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Abstract. In this paper, we prove that in any projective manifold, the complements
of general hypersurfaces of sufficiently large degree are Kobayashi hyperbolic. We
also provide an effective lower bound on the degree. This confirms a conjecture
by S. Kobayashi in 1970. Our proof, based on the theory of jet differentials, is
obtained by reducing the problem to the construction of a particular example with
strong hyperbolicity properties. This approach relies the construction of higher order
logarithmic connections allowing us to construct logarithmic Wronskians. These
logarithmic Wronskians are the building blocks of the more general logarithmic
jet differentials we are able to construct. As a byproduct of our proof, we prove
a more general result on the orbifold hyperbolicity for generic geometric orbifolds
in the sense of Campana, with only one component and large multiplicities. We
also establish a Second Main Theorem type result for holomorphic entire curves
intersecting general hypersurfaces, and we prove the Kobayashi hyperbolicity of the
cyclic cover of a general hypersurface, again with an explicit lower bound on the
degree of all these hypersurfaces.
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0 Introduction

A complex space X is said to be Kobayashi hyperbolic if the (intrinsically defined)
Kobayashi pseudo distance dx is a distance, meaning that dx(p,q) > 0 for p # ¢
in X. One can easily see that a Kobayashi hyperbolic complex space X does not
contain any non-constant entire holomorphic curve f : C — X (this last property is
called Brody hyperbolicity). When X is compact, by a well-known theorem of Brody
[Bro78], these two definitions of hyperbolicity are equivalent. However, in general,
we have many examples of complex manifolds which are Brody hyperbolic but not
hyperbolic in the sense of Kobayashi, see for instance [Kob98].

In 1970, Kobayashi made the following conjecture [Kob70], which is often called
the logarithmic Kobayashi conjecture in the literature.

CONJECTURE 0.1 (Kobayashi). The complement P™"\D of a general hypersurface
D C P" of sufficiently large degree d > d,, is Kobayashi hyperbolic.

As is well known, Conjecture 0.1 is simpler to approach when D is replaced by
a simple normal crossing divisor with several components. When D = Z?ﬁfl H;
with {H;}i=1,. 2n+1 hyperplanes of P™ in general position, it was proved by Fuji-
moto [Fuj72] and Green [Gre77| that P\ D is Kobayashi hyperbolic. More generally,
Noguchi-Winkelmann—Yamanoi [NWY07, NWY08, NWY13] and Lu-Winkelmann
[LW12] even proved a stronger result towards the logarithmic Green—Griffiths con-
jecture: if (Y, D) is a pair of log general type with logarithmic irregularity h°(Y, Qy
(log D)) > dimY, then (Y, D) is weakly hyperbolic. Here we say a log pair (Y, D)
is weakly hyperbolic if all entire curves in Y\ D lie in a proper subvariety Z C Y.
When the logarithmic irregularity is strictly smaller than the dimension of the man-
ifold, or equivalently the number of irreducible components of D are less or equal
than the dimension of the manifold, much less is known for the general logarithmic
Green—Griffiths conjecture. In [Rou03, Rou09] Rousseau dealt with the Kobayashi
hyperbolicity of P?\ D where D consists of two irreducible curves of certain degrees.
More recently, in [BD17] we proved a more general result concerning the hyperbol-
icity of the complement of a sufficiently ample divisor with several components.

Theorem 0.2 ([BD17]). Let Y be a smooth projective variety of dimension n
and let ¢ = n. Let L be a very ample line bundle on Y. For any m > (4n)”+2 and
for general hypersurfaces Hy,...,H. € |L™|, writing D = »_;_| H;, the logarith-
mic cotangent bundle Qy (log D) is almost ample. In particular, Y\ D is Kobayashi
hyperbolic and hyperbolically embedded into Y .

This result can be seen as a logarithmic analogue of a conjecture of Debarre,
which was established by the first author and Darondeau in [BDal8] and indepen-
dently by Xie [Xiel8].

Let us now focus on the case of one component as in Conjecture 0.1. In the
case n = 2, the first proof to Conjecture 0.1 was provided by Siu—Yeung [SY96],
with a very high degree bound, which was later improved to d > 15 by El Goul
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[EGO03] and d > 14 by Rousseau [Rou09]. Building on ideas of Voisin [V0i96, Voi98],
Siu [Siu04], Diverio-Merker—Rousseau [DMR10], the first step towards the general
case in Conjecture 0.1 was made by Darondeau in [Darl6b], in which he proved the
weak hyperbolicity of P™\ D for general hypersurfaces D of degree d > (5n)?n". Very
recently, based on his strategy outlined in [Siu04], in [Siul5] Siu made an important
progress towards Conjecture 0.1, in which he showed that P™\ D is Brody hyperbolic
for D a general hypersurface of degree d > d}, where d} is some (non-explicit)
function depending on n.

The goal of the present paper is to prove Conjecture 0.1 with an effective estimate
on the lower degree bound d,. We also prove a Second Main Theorem type result,
orbifold hyperbolicity of a general orbifold with one component and high multiplicity,
and Kobayashi hyperbolicity of the cyclic cover of a general hypersurface of large
degree.

Main Theorem (=Corollaries 4.6, 4.9 and 4.11). Let Y be a smooth projective
variety of dimension n > 2. Fix any very ample line bundle A on Y. Then for a
general smooth hypersurface D € |A%| with

d > (TL + 2)n+3(n + 1)n+3 oo 63n2n+6,

(i) The complement Y\D is hyperbolically embedded into Y. In particular, Y\ D
is Kobayashi hyperbolic.

(ii) For any holomorphic entire curve (possibly algebraically degenerate) f : C — Y
which is not contained in D, one has

Ty(r, A) < N\ (r, D) + C(log Ty (r, A) +1logr) |-

Here Ty(r, A) is the Nevanlinna order function, N}l)(r, D) is the truncated
counting function, and the symbol || means that the inequality holds outside a
Borel subset of (1,+00) of finite Lebesgue measure.

(iii) The (Campana) orbifold (Y, (1 — +)D) is orbifold hyperbolic, i.e. there exists
no entire curve f : C — Y so that

f(C) ¢ D with mult,(f*D)>d VYte f~YD).

(iv) Let m : X — Y be the cyclic cover of Y obtained by taking the d-th root along
D. Then X is Kobayashi hyperbolic.

To the best of our knowledge, Main Theorem (iii) is the first general result on the
orbifold Kobayashi conjecture [Roul0, Conjecture 5.5] dealing with general orbifolds
with only one component. We note that Main Theorem (i) immediately follows
from Main Theorem (iii) in view of the definition of orbifold hyperbolicity and our
previous results [Brol7, Denl7]. We also observe that Main Theorem (iii) implies
Main Theorem (iv) since 7 : (X, @) — (Y, (1 — 3)D) is a d-folded unramified cover
in the category of orbifold. The only result of the type of Main Theorem (iv) we are
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aware of is due to Roulleau-Rousseau [RR13|, who proved that for a very general
hypersurface D in P" of degree d > 2n + 2, the cyclic cover X of Y obtained by
taking the the d-th root along D is algebraically hyperbolic.

Let us mention that in a recent preprint [RY18], which appeared after the first
version of the present paper was made publicly available, Riedl-Yang provide a short
proof of Conjecture 0.1 with an effective bound on d,, (which is slightly worse than
the bound we give here). However, their proof relies heavily on a series of work by
Darondeau [Darl6a, Dar16b, Darl6c] whereas our proof is essentially self-contained.

Our approach is inspired by our previous works [Brol7, Denl7, BD17]|. Those
works were motivated by the compact counterpart of the Kobayashi conjecture, also
conjectured in [Kob70] by Kobayashi: a general hypersurface X C P™ of sufficiently
high degree d > d, is Kobayashi hyperbolic. There are now several proofs of this
result, [Siulb, Brol7] and more recently [Dem18]. Here we will provide a logarithmic
counterpart to the approach of [Brol7] as well as the work [Denl17].

Let us now outline the main points of the proof of our main result. First we
observe that the first statement of our main result will follow from the Brody hyper-
bolicity of Y\ D in view of a theorem of Green [Gre77| and the results established in
[Brol7, Denl7]. In order to control the entire curves in Y\ D we rely on the theory
of logarithmic jet differentials. Logarithmic jet differentials on the pair (Y, D) are
higher order generalizations of symmetric differential forms with logarithmic poles
along D and provide obstructions to the existence of entire curves. Roughly speak-
ing, in order to prove that Y\ D is Brody hyperbolic it suffices to construct many
logarithmic jet differential forms on (Y, D) vanishing along some ample divisor and
control their geometry. Let us also observe that in general it is critical to use higher
order jet differentials and not merely logarithmic symmetric differential forms. In
general one has to go at least to order k = dimY (see e.g. [Div09, Theorem 8]).

Let us now explain the approach we use to construct logarithmic jet differential
forms. For simplicity, we suppose until the end of this section that Y = P™ and that
A = Opn(1). The first step is to introduce higher order logarithmic connections.
More precisely for any integer d > 1, any smooth D € |0p.(d)| and any k > 0 we
define the k-th order logarithmic connection associated to the pair (P", D)

V5 Opn(d) — EFF Qe (log D) @ Opn (d)
by setting

Vs = O'dk<f> (0.1)
o

where D = (0 = 0) and s € I'(U, Opn(d)) for some open set U C P". Here

E,S,?Qpn(log D) denotes the vector bundle of logarithmic jet differentials of order

k and weighted degree k. See Sects. 1.2 and 2.2 for more details. The crucial point

is the following tautological equality for any k > 1

Vio =o. (0.2)
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Next, we follow the general strategy in [BDal8, Brol7, BD17] which consists
in reducing the general case to the construction of a particular example (P", D)
satisfying a certain ampleness property, which implies Brody hyperbolicity and which
is a Zariski open property. Such examples are given by suitable deformations of
Fermat type hypersurfaces. For some suitably chosen parameters 6,7,k € N*
consider the hypersurface D, C P" defined by a polynomial of degree d := e+ (r+k)d
of the form

Fla)= Y  az"7 (0.3)

I=(i0y - yin)

o+ +i, =0
where we use the multi-index notation z("+D! = (2. 20 +k for T = (g,...,i,)
and homogeneous coordinates [z, . .., z,] on P, and the a;’s are homogeneous poly-

nomials of degree ¢ > 1 in Clzo, ..., z,]. Write Dy = (F(a) = 0) C P". By consid-
ering the tautological relation (0.2) for any j = 1,...,k we obtain the following
equalities

0= Vrl)a(Fa) = i1j=s GIREERLERAE 2i11=s arp2’’ = 2oi1=5 a1’

0= vDQa(Fa) = Zm:(s 5‘1,22(r+k_2)] = Zm:(s 041,2ZTI = Zm:g aI,QTI (O 2)

0= v[’;a(pa) =Y 1=s G 2T TR — Yirj=s app2l = S iries arTr.

Here (To,...,T,) = (2{,...,2;,), and for each I and i, one has

ar; € HY(P", EGCQpn (log Da) ® Opx (e + kd)).

One should think of these elements as some holomorphic functions on some suitable
logarithmic jet space B"(Da) (the logarithmic version of the Demailly-Semple jet
tower constructed in [DLO01]). Once suitably interpreted, (0.4) allows us to construct
a rational map

PQq B;n(Da) Y
w 15 (Span(a.,l(w), Qep(W), .. ek (w))i[25, 21, - - - ’ZZL]) (0:5)

where aq (W) := (0&[71'(111))‘[':6 € H°(P", 0p-(8)), and & is the universal complete

intersections of codimension k£ and multidegree (6, ...,d):

Y = {(A, [T]) € Cry (HO (P, @pn(a))) x P" | VP € A, P([T)) = o}.

If one denotes by .Z the Pliicker line bundle on the Grassmannian Gry (H 0 (IP”,

ﬁpdd))), by (0.5), for any m € N* and for r large enough, the pull-back of every

section in

HY Y, L™K Opn(—1)|2)
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induces a logarithmic jet differential equation on the pair (P", D,) vanishing along

some ample divisor. Observe that when k > n, the projection map % — Gry, (H 0 (IP’”,

Opn (6))) is generically finite, and thus the pull back of .Z to # is a big and nef

line bundle. Therefore, when m is large enough, there are many global sections of
LK Opn (—1)|a. Moreover, in view of a result of Nakamaye [Nak00] the base locus
Bs(Z™ X Opn(—1)|) can be understood geometrically. Altogether this will allow
us to control the geometry of the logarithmic jet differential forms we construct
this way and eventually prove that for a general a and suitable restrictions on the
different parameters, the pair (P, D,) satisfies a property which is Zariski open and
implies, among other things, Brody hyperbolicity.

Let us however emphasize that there are many technical difficulties along the
way. First of all, we are not able to work directly with the pair (P™, D,), but with
a pair (Ha, Da) which is biholomorphic to (P, D,) such that the family of all such
pairs is easier to study. Secondly, the above rational map ®, is not a regular mor-
phism in general. Therefore the above strategy doesn’t provide any information on
what happens along the indeterminacy locus of this map but in order to obtain the
strong hyperbolicity property we seek, we need some information on the entire log-
arithmic jet tower and not merely an open subset of it. Therefore as in [Brol7], we
introduce a suitable modification of the logarithmic jet tower obtained by blowing
up a suitable ideal sheaf induced by the logarithmic Wronskian construction we in-
troduce here. The main difficulty lies in the description of elements ay ; constructed
above as holomorphic functions on the logarithmic Demailly jet tower. This forces
us to introduce another version, more technically involved but more precise, of the
logarithmic connections and the logarithmic Wronskians mentioned previously.

The paper is organized as follows. In Section 1, we recall the technical tools in
studying the hyperbolicity of algebraic varieties, especially the logarithmic Demailly
jet tower and the invariant logarithmic jet differentials. Section 2 is the main tech-
nical part of our paper. In this section, we develop our main tools in this paper: the
higher order logarithmic connections and logarithmic Wronskians associated to fam-
ilies of global sections of a line bundle. We show that logarithmic Wronskians can be
seen as a morphism from the jet bundle of a line bundle to the logarithmic invariant
jet bundle. Based on this interpretation, we prove that for the ideal sheaf induced
by the base ideal of logarithmic Wronskians, its cosupport lies on the set of singular
jets in the log Demailly tower, and its blow-up is functorial under restrictions and
families. This gives rise to a good compactification of the set of regular jets in the
Demailly-Semple jet tower for the interior of the log pair. Using this construction
we build a Zariski open property for the Brody hyperbolicity of the family of log
pairs, and reduce our proof of the main theorem to find some particular examples.
Section 3 is devoted to the construction of the family of these particular hypersur-
faces in (0.3). In Section 4, we provide detailed proofs of the main theorem. We
first prove (0.4) and (0.5), and show the existence of D, C P" satisfying the above
Zariski open property when we adjust the parameters. To prove Main Theorems (ii)
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to (iv), we reduce the problems to the existence of sufficiently many logarithmic jet
differentials with a sufficiently negative twist.

1 Jet Spaces, Jet Differentials and Jets of Sections
1.1 Jet spaces and jet differentials.

1.1.1 Jet spaces. Let X be a complex manifold of dimension n. For any k € N*,
one defines Jy X — X to be the bundle of k-jets of germs of parametrized curves
in X, that is, the set of equivalence classes of holomorphic maps f : (C,0) — X,
with the equivalence relation f ~y, ¢ if and only if all derivatives f)(0) = ¢{)(0)
coincide for 0 < j < k, when computed in some (equivalently, any) local coordinate
system of X near z. Given any f : (C,0) — X, we denote by jif € JpX the class
of f in JiX. There is a projection map py : JyX — X defined by pr(jrf) = f(0).
Under this map, J, X is a C**-fiber bundle over X. This can be seen as follows.

Let U C X be an open subset. For any holomorphic 1-form w € T'(U, Q) and
f:(C,0) = U, we set f*w := A(t)dt and define the following functional:

d"tw:pHU) — C (1.1)
gif — AFD(0),

One immediately checks that this is well defined. In the particular case w = dy for
some p € O(U), one writes d*y := d*~1w. This construction allows us to see J, X
as a C"-fiber bundle over X. Indeed, given wy,...,w, € I'(U, Q) generating Qx
at any point € U, then {dgwi}ggggk_lﬂgign gives rise to the local trivialization of

p  (U):
grf = (f(0); déwi(jff))oglgk—l,lgign'

In this case the projection to the second factor C™* is called the jet projection, and
the natural coordinates of C"* are called jet coordinates.

In particular, if (21,. .., z,) are local holomorphic coordinates on U centered at a
point & € U, then dz1, ..., dz generates Qp at each point of U. Any germ of curve
f:(C,0) — (X, z) can be written as

f=01,fn): (C,0) — (C*0).

It follows from the trivialization (1.2) given by {dzzj}lgggkvlgjgn that the fiber
pgl(az) can be identified with the set of k-tuples of vectors

(€1 &) = (£0), £(0), ... fM(0)) € C™.
Observe also that there is a natural C*-action on fibers of J X defined by
Xgef =gkt — f(\), Y AeC, jpf € JikX.
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With respect to the above trivialization, this action is described in jet coordinates
by

A (£10), £70), ..., fR(0)) = (MF(0), A2f7(0), ..., A" FB)(0)).

1.1.2  Jet differentials.  Let us now recall the fundamental concept of jet differ-
entials. For X as above, any open subset U C X and any integer £k > 1, a jet
differential of order k on U is an element P € &(p, ' (U)). The (non-coherent) sheaf
of jet differentials is defined to be é’kGPQX = (pk)+ O, x.

The C*-action can be used to define the notion of of weight for jet differentials:
a k-jet differential P € (ka.GQX(U) = ﬁ(plzl(U)) is said to be of weight m if for any
jrf € py (U), one has

P(X-jif) = A" P(jrf)-

We thus define the Green—Griffiths sheaf é‘}gg Qx of jet differentials of order k& and

weighted degree m to be the subsheaf of éDkG.GQ x, of jet differentials of weight m
with respect to the C*-action. With the above local coordinates, any element P €
&S9O (U) can be written as

P(z,dz,....d"2) = Y ca(2)(d'2)™ (d?2) - - (dF2)™, (1.3)

laj=m
where ¢, (2) € O(U) for any a := (ay,...,a;) € (N*)¥ and where we used the usual
multi-index notation with the weighted degree || := |aq| + 2|ag| + - - - + k|ag|. From

this it follows at once that é"an? Q x is locally free, and we shall denote the associated
vector bundle by Eggﬁ x. One also defines E,?.GQ X = EBm>0 EE%Q x, which is in a
natural way a bundle of graded algebras (the broduct is obtained simply by taking
the product of polynomials).

Besides the multiplication, one can define for every k, m > 0, a C-linear operator
. GG GG
d: & x = 3 1 fix by

(AP (i1 ) = (PGS (1)) 0).

The fact that dP is well defined and holomorphic follows from a local computation.
This operator is coherent with the definition of d* above in the sense that for any
holomorphic one form w € I'(U, Q) on some open subset U C X, and any k € N*
one has d*w = d(d*~'w). For instance, this implies that d*w € fﬁ%kﬂQX(U).
In coordinates the operator d can be computed as follows. Take an open subset
U C X with a coordinate chart (z1,...,2,), and let P € §8%Qx (U) represented in
coordinates by the expression (1.3), then dP is given by 7
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Z (Z acaaz(j)dlzi(dlz)al e (R

lajl=m \i=1

kK n
+ Z Z ca(z)a;dﬁlzi(dlz)o“ (@ 2) % (dF ) |

j=1i=1
/o 1 i—1 i i+1 n
Whereajvi—(aj,...,aj sa; — 1ok ,...,aj).

1.2 Logarithmic jet spaces and bundles. Let X be a complex manifold
(not necessarily compact), and let D = Y7 | D; be a simple normal crossing divisor
on X, that is, all the components D; are smooth irreducible divisors that meet
transversally. Such a pair (X, D) is called a (smooth) log manifold. One denotes by
Tx(—log D) the logarithmic tangent bundle of X along D. By definition, it is the
subsheaf of the holomorphic tangent bundle T'x consisting of vector fields tangent to
D. One can then show that under our assumptions on D, T'x (—log D) is a locally free
sheaf. Let U C X be an open subset of with local coordinates (z1, ..., z,) such that
for some 0 < ¢ < ¢, DNU = (21 -+ z¢ = 0) and (up to reordering the components)
one has D, NU = (z; =0) for all i = 1...¢. Then Tx(—log D) is generated by

Lo 0 9 0
Yoz 07 0z¢" Oz’ Oz
Consider the dual of T'x (—log D), which is the locally free sheaf generated by
%a sy dzc, ’ dZC/-i-la LR dzn7
21 Zet

and denoted by Qx(log D). The vector bundle Qx (log D) is called the logarithmic
cotangent bundle of (X, D). We denote by _#;(X) the set of local holomorphic
sections o : U — Ji X of the k-jet bundle Jp X — X, and _#;(X,log D) the sheaf
of germs of local holomorphic sections « of Ji X such that for any w € Qx (log D).,
(#~lw)(a) are all holomorphic for any j = 1,...,k. #x(X,log D) is called the
logarithmic k-jet sheaf and « is called a logarithmic k-jet field. Here we observe
that for any meromorphic 1-form w € .#(U,{x), one can also define d'w for any
i=1,...,k as (1.1), which can be seen as meromorphic sections of the fiber bundle
Jp X — X. It follows from [Nog86] (see also [NW14, §4.6.3]) that there exists also a
natural holomorphic fiber bundle Ji(X,log D) such that

(i) there is a fiber mapping A : Ji(X,log D) — Jx X, locally defined by
A Jk(X, logD)[U — JkX[U
G ()

Zi20 2y 20 <<k 1<0<e e <i<n)

(Z; @ U

)
i )1<j<k,1<£<c/,c'<i<n = (
(ii) the induced mapping between sections of holomorphic fiber bundles
Ay F(U, Jr(X, logD)) — (X, 1log D)(U)

is an isomorphism.
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Let us denote by w; = logzy,...,we = logze, Wey1 = Ze41,y. .., Wy = 2Zn. The
notation log z; should be understood formally and is used to simplify the notation

dw; = dlog z; = dji. One then has another trivialization of Ji(X,log D)y which is

given as follows:
(djwi)lgjgk,lgién : Jk(X, log D)[U — U x an.

A local meromorphic k-jet differential o on U is called a logarithmic k-jet differential,
if a(f3) is holomorphic for any logarithmic k-jet field 5 € #(X,log D)(U). The sheaf
of logarithmic k-jet differential is denoted by S,S.GQ x(log D), which is also a locally

free sheaf. The associated vector bundle is denoted by EE.GQ x (log D), and is called
k-jet logarithmic Green—Griffiths bundle. One also the following natural splitting

E,S}E;QX (log D) = @ E,?GQX (log D),
m=0

where Ej SGOx(log D) is the logarithmic k-jet differentials of weighted degree m.
Any local section P € ffgﬂx(log D)(U) can be written as

> cal)(d )™ (@)™ - (dFw)™, (1.4)

|a|=m

where ¢, (2) € O(U) for any a := (a1, ...,ax) € (N*)*. We will use another trivial-
ization of E,ggQX(log D). First, let us begin with a lemma.

LEMMA 1.1. Assume that locally on an open subset of U C X with local coordinates
(21,...,2n) such that DNU = (z; = 0). Then for any j € N, d;% is a logarithmic jet
differential and moreover, any local section P & é‘fg’ﬁ}(log D)(U) can be written
as

S el @y @y @, @5
laf=m “1

where co(2) € O(U) for any o == (a, ..., ax) € (N")F with aj = (ol

1...,a") eN",

Proof. Let us prove by induction that for any j > 1 and any 8 = (f1,...,05;) € \Y
there exists bjg € Z such that

J )
% = > big-(d'logz) (d®logz)% - (@ logz)Y. (1.6)
! B1+2B2++jB;=]
By definition, it holds for j = 1. Assume now that (1.6) holds for j. Then
dj+1zl
—dlas Y by (d gz (@Plog ) - (¢ log 1)
B1+2B2+-+jB;=]
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J
e 2. > Bibjg - (d"log z1)" -+ (d'log 21)” " (d" log 2 )P+
B14+282+-+jB;=j i=1
- (d7 log z1)"
B1+202+-+38;=j
tac Z Z Bibig - (d'log z1)P - - (dlog 21)% 71 (d" log )P+ 1
B1+2B2+4+78;=7 i=1
- (d log 21)%,

and thus (1.6) holds also for j + 1.
On the other hand, one will prove by induction on j that

B1 B2 . Bj
; d* d? d’ ‘
Fogn— Y bjﬁ.<;1> (;1) (;1) wn
Bu+26+-+iB;=] ! ! !

where bjg € Z and 8 = ($1,...,3;) € N7. Assume that (1.7) holds for j. Then
& log 2,

d'z g dz ot
s S () ()

B1+2082+-+jB;=j i=1

. B . .
djzl dz+1Z1 _ d’zldlzl
Z1 Al Z% '

Hence (1.7) also holds for j 4 1. It thus just remains to use (1.7) and (1.4) to show
(1.5). 0

1.3 Demailly-Semple tower. In this section we recall the formalism of di-
rected pairs as introduced by Demailly [Dem97]. A directed manifold (X,V) is a
complex manifold X equipped with a subbundle V' C Tx of rank r. A morphism of
directed manifolds f : (Y, Vy) — (X, Vx) is by definition a morphism f:Y — X
such that f,Vy C f*Vx C f*Tx. In [Dem97] Demailly introduced the 1-jet func-
tor which to any directed manifold (X V') associates the directed manifold defined
by P\V = P(V) and Vi := (m0,1); ' Opvy(—1) C Tx,, where Op,y(—1) denotes
the tautological line bundle Opy(—1). This induces a morphism between directed
manifolds (P1V, V1) —% (X, V). By iterating this 1-jet functor, Demailly then con-
structed the so-called Demailly—Semple k-jet tower

(PLV, Vi) 2225 (P V, Vi) 22225 0 (P V, V) 25 (X, V)

such that PV := P(V;_1) and Vi := (71 k) Op,v(—1) C Tp,v. Here we denote
by Op,v(—1) the tautological line bundle Op(y, y(—1), m_1x : PxV — Pr_1V the
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natural projection and (mp_1 1)« = dmp—1 : Tp,v — 7_q Ip,_,v the differential.
By composing the projections we get for all pairs of indices 0 < j < k natural
morphisms

Tk P,V — PjV, (Fj,k)* = (dﬂ'j,k)rvk Ve — (ﬂ-jvk)*v}'

For every k-tuple (a1, ...,ay) € Z* we write Op, v (a1, . .., a)= Q1<jck T 1OP, v (a5).
One can inductively define k-th lift fi; : (C,0) — PxV for germs of non-constant
holomorphic curves f : (C,0) — X by fi(t) = (f[k;—l] (1), [f[’kfl} (t)]) (although this
is not well defined when f;_,(t) = 0 one can easily extend this definition to every ¢
in the domain of definition of f).

On the other hand, let G be the group of germs of k-jets of biholomorphisms of
(C,0), that is, the group of germs of biholomorphic maps

go:t}—>a1t+a2t2+-~-+aktk, a; € C*a;€C,j > 1,

in which the composition law is taken modulo terms ¢/ of degree j > k. Then Gy,
is a k-dimensional nilpotent complex Lie group, which admits a natural fiberwise
right action on JiV. The action consists of reparameterizing k-jets of maps f :
(C,0) — (X, V) by a biholomorphic change of parameter ¢ : (C,0) — (C,0) defined
by (f,¢) — f o . Moreover, if one denotes by

Je BV = {gpf € LV | £1(0) # 0}
the space of reqular k-jets tangent to V', there exists a natural morphism
S, BV — PRV (1.8)
Jrf = fiy(0)

whose image is an open set in PV denoted by PV ®:; in other words, P,V C P,V
is the set of elements f (0) in P4V which can be reached by regular germs of curves
f. It was proved in [Dem97, Theorem 6.8] that Gy, acts transitively on leegV, and
thus P V™8 can be identified with the quotient J,ﬁeg /Gg. Moreover, the singular k-
jets, denoted by P Vs := P V\P,V"™8 is a divisor in P V. In summary, P,V is a
smooth compactification of .J ,Zeg /Gy. As will become clear later, and as was observed
in [Dem97, §7], when dealing with hyperbolicity questions, the locus P, V"8 is in
some sense irrelevant.

Let us recall the following theorem by Demailly which is a crucial tool in our

paper.
Theorem 1.2 ([Dem97, Corollary 5.12, Theorem 6.8]). Let (X,V) be a directed

variety.

(i) For any wg € P}V, there exists an open neighborhood U,,, of wy and a family
of germs of curves (fw)weuv,,, tangent to V' depending holomorphically on w
such that

(fw)[k](o) =w and (fw)/[k—l} (0) 75 0, Ywe Uwo.
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In particular, ( fw)'[k_l] (0) gives a local trivialization of the tautological line
bundle Op,v(—1) on Uy,.
(ii) For any k,m > 1 one has

(m0,6) Op,v (M) = & V™. (1.9)

In fact, the isomorphism (1.9) can be understood explicitly in view of Theo-
rem 1.2(i). With the notation therein, for any given local invariant jet differential P €
&,mV*(U), the inverse image under () is the section op € I' (U, Op, v (m) FUwo)
defined by

op(w) = P(efu) ((fu)iey©)) (1.10)

1.4 Logarithmic Demailly—Semple bundle. In [DLO01], Dethloff-Lu exten-
ded the Demailly—Semple tower to the logarithmic setting. They used it in particular
to reprove the Brody hyperbolicity of complements of ample divisors in the abelian
varieties. Following [DLO1], a logarithmic directed manifold is a triple (X, D,V)
where (X, D) is a log manifold, and V' is a subbundle of Tx (—log D). In this sec-
tion, we will recall for the reader’s convenience Dethloff-Lu’s construction of the
logarithmic Demailly(—Semple) k-jet tower associated to any logarithmic directed
manifold.

Given log-manifolds (X’, D) and (X, D), a holomorphic map f : X’ — X such
that f~1(D) C D' will be called a log-morphism from (X', D) to (X, D). It induces
morphisms

fo 1 Tx/(—log D')— f*Tx(—log D) and f*: f*EpiQx (log D)— Ef 5 Qx (log D).
A log directed morphism between log directed manifolds (X', D', V') and (X, D, V)
is a log morphism f : (X', D') — (X, D) such that f,V' C V.
For any fixed order k, as the Demailly-Semple bundle, the logarithmic Demailly
k-jet tower
(Xi(D), Dy, Vi) =5 (Xp1(D), Dy—1, Vi1) =225 -
- (XI(D)ﬂDla‘/l) 7TO_’1> (X7D7V)
is constructed inductively. Define X (D) := P(Vj_1), and let mp_1 1 : Xi(D) —
Xk—1(D) be the natural projection. Set Dy, := (7rk,17k)_1(Dk,1) which is a simple
normal crossing divisor, and induces a morphism
(Mk—1,6)% : Tx(p)(—log Dy.) — (m—1.%)"Tx,_,(p)(—log Dy_1).
Define

Vi = (Wk—l,k)*_lﬁXk(D)(—l) C TXk(D)(_IOng)a
where Ox, (py(—1) := Opy,_,)(—1) is the tautological line bundle, which by def-
inition is also a subbundle of (my_14)*Vi—1. We say that (Xk(D),Dk,Vk) Mook
(Xk,l(D),Dk,l,Vk,l) is the 1-jet functor of the log direct manifold
(Xk—1(D), Dg—1, Vi—1)-
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Note that ker(my—1%)« = Tx,(p)/x,_.(p) Dy definition. This gives the following
short exact sequence of vector bundles over X (D)

(ﬂ'k—l‘k)*
_

0 — Tx,.(D)/X0_r(D) — Vi Ox.(p)(—1) — 0.

Furthermore, we have the Euler exact sequence for projectivized bundles
0— Ox,(p) — (Me-1,6) Vie1 ® Ox,(py(1) = Tx,(p)/X, 2 (D) — O
By definition, there is a canonical line bundle morphism

(Th—1,6)" (Th—2,k—1) =

Ox.0)(—1) = (Tr—14)" Vi1 (Tk—1,6)"Ox,_,(p)(—1) (1.11)

which admits precisely Iy := P(Tx,(p)/x, ,(p)) € P(Vk) = Xi(D) as its zero
divisor:

ﬁXk(D)(l) = (ﬂ—kfl,k)*ﬁXk,l(D)(l) ® ﬁXk(D)(Fk)' (1.12)
Let us denote by m;;, : X;(D) — X;(D) the composition of the projections 0 --o
Tj+1. Define Xy (D)8 := Uy cp 1" (), and Xy (D)8 := Xj,(D)\ Xy (D).

DEFINITION 1.3. For any open subset U C X, a logarithmic differential operator
P e F(U, EIS’T%QX(Iog D)) is said to be invariant by reparametrization group Gy if
for any g € Gj, and any jif € JkXF(;?\D, one has

P(jr(fog) =4 0™ P(jf).

Let us define &, 2x (log D) to be the subsheaf of 51§¢€}LQX (log D) which consists of
invariant logarithmic differential operator. The associated vector bundle is denoted
by EjmQx(log D).

The log Demailly tower is of great importance in the study of the algebraic
degeneracy of entire curves on X\ D, granting the following direct image formula in
[DLO1, Proposition 3.9]

ErmSUlog D) = (mk)« O, (p) (). (1.13)

The following fundamental result shows that the logarithmic jet differentials
vanishing along some ample divisor provide obstructions to the existence of entire
curves in the complement.

Theorem 1.4 (Dethloff-Lu, Siu-Yeung). Let X be a smooth complex projective
variety with D C X a normal crossings divisor on X, and Xj(D) denotes to be the
log Demailly k-jet tower of (X, D, Tx(—log D)). For any non-constant entire curve
f:C — X\D avoiding D, any ample line bundle A on X, any ay,...,a; € N and
any

w € HO(Xk(D), ﬁXk(D)(ala coag) ® (7T07k)*A_1),
one has f;)(C) C (w = 0).
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1.5 Jet bundle of a line bundle. We recall here the basic definitions and
properties of jet bundles of a line bundle (we refer to [Gro66, §16.7] for a detailed
presentation). Let X be a complex manifold, and let L be a line bundle on X. For
any integer k > 0, on defines the kth order jet bundle J*L of L as follows. Consider
the product X x X with the canonical projections pry, pry on the first and second
factors. Let Ax C X x X be the diagonal and .o, C Oxxx denotes its ideal sheaf.
Then one defines

JFL = pry, (ﬁXXX e pr;L) . (1.14)

It can be shown that this is a locally free sheaf on X such that for any x € X,
the fiber at z is JFL = L ® Ox ./ m];;r;. This construction is also functorial in the
following way: given a complex manifold Y and morphism ¢ : X — Y| one obtains
a natural morphsim of &'x-modules

@*@*JkL_)JkQO*L,
induced by the commutativity of the diagram

XXX%YXY

o | |

X * vy

and the fact that (¢ x @) 'Fn, C IA,.
We shall need the following elementary proposition.

PROPOSITION 1.5. Let L and L' be line bundles on X. Any morphism of Ox-
modules h : L — L' induces a morphism of O'x-modules

TR R
Moreover, j*h is an isomorphism whenever h is an isomorphism.
Proof. The morphism j*h is just the push-forward under pr; of the morphism
pryh: Oxxx/Iay @ L — Oxxx/In, @ L
induced by h. The second assertion follows at once. O
Observe that there exists a C-linear morphism
¥ L — JFL,

which is not a morphism of &'x-modules, defined, at the level of presheaves, as the
composition, for any open subset U C X,

L) 22 priL(U % U) — O/ IE @ prsL(U x U) = J*L(U).
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More explicitly, for any s € L(U), the section j¥(s) € J*L(U) is such that for
any z € U, the element 55 (s)(z) € JEL = L ® ﬁx,x/ml)ﬁ(f; is precisely the image of
s under the map L(U) — L ® Ox ,/m5tL.

This map can also be understood more explicitly in coordinates. Take an open
subset U C X, up to considering a trivialization of Ly, one is reduced to un-
derstand 0y — J¥Op. Observe that coordinates (z1,...,x,) induce coordinates
(1., Tn, 215+, 2n) on U x U, from which one obtains that the monomials ((z —
)11k form a local frame for JFOy. Here, we use the multi-index notation, (z —
) = (21—21)* -+ (zp—xp)* for a = (aq,. .., ap) such that || = a1+ 4o, < k.
The map ng . Oy — JFOp is then just given by computing, in each z € U, the
Taylor expansion up to order k, namely, for any f € 0(U),

1 gl
=Y S we -0 e rovw)
o<k

The following definition will be used in the sequel.

DEFINITION 1.6. Let X be a complex manifold and let L be a line bundle on X.
We say that L separates k-jets at every point of X if the natural morphism

i HYX,L)® Ox — J°L

is surjective. Observe that this condition is equivalent to the surjectivity, for every
x € X of the natural map

HY(X,L)® Ox — L® Ox/mi).

Observe that if L is a very ample line bundle on X, then L* separates k-jets at
every point of X.

2 Higher Order Logarithmic Connections and Logarithmic
Wronskians

2.1 Wronskians. Let us recall here the Wronskian constructions initiated by
the first named author in [Brol7] and later reinterpreted by the second named author
in an alternative way in [Denl7]. Let X be a complex manifold, and let L be a line
bundle on X. Let k£ > 1 be an integer and take global sections s, ..., sx € H°(X, L).
Then for every open subset U C X on which L is trivialized, by considering the holo-
morphic functions soy, ..., sk € O(U) associated to so, ..., s, under our choice of
trivialization, we consider the Wronskian
807U e Ska
d180 u .- dlsk U
WU(So,...,Sk) = : . . S ﬁ(plzl(U))

dkSO7U . dkskl]
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Denote by k' =142+ --- 4 k. It was established in [Brol7] that Wy (sg,...,sk) €
611 2x (U), and that those locally defined elements glue together into a global sec-
tion

Wi(s0,-..,5%) € HC (X, ey ® Lk+1) (2.1)

which is called Wronskian in [Brol7, §2.2]. Moreover, in [Denl7], it was proved that
there exists a morphism of &'x-modules

k+1
Wi o \ J'L — By Qx @ L

such that for any global section sq, ..., s, € H'(X, L), one has
v Ny Koy
JWL(GEso N Njisk) = Wr(so,...,Sk)-
In Section 2.3, we will construct a logarithmic counterpart of Wronskians.

2.2 Higher order logarithmic connections. Let X be a complex manifold.
Let L be a line bundle on X and suppose that there exists ¢ € H(X, L) such that
D = (0 = 0) is a smooth hypersurface of X. Then L is endowed with a natural
logarithmic connection Vp : L — Qx(log D) ® L, with logarithmic poles along D,
defined by
d
Vps :=od (i> =loc ds — s22. (2.2)
o o
The second equality has to be understood locally, i.e. if the open subset U over
which L is trivialized, and if we denote by sy, oy € €(U) the holomorphic functions
associated to s, o, then one sets
d
Vpsy = dsy — SUﬂ.
ou

This object is well defined since > is a meromorphic function on X and that the

local description shows that it has logarithmic poles along D. Let us mention that
in our paper [BD17] we apply this construction to prove Theorem 0.2.

More generally, for every & > 0, one can define a C-linear map V[]; : L —
E,SEQX(Iog D) ® L by

Vs = odt (g) . (2.3)

Observe that VDOS = s, and that Vs = Vps for any s. Moreover, for any k > 1 one
has the local inductive description

_ _ do
Vs =1oc AVE s — Vs —.
g
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We will need the following elementary, yet crucial, observation: for any k£ > 1, one
has
Vo =o0. (2.4)

Lastly let us observe that locally (with the above notation) one can use the Leibniz
rule to sy = UU% to obtain

k k—i
dbsy =3 (’:) (Vi) 20 (2.5)

g
i—0 U

While V5 : L — EE,?Q x(log D) ® L is only C-linear, we have the following propo-
sition.

ProrosiTION 2.1. With the above notation. There exists a morphism of O'x-module

§*VE  JRL — 658 Qx (log D) ® L,
such that (j*VE) o j¥ = k.
Proof. The kth order jet space of X x X naturally splits as
Jp(X x X) 2 Jp X x i X,

under the map jx(f1, f2) — (Jxf1,Jkf2)- Let us define, for any k,m > 0 an operator
do : é"k(?nS’QXXX — gk(i(i,m+1QX><X by setting for any open subset U C X x X and
any P € T(U, 635 0x xx)

BPG(f1, f2) = 5 (PUAO), i1 £2(0)0),

We define for every k € N* an C-linear morphism V’QC s ol — nglS Qxxx(logmy !
(D)) ® w5 L inductively by setting

Vs =s

*
k—1 k-1 _dmso
) =loc d2V5 s = V5 s

S
*

for any k > 0.

PR

Vs = 7T§d2<
2

5o
As before, the last equality has to be understood locally and one verifies that this is
well defined. Observe that for any open subsets V' C X x X and U C X such that
m (V) C U, and for any f € 0(U) one has da7 f = 0. Therefore for any s € 75 L(U),
one has

Vi(nif-s)=mif Vis.

We can consider the composition resa o V54:

N v - * 7 TESA - ¥
oL =3 cg’k?,SQXXX(logWQ YD) @ m3L "= gk?,SQA(log@ 1(D)m) ® myLiA.
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A local computation now proves that for any open subset U C X x X and every
element s € I'(U, 73 L ® fﬁ“), one has

resa o Vi(s) = 0.
Therefore we obtain a C-linear map
Via 15D x Oxyx /I8 — &GEQa(logmy (D) a) @ m5L1A,
and by applying 7., we obtain a C-linear morphism
AV IRL = 7, <7T§L X ﬁXXX/JKJrl) — T« (&S,CGQA(Iog 751 (D)a) @ m5Lia)
=~ £850 (log D) @ L.

Let us now prove that jkV[’)C is Ox-linear. Take an open subset U C X and ele-
ments f € O(U),7 € JFL(U). By definition, one can consider (up to shrinking U
if necessary) 7 as an element 7 € 3L ® ﬁXXX/fﬁﬂ(wl_l(U)). Up to shrinking U
if necessary, take 7 € w3 L(V') representing 7 for some neighborhood V' C X x X of
ANz (U). By definition,

jkvg(fT) = LVSA(ﬂf%) =, 0Tesp O Vg(ﬁf ~T) =t1o0resp o (Wff . VS(%))
=mif-Lo0 resAVé;(%) =f -j’“v[’;(T).

To see that Vg = jlel)“ o jf, it suffices, by definition of jf, to prove that for any
open subset U C X and every element s € L(U), one has

Loresa o Vh(mhs) = Vi (s).
But observe that V&(r3s) = ﬂé‘vkvks, where
mhp (G Qx (log D) ® L) — &2 Qx x x (log(my ' D)) @ w3 L

is the map induced by ms. Moreover, if one denotes o1 : X — A the canonical lift,
one has by definition that = o7 ;. is just the isomorphism induced by oy and that

therefore ¢ o resp o 75, = (m2 0 01)} = (idy)} is just the identity on &3FQx (U). O

2.3 Logarithmic Wronskians. Let X be an n-dimensional complex manifold
endowed with a line bundle L. Suppose that there exists a smooth hypersurface
D € |L| defined by a section op € HY(X,L). Fix a positive integer k > 1. Given
51,...,8, € HY(X, L) we define the logarithmic Wronskian to be

Vi(s1) -+ Vip(sk)
Wp(st,....s) =] = . 1 |eH'(X,E{iQx(logD)® L*).  (2.6)

Vi (s1) -+ Vi (sk)
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We shall shortly see that in fact these elements define in fact global sections of
EppQx(logD) ® LF. We also define a morphism of &x-modules
k

#*Wo : \J*L — EffiQx (log D)  LF, (2.7)
by setting
7'Vib(g1) - 7' Vi (gr)
FWplgi A Nga)=|
75 (g1) - 55V (a)
for g1,...,gx € JFL(U). Here we use for any 1 < j < k the inclusion Efn(;’QX(log D)

- E,?SLQ x(log D) and the truncating morphism J*L — JJL. This construction is
related to the (non-logarithmic) Wronskian in the following way.

LEMMA 2.2. Same notation as above. For any open subset U C X and any g1, ...,
g € L(U) one has

JWL(roep Njigr AN -+~ Njige) = op - JWp(Jrgr A -+ N Jrge)-

Proof. On proves by using elementary operations on the lines and Leibniz relation
(2.5), that for any go,...,gx € L(U) one has

3*Vp(izgo) -+ I°Vp(iLgk)

FWL(iLgo A=+ NiLgr) = : S :
I*N5Lg0) -+ V5 (o)
Then one applies this equality to go = op and use relation (2.4) and Proposition 2.1

to prove that for any p > 1, j?V5(jP0p) = 0. The lemma follows by expanding the
determinant with respect to the first column. O

In particular, we see that the morphism j*Wp factors through a morphism

k
N\ J*L — By Qx(log D) ® LF — EffiQx(log D) ® L*

which we shall denote (slightly abusively) by j*Wp in the rest of this paper. There-
fore, by Proposition 2.1 we obtain also that for any si,...,s; € H*(X, L),

Wo(s1,...,s) € H'(X, By oQx (log D) ® L.
By (1.13), there exists a unique global section
wD(sl, ce Sk) € HO(Xk(D), ﬁXk(D)(k/) &® ﬂ'S’kLk) (28)

such that (7o x)«wp(s1,-..,5k) = Wp(s1,...,s). These observations will be refined
even further in the next section.
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If Y is a submanifold of X which is transverse to D, then (Y,Y N D) is a sub-log
manifold of (X, D). Write Dy := Y ND. One has the following commutative diagram

V5
L EfSQOx(log D) ® L

]

Ly —= EF$Qy (log Dy) ® Ly

In particular, for any s1,...,s, € H°(X, L), one has
WD(SI,-n,Sk){Y :WDY(SHY;---,SMY)- (2.9)

Since the log Demailly k-jet tower Yy (Dy) of (Y, D) can be seen as a smooth sub-
variety of Xy (D), it follows that

wD(Sl, ey Sk)[Yk(Dy) = WDy (51[Y7 ey Sk[Y)- (2.10)

2.4 Higher order log connections as local functions on the log Demailly
tower. Take X, L and D as in the previous subsection. Fix a positive integer k >
1. Consider the log Demailly k-jet tower Xj(D) associated to (X, D, Tx(—log D)).

Recall that given any si,...,s; € H°(X, L), one can associate to Wp(si,...,s)
a unique element wp(sy,...,s;) € HY(Xy(D), Ox,p)(K') @ 7 w L) by (2.8). The
drawback of using (1.13) is that the element wp(sy,...,sx) is not fully explicit,

since the isomorphism in loc. cit. is not completely explicit. To be more precise,
on X\D this isomorphism coincides with (1.9), and can therefore be understood
in view of Theorem 1.2(i) and (1.10). However, (1.13) is only obtained indirectly
in a neighborhood of a point of D. On the other hand, during the proof of our
main result, we will need an explicit description of wp(si, ..., sk) at every point. For
this reason, we provide here an alternative way, closer to Demailly’s philosophy of
directed pairs, to describe this element. To be more precise, we will construct an
element

wp(s1,-..,5,) € H (Xp(D), Ox,py(k,k —1,...,1) @ 7§, L)

which is sent to wp(s1, . .., sx) under the canonical inclusion O, (p)(k, k—1,...,1) —
Ox,(py (k') induced by multiplication by

ks Do+ (k+k—D)m3 Ts+ -+ (k+ - +3)m g p D1 + (B4 -+ 2)Ty,

where T'; € H°(X;(D), Ox,(py(1) @ 75_, ;0x,_,(p)(—1)) is the effective divisor de-
fined in (1.12).

The starting point of our construction is the following. Let (X, D, V) be a log
directed manifold, and let (X, D, V) be the derived log directed manifold via the 1-
jet functor as defined in Section 1.4. Consider open subsets U C X and U C X such

that #(U) C U. Suppose that we are given a trivialization of 05(—1),5 induced

U
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by a nowhere vanishing section ¢ € F(fj , ﬁx(—l)) and suppose moreover, that
we are given a trivialization of L;;; under which the section op corresponds to a
holomorphic function oy € &(U). Then, given any f € ¢(U), we can define

Vol =df - 70 € T(U,0x(D))

Thus we obtain an element 7*Vy f,5 € I(U,7*Qx (log D)). Note that since we have
inclusions

O =

(=1) = 7TV — 7T X (~log D),

we can see { as an element in [(U,7*TX(—log D)). Therefore we can define

Vgi ﬁg(f) € 0(U) by setting

VB o (N(0) =7V fi5(E() Vael.

Observe that this f depends strongly on the choice of trivializations.

This procedure can now be extended by induction on the higher order log De-
mailly tower. Consider a log-manifold (X, D) and write L = Ox(D). Consider
the log Demailly tower (Xk(D),Dk,Vk) k>0 associated to the log directed man-
ifold (Xo, Do, Vo) = (X,D,TX(—logD)). A trivialization tower of oder k, I =
((UO7 ov), (Uj, fj)lgjgk), consists of the following data:

(i) An open subset U C X and for each 1 < j < k, an open subset U; C X;(D)
such that 7o 1(U1) C U and 7 j41(Uj41) C Uj whenever j < k.
(ii) A trivialization of Ly under which the section op corresponds to a holomor-
phic function oy € O(Up).
(iii) For every 1 < j < k, a nowhere vanishing section §; € F(Uj,ﬁXj(D)(—l))
which therefore induces a trivialization of Ox(p)(—1)v,

Let & = (U, 00), (Uj, &)1<j<k) be a trivialization tower of order k and let f € €(U)
be a holomorphic function on U. Then on can define for any 0 < j < k, a holomorphic
function

Vif € 0(U))
inductively by setting

Vi =f
vt = vbs

Uj,ms j00,Uj+1,€5+1

(Vif) Vv 0<j<k, (2.11)

where we observe that (7 ;ou = 0) NU; defines D; NU;. Here again these functions
all depend in a critical way of the choice of trivialization tower il.
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Consider now global sections sy,...,s, € H°(X,L). Let us fix a trivialization
tower 4 and let s1y,...,s,,v € O(U) be the local representatives of si,..., sy
under our choice of trivialization for Ly (i.e. s = an—;) and define

1 1
Vu Sl,U s Vu Sk,U

wy(s1,...8k) = € O(Uy).

Vjsl,U tee VLIFS]@U

Here we abusively write Vd‘sLU instead of W;’ijsi,U € O(Uy) for any 1 < j < k.
The key point is that these locally defined objects can be glued together.

PROPOSITION 2.3. For any s, ...,s, € H’(X, L), the family of holomorphic func-
tions (wy(s1,...,sk)), define a global section

Wh(81,...,8K) € HO(Xk(D), Ox.py(k, k—1,...,1) ®7r67kLk).

More precisely, for any trivialization tower i of order k, one has
Wp(S1s- -y k)10, = wu(S1, ... 8k) - (Wl,k)*fl_k . (772,k)*£2_(k_1) XX (kal,k)*fk_gl : fk_l.
(2.12)
Moreover, under the natural inclusion
H(X(D), Ox,(py(k, k —1,....1) @ 75 , L") — H°(X),(D), Ox,(py(K') @ w5 ;. L")
UL 50X, By Qx (log D) ® LF),
the element wy,(s1, ..., sy) is sent to Wp(si,...,sk).

The proof of this result relies on the following technical lemma.

LEMMA 2.4. For any trivializing tower 3 = ((U, ov), (Uj, g}-)lgjgk) and any integers
1 < j < p < k, there exists a holomorphic function 3, € O(U,+1) such that for any
f € O(U) one has

DS j i+1
V(UPJT;O'UrUIH»lvngrl) (ﬂ-.;kypvi‘l] (f)) = /B.Jap ’ ﬂ—‘;k-‘rl,p{-lvd (f) rUerl'

Proof. By definition of the log Demailly jet tower, the differential of the map ;,
induces a morphism

dﬂ-jvp : ﬁXp+l(D)(_1) - Tr;—‘rl,p—‘rlﬁXj+1(D)(_l)'

Over the open subset U,41, since ;11 is nowhere vanishing on Uj1, there exists
Bjp € O(Ups1) such that

dmjp(&pt1) = /Bj7p7r;+1,p+1(§j+1)‘
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Let us write g = Vd(f) € 0(Uj) for simplicity, so that by definition (2.11)

) dr} .o
+1 DS 049U
Vd (f)= VU,‘,WgijU,Uj_,_l,fﬁ_l(g) = W;,jJrl (dg 9 ’ ) (&+1)-

7T0’jO'U

The proof of the lemma is then reduced to the following computation:

. . dﬂ'oyan
V(Upﬂr 0U7Up+17§p+1)(7rjvpg) = Tpp+1 dr gpd T J?g (£P+1)

d7r0 oy
Tpptl <7T] pdg — Jpg 7r J.p > > (&p+1)
00U

* * d?TE]k iouU
= [ﬂ—j-‘rl,p-i-lﬂ—j,j—&-l (dg — 9”)] (&pt1)

o 0U

J
T 1 175541 Kdg 9 ) (dﬂj,p(fpﬂ))]
.7

057
. dmy oy
Tjt1,pt1 [ Gt <d 9 —— >] (Bjp€i+1)
0
it

1) O

ﬁ]#’ﬂ-]-‘rl,p-i-lv
Proof of Proposition 2.3. Consider two trivialization towers
U= (U o), (U}, & )<i<k) and 8 = ((U* 012), (U7, &)1<j<h)-

Writing U2 = U'NU? Let g € 0(U'?) be the transition map from U? to U! induced
by our choice of trivializations for L, so that for any global section s € H(X, L),

Syt = g - Syzjurz- (213)
For any 1 < j < k, let us also write U; 12— Uj1 N Uj2 and consider the function
0; € ﬁ(Ujm) such that
1 2
§ = 0,65,

Therefore 6; is the transition map from U ]2 toU jl for the trivializations Ox (py(1) U2
o Uj2 x C and ﬁXj(D)(l)rU; & U]:.l x C induced by 5]2 and 5]1- respectively. We are
now going to establish that for any 0 < p < &, and for any 0 < j < p, there exists
PJ’-’ € 0(UP) a holomorphic function such that for any s € H°(X, L) one has

p—1
Vo (s07) = 0p0p 1+ 019VEa(s02) + Y PPV (s02). (2.14)
j=0
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The key point in this formula is that P]p does not depend on s. From this, and from
elementary operations on the lines in the determinant defining wy(s1,. .., sx), it
will follow that

2 k—1npk
wy(1 (81, cee 75/6)[U,§2 = lekfl s 92 ngwgg (81, ceey Sk) UL

which concludes the proof of the first statement of the proposition.

We will establish (2.14) by induction on p. For p = 0 this is just (2.13). Take
0 < p < k and suppose that formula (2.14) holds for p. Take s € H(X, L). Recall
that

Vp+1( ) VU12 Vﬁl (SUI)).

TO,pTuls +l?£p+l (

On the other hand, one has

VUIZ 6,001 Upti€pin (vﬁl (SUI)) leZ 76,5 (9002),Upt 1 ,0p1185 14 (vil (SUI))

- p+1vU12 e p(gO'U?) +17£p+1 (vﬁl (SUI))

- P+1VU12 5 5002, Upt 1,620, (vul (SUl ))

dm g
’p
— 9p+1Vi1 (SUl)ﬂ';p_t,_l 7T(>)k g (fp—i—l)
7p
Observe that, using our induction hypothesis, the term 9p+1vu1(3U1) pp+1 CZTO ng

(53 +1) is of the form allowed in formula (2.14) to be considered as an error term

for the rank p + 1. Therefore it only remains to prove that 9P+1VB;S2,773,,J oua U121 62

(Viu(sun)) is of the form announced in (2.14). To lighten the notation we will now

DS _ DS . :
write . By induction one has
\ va yT0,p0U2; +17Ep+1 Y

p
Op 1 VP (Vi (s01)) = Opra VDS (01) +0hgVip (su2) + ZPPW vu2(3U2)>
j—l

= p+1VDS (6 elgvu2 (3U2 + z 9p+1VDS (vaiﬁ (SUz))
J=1

Before continuing, observe that for any fi, fo € & (U;z), one has (by an immediate
computation)

VP (fifa) = AVPS(f2) + fadfi(&541)-
Applying this to fi = 0, ---01g and fo = Vi (sy2) we obtain
Op1VP5 (0, - - - 019V (s02))
= Opi16p- - 019V (Vua(sw)) + Vi (su2)d(6y - - 619) (6 11)
= Op 110, - 019VE (s02) + Via(s02)d(0p - - 019) (§541)-
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Observe that the term Vi, (sy2)d(6), - - - 019)(£2,) is of the form allowed in the last
term of formula (2.14) at rank p + 1. Therefore, the proof of formula (2.14) will be
completed if one proves that for each j < p the term 6,41 V"5 (Pf Vi (su2)) is also
of the form of an error term if (2.14) at rank p+ 1. To see this, observe that for each
j < p one has
Op+1 V7S (PP Ve (s02)) = PPOp1 VDS (Vip (sv2)) + Vie (su2)d Py (541)
= POy 53 Vi (s02) + Vs (502 APL (€21,

where (3}, is the function appearing in Lemma 2.4 applied to the trivialization tower
42, This concludes the proof of (2.14).

To conclude the proof of the proposition, it remains to prove that wy,(s1, ..., s)
is sent to Wp(siy,...,s,) under the above natural map. By continuity, it suffices
to prove this over the open subset Xj (D)™ N, '(X\D). Take wy € Xy (D)™ N
7rk_1(X \D). From the previous part of the proposition, we are allowed to choose
any trivialization tower in order to make the computation of wj,(s1,...,s;) in a
neighborhood of wy. On the other hand, to compute the element wp(sy,...,sk) €
H°(Xy(D), Ox, () (K) ®mg L) associated to Wp(st,. . ., s;) under the isomorphism
(1.13), we are allowed to use the explicit description isomorphism (1.9). Indeed,
outside D the logarithmic and absolute jet towers coincide. Let us therefore apply
Theorem 1.2(i).

Let U C X\D be an open set with local coordinates (z1, ..., 2y,). Take a trivial-
ization of Ly such that op is identically equal to 1. It follows from [Dem97, Proof
of Theorem 6.8] that X (D)™ W()_,]i(U) can be covered by open sets U x C~Dk,
Indeed, consider the family of holomorphic curves

fy:UxC("_l)kaHU
(Zawat) = Y(w,z) (t)

defined by
(1) (2) (k)
() = AUt S e B i 1<i<n—1
(w7z) ZTL + t if Z _ n’
N\ 1<j<k .
where w = (wz(])hgggnq and Vw,z) = (7(111),2), e ,’7&1,2))- To be precise, the map

~ is only defined on a open neighborhood of U x C"~Dk x {0} in U x c-Dk x C,
but this subtlety will be irrelevant as we will only consider the k-jets of each vy, .)
at the point 0.

In this setting, we will prove that its kth lift (7, .)) (0) gives a holomorphic
embedding

7t U x CDE X (D)8 (2.15)
whose image is an open subset.

Let us take a special trivialization tower of order k, denoted by U = ((Uo, ouU),
(Uj,&j)1<j<k) in the following way:
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(i) (Uy,ov) = (U, 1).
i) Set Uy = { ([ofV 2+ 4+ 20 52 + € P(Ty)} ~ C" ! x U with
1 0z n—19z,_ 6z
the coordinate (z; zg), e 7(L1)1) Define & = 251) o 4. +Za(’Ll)18z =+ 8%
[ (Uy, Ox,(py(—1)), and take the basis for Vi y, as

ORI ) _ 0 m_ 92 oo o 9
€1 azg)?"-’ €nl1 82111_17 €n 6Zn +’z1 621 + +zn—lazn_1'
Then one has ( 7r0 1) ( ) &1, and 7 1 (z; zil), el zr(ll_)l) = z.

(iii) Set Uy = {([2Pel) 4+ + 22 W 1 M)y e P(V) 10y} ~ U x C2=D with
the coordinate (z z( ), ( ) 737(12—)1) Here we write z(1) = (zgl), . .,zfll_)l) for
short. Define & = 2; )egl) ot 27(1221651121 +eid e I'(Usz, Ox,(—1)), and take
the basis for Vay, as

e? = 0 ed = 0
! 8,2%2)7 bt 8,2”2_1’
0
2 _ 9 1 9. (1)
e, oz + 2z 3 + + Z”_lf)zn_1
(2 0 2 0
+z i A
! ({)zgl) 1827(112
Then one has (71'1’2)*(6%2)) = &, and m2(z; 2, zf), . ,zq(f_)l) = (2;2M).
(iv) Inductively, one can define U, with coordinates (z; 2D 20y e UxCir-lp
such that for any j < p, 7Tj7p(Z;Z(1), .. .,z(p)) = (z 2 .,z(j)) and
o .m0 m 9 (2 0 2 0
:74»2 7++27 +Z ++Zn77
ép azn 1 621 n laznil 1 82’51) 1827(21
0 0
+ot s 2D
02y 0z, _4

Then (7j,)«(&p) = &. In particular, by (1.11) and (1.12), for any 1 < j < p,
there is an isomorphism

“(Tj—1,p—1)

Ox,(D)

(7))
(jp)" )(_1)IUP
\ %

and

& (m) g =& (m) (m-1)a(§) = (2.16)
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In this setting, one can prove that, within the coordinates for Uy, the k-th lift
(YVw,2))#(0) = (2;w). Hence 7 : C=Dk % U — X3 (D)"*8 whose image is the open
subset Uy, and under the trivialization tower of order k, 7 is an identity map. More-
over, (’Y(w,z))’[k_l] (0) = k1 (w2 ) (0)- Hence a straightforward computation shows

that if we identify the parameter space C"~Vk x U of Y(w,z) (t) With Uy, by
7 : CTVE U - Uy
(W, w®;2) = (Y ) (0),
then for any f € I'(U, Oy) and for any j = 1,...,k one has
& (F)Uirws) = Vi) (w,2) € 0(U)).

For any si,...,s; € I'(U, Lyy). Write s1p,...,sgu € O(U) for the local repre-
sentatives of si,...,s; under our choice of trivialization for Ly (i.e. s;y = ;D)
Then by (1.10), WD(SI,U7 e ;Sk,U) S F(Uk, ﬁXk(D)(k/)) is defined by

wp(s1, ..., s6)(w,2) = Wp(s1u, - sk,0) (kY (w,z)) - ((’Y(w,z))/[k—l](o))_k,
Vi (s1.0) -+ Vi (sku)

= : : (kY(w.)) - (&) ¥

Vi (s1.0) - Vi (swv)

d*(s1v) - d'(sky)

= e (kY (w,)) - (&) F
d*(s1,u) - d*(spp)

where the last equality is due to oy = 1. Note that &’ : T'(U, O) — EJ%GQU. Write

Ly =kmyp Lot (k+k—Dmg T+ + (b + -+ 3)mp 1 Lo + (B + -+ 2)0%
(2.17)

for short. Hence
Vi(s10) - Vi(sru)
WD<317~-'78k)ka = ’ (&k)ik
Vi(siv) -+ Vi(sew)

= wu(s1,.. 1) - (&)

2.16 _ (o -
2 (1, k) - () 6 (o) 6 T () 6
. gkfl Ty
(2.12)
=" wh(s1,..., sk) v, - ke
Since Uy, is dense in 7r0_’,i(U) and since wp (s, ..., sk) and w},(s1, ..., sx) - T coincide

on Uy, it follows by continuity that they also coincide on 7 ;(U) Therefore it follows
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that these two sections coincide on 7, (X \D) and therefore they also coincide on
the whole space Xy(D):

wD(sl,...,sk) :wb(sl,...,sk)-l“k. (2.18)
The proposition is thus proved. O
2.5 Logarithmic Wronskian ideal sheaf.  Recall that in (2.7), we defined the

log Wronskian morphism

k
3" Wp « \J*L — Ey 1 Qx (log D) @ LF,

which is a morphism of @x-module. We denote by #4.1, := j*Wp(A" J¥L), which
is a subsheaf of Ej, 1,Qx (log D) ® L¥. By (1.13) for any m € N there exists a natural
morphism

TFSJC (Ekyk/QX(log D) () Lm)
~ 75 1 (m0,6)« (Ox, 0y (K) @ w6, L™) — Ox,(py(K') @ mp , L™,

We denote by tox, (p) the image of the composition
o, kL ® Ox,(p)(—k) ® Wé,kL_k — 70 1 Eew Qx (log D) @ O, (p)(—=K') = Ox, (D),

which is a coherent ideal sheaf on X} (D). twx, py will be called the kth logarithmic
Wronskian ideal sheaf associated to the log manifold (X, D). Let us denote by

WXk(D) = Span{wp(sl, R ,Sk) ‘ S1,...,8k € HO(X, L)}
the sub-linear system of |0y, (py (k') ® TrS,kLk]. One thus has the following result

PROPOSITION 2.5. When L generates k-jets everywhere on X, wy, (py is the base
ideal of Wx, (py. It satisfies moreover

Supp(Ox, (p)/Wx,(p)) C Xi(D)*"e U mou(D)-

Proof. For any s1,...,s; € H*(X, L), let us define the natural linear map

k k
NH(X,L) — H° (X, A JkL>
-k -k
SN NS+ 9181 N NJ[Sk.
It follows from the definition that

Wp(st,-.. s6) = J*Wp(jfsi A+ Ajfsk) € HY(X, % 1).
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Hence by the definition of o x, (py and the fact (mox)«wp(s1, - .., 56)=Wp(s1,...,sk),
one concludes that

wp(s1,...,8K) € HO(Xk(D), ﬁXk(D)(k/) & ﬂakLk & ka(D))~

In other words, the base ideal of #} 1, belongs to 1, p)-
On the other hand, since L separates k-jets everywhere on X, the set of global
sections

k
Span {j,’-jslA---Ajfsk e H° (X,/\J’%) | 51,..., 8 € HO(X,L)}

thus generates the locally free sheaf /\k JFL everywhere on X. Recall that J*Wp :
/\k JEL — W1, is a surjective morphism between sheaves of &'x-modules. Therefore,
the set of sections

Span{j*Wp (jis1 A+ Ajisk) € H(X, 1) | s1,..., 8, € H'(X,L)}

generates the sheaf of &x-module #% 1, which implies that wy, py belongs to the
base ideal of Wy, (p) by the definition of wy, (p). In conclusion, the base ideal of
W, (p) is Wwx,(p). The second assertion follows from [Brol7, Lemma 2.4]. O

Let us now give a more detailed local description of these objects. Let " be the
(unit) polydisc, and denote by E := {(21,...,2,) € D" | 21 = 0}. As in (2.7), we
define a morphism of &p.-module associated to the log pair (D", E)

k
T*Wg : \ J" O — By o (log B).

Set

k
T*W : \ J*Op — B o Qe

to be the morphism of &p.-module induced by the following map

k

N\ HO (D, Op) — H(D, By o Q)
dfy - dfi

AN ANfer| o L
dify - dt fy

Fix an open covering 4 of X such that for any open set U € U, Ly can be trivialized
and such that one has the following dichotomy:

(1) (U,DNU) is biholomorphic to (D", E), and under the trivialization of Ly,
op = 21.
(2) UN D =0, and under the trivialization of Ly, op = 1.
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It follows from the very definition that one has the following local trivialization of
the morphism J¥WWp in Case (1),

J*Wp
/\k JkLrU —_— EkWQX(log D) (=) L’Fa'—l

| |

T W
NS E} 1 Qe (log E);

and in Case (2)

JEWp
/\k JkLrU — Eka/Qx(lOg D) & L’F(erl

| I

N Tk Oy — T By Q.

Therefore, we conclude that the local models of the logarithmic Wronskians are
universal.

Let us denote by I}, (resp. IV} (E)) the (resp. logarithmic) Demailly-Semple k-jet
tower of (I, Tp) (resp. (D", E, Tp-(—log E))). By (1.13), there are natural mor-
phisms of Oy, (py-module and O, -module

Wg,kEk,k:’QIDW (log E) — ﬁ]])y);(E)(k:,), 7T37kEk,k/Q1DY" — ﬁm (k‘,)
Set #4.r and #}, to be the images of J*Wg and J*W. Therefore,

7ok ¥k,E @ Oy () (—K') — 76 x B (log E) @ Oy () (—K') — Oy (g,
Ws,k% ® ﬁm(—kl) — ngkEk,k’QW & ﬁmz(—k/) — @DZ’

whose images are coherent ideal sheaves, which we denote by top, gy C Op, (g) and
top: C Ope. Then for any U € 4, under the trivialization X (D) ~ I} (E) in Case
(1) and Xy (D) ~ IV in Case (2), one has the isomorphisms 1 x, (p)r = W (k)
and 1o x, (pyjy ~ top; respectively. This local description will be used to establish a
certain universal property in Section 2.7.

2.6 Universal property of logarithmic Wronskian ideal sheaves. Let us
begin with the following setting. Let A be a very ample line bundle over a smooth
projective manifold Y, and let I be the total space of the line bundle A™ for some
m € N*. Denote by p : L. — Y the natural projection map with L := p*A™, and
T € H(LL, L) the tautological section such that T'(x) =  for any = € L. Note that
Y can be seen as the smooth hypersurface of L defined by {x € L | T(x) = 0}.
Then according to Section 2.2, there exists for any & € N a natural higher order
logarithmic connection V¥ : @1, (L) — 0p(L) ® EISI?QL(Iog Y') associated to the log
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manifold (L, Y). For any sections s1,...,s, € HY(Y, A™), it follows from (2.6) that
one has the associated logarithmic Wronskian

Why(p*sl, - ,p*Sk) € HO (L, Ek,k/QL(log Y) & Lk)

By (1.13), there exists a unique section in H°(Ly, Oy, (k') ® 7§, L"), denoted by
Wiog (51, - - -, Sk), such that

(70,1 )+ Wiog (51, - - - 5k) = WLy (p"s1,...,p"sk),

where LL;, denotes to be the log Demailly k-jet tower of (IL, Y, T1.(— log Y))
Let us denote by w{og(sl, ..., 8k) the logarithmic Wronskian defined in Proposi-
tion 2.3. Then

wlog(81,...,8k) :wllog(sl,...,sk) -I‘k, (2.19)
where T’y is an effective divisor of Ly defined in (2.17). Consider the linear systems

Wiy := Span{wiog (51, -.,5%) | $1,...,8K € HO(Y, A™)}
;C,L,Y = Span{w{og(sl, ceySE) | STy, sk € HO(Y, A™)}

and define rwy, 1,y and m;CLY to be their base ideal. By (2.19), one has

WgLYy = mZ,L,Y O, (—T). (2.20)

It follows from the definition of Wy y that, there exists a morphism of &p-module

k
Wiy« \p*(JFA™) — EppQu(logY) @ L* (2.21)

such that Wy, y factors through this morphism. Set %}, 1,y to be the image of j k WLy.
We will study the properties of jkWL’y locally.

Take an open set U with coordinates (z1, ..., z,) such that A,y can be trivialized.
Then there are local coordinates (¢, 21, . . . , 2,) for p~1(U) ~ U xC, such that Ly
is trivialized with 7', () = t. Hence the divisor Y Np~!(U) is defined by the local
equation (¢ = 0). One thus can regard U as a smooth divisor in p~!(U) defined by
(t =0). For any k € N, write Vf] : Oyxc — E,S,?QUX@(Iog U) for the higher order
logarithmic connection defined in (2.3). In view of (2.6) we define

k
Wyrano - \OWU) = T(U x C, EppQuxc(logU)) (2.22)
Vi) - Vi)
SN A fg— : :
VEwsh) - Vi fr)
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where py : U x C — U is the natural projection map. By Lemma 2.2, one has

1 dpifr) - Ao fr)
2d't d'(pj f1) -+ AP fr)

Wy u(fi A A fy) = (2.23)

Lkt (i f1) - d* (o )

Observe that d'(p; f;) does not contain any d*logt, therefore (2.22) induces a mor-
phism between locally free sheaves of &,-1()-modules

K
Wy /\p*(JkﬁU) — By 1 Quxc(logU)

so that W1 ()r factors through this morphism. If we use the basis for the local
trivialization of EggQUXc(log U) in Lemma 1.1 and the standard basis for the
trivialization of J* & induced by the coordinates system (z1, ..., z,), then by (2.23),
jkWp—l(U)7U is represented by a constant matriz with respect to these trivializations.
In particular, the image of j*W, denoted by WU, is a locally free sheaf. In this
setting, jkWp—l(U)’U trivializes jkWL’y. Hence #i 1Ly C EppQu(logYy) ® LF is a
locally free sheaf of &p-module on L. As in Proposition 2.5, one has the following

PROPOSITION 2.6. For L := p*A™, when m > k, the ideal sheaf vy 7,y coincides
with the image of

Ok oLy © Ou (—K) @ w5, L8 — w54 B Qu(logY) ® O, (—K) — 01,
where 07, (1) denotes to be the tautological line bundle defined in Section 1.4.

Proof. For any s1,...,5, € H°(Y, A™), one has the following natural linear map
from the global sections to their k-jets

k k
NEH (Y, A™) — H° (Y, A JkAm)

31/\---/\skr—>jk51/\~--/\jksk.
Here we write j* instead of jﬁm to lighten the notation. Recall that
Wiy (s1,--- 1) = Wy (0%55s1 A~ Ap*ytsy) € HO(L, #iny),

and thus by the definition of wyry and the fact (mop)swiog(s1,...,5%) = WLy
(s1,...,Sk), one has

gy C Im(pg).

On the other hand, since A is very ample and m > k, then A™ generates k-jets, and
the set

k
Span {p*jksl A AptiFsy) e HO (L,/\p*JkAm> | s1,...,8, € H(Y, Am)}
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generates the locally free sheaf of 7 -module /\k p*Ji A™ everywhere on L. It follows
from the definition that JkW]Ly : /\k prJkA™ — W1y is a surjective morphism
between sheaves of Op-modules. Therefore, the set of sections

Span{jkWL,y (p*jksl A--- /\p*jksk) € HO(IL, WiLy) | s1,...,8 € HO(Y, A™)}
generates the sheaf of &p-module # 1 y, and one thus has wy 1y O Im(yy). This

implies the result. U

2.7 Universal family of log Demailly towers of general log pairs and its
blow-up. As we did in [BD17], the construction of the log pair (L, Y") enables us
to “linearize” the family of log manifolds (Y, D) with D varying in the linear system
|A™|. Indeed, for any o € HY(Y, A™), consider the hypersurface H, C L defined to
be the zero locus of the section
T —p*o e HY(L,p*A™).
When the zero locus D, of ¢ is a smooth hypersurface on Y, H, will also be smooth.
A crucial observation is that
Po = P1H, - (HO')DO') - (Y7 DU)

is a biholomorphism between log manifolds, and the hyperbolicity of Y\ D, is there-
fore equivalent to that of H,\D,. Moreover, we have the functoriality of the loga-
rithmic Wronskians ideal sheaves.

LEMMA 2.7. We denote by H,j the log Demailly k-jet tower of (HU,DU,THG
(—log Dg)), and let wp . be the kth logarithmic Wronskian ideal sheaf of H,
defined in Section 2.5. When m > k, we have

mkv]lﬂYrHcr,k = mHo,k'
Proof. Recall that

Po = P1H, * (H0'7D0') - (Y7 DO’)

is a biholomorphism between log manifolds. Write L, := p;A™ = L;g_. Then p,
induces an isomorphism of linear spaces of global sections

H(Y,A™) = H°(H,, L)
S+ prs.
By the functoriality of the logarithmic Wronskians in (2.10), for any si,...,sx €
HO(Y, A™), we have
Wiog (81, -+ 8k)1H, . = Wb, (D5S1s- -, DpSk) € HO(HU,k, Ou, (k) ® WS’kL];).

Hence w1,y m, , is the base ideal sheaf of the linear system

Wk
W, r, = Span{wp, (s],...,8%) | 81,...,8% € HO(HU,L(,)}.

We note that when m > k, A™ generates k-jets everywhere on Y, therefore so does
Ls. The lemma then follows immediately from Proposition 2.5. O
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Now let us consider the universal family of hypersurfaces /% C L x H(Y, A™)
defined by

A" = {(x,0) € L x H(Y,A™) | T(z) — p*o(z) = 0},
and define the family of hypersurfaces in Y by
7" = {(y,0) €Y x H'(Y, A™) | o(y) = 0}.

One can take a non-empty Zariski open set A® of the parameter space A" :=
HO(Y, A™) such that, the shrinking log family over A®, denote by of (%, 2°) — AS,
is smooth. Set 77 to be the log Demailly k-jet tower of (jfs, D, Typs yps (— log @s)),
and denote by gy : 77 — A® the natural projection. By the choice of A®, one notes
that for any o € A® | the fiber qkfl(a) is Hy . Observe that we have an embedding
7 — Ly, x A®. Let us denote by

10 s i= pri(Wg Ly ) g

where pry : Ly x A" — Ly is the natural projection map. By Lemma 2.7, we have

W1 H, . = WH, .

In some sense, the ideal wy, 1,y is the obstruction to the positivity of &1, (1). There-

fore, let us define vy, : I[jk — Ly, to be the blow-up of the ideal sheaf wy, 1,y . It follows
from (2.20) that vy, is also the blow-up for w) ; ;- (see [Har77, Chapter II, Exercise

7.11]). We denote by F and F’ the effective divisors in Ly such that
vty = Op, (=F) and vpwy, = Op (=F). (2.24)

We define gy, f%”vjf — £ to be the blow-up of the ideal sheaf tv = with & (—F) :=
10 = By the universal property of the blow-up, one has the commutative diagram

%ZSC—>IE]€ x AS

Mkl ll/kX]l

ALy, X AS.

The following lemma enables us to reduce the desired “general Kobayashi hyper-
bolicity” to a construction of a particular example satisfying a strong Zariski open

property.

LEMMA 2.8. When puy, is restricted on each fiber I:I/'a’k Ofﬁf — A%, po i = Pt ,

Hy ), — Hg, is nothing but the blow-up of the ideal sheaf vy, .
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Proof. Let us first observe that as a consequence of the local inverse theorem in
several complex variables we obtain that in the analytic category, families of smooth
pairs (%, 9%) L. AS are locally trivial in the following sense: for any z € #5 there
exists a neighborhood 2 C J#%, a neighborhood V' C A® of ¢ := p(z) and an open
subset U C C™ with coordinates (z1, ..., z,) such that there exists an isomorphism

d:UxVSQ

satisfying p o ® = pry (where pry : U x V — V is the projection on the first factor)
and such that

P =(z1=0) or 2°NQ=2.

By the local description of the logarithmic Wronskian ideal sheaves established in
Section 2.5, via the isomorphism ® one has

W e s h(@) = PTAWDy(B)  OF W0 ) ™ PTiODy;.
This implies the result of the lemma. 0

On the other hand, for any sections s1,. .., s, € HO(Y, A™), by (2.20) and (2.24)
there exists a (unique) section

Dlog (51, -, 5) € H' (Ek, vi (O, (F) @76, L") ® ﬁik(—F)>,
— HO (ﬂk, vi(OL, (k= 1,... . 1) @5, L5 ® ﬁik(—F’))
such that

Vzwlog(sla---ysk) :wlog(sla-”ask) ’Fv (2'25)
V}éw{og(sl, ceey Sk) = L:J]og(sl, ey Sk) . F/. (226)

We will also need the following crucial lemma.

LEMMA 2.9. For any sections si,...,sg, 8},..., s, € H(Y,A™) and any point y €
Y, if the k-jets i¥si(y) = jFsi(y) € (JkAm)yv for each i =1,...,k, then on the fiber
Lyy = (pomy o ve) L(y) of pomog oy : Ly — Y, one has

@log(sl, PN ,Sk)“ik,y = @bg(s’l, ceey S;“)ff[:k,y'

Proof. Define Ly, to be the fiber (m ;) ! (z) of mo : Ly, — L. Note that the natural
morphism

Ep i (logY) ® k(z) = (m04)« O, (k) © k(z) — H®(Lie, O, (K1,
is an isomorphism, where k(x) is the residue field of I at z. By the assumption that

3¥si(y) = j¥sl(y) for each i = 1,...,k, one has

k
FEsi NN GEsky) = A A s (y) € \TFAT @ k(y).
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Hence for any = € p~1(y), one has

WLy (p*jk81 AREE /\P*jksk) (x)
= " Wiy (0 5"y A+ Ap*5Fs)) (2) € BrpQu(logY) ® LF @ k(x),

and we conclude that wiog(s1, .., 5%) L., = Wiog(S1s- -5 5%) Ly, -

It now suffices to observe that the co-support of the ideal sheaf w1y does not
contain the fiber Ly, ... Indeed, the announced statement will follow at once by conti-
nuity. To see this, it suffices to take coordinates (z1,. .., z,) centered at y = p(x) and
consider the functions z1, ..., z{“ in a neighborhood of y. A direct computation then
shows that wiog (21, . ., 25) 1L, . is not identically zero, which implies the announced
result. O

3 Main Constructions

3.1 Fermat type hypersurfaces and associated pairs. To begin with, we
construct a family of hypersurfaces in Y parametrized by certain Fermat type as in
[Brol7]. Let A be a very ample line bundle on Y. For an integer N > n = dim(Y'), we
fix N + 1 sections in general position 79, ...,7n € H(Y, A). By “general position”
we mean that the divisors defined by (7; = 0)j—o,.. n are all smooth and meet
transversally. For any two positive integers ¢, d, set

I[:={I = (ig,...,in) | |I| =6}
and

a:=(aj € H(Y, A%)) ,_; € A= @D H"(Y, A%).

Iel

||=0

For two positive integers r and k fixed later according to our needs, consider the
family 2 — A of hypersurfaces in ’(5 + (r+ k)é)A’ defined by the zero locus of the
bihomogenous sections

o@)(y)y— Y ar(y)r(y)

|I|=5

where (aI)m:(g varies in the parameter space A, and 7 := (79,...,7n). For any
a € A let us write D, for the fiber of the family 2 — A.

Write m := ¢ + (r + k)d. Consider the total space p : L — Y of A™ defined in
Section 2.6, and write L := p*A™. With the same notation in loc. cit., consider the
family of hypersurfaces 5 — A in L defined by the vanishing of the section

T —p*o(a) € H'(L, L).

For any a € A, write Hy := (T — p*o(a) = 0) C L. By [BDal8§] there exists a
non-empty Zariski open subset Ag, C A such that D, is a smooth hypersurface for
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any a € Agy, and so is Ha. Let us now shrink the family .7 (resp. &) to Agm, and
let us denote abusively 7 — Agy (resp. Z — Agy) this restricted family. Since we
can see 7 as a hypersurface in J# defined by the equation (7' = 0). Then, by the
choice of Agy, Z is a smooth hypersurface of 7 and moreover, (', 2) — Agy is a
smooth family of log pairs.

Let us define 7 to be the log Demailly k-jet tower of (J, 2, T /s, (—log 7)).
Under the natural inclusion morphism

Ay — A®
a— o(a)

to the universal family defined in Section 2.7, and by the flat base change theorem,
one simply obtains J7, := 7 X s Agy. Let us define

T e T e B

For any a € Ay, the fibers of 77, — Ay and % — Ay, are denoted by Hj i and
Hy, i, respectively. Observe that in view of Lemma 2.8, this notation is consistent in

the sense that ﬁa’k is indeed the blow-up of Hj, j along the logarithmic Wronskian
ideal sheaf oy, , .

3.2 Mapping to the Grassmannians. Consider the log pair (L,Y") defined
in Section 3.1 equipped with the line bundle L := p*A™. By (2.3), one can define
the higher order logarithmic connection V7 : L — E](-:’JGQL(Iog Y)® L. As in Sec-
tion 2.4, let us take a trivialization tower U = ((U, Tu), (Uj,gj)lgjgk) of order k. A
straightforward induction implies the following

LEMMA 3.1. For any I € I and for any 1 < j < k, there exist C-linear maps
V) HO(Y, A%) — HO(L, ESCQy (log V) @ p*ATHY),
Vi HO(Y. A7) — 0(U),
such that for any a; € H°(Y, A%), one has
Vi (prar - ()" = () (ar),
Vi (rar - ('m) ") = (o) - ar).
Here we denote by 7y, the pull-back of trivialization of p*r under Ly to Uy.

Therefore, for any I1,..., I € I and any ay,,...,a;, € H°(Y, L?) one can define

Wiog.11,....1. (a1, - - -, ar,)
Vi(ar,) - Vi (ar,)
= € HO(L, By pQu(logY) @ p* AFETR).
Vi(ar) -+ Vi¥(ar,)



GAFA ON THE LOGARITHMIC-ORBIFOLD KOBAYASHI CONJECTURE 729

It then follows from Lemma 3.1 that

WIL,Y(p*CLIl : (p*T)(T—Hc)I] PRI 7p*a1k : (p*T)

= (prr) I Wi, 1 r(ar, - ar). (3.1)

Set
Wiog I, 1 (L - -y ag,) € HO(Lg, O, () @ (p o mop)* AFETR))

to be the inverse image of (7 )« under the isomorphism (1.13), then

k)1 k)1 Iy 4+
Wiog(ar, 7T ap 7RIy — e n(any, . an) - (pomo )t e,
(3.2)
Moreover from Proposition 2.6 one can deduce at once
LEMMA 3.2. The section wiog 1, .. 1,(01,,--.,ar,) vanishes along vy y. In other

words,
Wiog,....1,. (ar, - - - ag,) € H (L, OL, (k) @ (po 7To,k)*Ak(wké) @ WELY),
where 1o, 1,y is the ideal sheaf defined in Section 2.6.
Proof. By (3.1), one has
Wiog, 1o, (A, - ag,) € HY(L, Wiy @ p A~"r),

where we recall that %}, 1 y is the image of the morphism jkWLy defined in (2.21).
Then the base ideal of wiog 1. 1,(ar,,...,ar,) belongs to the ideal sheaf of Oy,
defined by the image of the morphism

WSJq(Wk,L,Y ®p*Afrk5) ® (p ° ﬂ_o’k)*Afk(erké) Q ﬁlk(_k/)
— Wé,k Ek7ka[L(log Y) & ﬁLk(—k‘/) — ﬁ]Lk-

Note that the image of the above morphism coincides with that of the following one
Tox Ly © Mo L™ © OL(~K)® — 5 ), EppwQu(logY) ® O, (k') — O,
The lemma follows immediately from Proposition 2.6. O

Recall that we define vy, : Ek — Ly to be the blow-up of the ideal sheaf to; 1 y.
By Lemma 3.2 and (2.25) there exists a unique

"‘leog‘,ll,...,fk (ajl, RN a[k) € HO (ﬂk, l/z(ﬁLk(k/) & (p o 7T07k)*Ak(E+k5)) (= ﬁﬂ:k(_F)>
such that

. _
ViWiog, I ... I, (AL, 5 - - yar,) = F - Qg 1,1, (ar,, ..., ar,).
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By definition wieg 1,,....1, (a1, - - -, ar,) is alternating with respect to (I1,...,Ix). We
then can define a rational map

®: A x Ly --» P(AF(C))

(a,w) — [(w10g7117._,,1k (ar,s---, afl«)(w))ll,...,lkeﬂ]‘

The map ® can also be interpreted explicitly using our intrinsic construction in
Section 2.4. Let us fix a tower trivialization L of order k. If we denote by

Vi o(a,w) = (Y an) (), € P O(A x Uy),

Iel

for any 1 < i < k, then we can define another rational map locally by

(I)u : A X Uk -2 Grk((CH)

(a,w) — Span(Vi,(a, w), - ,Vlﬁ,(a, w))h,...,lkeﬂ

and this is indeed the localization of ®.

LEMMA 3.3. One has ®4xy, = Pluc o &y, where Pluc : Gry(C!) — P(A*(Ch)
denotes the Pliicker embedding.

Proof. Let us define

VLII,II (all) T vul,ll (afk)

wu,117,,.71k(a11, .. .,a[k) = c ﬁ(A X Uk),

Vit r, (ar,) -+ Vig (ar,)
which corresponds to the Pliicker coordinate of Pluc o ®y. By Lemma 3.1, one has

(I +1y)
Wil I4,..., ]k(a’ll7"'7alk) 'TUkl
(r+k)11) B (7’+k‘)]k)

Vit (P*ar, - (p*T) - Vit (p*ar, - (p*7)

Vi ar, - (7)) rar - ()TN
It follows from Proposition 2.3 that under the trivialization of 4, one has

r(Lit 1)

r+k)l —
(r+R), Uk _wu7[17~--11k(a117"‘7a1k) " Ty, 'I‘k,ila

Wiog (a1, T - ,aIkT(”k)I’“)

here I';, ¢ € O(Uy,) is the holomorphic function defining I'y, via the trivialization of
. By (3.2) we conclude the proof of the lemma. 0
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REMARK 3.4. By the proof of Lemma 3.3, one can glue wy s, . 1. (ar,...,ar,) to-
gether to obtain a global section

Wiog 1, (an - an) € HO(Ly, O, (kk—1,...,1)® (po o) AFETR) - (3.3)

such that
Wiog, I,....1 (a1, - - -y ar,) = w{ong 77777 ]k(ah, yar,) - Tk
It follows from (2.24) that
V;fkwllog,h,...,lk(alm cooar) =F - Bgr,n(arn,....ar). (3.4)
Consider the following rational map
& : A x Ly - P(AF(CY) (3.5)
(a, ) — [(&log,h,...,fk (ar,y---, afk)(zb))h Ikeﬂ]‘

Since Ly\Supp(F) 2 ]Lk\Supp(ﬁLk/ka y) is a isomorphism, one has ® = ® o 1,

outside Supp(F'), and by the fact that ]Lk is irreducible, this implies that ® also
factors through the Pliicker embedding, which is also denoted by ®. One thus has
the following commutative diagram

A x Lk
- F
1 Xy \q)\

A
A x Ly - 2= Gr(Ch

3.3 Partially resolving the indeterminacy. In this subsection, we will find
a local and linear description for ®, and use this to prove that vy partially resolves
the indeterminacies of rational map ® in the same spirit as [Brol7, Lemmata 3.6 &
3.7].

LEMMA 3.5. Fix any € > k and any N > n. For any wy € Lk, there exists an open
neighborhood Uw0 of wq such that we can define C-linear maps

& HOY, A®) — O(Uy,)
for any I € I and p =1,...,k satisfying the following conditions.

(i) Write £5(a, w) = (£](ar)(@)),, € C'. The Pliicker coordinates of ®(a,w) in
Gry,(CY) all vanishes if and only

dim Span (¢, (a,@),. .., (i(a,®)) < k.
(ii) When dim Span(€L(a,®),...,l%(a,®)) = k, one has

d(a,w) = (lo(a,d), ..., lh(a, ).
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(iii) Set y := pomoy o vk(g) € Y and define p, : (C1)¥ — (CW)¥ to be the natural
projection map, where

= {I 1| 7/(y) #0}.

Define a linear map

Pa, - A — (CHE (3.6)
a— (El(a7 wp), - 7E’f(a, 11;0))
Then one has
rank py o @, = k - #1,, (3.7)

where #1, denotes to be the cardinality of .

Proof. Set wg = v(o), xo0 = mo(wo) and thus y = p(xg). Since m = € +
(r + k)§ > k, by Proposition 2.6 there exist by,...,by € HY(Y,A™) such that
Wlog (b1, ..., b)) (W) # 0 on some neighborhood Uy, of wy in L. Pick a trivializa-

tion tower U of order k such that wg € Uy. We shrink ﬁwo such that ﬁwo C I/k,_l(Uk).
For any o € H(Y, A™), one has Vii(o) € 0(Uy), thus by abuse of notation, we also

write Vii(o) as a holomorphic function on Ug, under the pull-back vy : Ug, — Up.
It follows from Lemma 3.1 that, for any p=1,...,k, one can define

Wiogp.r (15 - bp—1,a1,bps1, ., bp) EHC (L, O, (kK —1,...,1)®(p o mo )" AF™7?)

such that

! +k)I
wlog(bb .. .,bp_l,a] . T(r ) 7bp+17 . .,bk)

= (p o Wo,k)*TTI . wllog,p,l(blv v ,bp_l, ar, bp+1, ey bk)
Indeed, locally Wfog,p,l(bh cesbpo1,ar, bpia, ..., by) is defined by
Vi(br) -+ Vi(bp-1) Vi f(ar) Vi(bp+1) -~ Vi (br)

Vi(b1) - Vi(bp-1) Vi (ar) Vi(bpsa) - Vi (br)

By the relation between wiog(e) and w{og(o) in Section 2.4 and similar arguments as
Lemma 3.2, one deduces that

wl/og,p,l(blv e ,bp_l, ar, bp-f—la ey bk)
€ HO(Ly, Ou, (k, k= 1,...,1) ® (pomos) A" @l 1 1),

where 10} ; - is the ideal sheaf of Ly, defined in Section 2.6. By (2.26), there exists
a unique holomorphic section
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(Zjlog,p,l(bly . 7bp—1; ar, bp+17 [ ,bk)
e H° (]i,k, Vi (O k—1,...,1) ® (po mos)* A 0) @ ﬁ’ﬂjk(—F’))

such that
* /o~
kalog,p,l(bb ceey bpfl, ar, bp+1, e ,bk) = F . w10g7p7[(b1, e ,bp,l,aj, bp+1, ey bk)

On [711,0, within the trivialization of i, we now define

/
o Vil (b1 byt an by, b)
filar): = il (b1, br)
E%log 1y---5Yk
;) ~
F -wlog,pJ(bl,...,bp,l,a],prrl,...,bk)
F’ '&log(blv . )bk‘)
. ajlog’p’[<b1, e ,bp_l,a[,bp+1,. . ,bk>

Wiog (b1, - -+, br)

where the second equality is due to (2.26). Hence £7(az) are all holomorphic functions
over Ug,. Consider the matrix of functions G(w) over Uy, defined by

Vit (b1) - .., Vil (bg)
G(w) = " B " ,

ViE(b1) ... ViF(bk)

then by definition, one has

li(ar) Vit r(ar) Vit r(ar)
) det G ) .
Gl T G be) : -
o 1 )
ilar)) T Vit r(ar) Vit r(ar)
For any I1,...,I; €1, on (7@0 one has
t; (ar,) ... 0p (ar,) . ~
I, : ) Iy : B kallog,ll,...,fk(all"“’a]‘"') B wlog,lh_,.71k(a11,...,alk) (3 8)
: ) : N V*wlo (bl,...,bk) N Wio (bl,...,bk) ’ '

G (ar,) ... 0§ (ar,) klog ¢

where the last equality is due to (2.26) and (3.4). This implies Lemmas 3.5(i) and
3.5(ii).

In order to prove Lemma 3.5(iii), we first observe that the linear map @y, is
block with respect to I € I. Thus set

@1 : HO(Y, A%) — CF
ar — ((i(ar)(@o), . .., f(ar)(o)).
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Note that A® generates k-jets everywhere on Y by the assumption that € > k. For

any I € I, by the definition of I, one has 7/(y) # 0, and one can therefore take
c1,...,cx € HO(Y, A%) such that the k-jets

et = (oot ) )

for any i = 1,..., k. Then

7*bi(y) = 3% (ci - T (y)
for any i = 1,..., k. It follows from Lemma 2.9 that
Brog(cr - TR e - 7R (g) = Qiog (b, - .+, by) ().
Hence
fl(cl) fl(ck) - N
reeen _ | (3.8) Wiog,1,....1(C1, - - -, Cx) (Wo)
. S . P | (@)= Wiog (b1, - -+, by) (o)
li(er) ... f(ck)
(3_2) wlog(cl : T(r+k)17 <oy Ck T(r+k)l)(u~j0)
T(y)krl : &log(blu e 7bk)(/lz)0)
1
= ———#0.
T(y)k;rl ?é
This implies that rank ¢; = k. Lemma 3.5(iii) immediately follows from that ¢z, =
@1 #1- We finish the proof of the whole lemma. O

Let us apply Lemma 3.5 to show that i)(a,o) c Ly --» Gr(Ch) is a regular
morphism for general a € A when we choose the parameters N, d, k properly.

LEMMA 3.6. Assume that N > n, 0 > (k+1)n+k. Then there exists a Zariski dense
open set Agef C Agy such that ® : Ager x Ly, — Gry(Ch) is a regular morphism.

Proof. By (3.5) the indeterminacy locus of @ is contained in the subvariety

Z = {(a,®) € A x Ly, | Qrog.1,...1.(a1,, - - ar,) (@) =0 VI,..., I € I}.

Denote pr; : A X IEk — A and pry : A X IEk — IEk to be the projection maps.
It then suffices to show that pr;(Z) C A. Fix any wy € Lg. Set wy := v (),
x = mo 1 (wp) and y = p(w). Define Zg, := Z Npry ' (10g). For the linear map defined
in Lemma 3.5(iii), it follows from Lemma 3.5(i) that

pry(Zay,) = (Pa,) (D),
where

A = {(v}, ... ,vf) € ((Cﬂ)k | dim Span(v}, .. ,vf) < k}.
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Define a linear subspace of (C)* by
A, = {(vl,...,v%) € (C)* | dim Span(vl,...,v¥) < k},

and one has A C p,'(A,), where p, : (CH* — (C™)¥ is the natural projection map.
Hence

prl(Zwo) C (Py o @wo)ilAZﬁ

and
dim Zg, < dimker(p, o ¢g,) + dim A,
=dim A —rank (p, o @g,) + dim A,
D Gim A — k41, + (k — 1)(#L, + 1)
= dimA + (k — 1) — #I,,.
Therefore,

dim Z < dim Ly, + max dim Zy,
?I)()E]Lk

<dimL; + dimA 4 (k—1) — min #I,
yey

<(k+1)n+1+4+(k—1)+dimA—(0+1)
< dim A.

Here we observe that #I, > (N_gL+§) > 041 for any y € Y when N > n. Let us

define Ager := (A\pr;(Z)) N Aym, which is a Zariski dense open set of A. By the

definition of Z, we conclude that ®(a,e) : L, — Gry(Cl) is a regular morphism for
any a € Aget- O

4 Proof of the Main Results

4.1 Associated universal complete intersection variety. @ We are now in
position to introduce the main geometric framework used during the proof of our
main result. As in [BDal8, Brol7, Denl7, BD17]| we rely on the universal complete
intersection variety associated to our problem defined by

Y = {(A, [2]) € Gry (HO(Pk, ﬁpk(a))) xPF |V PeA, P(z) = o} ,

where we fix the parameter N = k = n + 1 now. Let us write Gry := Grj (HO (IP”“,

ﬁpk(é))) for simplicity. For technical reasons, we will also need to adapt this con-

struction to the stratification on Y induced by the vanishings of the 7;’s. To do this,
let us define for any J C {0,...,k},

Py:={[z] €P* | z; =0if j € J},
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Vyi={yeY |7y =0&jecJ}
Iy:={Iel|Supp(l)C{0,...,k}\J},

and let us also consider the restricted universal complete intersection varieties

Yy = {(A,[2]) € Gry x By | VP € A, P([2]) = 0}
=% N(Gry xPy) C¥.

Let us denote by pr : # — Gry, the canonical projection, and for any J C {0, ..., k}
we set pry = pry, : ¥ — Grg. Observe that the pr; is generically finite. This
observation is crucial in the rest of the argument which highly rests on the under-
standing of the geometry of the non-finite locus of pr :

Ej:={y €% | dimypr;'(pr,(y)) > 0},
and its image in Gry:
GY :=pr;(E;) = {A € Gy, | dimpr;'(A) >0} .

4.2 Factorization through the universal complete intersection variety.
Let us now relate this universal complete intersection to our special families of
Fermat type pairs constructed in the previous sections by considering the morphism

U2 Ager X ]Ek — QGry, x PF (4.1)
(a, @) — (®(a, @), [ (p o Mo 0 M) (@), .., T (P © Mo 0 ) ()] ).
For any J C {0,...,k} let us write,
Ly = (pomos)  (Yy) and Ly := v (Lys).

Recall the definition of the (restricted) families J#; — Ager and % — Ager and
denote, for any J C {0,...,k},

Hi.; = AN (Aget X Liy)  and «92”1;,] — 0.0 (Aget ¥ L)

For any a € Agef, let us denote by Hy 7 and ﬁ&kJ the fiber above a of 77 ; and
;7 respectively. One then has the crucial factorizing property of W.

LEMMA 4.1. For any J C {0,...,k}, when restricted to %}I;J, the morphism T
factors through %; C Gry x Pk,

Proof. 1t suffices to prove that U restricted to ]Ijk. J X Ager factors through Grp x Py

and that U restricted to %”Z;; factors through #. The first claim is straightforward
to prove. For the second one, since & = ® o vy, it suffices to prove that the rational
map

Ui Ager X Ly --+ Gry x PP
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(a,w) — <(I>(a,w), {Tg((p o Tr()’k)(w)), .. ,T,:((p o 7To7k)(w)):|>

factors through % when restricted to /2.
Let us take a trivialization tower U of order k as in Section 2.4. Pick any a € Ages.
Recall that H, is defined by the vanishing of the section

T—po(a)=T —p* Z ar - TR e HOL, p*L).
[]=6
Then over Hy j, N Uy, for any 7 = 1,...,k one has

0= V(T —po(a) 2 Vi pota) = = 3 ()" - W (ar),
T
where the last equality is due to Lemma 3.1, and we denote by 7y, the pull-back of
trivialization of 7 under L to Uy. By the alternative definition of ® in Lemma 3.3,
we conclude the first claim. The second claim of the lemma follows directly from
Lemma 3.6. O

4.3 An effective Nakamaye type result. Let us denote by pry, pry the pro-
jection on the first and second factor of Gry x P¥, and let us consider the Pliicker
line bundle .#’ on Gry. By definition, one has . := Pluc* Op(ax(cr)) (1) where Pluc :
Gr, — P(A*(C")) denotes the Pliicker embedding. The use of the universal com-
plete intersection in our situation is justified by the following formula: for any d € N,
one has

V(LR Opi(—1)) = vji (O, (dK) @ (p o w0 1) ATERIT) @ g (—dF).  (4.2)

where we write LR Opx (—1) := pri.L?@pr;Opr (—1). In particular, if r > dk(s+k0d),
every global section of .Z? K Opr(—1) gives rise to a logarithmic jet differentials
vanishing along an ample divisor of Y. Of course, there may not exist such global
sections due to the presence of the negative twist pri@p:(—1). However, observe
that the line bundle ¥ is ample on Gry and the projection pr; : #; — Gry is
generically finite, therefore, pr.% = pr*.%}4, is big and nef for any J C {0,...,k}
and therefore, for d large enough, there are many global sections of the line bundle
LR Opr (—1)#, . In view of the factorization property established in the previous
section, we obtain that for any J C {0,...,k}, any integer m and any a € Agef,

B (41 (0., (@) © (9o 70,0 AMCHI ) 0 0 (~aF)
- gt (Bs(gd X ﬁpk(—l)r%)).

These considerations lead us to study the right hand side in this formula. Since
pr.Z is big and nef for any J C {0,...,k}, Nakamaye’s theorem [Nak00] on the
augmented base locus guaranties that

E; =Bi(pr5Z) = Bs(L K Opr(—1)14,)
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for d large enough. To determine an explicit bound for the values of d satisfying this
formula is critical in order to obtain an effective bound on the degree in our main
theorem. While we don’t know a bound for this exact problem, the second named
author was able in [Denl7] to obtain the following bound for a slightly weaker
inclusion sufficient for our purposes.

Theorem 4.2 ([Denl7]). Foranyd > "', and any J C {0,..., k}, the base locus
of the line bundle £* K Opr(—1),4, satisfies

Bs(ZY X Opi(—1)12,) C pr; (GF). (4.3)

Recall that G is the set of points in Gty such that the fiber of pr; : #; — Gry, is
not a finite set.

4.4 Avoiding the exceptional locus. In this section we explain how one can
control W1 (pr}l(Gf}o)).

LEMMA 4.3. For any J C {0,...,k}, when 6 > n(k+1)+1, there exists a non-empty
Zariski open subset A j C Ager such that

OGP N (A x Lyy) = @.

Proof. Take any wg € ]It.k,J. Set wog = vg(wo), = mok(wo) and y = p(zg). Then
we have I[; = I;, and we define the following analogues of %" parametrized by affine
spaces

Yy ={(Pr,..., P, [2]) € (CYF x Py | Pi([2]) = - = Pu([2]) = 0},
Yy ={(P1,..., Py, ) € (C)F x Py | Pi(z]) = -+ = Pu([2]) = 0}.

Here we use the identification C! 2 HO(P*, 0p(0)) and Cv = HO(P,, Op,(5)). By
analogy with G5, we denote by V7 (resp. V75) the set of points in (CH* (resp.

(C)*) at which the fiber in >, (resp. @Ny) is positive dimensional.
We take the linear map @g, : A — (CHF

Ga : A — (CHYF
ar— (fi(a, W), ..., M (a, 12)0))
defined in Lemma 3.5 so that, for any a € Ager, we have
<i>(a, wp) = Span(fl(a, W), - - - ,Zlf(a, ﬁ)o)).
Then we have
O7HGF) N (Ader X {@0}) = Gy (VEF) N Ader = (py © Pa,) " (V57) N Ader

Recall that we have I; = I,. Therefore
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dim (87H(GP) N (Ader x {00})) < dim ((py © Pay) " (V55))

<

< dim Va5 + dimker (py © @5, )
<dim V55 + dim A — rank (py o P5,)
= dim V55 + dim A — k#1,,.

Since
dim (V57) = dim (C)* — codim V59, ((Cﬂy)k)

= k#l; — codim (V55, (C'v)¥)

= k#l, — codim (V55, (C)*),
by putting the above inequalities together, one obtains

dim ( HGEP) N Ager x {wo}) < dim A — codim (Va7 (ChHk,
which yields
dim ( LGP N Ager x Ly, ) < dimA — codim (V55, (CW)*y + dim]ikJ.
By a result due to Benoist (see [Benll] or [BDal8, Corollary 3.2]), we have
codim (V55, (Cﬂy)k) >0+ 1.

Therefore, if
dlm]LkJ (k+1)n+1 <0+1, (44)

—1(G30) doesn’t dominate Ager via the projection Ager X ]Lk, 7 — Ager, and hence
there exists a non-empty Zariski open subset A; C Ager such that

AP N (A xLyy) = 2. 0

4.5 Proof of the logarithmic Kobayashi conjecture. = We are now in posi-
tion to conclude the proof of our first main result. With the notation of Lemma 4.3,
set

Anef = m AJa
JcA{o,...,k}

which is a non-empty Zariski open subset Ages by Lemma 4.3. Fix 6 = (k+ 1)n + k
so that the conditions in Lemmas 4.3 and 3.6 are fulfilled.

Theorem 4.4. Same notation as above. For any a € A, ., the line bundle

Vi (O, (") @ (pomop) A" HERI T @ gy (—FTUF)

is nef on Hy .
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Proof. 1t suffices to show that for any irreducible curve C C ﬁa,k, one has
C Vi (O, (8" 'K) @ (pomo) A HEHI=T) @ g (—6"1F) > 0.
By (4.2) this is equivalent to
C -0 (£ K Opr(—1)) > 0. (4.5)

Let J C {0,...,k} be such that ﬁayk,t] contains a non-empty open subset C° of C'
(there exists a unique such J). By the factorization property in Lemma 4.1, one has

U (C) C ;. Moreover, by Lemma 4.3, we see that
U(C°) N Ey C U(C°) Npr; (GF) = 2.
In particular, \I/(C) 04 prjl(Gf’]o) and therefore it follows from Theorem 4.2 applied
to m = 6! that
U(C) ¢ Bs(L%" " R Opi(~1) 1),
from which (4.5) follows at once. O

Observe that Theorem 4.4 implies the following result.

COROLLARY 4.5. Same notation as above. There exists 3,3 € N such that for any
« > 0, and for a general hypersurface D € |A=T("+K)3| denoting by Y (D) the log
Demailly k-jet tower associated to (Y, D, Ty (—log D)), the stable base locus

B(Gy, (p)(8 + ad" k) @ mf  APTO@ TR C yy (D) U g (D).

Proof. Fix any a € A¢. Observe now that there exists B,a1,...,ax q € N such that
the line bundle

:U‘Z,k (ﬁHaA ((11, ) ak)®7ré,kAﬁ)®ﬁf[ak (_qF)

is ample, where 114 1, : fj&k — Hj }, is the blow-up of the logarithmic Wronskian ideal
sheaf oy, ,. By Theorem 4.4 as well as the functorial properties for the restriction
of Wronskians in (2.10) and the blow-up of logarithmic Wronskian ideal sheaves in
Lemma 2.8, for any « € N the line bundle

(v (ru(ar, . ap+ad" 1K) @ (po mo) ATHC e )

® ﬁ]ik( —(q+ 5k_1)F)) N

THa,k

— Mz,k(ﬁHa,k(ah o ap + aék*lkl) ® Léﬁ-a(ék*lk(a—i-k(s)—r))

® 0y (= (g+3"F)
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is ample, where Ly := (p o mox)*A}m, . Recall that I:Tak is a fiber of the smooth

family ,%/’Vf — A®, where J7;° is the functorial blow-up of the universal family of log
Demailly towers of general log pairs defined in Section 2.7. Since ampleness is an
open condition in families [Laz04, Theorem 1.2.17], then by Lemma 2.8 again we
conclude that there exists an non-empty Zariski open subset A, C A® such that
for any o € Aymp, the line bundle

(V;(@Lk(ah cap+ad K )@ (po 7To,lc)*A’éw((wlk(EJrM)_r))
s k—1
® 0;,(— (g+0")F)) -
= 15 (O, (ar, g+ 08" 1K) @ LG0T kErk0) )
® 0y (= (g+0"F)

is ample. Here H,}, is the log Demailly k-jet tower of (HU,DJ,TH”(—log DU)),
Ly = (pomox)*Ain, ., and fig, : ﬁmk — H, ), denotes to be the blow-up of the k-th
log Wronskian ideal sheaf roy_,. By our construction of H,, the log pairs (H,, Do)
and (Y, D,) are isomorphic. Hence the line bundle

V]:(ﬁYk(Da)(ala ap+ aék—lk/)®7Ta<7kAB+a(5k—1k(e+k6)—r))®@>}~/k(Dd)(_(q 4 ok R

is ample as well, where we denote by }N/k (Dy) the blow-up along the Wronskian ideal
sheaf wy, (p,). In particular, its stable base locus is empty, which implies that the
stable locus

B (ﬁyk(Da)(al, o, + Oé5k_1k',) & 7TS7kA/é+a(5k71k(g+k5)—T)>

is contained in the cosupport of the logarithmic Wronskian ideal sheaf wy, p,),
which is contained in Yy (D,)s"8 U Ly i(DJ) by Proposition 2.5. Now it suffices to
take B = a; + - - -+ ax and apply the relation (1.12) to conclude that the stable base
locus of the line bundle

Oy, (p.)(B+ad" k) @ 7r6‘7kAﬁ~+a(5’“_1k(s+k5)fr)

is also contained in Y (Dy )8 U o ]1 (D,). Recall that AS is the Zariski open subset

of A" := H°(Y, A™) parameterizing all smooth hypersurfaces, where we recall m :=
€+ (r + k)6. Aamp therefore parametrizes a general hypersurface in [A™|, whence
the result. O

From Corollary 4.5 the first statement of our main theorem follows at once.

COROLLARY 4.6. Let Y be a projective manifold of dimension n > 2, and A a very
ample line bundle over Y. Then for any

m > (Tl2 +3n 4+ 1)n+3 oo 63n2n+67

if D € |A™| is a general smooth hypersurface, then Y\ D is hyperbolically embedded
inY.
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Proof. Recall first that a result of Green [Gre77] guaranties that if D is a smooth
hypersurface in Y such that D and Y\ D are both Brody hyperbolic, then Y\ D is
hyperbolically embedded. Moreover, under the assumption of the corollary, it was
established in [Brol7, Denl7], that D is (Brody) hyperbolic, therefore it remains to
prove that Y\ D is Brody hyperbolic. To see this we will just give an explicit bound
on the degrees € + (r + k)é covered by Corollary 4.5. Therefore recall that we have
k=n+1, and take § = (k+ 1)n+ k = n% + 3n + 1 and set

ro = 0" 16 +1)% = (n2 4 3n + 1)"(n% + 3n + 2)%
By the basic inequality
k(k+6—14k6) < (6 +1)% (4.6)
one can show that any m > (rg + k)d 4+ 26 can be written in the form
m=c+(r+k)o

with k <e <k+6—1, and r > §* k(e + k6). In particular, applying Corollary 4.5
for « large enough and applying Theorem 1.4, we see that for general hypersurface
D € |A™|, Y\D are Brody hyperbolic. In order to obtain an explicit bound on m it
then suffices to give a bound on (rg + k)d + 20:

(ro+ k) +25 = (" 16+ 1)+ k+2)5
< (n + 2)n+3(n + 1)n+3 ~noo e3n2n+6' 0O

4.6 Application to value distribution theory. In this section, we show how
Corollary 4.5 allows us to obtain a result in Nevanlinna theory. Let us recall the main
definition used in Nevanlinna theory and refer the reader to the book [NW14] for
a detailed presentation. Let X be a projective manifold and let A be an ample line
bundle on X endowed with a smooth hermitian metric h whose curvature tensor
V=10, 4 satisfies \/—71@;1, A = w for some Kéahler form w. For any entire curve
f:C — X, the Nevanlinna order function is defined by

T dt .
e a)= [ [ e,

where A(t) is the disc of radius ¢ in C. For any simple normal crossing divisor D
such that f is not contained in D, and for any k € N* U {oco} one sets

ngck)(t,D) = Z min{k, mult,(f*D)} for any t >0,
|z|<t
where mult,(f*D) denotes the multiplicity of f*D at the point z. For k = oo one
just writes ng(t, D). One then defines the truncated counting function at order k by

k "k
NW(r, D) ;:/1 A, Dydt, > 1.
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In the case k = oo we simply write Ny(r, D) and call it Nevanlinna’s counting
function. One of the purpose of Nevanlinna theory is to compare the order function
and the counting functions. If for instance D € |A| then it is known that for all
r > 0, one has

Nf(T', D) < Tf(’l”, A) + O(l),

where O(1) is some bounded function. The so called “Second Main Theorems” are
inequalities in the opposite direction of the form

Tf(TvKX)+Tf(T7A)ng(T’D)—FSf(T) ||7

where S¢(r) is a small term compared to Ty(r, A), and where || means that the
inequality holds outside a set of finite Lebesgue measure in R™. Those inequalities are
mainly conjectural and we refer to [NW14] for a detailed account on the main known
second main theorem type results. In the rest of this section we will consider the
following weaker version of the Second Main Theorem, which consists in establishing
inequalities of the form

T¢(f, A) < eNg(r, D) + S¢(r) ||

for some constant c¢. The theory of jet differentials provides a direct way to produce
such inequalities. This relies mainly on the lemma on logarithmic derivatives and
appears in several places in the literature more or less explicitly (see e.g. [Yaml5h,
Corollary 4.9]). Here we will apply the following precise statement recently estab-
lished in [HVX17, Theorem 3.1].

LEMMA 4.7. Let (X, D) be a smooth logarithmic pair, and let A be an ample line
bundle on X. For any positive integers k, N, N', for any global jet differential P €
HO (Y, E,?](\;,QX(log D) ® A_N,), and for any entire curve f : C — X which is not
contained in Supp(D), if f*P # 0, then there exists a constant C' such that
N
Tp(r, 4) < 47 NW(f, D)+ C(log Ty(r,L) +logr) | (4.7)
Here the symbol || means that the inequality holds outside a Borel subset of (0, +00)
of finite Lebesgue measure.

Let us mention that in [HVX17] the authors only state their result in the case
X =P", but this restriction is unnecessary.
As an immediate consequence of Lemma 4.7 we obtain the following.

COROLLARY 4.8. Let (X, D) be a smooth log pair, and let A be an ample line bundle
on X. Let mo i, : X, (D) — X be the log Demailly tower associated to the pair (X, D).
For any positive integers k, N, N', if the stable base locus

B(Ox,(0)(N) @ w5, A™N') € Xp(D)™8 |y 1 (D),
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then, for any entire curve f : C — X not contained in Supp(D), one has

N

Ty(r,A) < w7 - NO(f. D) + C(log Ty (r, A) +logr) . (4.8)

It now suffices to combine this result with Corollary 4.5 to obtain a Second Main
Theorem type result for general log pairs.

COROLLARY 4.9. Let Y be a projective manifold of dimension n > 2, and let A be
a very ample line bundle over Y. If D € |A™| is a general smooth hypersurface with

m > (TL + 2)n+3(n + 1)n+3 ~n—soo €3n2n+6’

then for any entire curve f : C — Y not contained in Supp(D), there exists C' € R
such that

Ty(r,A) < NO(f, D) + C(logTy(r,A) +1logr) ||

Proof. Let us take k =n+ 1,0 = (k+ 1)n+k =n?+3n + 1 and set

ro =0 +F Lo+ 1)2 =056+ 1) <5 + g) .

By (4.6) one can prove that any m > (rg + k)0 + 2J can be written in the form
m=c+ (r+k)o

with k < e < k+6—1, and r > 6" 1k + ¥ k(e + kd). In particular, applying
Corollary 4.5 for o > 0 such that —(3 — a(6* k(e 4+ k) — r) > 0 and applying
Corollary 4.8 we see that for such m, general hypersurface D € |A™| and for any
entire curve f: C — Y not contained in Supp(D), there exists C € R such that

B+ st 1K

Ty(r4) < —B — a6k k(e + k6) — 1)

-NW(f, D)+ C(log Ty(r, A) +logr) |-

However,

B+ st 1K k=1
= —a—00
Tk T k0 1) O T O TR+ D)

<1.

Therefore, in order to complete the proof, it now suffices to give a bound on (r¢ +
k)d + 24:

(ro + k)6 + 26 = <5’H(5+1) <5+g> +k+2>6

< (n + 2)n+3(n + 1)n+3 gn—wo e3n2n+6. 0
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4.7 Orbifold hyperbolicity and hyperbolicity for the cyclic cover. The
orbifold introduced by Campana arises naturally in his study of the birational clas-
sification of varieties in [Cam04]. One can also generalize the definition of Kobayashi
hyperbolicity and the tools of jet differentials to orbifolds, which were first studied
by Rousseau in [Roul0]. We refer the readers to the very recent paper [CDR18] for
the hyperbolicity and orbifold jet differentials in the orbifold category. In this last
section, we will apply Corollary 4.5 to prove the orbifold hyperbolicity for general
orbifolds. From [CDR18] one can easily derive the following lemma.

LEMMA 4.10. Let Y be an n-dimensional projective manifold, and let D be a smooth
hypersurface of Y. Then for the Campana orbifold (Y,A) := (Y, (1 — L)D) where
m € N*, one has natural inclusions

N
Eg§Qy (log D) @ Oy <— M D> — E{Qya — B Qy (log D)

where E,S]%QY,A is the orbifold jet differential of degree k and weight N defined in
[CDR18].

Proof. Take any open subset of U C Y with local coordinates (z1,...,2y) such that
DNU = (21 =0). By Lemma 1.1, for any j € N, d;—lzl is a logarithmic jet differential
and moreover, E]S’]C\;,Qy(log D) is the locally free sheaf generated in local coordinates
by elements

1
ﬁ(dlz)al(d%)o‘z"-(dkz)a’“ ,
Z?1+.A.+ak

|ot |[+2]| s |+ +k|ak|=N

where o = (a]l, ...,a}) € N". By [CDRIS, §2.3] EFGQy A is the locally free sub-
sheaf of Ej nQy (log D) generated in local coordinates by elements

"a%min(l,n1)+~4+ka}cmin(k,m)—‘ 1
P2 " e (d' ) (d?2) 2 - - (dF2)

al+al
1

|y |42 |+ +k|ag|=N

The lemma then follows immediately from the obvious inequality

{a%min(l,m) + m—l— kza}gmin(k,m)" < [g]

. O
m

Now let us combine Lemma 4.10 with Corollary 4.5 to prove the orbifold hyper-
bolicity.

COROLLARY 4.11. Let Y be a projective manifold of dimensionn > 2, and A a very
ample line bundle over Y. Then for any

m > (n + 2)n+3(n + 1)n+3 ~n—oo 63n2n+67

if D € |A™| is a general smooth hypersurface,
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(i) the orbifold (Y,A) := (Y, (1 — L)D) is orbifold hyperbolic.
(ii) For the cyclic cover m : X — Y obtained by taking the m-th root along D, X
is Kobayashi hyperbolic.

Proof. As in the proof of Corollary 4.9, we take k = n+1, § = (k+1)n+k = n?+3n+1

and
3

ro = 0" 16 +1) (5+ 2) .

Then by the computations therein and Corollary 4.5, for any general smooth hyper-
surface D € |A™| with

m > (n+2)""(n+1)"*,
we can take o > 0 so that
N:=8+ad* 'K < N := - — (6" k(e + ko) — 1)
with
B(0y,(p)(N) @ 75, A™N') € Yi(D)™8 Uy (D).
By (1.13), for any ¢ > 0 one has sufficiently many log jet differentials in Ej, ;n$2y

(log D) ® Oy (—¢N'A) in the sense that, for any germ of curve v : (C,0) — (Y\D,y)
whose k-jet jxy(0) # 0, there always exists a logarithmic jet differential

P e H(Y, B nQy (log D) @ Oy (—(N'A))

with P(jxy)(0) # 0. By the inclusive relation in Lemma 4.10, one also has sufficiently
many orbifold jet differentials in

N
ErinQya(log D) ® Oy (-ﬁN’A + Vmw D)

(N
= Ek,gNQKA(IOg D) ® Oy ((—EN/ +m ’Vm-‘> A> .
Take ¢ divisible enough (i.e. m | £) and one thus has

EN’—mVN-‘ >0

m

which implies the orbifold hyperbolicity of (Y, A) by the fundamental vanishing
theorem in the orbifold setting (cf. [CDR18, Corollary 3.11]). Hence the first claim
is proved.

To prove the second statement, since X is compact, it is equivalent to show that
X is also Brody hyperbolic. To prove this, we assume that there exists an entire
curve f: C — X on X, and the contradiction is derived immediately by observing
that 7o f : C — Y is an orbifold entire curve with respect to the orbifold (Y, A),
whereas (Y,A) is orbifold hyperbolic by the first claim. This proves the second
claim. O
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Let us mention that in Corollaries 4.6, 4.9 and 4.11 we made an approximation in
order to give readable bound. In all cases, as is clear from the proof, we could obtain
a slightly better bound. The fact that the same bound appears in Corollaries 4.6
and 4.9 is due to this approximation. In fact, our method would provide a slightly
better bound in Corollary 4.6 than that in Corollaries 4.9 and 4.11.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.
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