one has T ¢ (Q3)*, i.e.,
0= (Agu)i(Z) = (Agu)i (Vi(CR(de(N,7)))) = (Agu)i (Vi (£2*) — s), which concludes
the proof. O

For further use, let a,b > 0 and L > 0 be such that
Ci(a) =87, CHb)=Q and C}(L)=Q". (4.14)
The main result of this subsection reads as follows.

Theorem 4.1. The real functions

1 sin(vrp)\' " [ [V(CR0) N
Uy(z) = o /dK(N,m) <\/E ) </0 J(s)ds | dp, = € Q*, (4.15)

and

1-n
I sin(y/kp) Vi (C(p))
=— e ds|d QF, (4.16
Up(x) o dK(N’I)< NG /0 H(s)ds | dp, z € Q*, (4.16)

satisfy the following statements:

. VH(SZ) 2 _
(1) %(M) /Q(Agu) dl)g - Lg(a)
Vi (S¥)

i udv, < / U?dv, + / UZdv,.
()Vg(M)/n 7= Jorw o)

(ALU,)2dv, + / (ALU,)?doe:
cr )
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Proof. (i) By construction, both U, and U, in (4.15) and (4.16) are spherical cap
symmetric functions; according to (2.3), a direct computation shows that U, and U,
solve the problems

{(}CLAnUa(x) i g(vﬂ(cg((dﬂ(]va :C)))) z)r; gg’gzzl)_) in-; (4.17)
and
—AgUp(z) = H(Vu(CL((de(N,2)))) in CF(b) = Q%;
{Ub " on 9C™(b), (4.18)

respectively. On one hand, by (4.17), (4.18), (2.2), the definition of H and by the fact
that V(%) = V(1) + Vi (2%), we obtain that

= / (AU o, + [ (ALUL)%du,
Cr(a)

Cr(b)

[ FEVAC(de(N, 2))))dvn(z) + / (Vi O (dn(N, 2)))) (1)

Ci(a)

Ve (%) V(Q)
—/ 7 8*/
/V(Q*

On the other hand, by the definition of the function 7, Proposition 4.1/(iii), relation
(2.2) and Lemma 4.1 (with S =W = Q% and U := (Aju)4), we have that

Vi (%)
I :/ T(s
0

Vi (%)
= [ [t + A r@) -

—2(4, )*( )(Agu)t (Vi(QF) — s)] ds
Vi (%)
()% + (Agu) L (Ve(F) — 5)2} ds

V(Q)

“(5)” + (Agu)i ()] ds
(CR(ds(N,2))))* + (Agu)} (Va(CR(dw(N, 2))))?] dv(a)

+ (Agu) (2)?] du(a)

o B dn ) + [ (B0 dua)
RACY Va(S2)

K

T V(M) /QA(A w)? (z)dvg(z) + V) /Q ﬁ(Agu)i(x)dvg(x)

I
@\c\c\

I
Q\
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IRACH)

K

= a0 Ja B )y ),

which concludes the proof of (i).
(ii) For every ¢ € [0, T,F], with

T’j = sup U+($),
$€Q+

we introduce the sets
Ay =0({r € Q:uy(zx) >t}) and A} :=0({z €S}, : u’(z) > t}).
For any fixed € > 0, Cauchy’s inequality implies that

2

1

(6 / |Vgu(x)]gdvg(x)>
t<u(x)<t+e

ufl
_ Vol (Lt+ ) / IV u(z)2dv, (z)
€ € Jt<u(x)<t+e
- j(t) —jt+e)1
= Vo(M)=————2 /Ku(x)mg |Vgu()|3dvy (z).

Since j is non-increasing, by letting ¢ — 0, the co-area formula (see Chavel [Cha84,
p.86]) and the latter inequality imply that

P2 < —5 )V (M) /A Vgt for e t € [0.7),

where P,(A;) denotes the induced perimeter of the set {uy >t} C M, while H,,_;
stands for the (n—1)-dimensional Hausdorff measure. Since the outward normal vector
at © € Ay to {u >t} is — ‘VV;&%L, the divergence theorem implies up to a negligible

set that

/ \VuldHp—1 = —/ Agudvy, = —/ Agudvy.
At {us>t} {u>t}

Therefore, for a.e. t € [0,7./], we obtain the inequality

7392(/\15) < V_(](M)j/(t)/ Ajudu,. (4.19)

{u>t}

By relation (4.5), the Lévy—-Gromov isoperimetric inequality implies that for every
t € [0,T;F] one has

Pel(A) _ Py(A)
ValS2) = Vo(M)

, Yt e [0, T, (4.20)

where P, (A}) denotes the perimeter of the set {u* >t} C S
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Combining inequalities (4.19)-(4.20) with Proposition 4.1/(i), we have that
) VeI N
P2(A) < —Vu(SM)5(¢) / J(s)ds forae te[0,TH.  (4.21)
0
We have seen in the proof of Proposition 4.1 that

{us >1}" = Cl(ar) and Vi(Cp(ar)) = Vi(Sp)i(t)

for some a; > 0; note that ¢ — a; is decreasing on [0, 7;"]. Since for sufficiently small
€ > 0 one has that

{z:€S] 1 dy(x,Cl(ar)) < e} = Cl(ar +¢€),

the Minkowski content of C)'(a;) and (2.1) ensure that

in(y/ra)\ "
V(S5 (t) = nw, (S\/g‘“> a, = Pu(A})d, for a.e. t €[0,T].

Combining this relation with (4.21), we infer that

1-n
] : V(O (ar))
Lo (sm(ﬁ%)) ag/ J(s)ds for a.e. t € [0,T,].
0

nw, VE

For every fixed n € [0,T./], an integration of the latter inequality yields that

1 (sin(Vra)\ ", [ [Ve(Cra)
n < T /0 ( NG ) a; (/0 j(s)ds) dt. (4.22)

Arbitrary fixing the point z € C'(a) = QF, there exists a unique n € [0,7,7] such
that d,. (N, z) = a,. By (4.2) and the monotonicity of ¢ — a; on [0, 7,/], it follows that

uwl(x) =sup{t >0:2 € {uy >t}*} =sup{t >0:2 € C}(ar)}
=sup{t > 0:d.(N,z) < a;} =sup{t > 0:a, < a}
= 7’].

Performing the change p = a; of variables at the right hand side of (4.22), and taking
into account that lim;_,oa; = a (with a > 0 by (4.14)), the latter inequality together
with (4.15) implies that

), <U, in Cf(a) =Q%; (4.23)
see also Fig. 3. In a similar manner, we have that
u* < U, in C}(b)=Qr, (4.24)

by applying analogously to (4.19) that

P2(IL,) < Vy(M)H(t) / Agudv, for ae. t € [0,T], (4.25)

{u<—t}
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Ci(a) =

Figure 3: Spherical cap symmetric functions U,,u} : Q% — (0,00) and Up,u* : Q* —
(0,00) which verify the inequalities (4.23)—(4.24). The functions u} : Qf — (0,00) arise
from Fig. 2¢c, which are the normalized rearrangements of ux : Q1 — (0, 00) on the spherical
caps 2 C S}..

where II; := 0({z € Q: —u(x) > t}).
Inequalities (4.23)—(4.24) and Lemma 4.1 (with S = W := Q4 and U = u2)

imply that
/Qquvg = /Q+ u? dvg + /Qi u? dvy
] o L
VZESZ; </c:<a> Uadon + Cr ) Ub?dv”) ’
which completes the proof. O

REMARK 4.1. We conclude this subsection with an observation concerning a joint
boundary condition involving the functions U, and Uy. In fact, we have that

(sin(v/Ra)" ST (/Ra) = (sin(v/Rb)" T (VD) (4.26)

where we explored the Spherlcal cap symmetry of U, and Uy, by identifying the point
x =x(0,8) € SE with the angle 0 = \/kd,;(N,z) € (0,7). Applying Lemma 4.2/(iii)
to problems (4.17)—(4.18), we first obtain that

/C AUa()dve(z) = / AUy (2)dug (). (4.27)
2(@)

Cr(b)

Moreover, by (2.3) and the density of the measure dv, given by relation (2.1), the
spherical cap symmetry of U, and U}, implies the required relation (4.26).
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4.2 Coupled Minimization on Spherical Caps. Given an open set S C SJ.,
we introduce the space

W(S) := Wy 2(S) NW22(S).
Based on (4.26), we will consider the boundary condition

n-14t
do

for two spherical cap symmetric functions u, : C'(a) — (0,00) and up : C(b) —
(0,00). For further use, let

Wap(€2¥)

(sin(v/Ra)" ! S (/) = (sin(VRD)" " S (/). (4.28)

. - - _ Ug, uy are spherical cap symmetric
o {(ua, w) € W(C(a)) x W(CL (D) : functions that verify relation (4.28) } ’

where
Vie(Cl(a)) + Vi (CR (D)) = Vi (27). (4.29)

Using the aforementioned notations and Theorem 4.1, one can establish the con-
nection between the fundamental tone of a set 0 C M and a coupled minimization
problem on S?; namely, if a,b > 0 are numbers such that (4.29) holds, then

/ (Aptia)?dve + | (Apu)?du,
C(a)

r,(Q) > inf Cr(®) (4.30)
(tta,5) EWa p (20,0} / W2dv, + w2dv,
Cr(a) Cr(b)
For further use, we recall the Gaussian hypergeometric functions
1 1
FaltAmn) =Py (5 = AsN), 5+ A0 B3t) L te 0D, (@3
where
—1 2 )\2

As(N) = As(\ ko) == <”4) +—eC (4.32)

Given A > 0, we also need the cross-product of the Gaussian hypergeometric functions,
ie.,
FL(t, A\ k,n)  Fo(t, A\ k,n)

rn(l,A) == - )
* 7 ( ) ]:—(ta)\?’%an) ]:4_(1;,)\,/{777;)

(4.33)

defined outside of the zeros of F. (-, -, k,n), see Proposition 2.2/(iii)—(iv); here we use

the notation F'y (¢, A\, k,n) := &Fi(t’ A, k,n). Based on (4.30), a crucial result in our

investigation can be formulated as follows.
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Theorem 4.2. Let (M, g) be a compact n-dimensional Riemannian manifold of Ricci
curvature Ric(yrg) > (n — 1)k > 0, the open domain @ C M with its normalized
rearrangement * C S7. If a,b > 0 are numbers such that (4.29) holds, then

Ag(Q) > A(k,n,a,b) =: Ao (a, B4 (4.34)

o = sin? ( ;a) , B :=sin? <\/2Eb> , (4.35)

and X := A\, (o, B) > 0 is the smallest positive zero of the equation

where

(1—a)2a2Ken(o,A) + (1= B)2B2Kun(B,A) = 0. (4.36)

Proof. Let a,b > 0 be real numbers that verify (4.29). We note that the infimum in
(4.30) is a minimum; this fact can be stated, by using a similar argument as in the flat
and negatively curved cases studied by Ashbaugh and Benguria [AB95] and Kristély
[Kri20], respectively. Accordingly, the value

/ (Aﬁua)de,@ + (A,.gub)de,.i
Cr(a) Cr(b)

min
(taup) EWa b (2)\{(0,0)} / uZdvy, + / ujdvy
Cri(a) Cr )

A(k,n,a,b) = (4.37)

is achieved by a pair of functions (ug,up) € Wep(€2*) \ {(0,0)}. For simplicity of
notation, let A := A\, ,(, ) > 0 with A\, »(cv, 8)* = A(k,n, a,b). The Euler-Lagrange
equation implies that

0= / (AptgApd — Nugd)dv, + / (ApupAgth — Nuyy))doy, (4.38)
Cn(a) Cr(b)

for every pair of functions (¢,v) € W, ,(£2*); in particular, they verify the boundary
condition

(sin(/ra))" S0 (/Ra) = (sin(v/Ab))" S0 (VD). (4.39)

Using the particular form of the measure dv, in (2.1) and integrating by parts together
with the fact that

¢(v/ka) = P(v/kb) =0,

we have that

/ AgugAcpdo, = nwnnl_gA,{ua(\/Ea)(sin(\/ga))”_l
Ct(a)

X %(\/ﬁa) +/ AZugedu,

Ci(a)
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and

/ AgupAgpdo, = nwnml_%A,{ub(\/ﬁb)(sin(\/ﬁb))”_l
Cr(b)
X %(\/ﬁb) +/ Aiub@ZJde.
do 0]

Due to the latter relations, equation (4.38) transforms into
1—-2 . n—1 d¢
0= nw,r 2 | Agua(vka)(sin(yv/ka)) @(\/Ea)
d
(/) (sin (V) S ()

+ (Aiua — )\4ua)(bdv,@ + / (Aiub — M) ydu,. (4.40)
Cr(a) Ccr(d)

In (4.40) we may choose either ¢ = 0 and ¢ € C3(C"(a)), or ¢ = 0 and ¢» € CZ(C™(b)),
obtaining that

A%y, = Nu, in C™(a), (4.41)
and
Aluy = My, in C7(b), (4.42)

respectively. Elliptic regularity theory shows that u, € C>°(C?(a)) and u, € C>*(C?
(b)). Using again (4.40) and the boundary condition (4.39), it turns out that

Atia(VEa) + Ay (v/rb) = 0. (4.43)

The standard theory of ordinary differential equations shows that two of the four
linearly independent solutions to the fourth-order equation (4.41) have singularities
at the North pole N € S7; thus, the general non-singular solution to (4.41) has the
form

Ug () 1= uy(0)

= cog® ™" (9) [Al]-ﬁr (sm (g) S\ K, n) + Ay F_ (sm <§) A\ K, n)} ;

for every x = x(6,€) € C(a) and some Ay, Ay € R, where we have used the notations
(4.31). In a similar way, the non-singular solution to (4.42) in general form is

up(x) = up(0)

=cos®™" <Z> {Bl]ﬁ <s1n (z) ,A,m,n) + By F_ (sm <Z> ,A,m,n)} ,

for every . = x(0,§) € C'(b) and some By, By € R.
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Since (uq, up) € Wy p(S2%) \ {(0,0)}, we have that u,(y/ka) = up(y/kb) = 0; there-
fore, by (4.35) we infer that

Ay Fy (o N ko) + AsF— (a, A, k,n) =0 (4.44)
and

By Fy (B, A\ kyn) + BoF— (B, A\, k,n) = 0. (4.45)
Combining the boundary condition (4.28) with (4.44)—(4.45), it follows that

0= (1-a)az (AF, (a,\ k,n) + Ao F (a, N, k1))
—(1—B)8% (BiFL (B, A\ k,n) + BoF. (B, \, k,n)) . (4.46)

Since we have the pointwise equality

o o (0 o (£) 1m0
= T\ cos®™ (6> Fi (sm (g) 7)\,/46,%) , 0€(0,m),

by (4.43) it follows that

0=(1—a)'"% (AL Fy(a, N k,n) + Ay F_(a, X, K, n))
+ (1 - ﬁ)li% (_Blf-i-(ﬁv /\7 Ii,’l’L) + BQF—(57 )\7 H»”)) . (447)

Since A1, Ag, B1, By cannot be simultaneously zero, by using the notation Fi(:) :=
Fi(y A k,n), equations (4.44)—(4.47) necessarily imply that

Fi(a) F_(a) 0 0

0 0 Fo(p) F_(p)
(L -a)afF(0) (1-a)afF (o) ~(1-B)BEFL(B) —~(1-B)BEF.(H)
~(1—a)IFFi(a) (1 - )\ EF () —(1— B FFL(8) (1- )12 F_(5)

det

Expanding the determinant, we equivalently have that

L (F) FU@ o e (FLUB) | FLB))
(1=a)2a (f(a) fi<a>>+(1 preb <F(6) i(ﬂ)) N

o

which is precisely equation (4.36). O
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5 Sharp Spectral Gaps on Clamped Spherical Caps: Proof of
Theorem 1.2

In this section we prove Theorem 1.2, by establishing sharp growth estimates of the
fundamental tone on the spherical cap C??(L) in the two limit cases, i.e., when L — 0
and L — m/\/k, respectively. Before providing explicitly these estimates, we notice
that the eigenfunctions on any spherical cap C?(L) for the initial clamped problem
(1.4) is of fixed sign, which follows by a Krein—-Rutman argument and the sign-definite
character of the solution to the Poisson-type biharmonic equation on C7'(L). By the
proof of Theorem 4.2, these spherical cap symmetric eigenfunctions on C”(L) are of

the form
2—n 0 9
Ue,1(z) = ccos 3 Fy | sin? B JAL K, T
Filap,Ap, K,n) 4
_}:(OZLQ\L,&H)]:_ (Sm <2> Al n)) 7

1
for every . = x(0,£) € C7}(L) and ¢ € R\ {0}, see Fig. 4, the value A\, := A2 (C2 (L))

being the first positive zero of the equation

F (ap, A, K, n) B Filap, A\ k,n)
F_(ap, A\, kyn)  Filap, A\ k,n)

Kin(arn, A) = =0, (5.1)

where a, := sin? (‘/ZEL), while Fy is defined in (4.31).
5.1 Small Spherical Caps. In the infinitesimal case L < 1, we assume that
C
)\LNZ as L —0, (5.2)

for some C' > 0. By Proposition 2.1 (with settings ¢t = L?, © = \/xk and p = % — 1),
on one hand, we obtain that

) n\ (2\2 ' [ Ja_1(C) for +7;
— _ il 2
%%fi(aL?AL?K?n) F(2> <C> {13_1(0) for ¢ — .
On the other hand, the differentiation formula (A.13) and Proposition 2.1 (with the
choices t = L? o = \/k and i = %) imply that

w3

2
lim L2F, (ap, A, k,n) =T (1 + n) ()
L—0

Ja(C) for * +7;
2)\C

—I2(C) for * —".
Since \r, satisfies equation (5.1), the above limits immediately imply that ((é) +

Iy(C
Ty S(C)/”) = 0. Due to (A.3), the latter equation is equivalent to
L (€)1, (C)

e 1(0) T3 4(C)

:()7
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(a)

Figure 4: The shape of the first eigenfunction (light green) on a small and b large vibrating
clamped spherical caps. The fundamental tone in a behaves as in the Euclidean case (cf.
Sect. 5.1), while in b it is dimensional-dependent (cf. Sect. 5.2).

Table 1 Algebraic values and asymptotic estimates of the fourth root of the fundamental
tone A, (C(L)) for small clamped spherical caps in dimensions 2, 3 and 4 (k = 1, for
simplicity)

L n=2 n=3 n=4
Algebraic Asymptotic  Algebraic Asymptotic Algebraic Asymptotic
value ofestimate  of value ofestimate  of value of estimate  of
AZ(CR(L))  AX(CR(L)) AX(CIL) AX(CIL)) Ai(Ci(L)) AX(CL(L))
0.4 7.9764 7.9906 9.7785 9.8165 11.4588 11.5272

0.03 106.5396 106.5406 130.8839 130.8867 153.6915 153.6966
0.002 1598.1102 1598.1103 1963.30097  1963.3011 2305.4496 2305.4501
0.0001 31962.205 31962.206 39266.0231  39266.0232  46108.9987  46108.9988

L—0— 400 — +00 — +00 — +00 — 400 — +o0

T
The algebraic value A2 (CP (L)) is the first positive zero of equation (5.1), while the asymp-
totic estimate is given by (1.7)

thus C' coincides with the first positive zero hz_1 of the cross-product of Bessel func-

by,

tions. According to (5.2), on has the estimate A,(Cy (L)) ~ —4— as L — 0, which
concludes the proof of (1.7).

The asymptotic estimate (1.7) shows that the fundamental tone A, (C'(L)) has
an Euclidean character over small scales, since Ag(By(L)) = ’7%71 JL* for every L > 0,
see e.g. [AB95]. Table 1 provides an insight into the accuracy of the estimate (1.7) in
a few dimensions.
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5.2 Large Spherical Caps. In the sequel we will investigate the behavior of
AL > 0as L — w/\/k, see (5.1), which has a dimension-depending character.

5.2.1 The casen > 4.  Onaccount of (A.13) and (5.1), the identity KC\, ,,(ar, A1) =
0 can be rewritten into the equivalent form

1 2Py (3= A (), 3+ A (hp); 252

= (4_A2_(/\L)) ND (l—Af(/\L),l—l-A (Ap); 2:si (
(1 AZ() )> 2Py (3= Ar(00), 3 + A (A); 2 sin?
1_ L

2
VKL

2D
2k (5 = Ay(An), 3+ A (Ar); §ssin (\@L»

where we have used the notation (4.32). We assume that A\, — )¢ for some \g > 0 as
L — 7/y/k. If n > 5, we have that %% — (% —As(M) = B +AL(A) =22 >0
and 2 — (5 — Ai()\L)) (3+ Ai()\L)) 222> 0, thus the asymptotic formula (A.21)
applied to (5.3) implies that Ay = 0. If n = 4, by using a similar argument as above,
the asymptotic formulas (A.21) and (A.22) applied to (5.3) imply again that A\g = 0.
Consequently, A, (C?(L)) — 0 as L — 7//k for every n > 4.

REMARK 5.1. We note that when n € {2, 3}, a similar argument as in the case n > 4
can be formally applied to (5.3) via the asymptotic formula (A.23); however, in both
cases the asymptotic arguments lead us to an identity which looses any information
on the behavior of A, (C(L)) whenever L — 7/y/k. This phenomenon turns out to
be unsurprising, since the low-dimensional cases behave in a different manner with
respect to the higher dimensional counterparts.

/-\l\D

5.2.2 The case n = 3.  We first establish an elementary form of (5.1) which is
valid only in the 3-dimensional case. By relation (15.4.16) of Olver, Lozier, Boisvert
and Clark [OLBC10], we have that

gFl( —ol +c 5. ) sm(w;C;n(\/%)), WO € C\ {0}t € (0,1). (5.4)

Therefore, if we use the notations

22 ~ 22
Ay :=AL(\MK,3)=4/1x— and A_:=iA_(\K,3)=4/— —1,
K K

see (4.32), one has that

F_(t, A\ K, 3)
sinh (QK, arcsin(\/i))
NG if A > \/k;
. (\/Z)i t and Fu(t A 3) = sin (2A arcsin(v/1))
- —_— i = . +\by Ay Py - .
(\/17t D) A= Vs 2A 4Vt
sin (2A_ arcsin(v/t)
if A < ;
2A_\/£ 1 \/Ev
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Accordingly, by using (4.33), we have for every ¢t € (0,1) that
Kis(t, N
A_ coth (2]&_ arcsin(ﬂ)) — A4 cot <2A+ arcsin(ﬂ)) it A > \/k;

1
_ 1 ) ——— —V2cot (2\/§arcsin(ﬂ)) it A = /k;
t1—1) 2 arcsin (ﬁ)
A_ cot (ZA_ arcsin(\/i)) — A4 cot (2A+ arcsin(\/i)) if A < /K.
(5.5)
We are ready to investigate the behavior of A,(C3(L)) as L — m/y/k. By contra-
diction, we assume that A\, < v/k, thus up := A2 /k € (0,1]. First, when \; < v/,
by (5.5) the identity IC\ 3(ar, Ar) = 0 is equivalent to

V1= ppcot (v1—ppVeL) — /14 py cot (V14 pry/kL) = 0. (5.6)

We claim that (5.6) has no solution in uy, for any L € (0,7/y/k). On one hand, if
V1+ pry/kL < 7, then by the monotonicity of s — scot(s) on (0,7), we have that

VT iz cot (VI= izy/RL) > /T iz cot (VT /i),
On the other hand, if /1 + pp\/kL > 7, since puy, < 1 and /kL < 7, the monotonicity
of s — scot(s) on (m,27) and on (0, 7), respectively, implies that
V1 + pupyV/ELcot (V1 + ppy/wL) > V/2m cot (V2r) = 1.2272
>1= ilg(l) V1= ppscot (/1= prs)
> T ppv/RLcot (V= Rpv/aL).
The above estimates conclude the claim together with the limit cases, i.e.,

o /1+ pry/kL = m, when the left hand side of (5.6) blows up; and
e )\, = /i, when K, 3(ar, ) = 0 reduces (due to (5.5)) to an incompatible
relation.

Consequently, the only possible case when Iy 3(ap, Ar) = 0 might hold is when
AL > /K, obtaining by (5.5) that

Vi — Leoth (Vi — WKL) — /1 + pp cot (/1 + ppv/kL) =0,

where p;, = A2 /rk > 1. Since \/kL — 7 and we may consider p;, — u for some p > 1,
the latter equation reduces to

Vi — Leoth (my/u— 1) — /1 + peot (my/1+ u) =0,

whose first positive zero is uz := pu ~ 1.0277. Therefore,

A(C3(L)) = N\ = 2 k* — p2k* as L — o

NG
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5.2.3 The case n = 2. In this special case, by using a simple relationship between
the Gaussian hypergeometric and Legendre functions (see (A.10) for p = 0), the
identity ICy 2(ar, Ar) = 0 is equivalent to

dt P0+(AL)(1 —2t)

V.

pY 1—2t
Pt ) =0, (5.7)

t:DLL

where v (\) = Ay (\) — 5 = /2 £ 2 — 1 The derivation formula (A.15) transforms

the equation (5.7) into

B PY (n)_1 (cos (VEL)) os (F )
0= M( PY o (costyry) < (VA
B PY. (\)_1 (cos(v/KL)) ~cos (o )
+(AL)< PO ) (cos(y/AL) (VkL) | . (5.8)

By (A.16) and (A.17), it turns out that for every fixed s € (—1,1) the function

PY_1(s) 1421
P?(s) 272

t—t ( — s is increasing on ( ); in particular, one has the inequality

Py (a1 (cos(v/RL)) s >
-n) ( Pl o, (costymny) (VD)

P). ()1 (cos(v/kL))
P). () (cos(v/RL))

for every L € (0,7/y/k) and A\;, € (0,v/x/2). Thus, equation (5.8) has no solution
whenever (L, uz) € (0,7/v/k) x (0,4/k/2). In particular, we necessarily have A\ >
VE/2 for every L € (0,7/y/k), and v_(A1) € C\ R when \;, > \/k/2.

As —1 is a singularity in (5.8) whenever L — 7/y/k, the symmetrization formula
(A.18) and the behavior at the singularity 1 of the Legendre functions (A.19) yield—
after an asymptotic argument in (5.8)—that

<vi(Ap) ( — oS (\/EL)>

sin((v_(Ao) — v4. (Ao))) + %sin(u_()\o)w) sin(v4 (o))
X (W(rs (M) + 1) = U(v_(Ao) + 1)) = 0,

where A\, — Ao as L — 7/y/k for some \g > \/k/2. We equivalently transform the
latter equation into

tan (A_ (X)) — tan (AL (N\o)7) + % <\I/ <A+()\O) + ;)

_y (A_()\o) + ;)) —0. (5.9)
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Table 2 Behavior of the fundamental tone A, (CJ?(L)) in dimensions n € {2,...,7} for large
spherical caps (i.e., L — m and x = 1, for simplicity); pus and us are the smallest positive
zeros of equations (1.5) and (1.6), respectively

L n

2 3 4 5 6 7
0.997 0.8437 1.1091 0.8018 2.32-10~% 2.91-1072 2.35-107°
0.9997 0.8332 1.0612 0.4978 2.39-1072 2.96-107* 2.36-1076
0.99997  0.8328 1.05662 0.3605 2.3-1072 295-1077 2.35-107°
0.999997 0.83277 1.05661 0.2798 2.16-10~* 2.4-107% 1.72-10712
=T — p3 ~0.83274 — p3 ~1.0561 —0 —0 -0 —0

Due to (A.8), the imaginary part of (5.9) vanishes; thus, ps := A\3/k > { is the first
positive zero of

T 1 1 1 1 1 1
- =) = (o put | R (=] = > -
2tan< 4 M) ( g F 2) ( PR 2) 0. n 4

In fact, one has that ps &~ 0.9125, thus

Ac(C2(L)) = N} — Mg = p2k? as L — NG
which concludes the proof of (1.8).

Table 2 presents the numerical behavior of the fundamental tone A, (C7(L)) in
some dimensions whenever L — 7/v/k.

6 Lord Rayleigh’s Conjecture: Proof of Theorem 1.3

This section is devoted to the proof of Lord Rayleigh’s conjecture on positively curved
spaces. Based on Theorem 4.2, first we further reduce the conjecture to the validity
of an algebraic inequality (see Sect. 6.1), then we conclude the proof (see Sect. 6.2)
by using the sharp growth estimates of the fundamental tone of spherical caps (see
Sect. 5).

6.1 Reduction to Eigenvalue Comparison on ‘half-caps’.  We first need a
monotonicity result that plays an important role in the proof of Theorem 1.3; the
notations are the same as before.

PROPOSITION 6.1. If K > 0, n € N>y and t € (0,1) are fixed, the function \ —
KCin(t, ) is increasing on (0,00) between any two consecutive zeros of Fi(t,-, r,n).
Moreover, limy_o KC,; (£, A) = 0.
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Proof. Let k > 0 and ¢t € (0,1) be fixed. For n = 3, the proof is trivial due to relation
(5.5); indeed, a direct computation yields that A — IC,; 3(¢, \) is increasing on (0, c0)
between any two consecutive zeros of F (¢, -, k, 3), which have the explicit closed form

Fegm(t) = | & ((M) — 1), m € Naj. (6.1)

When n # 3, another approach is needed as no closed formula is available similar to
(5.4) (and (5.5)). In fact, the strategy is to ‘replace’ the monotonicity of A — IC,. (¢, A)
with that of the ratio of hypergeometric-type functions with respect to the variable

€ (0,1). In the sequel we consider those pairs (¢, ) in the open domain for which
Fi(t,\ k,n) # 0. In addition, we first assume that Ay — 5 := Ar(\,k,n) — 5 ¢ Z
and A_ # 0, see (4.32) for AL. The analyticity of Gaussian hypergeometric functions
together with relations (A.10) and (A.16) imply that

0 J (0, F_(t,\k,n) 0 (0, F_(t,\k,n)
—Kun(t,\) = = In ————= )| = = In ———=
D) ON\Ot Fi(t,\ k,n) ot 6)\ Fi(t, A\, k,n)
1 n
00 Pa i%(l—Zt) ad/\P ;(1—215) 80/\P (1—2t)
= gy M= —z
0t 9A Pyt i (1—20) ot pl (1-2t) ot PA+3%(1 — 21)
17% 1— %
kr | A_ Ot Pii%l(l 2t) Ay Ot |:> (1 —21)
A/l\ L (1-2t)

Therefore, it is enough to prove that the function ¢ — i*; t € (0,1)is

Ax P 1(1 ot)’

increasing in the aforementioned domain. Using the formula sm(mr)F( (v+1) =
— for every v € C\ Z (see (A.20) with suitable choices), relations (A.10) and (A.17)
imply that

1—n itm
1 Ax ,1(1_%) n;)am vy (t)
A ﬁ:—ﬁ';j:—ﬂ'w (t)’
=P, 2, (1 -2t Z gEgm +
2 — m

where the coefficients are
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are well-defined. Consequently, the claimed monotonicity of X\ — Ky (£, A) reduces

to the decreasing character of t fj((f)) , t € (0,1), which follows from Proposi-

tion 2.2/(v). When A_ = 0, a limit is considered, by obtaining the equality aif =
2BEW (1,m + 1), and a similar proof applies as above. Finally, when A_ — 1 € Z or
Ay — % € 7Z, another argument is needed, where the discussion is even simpler, since
the corresponding series can be reduced to some polynomials.

The fact that limy_,0 ICy (£, A) = 0 directly follows from (4.32)—(4.33), which ends
the proof. O

From now on, we focus on the proof of Lord Rayleigh’s conjecture for positively
curved vibrating clamped plates. To this end, let (M, g) be a compact n-dimensional
Riemannian manifold with Ricy;4) > (n — 1)k > 0 and consider the non-empty
smooth domain 2 C M with its normalized rearrangement Q* C S}, i.e.,

V() Vi(92¥)
Vo(M) — Vi(Sp)'

(6.2)

Using the notation (4.37), Lord Rayleigh’s conjecture is proved once we show that
A(k,n,a,b) > A(k,n,0, L) (6.3)

for every a,b > 0 with V,,(C7(a)) + Vi (CL(b)) = V(%) = Vi (C2(L)), see (4.29).
Indeed, if (6.3) holds, by Theorem 4.2 we have that

Ag(Q) > A(s,n,a,b) > Ak, 0,0, L) = Ac(CT(L)) = An(Q°), (6.4)

which is precisely the required inequality (1.9).
According to the statement of Theorem 4.2, inequality (6.3) is equivalent to

)\nn( 6) > i n(O aL) (6'5)

where A\, (o, ) > 0 is the smallest positive zero of the equation (4.36), a =
sin? (\/QEL>, while «, 5 € (0,1) are arbitrarily chosen such that

Zesin~ ! (Va)
/\F sin(v/kp)" " tdp +

/\f sm_l(\/>)

L
sin(v/ip)" 'dp = [ sin(Vrp)" M, (6.6)

see (4.29) and (4.35).
Without loss of generality, we may choose a < f that verify (6.6). In view of
Proposition 6.1, the function

Sn,n(a7ﬁa )‘) = (]- - a)gaglcmn(aa A) + (]- - ﬁ)%ﬁg,cﬁ,n(ﬁv A)

inherits the properties of Ky, ,, i.6., A — Sk (a, 5, ) is increasing on (0, 00) between
any two consecutive poles of Sy, («,3,-) and limy_0 Sk (o, 5,A) = 0. In partic-
ular, if we denote the sequence of zeros of the Gaussian hypergeometric function
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Fi(t,-,k,n) by (frnm(t))m (cf. Proposition 2.2/(iii)), it turns out that the first pos-
itive zero Agp,(a, 5) of Skn(a, 5,-) will be situated between fy ,,.1(5) and f.pn1();
more precisely,

fﬁ,n,l(ﬁ) S )\n,n(av 5) S min{fﬁ,n,l(a); fﬁ,n,Q(ﬁ)}- (67)

We associate with L € (7//k) (arising from Vi (C?(L)) = V(")) the half-cap
radius Lg € (0, 5 \F) defined by

2V (C2(Lo)) = Viu(CE(L)), (6.8)

VkLo
2

and we also introduce the notation ay, := sin? ( ) . Letting o — ay, and 8 — ay,

n (6.7), we obtain that

)\K,n(aLoa aLo) = f:‘i,'ﬂ,l(aLo)7 (69)

which corresponds to a = b = Lg. Due to (6.9), a necessary condition for the validity

of (6.5) is
fn,n,l(aLo) > AH,H(O7OZL)' (610)

Postponing the study of (6.10) (see Sect. 6.2), we show in the sequel that (6.10) is
also sufficient to prove Rayleigh’s conjecture that will be done in two steps.

First, if strict inequality occurs in (6.10), by using a continuity argument in the
transcendental equation S, ,(c, 3, A) = 0 together with equality (6.9), it follows that
there is a > 0 sufficiently close to oy, such that A, (o, B(a)) > A n(0, o), where
f = B(a) is from (6.6). Quantitatively, the last statement implies that one can find
the unique minimal oy € (0,ar,) such that A, ,(a, B(a)) > A, (0,ar), holds for
a € |ag,ar,], so (6.5) is verified. In particular, Sy = S(ap) verifies the condition
fem1(B0) = Aen(0, ar), where [y is a pole of the function S, (a0, -, Axn (0, ar)).

Second, by definition, we have that S ,,(0, ar, s, (0,az)) = 0 and the construc-
tion of ap > 0 and y = B(ag) > 0 implies that lim, 7, Skn(c, B(a), Aen(0,ar)) =
—o0. In fact, one has that S, ,, (o, B(c), A (0, ar)) < 0 for every a € (0, o). Indeed,
since by (6.6) we have that

[a(l — )57+ (@) [B(e) (1 - Bla))] 2 =0,

a similar computation as in Karp and Sitnik [KS09] shows that LS, ,(a, B(), Aun (0,
ar)) < 0 for every a € (0,p). Thus, the function « S,.w( B(a), Aen(0,ar)) is
decreasing on (0,ap) and

Sl B(a), A\en(0,ar)) < Spn(0,ar, A\en(0,ar)) =0, Va € (0,a0).  (6.11)

If we assume by contradiction that there exists o € (0, ag) such that A ,(a, f()) <
Men(0,ar), by the property (6.11) and the fact that A — S, (e, 8, A) is increasing
between any two consecutive poles of S, (v, 3, +), it turns out that

0> Sn,n(a75(a)7)‘mn(0a az)) = Senla, B(a), \en(a, B(a))) =0,



GAFA CLAMPED PLATES IN POSITIVELY CURVED SPACES 923

which is a contradiction. Therefore, A, »(c, B(a)) > A (0, ) for every a € (0, ap),
which ends the proof of (6.5).

In conclusion, it remains to investigate the validity of inequality (6.10) which turns
out to depend both on the dimension n > 2 and the size L > 0. In this way we can
decide the validity of Lord Rayleigh’s conjecture for any non-empty open smooth set
2 C M that verifies the equality Q* = C7'(L) and condition (6.2). The next subsection
is devoted to this study.

6.2 Validity of the Conjecture: Dimension and Domain Dependence.
Using the notations from Sect. 6.1, for every x > 0 and n € N>, we introduce
the set

Hym = {L c <o, &) em1 (o) < (0, aL)} :
NG

where a7 = sin? (T)’ ar, = sin? (@) and the value Ly > 0 is the half-cap

radius associated with L > 0, see (6.8). The following result is crucial.

PROPOSITION 6.2. If kK > 0 and n € N>, the following statements hold:

(i) Hym # @ for every n > 4;
(ii) Hro = Hes = 2.

Proof. (i) We first claim that H, , does not contain elements close to 7/y/k for every

n > 2. Indeed, for the half-cap radius Lg associated with L > 0 we have that Ly — ﬁ

whenever L — . Therefore, ay, = sin? (@) — sin? (7) = 1, and according to
Proposition 2.2/(vi) we have that
femi(ar,) — vk as L — ——. (6.12)

VK
On the other hand, Theorem 1.2/(ii) yields that

) .

Nen(0,ar) = AL (C™(L)) ~ {(\)/’WEZ § f’?’}’ as L % (6.13)
where po ~ 0.9125 and us ~ 1.0277. Therefore, fni(ar,) > Aen(0,ar) if L is
sufficiently close to 7/+/k, which concludes the claim.

Again by (6.8), the half-cap radius Ly associated with L > 0 verifies the asymptotic
property 2L{ ~ L™ whenever L < 1. Moreover, a similar argument as in Sect. 5.1
yields that f.n1(ar,) ~ C/Lo as L — 0 with Jz_1(C) = 0, i.e., ¢ =jz_y. Thus, by
Theorem 1.2/(i) it follows that

a jn_q
lim inf fﬁ’nJ( L) — rlLJZ

= . 6.14
L=0 An,n(o)a[/) oy ( )
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1

We observe that 2%:)%”—_

< 1 if and only if n > 4. In particular, for every n > 4,

we obtain that f.,1(ar,) < Aen(0,ar) for sufficiently small L > 0, proving that
Hym # &; this concludes the proof of (i).

(ii) The previous arguments show that for n € {2, 3} the set H, , does not contain
elements in the vicinity of 0 or close to 7/y/k. We will prove that this property persists
to the whole interval (0,7/+y/k) whenever n € {2,3}. To do this, it is enough to
prove that the equation fy ,.1(ar,) = Aen(0, ar) is not solvable in L € (0,7/y/k) for
n € {2,3}, where oy, = sin? (\/QEL), ar, = sin? (@) and Ly > 0 is the half-cap
radius associated with L > 0. Our proof is dimension-dependent.

The case n = 3. Using (6.1) and «ay, = sin? (@), we recall that

2
frailar,) =4[k (HL(Q) - 1)- (6.15)
Due to relations (6.15) and (5.5), the solvability of f.31(ar,) = A 3(0,ar) reduces
to the equation K, 3(avr, fr3,1(ar,)) =0, ie.,

2 2 T wL
—— — 2-coth Ly|— -2 — ——-cot| — | = .1
\/ L2 co <\/E \/ L2 > NG co (L0> 0, (6.16)

where L and Ly verify (6.8), i.c.,

sin(2+v/kLo) sin(2v/kL)
2<LO—M> = Lo (6.17)

Our aim is to prove that equalities (6.16) and (6.17) are incompatible, which will imply
Hyps =@. If v := /KLy and y := \/kL, the implicit function theorem together with
(6.17) implies the existence of a (unique) differentiable function p : (0,7/2) — (0,7)
such that P(z,p(x)) = 0 for every x € (0,7/2), where P : (0,7/2) x (0,7) — R is

P(x,y) :=2(2x —sin(2z)) — 2y + sin(2y).
Let us also consider @ : (0,7/2) x (0,00) \ Sg — R defined by

Qx,y) == \/m coth (y\/@) — 7 cot (7ry> ,
T T

where Sg := {(z,y) € (0,7/2) x (0,00) : y/z € N}. In order to prove the claim, it is
enough to show that p(x) > ¢(z) for every x € (0,7/2), where ¢ : (0,7/2) — (0,7) is
the smallest differentiable function such that Q(x, ¢(x)) = 0 for every x € (0,7/2), see
(6.16). The idea of the proof is to separate p and ¢ by piece-wise linear functions; this
fact is motivated by the monotonicity property of x — Q(x, cx) whenever ¢ > 0, which
reduces to the monotonicity of y — y coth(y) on (0, 00). The separation argument can
be described as follows.
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Since p(x) ~ 25y = ri(xz) as  — 0, it turns out that lim, o Q(z,p(x)) =
7 coth (2%77) — 7 cot (2%71') ~ 0.192 > 0, thus Q(x,p(z)) # 0 for small values of x;
in fact, this property can be also deduced by (6.14). On one hand, we observe that
p(x) > r(x) for every z € (0,7/2). Indeed, an elementary argument shows that
P(z,r(x)) > 0 for every x € (0,7/2) and p(7/2) =7 > 275 = r1(m/2). Thus, if
there exists = € (0,7/2) such that p(Z) < r1(Z), by a continuity reason there exists
T € [z,7/2) such that p(zT) = ri1(T), and 0 = P(7,p(T)) = P(z,m(T)) > 0, which
is a contradiction. On the other hand, we have that the function z — Q(z,71(z)) is
decreasing on (0,7/2) having its unique zero at x7 =~ 0.767. If ¢ ~ 1.249 is the first
positive zero of the equation coth(cm) = cot(en), it follows that lim, 0 Q(x,cz) =
7 coth(em) — mcot(em) = 0; taking into account that ¢ < 23 ~ 1.259 and Q(z,q(x)) =
0, the minimality property of ¢ implies that ¢(x) < r1(z) for small values of > 0.
By construction, it follows that g(z1) = r(z1) = 2321 ~ 0.967. Thus, if there exists
T € (0,x1) with ¢(Z) > (%), one can find T € (0,7] such that ¢(Z) = r1(T), so
0=Q(®, q(T)) = Q(,ri(T)) > 0, which is a contradiction. Therefore, p(z) > r(x) >
q(z) for every = € (0, ;). Clearly, we also have p(z1) > r1(x1) = g(x1).

The function r; cannot separate p and ¢ beyond the value x;. Therefore, we
consider ry(x) = p(xill):r, for every x € [21,7/2), and a similar argument as above
shows that p(x) > ra(x) > ¢(x) for every x € (z1,x2), where xo ~ 1.462 is the
intersection point of ro and q. Moreover, p(z2) > r2(z2) = ¢(x2). Finally, the function
r3(z) = %;)x, x € [z, m/2), has the property that p(z) > r3(x) > ¢(z) for every
x € (x2,7/2).

Summing up, we have p(x) > ¢(z) for every x € (0,7/2), which proves that
,H,@g = .

The case n = 2. Due to (6.8), in the case n = 2 we have that

L
20, = 2sin’ (ﬁ 0) = Vel C2(Lo))

2 ) om
= FVU(CHD) = sin? (@) s (6.18)

Thus the question reduces to the non-solvability of f. 21(t/2) = A\ 2(0,¢) int € (0,1).
On one hand, by (6.12)—(6.14) we know that this equation cannot be solved for values
t close to 0 and 1. On the other hand, due to (A.10), (A.11) and (A.14) (since n = 2),
we obtain that

Fi(t,\ K,2) = PE%Mi(l —2t) and FL(t,\ k,2)

= 1 pl

where Ay = (/1 £ )‘?2; see also Zhurina and Karmazina [ZK66]. In particular, I, 2 (¢, A)

= ( can be transformed into an equation containing only the associated Legendre func-

tions PT_1+A1 of integer orders r € {0,1}. Thus, the tables of zeros with respect to
2
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the degree v = —1 + A4, see Bauer [Bau86] and Bauer and Reiss [BR72] (and also
Zhang and Jin [ZJ96, Chapter 4]) imply that

NG

fre,2,1 (;) — Ae2(0,8) > o Vi e (0,1), k> 0.

Therefore, the latter estimate and relation (6.18) imply that #H, 2 = &. O

Fron,1 (OCLO)

REMARK 6.1. Numerical tests show that the function L +— (00
(0,m/y/k) for every n € N>o and x > 0, where Ly is the half-cap radius associated
with L > 0. If this statement indeed holds, we can present an alternative proof for

Proposition 6.2/(ii). Indeed, by the assumed monotonicity and (6.14) we would have
for every L € (0,7/y/k) that

is increasing on

fﬁ,n,l (aLo) > liminf fﬁ,n,l (aLo)
)\H,n(07 OéL) T L0 )\I{,’n(oa aL)

. Lig ~ ot24048 e
i 2740 A~ 225905 ~ 1.064 > 1ifn =2,

n i1

b1 2952 A~ 25T A 1.008 > 1ifn =3,

3.9266
thus Huo = Hez = 9.

Proof of Theorem 1.3. Let (M, g) be a compact n-dimensional Riemannian manifold
with Ric(asg) > (n — 1)k > 0, consider a smooth domain Q@ C M and let Q* C S}} be
a spherical cap for which the conditions

Vo(€) V()

Vo(M)  Vi(Sp)

and V,(Q*) = V,(C(L)) are satisfied for some L € (0,7/y/K).

On one hand, Proposition 6.2/(ii) implies that inequality (6.10) is verified for
n € {2,3} and any L € (0,7/y/k); in particular, the (sufficiency) argument at the
end of the previous subsection shows that Lord Rayleigh’s conjecture is true, i.e., (1.9)
is valid for any domain € C M whenever n € {2,3}.

On the other hand, when n > 4, it turns out by the proof of Proposition 6.2/(i)
that Lord Rayleigh’s conjecture holds true on (M, g) for any domain Q@ C M with
Vy(2) > vy, . Vy(M), where

_ Ve(CR(Lny))

T
n,k — 071 d Lnn = K.n 077 . 619
Up, V.0 €(0,1) an ’ sup Hyn € < \/E> (6.19)

In addition, note that for every a € (0, 1), the expressions fy . 1(a)/vk and A, (0, @)
/+/k are k-independent. Therefore, L,, , = L, /+/k for some k-independent value L,, €
(0,7), and a simple computation shows that v, := vy, ,, does not depend on x > 0.
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Table 3 Values of L, ,, and v,, from (6.19) in certain dimensions n > 2
n 2& 3 4 5 6 7 10 50 100 200 500 1000
Loy 0 AR R R R R R R
v, O 0.0763 0.1616 0.2146 0.2515 0.3067 0.3869 0.401 0.4122 0.4138 0.4252

Assume that equality holds in (1.9) for some 2 C M. By the proof of Theorem 4.1
(see the verification of inequalities (4.23) and (4.24)), we should have equality in the
Lévy—Gromov inequality (4.20) for a.e. admissible ¢ > 0. In particular, this equality
implies that (M, g) is isometric to (S, g,), and the sets {x € Q4 : uy(zx) > t} and
{z € Qf : wi(x) > t} are isometric for a.e. t € [0,7:F]. Since only one set of Q)
and Q_ remains (say €24, cf. subsection Sect. 6.1), it turns out that Q@ = Q, C M is
isometric to the spherical cap Q* = Q} C S}.. The converse statement trivially holds.

Finally, let L) . be the half-cap radius associated with Ly, > 0. If we assume that

Voo := limsupv,, = 1, which is equivalent to limsup Ly, , = 7/+v/k, a similar reasoning
n—oo n—oo

as in (6.12)—(6.13) implies that

0 = limsup A\ (0, z, ) = limsup f, 1 (g ) = limsup Vnk = 400,

n—oo n—oo n—oo

which is a contradiction. Therefore, vy, = limsupwv, < 1, which concludes the
n—oo

proof. O

REMARK 6.2. Theorem 1.3 states in particular that in high-dimensions Lord
Rayleigh’s conjecture is true for large clamped plates on any compact Riemannian
manifold (M, g) of positive Ricci curvature. Note that the inequality vy, < 1 implies
that these clamped plates need not be very ‘close’ to the whole manifold; quanti-
tatively, the arguments are valid for clamped plates 2 C M with “//(-7‘7((]8[)) € (Voo, 1].
Numerical tests show that limsup L, , = 7/(2v/k), thus ve = 1/2, see Table 3,

n—oo

which would imply that clamped plates Q0 C M with at least ‘half-measure’ of M
verify Lord Rayleigh’s conjecture.

7 Curvature Limit in Lord Rayleigh’s Conjecture: Proof of
Theorem 1.4

Let © € M be a bounded open set in a complete non-compact n-dimensional Rie-
mannian manifold (M, g) with Ric(asg) > 0 and AVR(54) > 0, see (1.10). Due to the
boundedness of ), the injectivity radius is positive on 2, see Klingenberg [K1i95,
Proposition 2.1.10], thus the Sobolev space HZ(Q) = Wg*(Q) is an appropriate
function space for the clamped problem on (2, see Hebey [Heb99, Proposition 3.3].
Moreover, the fundamental tone Ay(€2) defined by (1.3) is achieved by a minimizer
u e We(Q); in fact, u € C®(1).
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The spirit of the proof of Theorem 1.4 is similar to the one presented in Sect. 4.1,
by performing an Ashbaugh—Benguria—Nadirashvili-Talenti nodal-decomposition on
(M, g) combined with an appropriate comparison argument that involves the asymp-
totic volume ratio AVR(y,4) > 0. We outline the proof, by emphasizing the differences
with respect to the arguments used in Sect. 4.1.

Let uy := max(u,0) and u_ := —min(u,0) be the positive and negative parts
of u, respectively, and consider their preimages Q4 := {2 € Q : uy(x) > 0} and
Q_ :={z € Q:u_(z) > 0} as well. Assume that V,(€24)V,(Q_) > 0; otherwise the
proof reduces to the sign-definite case. Let u} : R™ — [0, 00) be the Euclidean radial
rearrangements of uy : Q1 — [0,00), i.e., for every t > 0,

Vol{z e R" twl (z) > t}) = Vy({z € Q- uy(z) > t}) =: jo(t), (7.1)
Vol{z e Rt u” (z) > t}) = Vy({x € Q1 u_(z) > t}) =: ho(t). (7.2)

The functions v’ are well-defined and radially symmetric having the property that

{x e R" 1w} (x) >t} = Bo(ry) and {z € R":u*(x) >t} = Bo(py), (7.3)

for some 7, > 0 and p; > 0 with Vo(Bo(r)) = Jjo(t) and Vo(Bo(p:)) = ho(t), re-
spectively. For further use, let a,b > 0 be such that Vy(By(a)) = V4(24) and
Vo(Bo(b)) = V4(Q-). In particular, a™ + b" = L™ where L > 0 is given by the

condition Vy(By(L)) = V().
We introduce the functions
Jo(s) == (Agu)=(s) — (Agu)i (Vo(Bo(L)) —s) and
Ho(s) == =To(Vo(Bo(L)) —s), s € [0,Vo(Bo(L))],

where
(Agu)i(s) = (Agu)i(z) with s=wy|z|", 2 € By(L); (7.4)

here (Agu)} are the Euclidean radial rearrangements of (Agu)s. Similarly as in
Lemma 4.2, we can prove that

ag V()(Bo(L))
/ Jo(s)ds > / Jo(s)ds =0,
0 0
o Vo(Bo(L))
/ Ho(s)ds > / Ho(s)ds = 0, Yo € [0, Vo(Bo(L)),
0 0
and

FoCwnla)do = [ Hofuonlo]")da. (7.5
By (b)

Bo(a)
Furthermore, analogously to Proposition 4.1, we have that
Jo(t)

To(s)ds > — / Agu(@)dv, (), Vi € [0,T], (7.6)
0 {u>t}
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and

ho(t)
/ Ho(s)ds > —/ Agu(x)dvg(x), Yt € [0,T,], (7.7)
0 {u<—t}

where Tf 1= sup,cq, u+(z) > 0, and either (Agu)* (s) = 0 or (Agu)’ (Vo(Bo(L)) —
s) = 0 for every s € [0, Vo(Bo(L))].
The analogue of Theorem 4.1 can be stated as follows.

PROPOSITION 7.1. The real functions

1 a wp™
we(x) == / ptm < jo(s)ds> dp, z € Q7 (7.8)
Ny, J|z| 0
and
Lob o et «
wp(x) = | |p (/0 Ho(s)ds> dp, © € Q~, (7.9)

satisfy the following statements:
(i) /(Agu)deg :/ (Awa)zdx+/ (Awy)?dz;
Q Bo(a) By (b)
ii) AVR?, u?dv </ wdx + widz.
() AVR s Jo, "0 < Bo(a) Bo(®)

Proof. One can easily verify that w, and w;, are solutions to the Dirichlet problems

—Aw,(x) = Jo(wn|z]™) in By(a); and —Awy(x) = Ho(wy|z|™) in By(b);
we =0 on 0By(a); wy =0 on dBy(b),

(7.10)

respectively. Since (i) is similar to the proof of Theorem 4.1/(i), we focus on property
(ii). To complete this part, we recall the following sharp isoperimetric inequality on
(M, g) (see Brendle [Bre21], and Balogh and Kristaly [BK]): for every bounded open
subset 0 C M with smooth boundary 0f2, one has that

Py(09) > nwii AVRFy, Vy(Q)5, (7.11)
where P, (0Q) is the perimeter of J€2; moreover, equality holds in (7.11) if and only
if AVR(ar,g) = 1, ice., (M, g) is isometric to (R", go) and € C M is isometric to a ball
of volume V,(Q2).!

We confine our argument only to w,; the case of wy, works similarly. We consider
the sets

Ay =0({z eR" : il (2) > t}), Ap:i=0({z € Q:usp(zx)>t}), te[0,T,].

! Tnequality (7.11) has been proven first by Agostiniani, Fogagnolo and Mazzieri [AFM20] by
using Huisken’s mean curvature flows; note however that their argument works only in dimension
3. Later on, Fogagnolo and Mazzieri [FM20] extended their arguments up to dimension 7.
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Due to (7.1) and (7.11), and since the balls in (R", go) are the isoperimetric sets, we
obtain that
1

Py(Ae) > nwii AVRE, o) = AVRR, (Po(A)), t€[0,TF],  (7.12)

where Py(A}) denotes the Euclidean perimeter of the sphere A} C R™.
A similar argument as in the proof of (4.19) implies that

PN < Jb(t) /{ Ly Doy for ace. 1€ 0.7 (7.13)
Inequality (7.13) together with (7.6) yields that
2 o , Jo(t) N
AVR(yr o Po(A7)” < —jo(t)/o Jo(s)ds for a.e. t € [0, T.7].
Since jo(t) = Vo(Bo(re)) = wprf, see (7.3), it turns out that jj(t) = Po(Af)r, =
nw,ry ) for a.e. t € [0, T;F]. Therefore, we obtain the inequality
t t u
2

AVR(yy y1in < —rtl_"rl’t/ o Jo(s)ds for a.e. t € [0,T,1]. (7.14)
’ 0

If x € By(a) is arbitrarily fixed, one can find a unique value n € [0,7,F] such that
|z| = a,; moreover, by construction, w* () = 7. Accordingly, by integrating the
inequality (7.14) on [0,7n] and performing a change of variables, one can conclude
that

2 " 1 a . wp™
AVR () gyt (7) < — p' (/0 jo(S)dS) dp = we ().

NWny, J|z|

In a similar way, by using (7.3) and (7.7), we obtain that

H * 1 b -n we'
ARyt () < / o < | Ho(s)ds) dp = w(2).

Thus, we infer that

u?do :/ w2 dv +/ u? dv :/ ut 2dx+/ u*)2dz
v = [ o [ azan = [ s o)

4
< AVR, » / w2dx +/ widz |,
(M.g) ( Bo(a) Bob)

which concludes the proof of (ii). 0

Proof of Theorem 1.4. In view of Proposition 7.1, one has that

/(Agu)deg
AyQ) =  min 22— 7
weW22(2)\{0} /quvg

Q
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/ (Aug)*dz + (Aup)*dx
BO (a) BO (b)

/ uldz + uidx
B(] (a) BO (b)

where a™ + 0" = L™ (with V,(Q2) = w,L") and (u,,up) is taken over of all pairs
of radially symmetric functions with u, € Wy?(Bo(a)) N W?2(By(a)) and u, €
Wy ?(Bo(b)) N W22(By(b)), verifying the boundary condition

4
n

(M,9) (4, ) (0.0)

> AVR . (7.15)

ya)a" ™ = )
indeed, the latter condition is implied by (7.5) and the Dirichlet problems (7.10).

As we can observe, the optimization problem in (7.15) is precisely the one that
appears in Ashbaugh and Benguria [AB95, p. 6]. Therefore, the following cases are
distinguished.

e The case n € {2,3}: by [AB95, Theorem 1], we obtain that

4
Ag() = AVRpy, s Ao(Bo(L)), (7.16)
which occurs when a = L and b = 0 (or vice-versa) in (7.15).
e The case n > 4: by Ashbaugh and Laugesen [AL96, Theorem 4], it follows that

4
n

Ag(9) > AVRY, s walo(Bo(L)),

where

Wy, = 2

which appears when a = b = 27 L in (7.15). By [AL96], we also have that

lim w, = 1.
n—oo

Let Q@ C M be an open bounded set such that equality holds in (7.16). In
particular, the Ashbaugh-Benguria—Nadirashvili-Talenti nodal-decomposition argu-
ment implies that the minimizer u has a constant sign (say, v > 0 in {2, since, e.g.
b = 0 and a = L); moreover, one necessarily has equality also in (7.12) for a.e.
t € [0,T;F]. Therefore, (M,g) is isometric to (R", go) and A; C € is isometric to
the ball {z € R" : u} (z) > t} for a.e. t € [0,T;], cf. (7.11). In particular,  is also
isometric to By(L), which concludes the proof. The converse statement holds trivially.

(|
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Appendix A: Special functions

This section briefly lists some basic properties of those special functions that were used
throughout the paper; these properties can also be found in Olver, Lozier, Boisvert and
Clark [OLBC10].

Let > —1 be fixed. The Bessel and modified Bessel functions of the first kind are defined
as

LSy
Jﬂ(@_mggom!r(mwﬂ) (5) , 2R, (A.1)
and
= 1 T\ 2mtp
I (x) =i""J,(iz) = —_— (= , z €R, (A.2)
! ! n;)mlr(m—i-,u—i—l) (2)

respectively, see [OLBC10, §10]. The following recurrence relations hold for the Bessel func-
tions and their derivatives; namely,

(@) = =Juni(@) + E (@) and () = L (@) + EL(@), 2> 0. (A3)
For p ¢ Z, the Bessel and modified Bessel functions of the second kind are defined as

o) = M it o= A

)
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respectively, see [OLBCI0, rels. (10.2.3) and (10.27.4)], while in the case of any integer order
n, we have that

Y,(z) = lim Y, (z) and K,(z)= lim K,(x).

n—n pn—n

We also have that

(p+1)im pim

Y, (i) = "5 (2) - %e_ FK, (), z€C. (A.4)

An alternative, more explicit representation for Y,, (n € N) is

Yo(z) = (57)1_ ! Z (n—m 71 (2) m+%Jn(z)lng
(zyn m=0 ym o (A.5)
2) Z_:Om'n—&-m (m+1)+\11(n+m+1))<§)2 , z€C,

where U = (InT")’ is the Digamma function. The function ¥ has the pointwise properties

\Il(z—l—l)—\ll(z):%, 240,—-1,-2..., (A.6)
V(1 —2z)—U(z) =mcot(mz), 2z #0,+1,+2 (A.7)
v (; + 1y> gtanh(yﬂ') yeR (A.8)

see [OLBCI10, rels. (5.5.2), (5.5.4) and (5.4.17)], where Sz denotes the imaginary part of
z € C, and the asymptotic property

1 < B
U(z) ~Inz— 5 Zzl 2m22'2m as z — oo, [phz| <, (A.9)

where { By, fmens, are the Bernoulli numbers, see [OLBC10, rel. (5.11.2)].
Ift € (-1,1), u € (—00,0] and v € C with v(1 4+ v) € R, the Legendre (called also Ferrers)
and Gaussian hypergeometric functions of the first kind are connected by the relation

13 - - .
U0 = ey (1) 2Fs (1wt —m gt ero (A0

see [OLBCI10, rel. (14.3.1)]. The inversion formula for © = m € N gives that

F'v—m+1)

P71 = (-1)" Tv+m+1)

PI(t), te(-1,1), (A.11)

see [OLBC10, rel. (14.3.5)] Using [OLBC10, rel. (15.10.11)], we recall the Euler—Pfaff trans-
formations

2oy (a,b;6:2) = (1 —2) " F <aa0— b c; Zl>
Z_
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= (1-2)"* %F (c—a,c—bcz), |z| <1 (A.12)

The differentiation formula gives that

digFl(a,b;c;z):%bgFl(a—l—l,b—I—l;c—i—l;z), (A.13)
z

or
d
c(l = 2)~2F1(a, by 2) = (e —a)(c = b) 2F1 (@, b + 15 2)
+cla+b—c)aF (a,b;c;2). (A.14)

Moreover, the derivation formula for the Legendre function reads as

1-#)d

dtP“() (u+v)PE_ (1) — vtPE(t), te (-1,1), (A.15)

while the derivatives with respect to the degree of the Legendre function is

9 i _ " _ l H —
5P,,(t) = 7 cot(vm)PL(t) 7TA,,(t), te(-1,1), (A.16)
see [OLBCI10, rels. (14.10.5) and (14.11.1)], where
) 1+ 2 & T'(m Fm+v+1)(¥(m+v+1)—T(m—vr))
Hep) —
AL (t) = sin(vm) (1—15) mZ:O R pr——

« (1;) . (A.17)

The symmetrization formula has the form
2
PY(—t) = cos(vm)PY(t) — =sin(vm)Q2(t), te (—1,1), (A.18)
T

see [OLBC10, rel. (14.9.10)], where Q7 is the associated Legendre function; moreover,

P%(1) =1 and Q(V)(t)——fln(l—t)—kln;—*y T(v+1)

+O((1 —t)In(1 —t)) as t 11, (A.19)

see [OLBC10, rel. (14.8.3)], where v # —1,—2,... and v ~ 0.5772 is the Euler constant. We
also have that

cosh(zm)T (; + iz) r (; - iz) =x, z€C, (A.20)

see [OLBCI0, rel. (5.4.4)].
The behavior of the Gaussian hypergeometric functions at the singularity 1 is described as

I'(c—a—b)(c)
['(c—a)l(c—1b)’
lim oF(a,b;c; z) _ I'(c)

21 —In(1 - 2) ['(a)T(b)’

li/‘rri oF1(a,b;c;2) = whenever R(c —a —b) > 0; (A.21)

whenever ¢ = a+ b; (A.22)



GAFA

CLAMPED PLATES IN POSITIVELY CURVED SPACES 935

2P (a.biciz) (el +b= C), whenever R(c—a—0b) <0, (A.23)

2o (1— z)e—a=b T'(a)T'(b)

see [OLBC10, §15.4]. Moreover, by [OLBC10, rel. (15.4.30)] we have that
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