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KAHLER-EINSTEIN METRICS ALONG THE SMOOTH
CONTINUITY METHOD

VED DATAR AND GABOR SZEKELYHIDI

@ CrossMark

Abstract. We show that if a Fano manifold M is K-stable with respect to spe-
cial degenerations equivariant under a compact group of automorphisms, then M
admits a Kahler—Einstein metric. This is a strengthening of the solution of the Yau—
Tian-Donaldson conjecture for Fano manifolds by Chen-Donaldson—Sun (Int Math
Res Not (8):2119-2125, 2014), and can be used to obtain new examples of Kéhler—
Einstein manifolds. We also give analogous results for twisted K&hler-Einstein met-
rics and Kahler—Ricci solitons.

1 Introduction

Let M be a Fano manifold of dimension n. A basic problem in Ké&hler geome-
try is whether M admits a Kéhler—Einstein metric. The Yau—Tian—Donaldson con-
jecture [Yau93,Tia97,Don02], confirmed recently by Chen—Donaldson—Sun [CDS14,
CDS15a,CDS15b, CDS15¢], says that M admits a K&hler—Einstein metric if and only
if it is K-stable. In general it seems to be intractable at present to check K-stability
since in principle one must study an infinite number of possible degenerations of M
to Q-Fano varieties. One goal of this paper is to study some situations with large
symmetry groups, where the problem reduces to checking a finite number of possi-
bilities. This can then be used to yield new examples of Kahler—Einstein manifolds.

Suppose then that a compact group G acts on M by holomorphic automor-
phisms. Our main theorem is the following equivariant version of the result of Chen—
Donaldson—Sun.

Theorem 1. Suppose that (M, K]\_j) is K-stable, with respect to special degen-
erations that are G-equivariant. Then M admits a Kahler—Einstein metric.

Here a G-equivariant special degeneration is a special degeneration X — C in
the sense of Tian [Tia97], together with a holomorphic G action which commutes
with the C*-action, preserves the fibers, and restricts to the given action of G on
the generic fibers X; = M for t # 0. We also obtain an analogous result for Kahler—
Ricci solitons, and their twisted versions; see Definition 9 for detailed definitions,
and Proposition 10 for the most general result.

An important special case is when G is a torus. In particular if M is a toric
manifold, and G = T™" is the n-torus, then Proposition 10 implies that we only need
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to check special degenerations of the form X = M x C to ensure the existence of a
Kahler—Einstein metric or Kdahler—Ricci soliton on M. In particular this recovers the
result of Wang—Zhu [WZ04] showing that all toric Fano manifolds admit a Kéhler—
Ricci soliton. In addition we can recover the result of Li [Lil1] on the greatest lower
bound on the Ricci curvature of toric Fano manifolds.

A more interesting situation is when G = T"~!, i.e. M is a complexity-one T-
variety. In this case it is possible, in concrete examples, to check all G-equivariant
special degenerations of M, and as a consequence we can obtain new examples of
threefolds with Kéahler-Einstein metrics and K&hler—Ricci solitons. Work of Ilten—
Siiss [IS] shows that we obtain five new Kéhler-Einstein threefolds. To our knowledge
these are the first examples where K-stability is used to obtain new Kéahler—Einstein
manifolds.

Our method of proof of Theorem 1 is to use the classical continuity path

Ric(wy) = twr + (1 — t) (1)

for t € [0, 1] proposed by Aubin [Aub84], and its analog for Kahler—Ricci solitons
studied by Tian-Zhu [TZ00], and to show that if we cannot find a solution for ¢ = 1,
then there must be a G-equivariant destabilizing special degeneration. In particular
we obtain a new proof of the result of Chen-Donaldson-Sun [CDS15¢]|, without using
metrics with conical singularities. At the same time our arguments are analogous to
those in [CDS15c¢|, using also the adaptation of some of those ideas to the smooth
continuity method in [Szel6].

A key advantage of the smooth continuity path is that it allows one to work
in a G-equivariant setting. In contrast, in [CDS15¢| one considers Kéhler-Einstein
metrics singular along a smooth divisor D C M, and such a divisor can not be G-
invariant unless G is finite (see Song-Wang [SW, Theorem 2.1]). The disadvantage
of the smooth continuity path is that in effect one must consider pairs (V, x) of a
variety V' together with a possibly singular current x, as opposed to pairs (V, D) of a
variety and a divisor. In [CDS15c¢| a destabilizing special degeneration is obtained by
applying the Luna slice theorem, and for this we must restrict ourselves to a suitable
finite dimensional variety rather than the infinite dimensional space of currents. For
this the basic idea is to approximate a current y by a sum of currents of integration
along divisors.

A brief outline of the paper is as follows. In Section 2 we collect some basic def-
initions and results on twisted Kahler—Ricci solitons. The proof of the main result,
Proposition 10, will then be given in Section 3. We give some examples of the ap-
plications of our results to toric manifolds and other manifolds of large symmetry
group in Section 4. In Section 5 we discuss how to adapt the methods of [Szel6] and
[PSS] to obtain the partial C’-estimates along the continuity method for solitons. A
crucial point is the reductivity of the automorphism group of the limiting variety.
This essentially follows from the work of Berndtsson [Berl5] as used in [CDS15¢],
but since we did not find the exact statement that we need in the literature, we give
a brief exposition in Section 6.
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2 Twisted Kahler—Ricci Solitons

Suppose that W is a Q-Fano variety, with log terminal singularities. In particular a
power K7y, of the canonical bundle on the regular set Wy extends as a line bundle
on W. We say that a metric h on K ;V(lJ is continuous on W, if the induced metric on
Ky extends to a continuous metric on Ky Fixing an open cover {U;} and local
trivializing holomorphic sections o; of K‘;T\Umwo, we will write

|Ui’%ﬂ - 6—7"¢i’ (2)

for continuous functions ¢; on U;. We will write the metric h simply as e~? following
the notation in Berndtsson [Ber15]. In particular e~ defines a volume form on Wp,
given in a local chart U; by

(o N T (3)

€_¢ = ‘Ui

The log terminal condition says that this volume form has finite volume. We write
wg for the curvature current of the metric e~? on Wy, so in our local charts we =
vV/—100¢;. Since the potentials ¢; are locally bounded, by Bedford-Taylor [BT76]
we can form the wedge product we, which defines a measure on Wy, and also on
W extending it trivially. The metric hy is a weak Kéhler-Einstein metric if wy is a
Kahler current, and we have

e = up. (4)

Berman and Witt-Nystrom [BN] have studied the analogous notion of weak
Kahler—Ricci solitons. Suppose that v is a holomorphic vector field on W(, whose
imaginary part generates the action of a torus 7" on W (see Berman-Boucksom-—
Eyssidieux—Guedj—Zeriahi [BBEGZ, Lemma 5.2] to see that one obtains an action
on W). A Kihler-Ricci soliton on (W,v) is a T invariant continuous metric e~?,
smooth on Wy with positive curvature current wy satisfying

e ? = 69’”wg. (5)

Here eevwg is a measure defined in [BN] for general ¢. If ¢ is smooth, then 6, is

simply a Hamiltonian function for the vector field v, satisfying

Lywy = v/—1900,, (6)

/ eevwg :/ wy =V. (7)
W(] WO

In particular 6, depends on ¢. For continuous metrics hg (or more general metrics
with positive curvature current), the measure constructed in [BN] still satisfies the

with the normalization
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normalization (7). In addition by [BN, Corollary 2.9] we have some fixed constant
C' (depending only on M, v), such that

C_lwg < ee“wg < Cuwy. (8)

We now use this to define the twisted analogs of Kédhler—Ricci solitons, which arise
naturally along the continuity method. Suppose that e~¥ is another metric on Kﬁ%

which in our local charts is given by plurisubharmonic functions v; € L}, (U; "W).

DEFINITION 2. For t € (0,1) we say that the pair (W, (1 — t)v) is klt, if in each
chart U; N Wy the function e~ ¥¢ is integrable, with respect to the volume form
(0; AG;)~Y". We will on occasion write (W, (1 — t)wy) for the pair, where as before
wy, Is the curvature of e .

Equivalently we can think of e 7#*~(1=9% a5 a volume form on Wy with e~¢ being
a continuous metric as above. The klt condition is then

/W et (1Y < oo, (9)

DEFINITION 3. A twisted Kadhler—Ricci soliton on the triple (W, (1 — )i, v), where
v is a holomorphic vector field as above, is a continuous metric e~% such that

et = fogn, (10)

This equation is interpreted as an equality of measures on Wy, and in particular e~?
here need not be smooth on Wy, so e wy is the measure defined by Berman—Witt—
Nystréom [BN]. Note that the existence of such a metric implies that (W, (1 —t)v) is
klt. When t = 1 or v = 0, we will simply omit the corresponding term in the triple.
So we can talk about a K&ahler—Einstein metric on W, a twisted Kéhler—Einstein
metric on (W, (1 — t)v), or a Kdhler-Ricci soliton on (W, v).

REMARK 4. If W, ¢, 1) are smooth, then the twisted Kahler—Ricci soliton equation
is equivalent (up to adding a constant to ¢) to

Ric(wg) — Lywg = twy + (1 — t)wy, (11)

which is the natural continuity path for finding Kahler—Ricci solitons, used by Tian—
Zhu [TZ00] for instance.

Even when W is normal and ¢ is only continuous, it is useful to have an equation
for twisted Kéhler—Ricci solitons in the form (11). For this the extra condition needed
is that the measure eevwg defines a singular metric e=” on Ky, with 7 € Llloc. Then
¢ defines a twisted Kéhler—Ricci soliton on (W, (1 — )y, v) if

wr = twg + (1 — t)wy, (12)

where w; is the curvature of e™”. Note that by an argument similar to Berman—
Boucksom—Eyssidieux—Guedj—Zeriahi [BBEGZ, Proposition 3.8], if e~7 is only de-
fined outside a closed subset S C W with (2n — 2)-dimensional Hausdorff measure
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A2n_2(S) = 0, and Equation (11) holds on W'\ S, then e~? is a twisted Kihler-Ricci
soliton. Indeed in this case e~ extends as a singular metric with positive curvature
current over all of W (see Harvey—Polking [HP, Theorem 1.2], Demailly [Dem85]),
and then (12) implies that up to modifying ¢ by a constant, we must have

60”0);; — e T = 6—t¢>—(1—t)1/;’ (13)

since (12) implies that f = 7—t¢—(1—1)1 is a global L' function with v/—199f = 0
on W.

We need the following result, generalizing the classical results of Bando-Mabuchi
[BM85] and Matsushima [Mat57], which are essentially contained in Berndtsson
[Ber15], Boucksom-Berman-Eyssidieux-GuedjZeriahi [BBEGZ], Berman-Witt—
Nystrom [BN] and Chen-Donaldson-Sun [CDS15¢] (see also Yi [Yi]). We will give
an outline proof in Section 6.

PROPOSITION 5. Suppose that e~?, e~ are two twisted Kéhler-Ricci solitons on
(W, (1 = t)1p,v). Then there exists a holomorphic vector field w on W, commuting
with v and satistying t,,wy, = 0, such that the biholomorphisms F; : W — W induced
by w satisfy F}(wg,) = wg,. In addition Ly ,wg = 0.

DEFINITION 6. For any triple (W, (1 — t)i,v) we define the Lie algebra
Wy = {w e H(TW) : 1wy =0 and [v,w] = 0}. (14)

As before, we may omit ¢ or v from the notation if t = 1 or v = 0. In particular
gw = HY(TW). We will also write gw.s = gw,y if 8 = wy is the curvature of e V.
Using a projective embedding into PV, we can realize gw,p,0 as a subalgebra of
sl(N +1,C).

Note that for example gy, is trivial if wy, is strictly positive and ¢ < 1. In fact
Berndtsson [Berlb, Proposition 8.2] implies that if e~V is integrable, then gw,y 18
trivial. In our application, when (W, (1 —¢)¢) is klt, e~ (1=D% will be integrable, but
e~ ¥ will typically not be.

Note also that the Lie group with Lie algebra gy, will usually be strictly smaller
than the identity component of the group of biholomorphisms of W preserving wy.
The difference comes from the fact that if v is a real vector field then L,wy; = 0
does not imply L j,wy = 0 for the complex structure J, whereas our Lie algebra
above is automatically closed under multiplication by +/—1. On the other hand
when wy = [D] is the current of integration along a divisor, then gy, coincides
with the vector fields on W parallel to D. Indeed ¢,[D] = 0 is equivalent to v being
parallel to D along the smooth part of D.

The following theorem generalizes [CDS15¢, Theorem 6], which in turn is a gener-
alization of Matsushima’s theorem [Mat57] on the reductivity of the automorphism
group of a Kéhler—Einstein manifold. We will give the proof in Section 6.
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PROPOSITION 7. Suppose that (W, (1 — t)y,v) admits a twisted Kéahler—FEinstein
metric e~?. Then 9w, Is reductive. In addition if G is a group of biholomorphisms
of W, fixing wg and v, then the centralizer (gWﬂ/,,U)G is also reductive.

We finally recall some properties of the “twisted” Futaki invariant, generalizing
the log-Futaki invariant in [CDS15¢] and the modified Futaki invariant of Tian—
Zhu [TZ00]. We will say that a metric e~® is smooth on W if it is the restriction
of a smooth metric under a projective embedding of W. This is, in particular, a
stronger condition than just requiring e~® to be smooth on Wy. In practice we will
simply take the restriction of a suitable scaling of the Fubini—Study metric. For such
a smooth metric e=? on W we define

1—1t
Fut(y_s)y (W, w) = Fut,(W,w) — —— [/ Hw(ee” -1) wg
w

—|—n/9 wp — wg) AWl } (15)

where Fut, (W, w) is Tian—Zhu’s modified Futaki invariant, which we write in the
form

1 n ¢
Futv(W,w) = V /W Qwee” UJ¢ — W (16)

This is shown to be equivalent to Tian—Zhu’s definition in terms of the Ricci poten-
tial, by He [He] (see Ding—Tian [DT, Section 1] for properties of the Ricci potential
for metrics of the form wy on singular varieties). One can check by direct calculation
that our definition of the twisted Futaki invariant is independent of the choice of
smooth metric e~?, remembering that Lwwy = 0.

We will on occasion write Fut(;_y),,, , instead of Fut(;_s)y ,, when the curvature
of =¥ is more natural. We will need the following:

ProposITION 8. If (W, (1 — t)y,v) admits a twisted Kdhler—Ricci soliton, then
Fut(i gy, (W,w) =0 (17)
for all w € W

If W were smooth, and the twisted K&hler—Ricci soliton had smooth potential,
then this would follow directly from the definitions. In general we obtain the result
by relating the twisted Futaki invariant to the twisted Ding functional, and using
that the twisted Ding functional is bounded below if there exists a twisted KR-
soliton. This is analogous to an argument in [CDS15c¢], and the proof will be given
in Section 6.

Twisted stability. Suppose now that M is a smooth Fano manifold, with a holomor-
phic vector field v such that Im v generates a torus 7. Suppose that G is a compact
group of automorphisms of M, containing 7. We embed M C P using G-invariant
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sections of KA_/[” for some m. Let o = %UJF5| M, which we can write as the curva-
ture of a smooth metric e=%« on K]\_/[1 in the notation above. This metric will then
be G-invariant. It was shown by Dervan [Der| that twisted K-stability is a neces-
sary condition for the existence of a twisted KE metric on (M, (1 — t)a), while a
corresponding stability notion for Kahler—Ricci solitons was developed by Berman—
Witt-Nystrom [BN]. We can combine these ideas to obtain a stability notion for
twisted Kahler—Ricci solitons as follows.

The vector field v on M is the restriction of a holomorphic vector field on P¥,
which we will also denote by v. The imaginary part Imv corresponds to a matrix in
u(N + 1), with eigenvalues p;, so that v has Hamiltonian function

2
0, = M (18)
> 1Zif?
for suitable homogeneous coordinates Z;. We assume that 6, is normalized as before
(i.e. ¢ has average 1 on M).

Under our embedding the group G above can be thought of as a subgroup of
U(N + 1). Suppose that we have a C*-action A C GL(N + 1, C)%, generated by a
vector field w on PV, where GL(N + 1,C)% denotes the centralizer of G. Suppose
that the central fiber W = lim;_,0 A(f) - M is a Q-Fano variety. We can also take the
limit

B =lim A1) o, (19)

which is a closed positive current on W. The C*-action A defines a special degenera-
tion (in the terminology of Tian [Tia97]), and its twisted Futaki invariant is defined
to be

Fut(1_4)aw(M,w) = Futq 45, (W, w), (20)

again omitting a, 3 or v if t = 1 or v = 0. Here we are using the metric %WFS
restricted to W for defining the twisted Futaki invariant.

DEFINITION 9. We say that the triple (M, (1—t)c, v) is K-semistable (with respect to
G-equivariant special degenerations), if Fut(;_y) (M, w) > 0 for all w as above. The
triple is K-stable if in addition equality holds only when (W, (1—t)(3) is biholomorphic
to (M, (1 —t)a), i.e. the pairs are in the same G'LY-orbit.

The terminology more consistent with existing literature would be “twisted mod-
ified K-polystable”, but we hope no confusion is caused by simply using the ter-
minology “K-stable”. Dervan [Der| showed that if (M, (1 — t)«) admits a twisted
Kahler-Einstein metric then it is K-stable, while Berman—-Witt—Nystrom showed
that if (M, v) admits a Kéhler—Ricci soliton, then it is K-stable in the sense of the
above definition. We expect that one can combine the arguments to show that if the
triple (M, (1 —t)a, v) admits a twisted Kahler—Ricci soliton, then it is K-stable, but
we will not pursue that here. Our main result is a result in the converse direction,
the proof of which will be given in Section 3.
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ProproSITION 10. If (M, (1 — s)a,v) is K-semistable for all G-equivariant special
degenerations, then (M, (1 — t)a,v) admits a twisted Kédhler—Ricci soliton for all
t < s. In addition if (M, v) is K-stable, then (M, v) admits a Kdhler—Ricci soliton.

Note that we also expect that if (M, (1 —t)a,v) is K-stable, then (M, (1 —t)a,v)
admits a twisted Kéhler—Ricci soliton, however this does not quite follow from our
arguments.

A key ingredient in our arguments is a comparison of the twisted and untwisted
Futaki invariants and from (15) it follows that

Fut () _ya0 (M, w) = Fut, (M, w)

1—-1 n n—
T [/Wew(ee’“ - 1wy —I—n/Wﬁw(ﬁ—wd,)/\wd) (21

Recall here that (W, 3) is the limit of the pair (M, «) under the C*-action generated
by w. The following result builds on work in [LS] and Dervan [Der].

ProrosiTION 11. Using the same setup as above, we have the formula
V/ n—|—1w¢—nﬁ}/\wg 1_mmz}xe (22)

Here wy is the restriction of 1 swrs to W, and 0,, is the corresponding Hamiltonian
function for w.

We will give the proof below, after Lemma 12. For now note that as a consequence
we have

1—t .
Fut(1_y)a,0 (M, w) = Fut, (M, w) + S /W(mV%X Oy — 0ry) €% Wy (23)

In particular the difference is always positive, and is equal to zero only if 6, is
constant on W, i.e. if we had a trivial degeneration. Note also that the right hand
side is independent of the choice of metric & on M, however as discussed in [Szel3]
(and can be seen from the proof below), if one replaces a by the current of integration
along a divisor, leading to the notion of log K-stability used in [CDS15¢], the twisted
Futaki invariant might drop for special divisors.

For the proof of Proposition 11, and also for later use we will need to represent
« as an integral of currents of integration along divisors on M. The formula (22)
is invariant under scaling wy and wy, and so to simplify notation we will assume
that the cohomology classes [a], [wg] coincide with the classes of the hyperplane
divisors M N H,W N H. In particular we then have V' = 1. We will also normalize
the Fubini-Study metric wrg on PV to represent the same cohomology class as [H].

Let us write PY* for the dual projective space of hyperplanes. Since « is the
restriction of wrg to M, we have (see e.g. Shiffman—Zelditch [SZ99])

a= /P M H)dp(H), (24)
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where dp is simply the Fubini-Study volume form, scaled to have volume 1. It follows
that the limit 5 = lim;—0 A(t)«« is given by

g= [ W Ho]du(H), (25)

where for each hyperplane H we wrote
Hy = }in% A(t) - H. (26)

In this formula for the limit 3 it is important that W is not contained in a hyperplane,
otherwise we would not necessarily have the relation

Hm A1) - (M N H) = (Pﬂ% A(t) - M) N Qii% A(t) - H) (27)

used above. It follows that

/ BB AT = / / 6 s du(H). (28)
w PN JWNH,

A key point is that there is a subspace P, C PV", depending on w, such that for
all H ¢ P, the integral

/ O Wit (29)
WnNH,

has the same value. The following lemma gives a formula for this integral, and in
particular shows this independence. This formula is essentially contained in [LS,
proof of Theorem 12], and was made more explicit by Dervan [Der].

LEMMA 12. Let us normalize the Fubini-Study metric so that [wrs] = [H] in
H?(PY). Then there is a subspace P, C P"" such that for H ¢ P,, we have
1
/ O wiis = / [(n +1)6,, — max Hw] Whg- (30)
WNH, nJw w

Proof. Let us write R = € Ry, for the graded coordinate ring of W. In suitable
homogeneous coordinates the function 6, on PV is given by

> kil Zil?

() = S (31)
where the p; are the weights of the C*-action A(¢) induced by 6,,, on the linear
functions R;. For a generic hyperplane H, the limit Hy = lim;_,o A(¢)- H has equation
Zmaz = 0, where fi,,q, is the largest weight (if there are several equal largest weights,
then Z,,,, can denote any of the corresponding coordinates). Indeed this is the case
for all hyperplanes not passing through the set where 0,, achieves its maximum. This
can be seen from the fact that the effect of acting by A(¢) as ¢ — 0 is the same as
flowing along the negative gradient flow of 6,,.
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Denoting by S = @ Sy the graded coordinate ring of W N Hy, we have S =
R/Zmaa R, ie. Sk = Ri/ZmazRi—1. Let us write wy for the total weight of the
action A on Ry, and wj, for the weight of the action on Sj. From the equivariant
Riemann-Roch theorem we have

dim iy =1 [ “Es o) (32)
w .
and
wy = k" / b LS ek + Ok ) (33)
w mn.

for some constant c. Similarly

n—1

w! :k:”/ O —FS_ L O(k" 1. 34
k WnH, (TL _ 1)| ( ) ( )

From the description Sy = Ri/ZmazRr—1 we get

/ .
Wy, = W, — Wg—1 — Hmax dim kal

n wn n wn
=(n+1k /W ewﬁ — limazk Wﬁ. (35)

Combining this with (34) we get

_ 1
[ w2 [ 100 — ] s (36)
WNH, nJw
The fact that W is invariant under the action of A(t) and not contained in a hyper-
plane implies that maxyy v = timer = Maxpy u. O

Proposition 11 follows from this lemma together with the formula (28). Indeed,
the lemma together with (28) implies that

n—1 __ 1/ . n
/W O BAWhg = . [(n—i— 1)0y mﬁ}x@w} wpg, (37)

since the set of hyperplanes in P, has measure zero. At the same time, the metric
we in (22) is taken to be %ng. We then need to scale 6,, by the same factor as
well, and possibly add a constant to have the correct normalization. Equation (37)
remains valid after these scalings, and Proposition 11 follows directly from this.
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3 Proof of the Main Result

In this section we give the proof of our main result, Proposition 10. The setup is
that we have a smooth Fano manifold M with the holomorphic action of a compact
group G. We have a G-invariant K&hler metric a € ¢1(M), and for simplicity we
assume that « is the restriction of %wFS to M, under an embedding M c PN»
using a basis of sections of K", for some m > 0. We are also given a vector field
v on M, invariant under the action of G. In order to find a Kéhler—Ricci soliton on
(M,v) we try to solve the equations

Ric(wy) — Lywy = twy + (1 — ), (38)

for t € [0, 1]. From Zhu [Zhu00] we know that there is a solution for ¢t = 0 and by
Tian—Zhu [TZ00] the possible values of ¢ form an open set. We therefore have a
solution for ¢ € [0,7") and we need to understand the limit of a sequence of solutions
ast —T.

3.1 ThecaseT < 1. We first focus on the case T' < 1, and we assume that the
triple (M, (1 — $)t4,v) is K-stable with respect to G-equivariant special degenera-
tions, for some s € (T, 1], We show that in this case the continuity method cannot
blow up at time 7', i.e. we can solve our equation for ¢t =T as well. The strategy is
the same as that in [CDS15c].

We first show that along a sequence t; — T, the Gromov-Hausdorff limit of
(M,wy,) has the structure of a Q-Fano variety W, together with a metric ¢ on
Ky, and a vector field v such that the triple (W, (1 — T')9,v) admits a twisted
Kahler—Ricci soliton. We then need to show that W is the central fiber of a special
degeneration for M. One difficulty, when comparing this to the analogous result in
[CDS15¢], is that we are not able to show that the pair (W, (1 — T")%) is the central
fiber of a special degeneration for (M, (1 — T")1,) since we are not able to use the
Luna slice theorem on the infinite dimensional space of pairs consisting of a variety
and a positive current. Instead we use an argument approximating « with a convex
combination of hyperplane sections.

The key ingredient to understanding the Gromov—Hausdorff limit of a sequence
(M, w, ) is the partial C%-estimate, first introduced by Tian [Tia90]. This was estab-
lished in [Szel6] in the case when v = 0, using the method in Chen-Donaldson—Sun
[CDS15b], and it was shown by Phong-Song-Sturm [PSS] for Kéhler-Ricci solitons
(i.e. v is non-zero, but ¢ = 1), generalizing the work of Donaldson-Sun [DS14]. A
modest combination and generalization of these ideas gives the analogous result
for the equation (38), and we will give a brief outline of the necessary changes in
Section 5.

For each ¢, the metric w; introduces Hermitian inner products on H°(K ;") for
all m > 0, moreover these inner products are G-invariant (by the uniqueness of
solutions to (38) for t < 1). The partial C*-estimate says that we can find a uniform
m, and k > 0, independent of ¢, such that an orthonormal basis {so,...,sn, } of
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HO(K,™) satisfies

Nm,
k<Y lsil*(@) <k (39)
=0

for all x € M. Let us write N = N,, for this choice of m from now.

Let us now write V; = H°(K;;") for the unitary G-representation, with metric
induced by w;. Note that V; are equivalent G-representations, and hence they are
unitarily equivalent as well. It follows that we have G-equivariant unitary maps f; :
Vo — Vi. In other words if we pick an orthonormal basis {so, ..., sy} for HO(K;/™)
with respect to the metric wg, then for all ¢ > 0 we can find an orthonormal basis
{s(()t), .. .,s%)} with respect to wy, by applying the map f;. Using these bases, we
have embeddings F; : M — P¥, such that for s # ¢t we have F, = p o F; with
p € GL(N +1)%, i.e. p commutes with G. In particular the vector field (F}),v along
the image F;(M) is induced by a fixed holomorphic vector field v on PV, since v is
G-invariant.

We can choose a subsequence t; — T, such that Fj, (M) converges to a limit
W c PV, and as shown in Donaldson-Sun [DS14], the partial C%-estimate implies,
up to replacing m by a multiple, that W is a normal Q-Fano variety, homeomorphic
to the Gromov-Hausdorff limit Z of the sequence (M, wy, ). Moreover the maps
E, M — PV converge to a Lipschitz map Fr : Z — P under this Gromov—
Hausdorff convergence, such that Fr : Z — W is a homeomorphism. Note that by
choosing a further subsequence we can assume that the currents (Fj, ). converge
weakly to a current 3, which is necessarily supported on W and is invariant under
the action of Imwv. Let us write (3 as the curvature wy, of a singular metric e ¥ on
Ky;'. We can similarly define a weak limit wy of the metrics (F}, ) (wt, ), which is
also supported on W. Note that if we write

(Fy ) wrs + V—190¢y,, (40)

1
wtk = m
then the partial C%-estimate implies that we have bounds |¢z|, |Véklw,, < C. This
in particular implies that the ¢ converge to a Lipschitz function ¢ on (Z,dz), and
since Z is homeomorphic to W, this means that ¢ is continuous on W (using the
topology induced from P¥). This implies that wr is the curvature of a continuous
metric e~?” on Ky} (recall that we might need to take a power K/ here). We
need the following.

PROPOSITION 13. The triple (W, (1—T),v) admits a twisted Kadhler-Ricci soliton,
and in particular (W, (1—T)) has kit singularities. In fact the twisted Kahler—Ricci
soliton is given by the metric e~ 7.

Proof. Let us decompose the Gromov-Hausdorff limit as Z = R U D U Ss. Here R
is the regular set, and D is the set of points which admit a tangent cone of the form
c 1 x C,, where C, is the standard cone with cone angle 27y. See Section 5 for
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more details. From the results of Cheeger—Colding [CC97] and Cheeger—Colding-
Tian [CCT02] we know that S is a set of Hausdorff dimension at most 2n — 4. Since
Fr is Lipschitz, we know that Frp(S2) is also a set with Hausdorff dimension at most
2n — 4. Let us write W' = W\ Fp(S2), where as before Wy is the regular part of the
algebraic variety W. We will construct the twisted Kahler—Ricci soliton on an open
set U containing W’. Note that W \ U is then a closed set of Hausdorff dimension
at most 2n — 4. As explained in Remark 4, it is enough to show that the measure
ee“w% corresponding to the metric e=?" defines a singular metric e™™ on Ky with

T E LlloC such that its curvature satisfies
wr =Twp+ (1 —T). (41)

To simplify notation we will identify Z with W, and so on W in addition to the
metric wrg induced by the Fubini-Study metric we have the metric dz inducing the
same topology. For simplicity let us also write dj, for the metric on M induced by wy, ,
and M, for the metric space (M, dy). Thus we have Mj, — (W,dz) in the Gromov—
Hausdorff sense. The maps F, : M, — P¥ are compatible with the convergence in
the sense that if py — p with py € M}, and p € W, then Fy(p) — p in PV,

For each p € W’ we will obtain the required property of the measure e’ Wi on an
open neighborhood of p. If p € W/, then either p € R or p € D. We will only deal with
the case p € D since the other case is easier. We can write p = lim py, for pr € My,
such that for a sufficiently small » > 0 the balls By, (pk, ), scaled to unit size are
very close in the Gromov-Hausdorff sense to the unit ball in a cone C"~! x C,, for
large k. As discussed in [Szel6], based on the ideas in [CDS15b], this implies that
we have biholomorphisms Hj, : Q0 — B?", where ), C M, contain a ball around py,
of a fixed size, such that the metric @y, = r~2w;, on B?" is well approximated by the
standard conical metric on B2". More precisely, we have coordinates (u, v1, . .., vp_1)
such that if we write

du A du
Ny =V—1l—5—5— P + V- ZdvZ A dv;, (42)

then for some fixed constant C' (independent of k)

1. @ = V—100¢;, with 0 < ¢ < C, |r?vi(ér)| < C, where vy, is the soliton
vector field in this chart.

2. WEye < Cwy,

3. Given any § > 0 and compact set K away from {u = 0}, we can assume (by
taking  above smaller and k larger if necessary), that |w, —7y|c1« < on K.

We will also write «y, for the form « in this chart.

It is shown in [CDS15¢, Proposition 22] that the biholomorphisms Hy : Qi — B?"
converge to a homeomorphism H, : Qs — B?". In addition Qu, necessarily contains
a ball By, (p,e) C W for some small € > 0, since all the sets € contain balls of a
uniform size around pj. It follows that ., also contains a ball B around p in
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the topology on W induced from P, and so Hs, defines a holomorphic chart on
W in a neighborhood of p. These charts can be used to define holomorphic maps
ft. :+ B — F;, (M), biholomorphic onto their image, such that the f;, converge to
the identity map as k — oo. In this formulation 3 is given as the weak limit of
[t (Fy,)«, which in terms of our charts amounts to saying that g is the weak limit
of the forms aj. In the same vein wr is the weak limit of wy, = 20y

The metrics wy satisfy the equations

erzvk(¢k) (\/jlag(bk)n — e_r2tk¢k_(1_tk)¢kw%uc, (43)

for suitable local potentials 1, of the forms ay restricted to this chart. Note that
r2v;, () is a Hamiltonian for vy, with respect to wy, . The bound wgy. < Cv/—100¢,
together with |¢x|, |[r?vi(¢x)| < C and (43) implies an upper bound for 1, (note
that ¢ is bounded away from 1). In addition since we control Wy on compact sets
away from {u = 0}, on any such set we have a lower bound for v as well. It
follows that up to choosing a further subsequence, we have 1, — 1 in Llloc, for
some plurisubharmonic 1), and then necessarily 3 = v/—100¢s. In addition we
can assume that r%t,¢y converge uniformly to T'¢s, for a continuous ¢, such that

wr = v/—100¢. It follows that

— r?vg (o) — log (\/jlnﬂ = rtpon + (1 — ty) vk (44)
Fuc

are plurisubharmonic functions converging in Lllo .- The bound on v(¢y) implies then

that the limit w7 gives a singular metric on Kpge-» with locally integrable potential,
and therefore by (8), we have that e/ wi- also defines such a singular metric e”". The
convergence above then shows that (41) holds, which is what we wanted to show.O

One important conclusion that we need to draw from this is that according to
Proposition 7 the Lie algebra gy g, is reductive. In addition the twisted Futaki
invariant vanishes, Fut_7)g.,(W,w) = 0, for any w € gw,g,-

Let us now identify M with its image Fo(M) C PV, and write o = (Fp)«a. From
the above discussion, for each k, we have Fy, (M) = pp(M) for some pp, € GL®, and
pr(M) — W, pr(a) — 5. As before, we can write

a= /P M H)dp(H), (45)

since « is a scaling of the restriction of the Fubini-Study metric. Note that

i) = [ 1on(M) 0 (D) du( 1), (16)

and the following lemma implies that we can choose a subsequence of the pg, such
that the limit

poo(H) = lim py(H) (47)
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exists for all H € PY". Note that we write poo(H) just as a notation, rather than
suggesting that an automorphism ps, of PV exists.

LEMMA 14. Up to choosing a subsequence, we can assume that py(H) converges for
all H e PV".

Proof. Write PY" = P(V) for an N + 1-dimensional vector space V. Thinking of
the pi as matrices, let us scale each of them in such a way that all entries are in
{# : |z| < 1}, and at least one entry equals 1. We can choose a subsequence such
that as matrices, we have

lilgn Pk = P, (48)

where p is not necessarily invertible. Let W1 = Ker p. For any x € P(V)\ P(W7) we
can then take the limit

lim py(2) = p(2). (49)

Now let us restrict the pg to Wi, thinking of them as linear maps py : W1 — V.
Once again, taking matrix representatives, we can normalize each to have entries in
the unit disk, with at least one entry equal to 1. Just as above, up to choosing a
further subsequence, we will have a limiting, nonzero linear map p : W; — V' with
kernel Wy C W;. For z € P(W;) \ P(W3) the limit will exist as above.

Repeating this process a finite number of times we will have a subsequence py,
such that pg(x) converges for all z € P(V). 0

It follows that we have

ﬁ = P [W N poo<H)] d:U’(H)v (50)

where as before it is important to note that W is irreducible and not contained in a
hyperplane.

In the spirit of Definition 6, for any current 7 on P¥, let us denote by gw,r C
s[(N + 1, C) the space of those holomorphic vector fields v, which are tangent to
W and satisfy ¢,7 = 0. If 7 = [S], the current of integration along a subvariety S,
we will write gg = g[g). Note that in this case gg is simply the Lie algebra of the
stabilizer of S in SL(N + 1,C).

LEMMA 15. We can find Hy, ..., Hy for some d such that

d
gw,s = gw N ﬂ (W Npoo (H,)]- (51)

i=1
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Proof. Suppose that v is a holomorphic vector field, which does not vanish along
W, and let { = tpwhg. This is an (n,n — 1)-form such that ¢,£ is a non-negative
(n —1,n — 1)-form. If A C T,P¥ is a complex (n — 1)-dimensional subspace, then
1,€ vanishes on A only if v € A.

If 1,8 = 0, then we have

/ /’ L& dp =0, (52)
HeP* JWNps (H)

and so for almost every H we must have

/ b = 0. (53)
WNpeo (H)

In particular, for almost every H we must have v € A for all tangent planes
A =T,(W N ps(H)) at all smooth points p € W N poo(H). It follows that ¢,[W N
Poo(H)] =0, ie.

95 C O[Wnp. (H)]- (54)

If we choose one such H, say Hi, it may happen that gpyn,_(m,) 1s too large,
Le. there is a w € g, (m,)) such that ¢,8 # 0. But we have

twfl = tw[W N poo(H)] dp, (55)
HeP~

so we must have a positive measure set of H for which ¢, [W N poo(H)| # 0. We can
thus choose an Hs, so that we still have

98 C O[Wrpw (H,)] (56)

but gy (i1, N SWnp. (1)) 18 strictly smaller than gpwn,_(m,)- Repeating this a
finite number of times, we obtain the required result. O
It follows from this result that we can choose H1, ..., H] for some [ such that the

Lie algebra of the stabilizer of the (I 4+ 1)-tuple (W, W N poo(HY), ..., W N poo(H]))
in GLY, for the action on a product of Hilbert schemes, is equal to the G-invariant
part of gy 3, and so according to Proposition 7 it is reductive. Using a result similar
to Luna’s slice theorem [Lun73| as in [Don, Proposition 1] (as in [CDS15¢c] as well),
we can therefore find a C*-subgroup A € GL® and an element g € GLY such that

(W, W 0 poc (HY), -, W 0 poc (H)) = Tin A(£)g - (M, MOV HL, ... M (V).
(57)

In addition for a subset of E C PN of measure zero, if Hy,...,Hx & E, then
the stabilizer of

(W, W 0 poo(H ). W O poc(HY), W 0 poo (L), . W 1 poo(HE)) (58)
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will still be the same as that of (W, ), and so we can still find a corresponding
C*-subgroup A and g € GL® which will satisfy (57) as well as

W = PI% At)g - M
W N poo(H;) :%in%)\(t)g-(MﬂHi), fori=1,...,K. (59)

Note that all of these A must fix W, but the A may vary as we change the collection
(Hi,...,Hg).

Each of the C*-actions A is generated by a vector field w commuting with v, with
Hamiltonian function 6,,. We will assume that 6,, is normalized so that

/ O s = 0. (60)
w

Let us write ||w|| = supy |fw|, although note that any two norms on the finite
dimensional space of such w are equivalent.

Because of (50), for any € > 0 we can choose K large, and Hy,..., Hxg ¢ E, such
that no N + 1 of the H; lie on a hyperplane in PV", and for all vector fields w as
above we have

/ 0w B A WS < €lw| + — Z/ ww;zsl (61)
w WNpeo (H

Applying this to the w corresponding to the C*-action A that we obtain for (Hy,...,
Hp), we have

/ O BN w}zgl < e||wl] + %IH(l) O w?;gl. (62)
w - )-(MNH;)

Using Lemma 12, and the fact that no N 4 1 of the H; are in a hyperplane, we
obtain, using also the normalization of 6,,, that

/ w B AWk < (e+> [ w]
w

for some fixed constant C'. Choosing K sufficiently large (depending on €), we obtain
a C*-action generated by a vector field w, with Hamiltonian function 6,, as above,
such that

(63)

1
/ O B A Wi < 2¢llw| — / max 0, wig. (64)
w nJw W

Moreover this C*-action satisfies W = limy_g A(t)g - M, but not necessarily 5 =
limy_,0 A\(t)g - . Nevertheless the vector field v satisfies ¢, = 0 by construction.
Since (W, (1 — T')) admits a twisted Kéhler-Ricci soliton, we know that

Fut(l*T),B,’U(W7 w) =0, (65)
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and so
1-T 0, mn n—1
Fut, (M, w) — —— Owe” wpg + [ OunB Awpg | =0. (66)
14 w w

At the same time we are assuming that for some s > T, the triple (M, (1 — s)9, v)
is K-semistable, which, using Proposition 11, implies that we have

%

Since s > T and T < 1, this is a contradiction if € is sufficiently small, unless
|lw|| = 0. For this, note that there is a uniform constant ¢ > 0 such that

1—
Fut, (M, w) — i [/ O’ wkg — V max Hw} > 0. (67)
Vv W w
Together (66) and (67) imply
-T
i / Qwee”w?ps—k(l—s)maxe +/ 0B A whg' > 0. (68)
Vo Jw
Using also (64) we then get
1-— -T
0< ° (0 — max fy,)e? Wi, (69)
W W

/ (max 0, — 0)e™ witg > cfwl| (70)
wow
for all possible w that we have, since these form a finite dimensional space.

It follows that we must have ||w| = 0, which means that 6,, is constant on W.

This implies that the corresponding C*-action \ is trivial, and so in fact by (59) we
have

(W/,Wﬂpoo(Hl),...,meoo(HK)) =g-(M,MNHy,...,.MNHg) (71)
for some g € SLE. If follows that
m py(Hi) = poo(Hi) = g(H). (72)

We can assume that Hy,..., Hy,1 are in general position in PV", and then each
pk is determined by the hyperplanes pi(H;) for i = 1,..., N + 1. In particular (72)
then implies that pp, — ¢ in SLE, which in turn implies that the sequence p;, € SLE
is bounded. If we write

%(Fk)*wpg = wp + \/jlag(ﬁk (73)

for the pullbacks of the Fubini—Study metrics to M under our embeddings Fj, we
then have a uniform bound |¢;| < C. The partial CY-estimate implies that then we
also have

wy, = wo + V=100, (74)
with |¢).| < C' for a uniform constant, for the metrics wy, along the continuity path.
It is then standard using the estimates of Yau [Yau78] that we have uniform C“*

bounds for wy,, and so we can obtain a solution of Equation (38) for ¢t =T (see also
Zhu [Zhu00] for the C%-estimate in the soliton case).



GAFA KAHLER-EINSTEIN METRICS ALONG THE SMOOTH CONTINUITY METHOD 993

3.2 The case T = 1. Suppose now that 7' =1, i.e. we can solve Equation (38)
for all ¢ < 1. This case is much more similar to the work of Chen—Donaldson—
Sun [CDS15c], since the “current part” of the equation disappears as ¢ — 0. The
case of Kéhler—Ricci solitons was also studied by Jiang—Wang—Zhu [JWZ]. We briefly
describe the argument for the sake of completeness. Just as in the case T' < 1, we
have embeddings F; : M — P¥ using suitable orthonormal bases for H?(K;;") with
respect to the metric wy, for some large m. The partial C?-estimate is still valid, in the
Kéhler—Einstein case by [Szel6] based on the method in [CDS15c¢], and in the soliton
case due to Jiang—Wang—Zhu [JWZ]. It follows that as before, up to increasing m and
choosing a sequence t; — 1 we have the algebraic convergence Fy, (M) — W € PV
to a normal Q-Fano variety, homeomorphic to the Gromov—Hausdorff limit (Z,dy)
of the sequence (M,wy, ). As before, we identify (M, «) = (Fo(M), (Fo)«a) and so
(Fy, (M), (Fy)sa) = pi - (M, ) for pp € SLY. The vector field v on each Fj, (M)
is induced by a fixed vector field v on P, which is also tangent to the limit W.
We can also choose a further subsequence of t; if necessary to have a weak limit
(F}, )«wr, — wi. We have the following, see [JWZ, Corollary 1.4]. A proof can also
be given in the spirit of the proof of Proposition 13.

PROPOSITION 16. The pair (W, v) admits a Kédhler—Ricci soliton, and in fact this
soliton is given by the current w.

It follows from [BN, Corollary 3.6] that the stabilizer of W in SLY is reductive,
and so we can find a C*-subgroup A € SLE generated by a vector field w commuting
with v, and an elements g € SLY such that

W = PII(I] A(t)g - M. (75)

This is a special degeneration for M, whose central fiber is W. Since W admits a
Kéahler—Ricci soliton, the corresponding Futaki invariant Fut,(W,w) = 0. By as-
sumption (M,v) is K-stable, and so W must be biholomorphic to M. This means
that wy is a Kahler—Ricci soliton on M, which is what we wanted to obtain.

4 Some Applications

In this section, we look at some applications of Theorem 1 to existence of Kahler—
Einstein metrics on Fano manifolds with large symmetry groups.

Toric manifolds. A compact Kahler manifold M of complex dimension n is toric if
the compact torus T™ acts by isometries on M and the extension of the action to
the complex torus (C*)™ acts holomorphically with a free, open, dense orbit. We
can then recover the following theorem of Wang-Zhu [WZ04] as a consequence of
Theorem 1.

Theorem 17. There exists a Kahler—Ricci soliton, which is unique up to holomor-
phic automorphisms, on every toric Fano manifold. As a consequence, there exists a
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Kahler—FEinstein metric on a toric Fano manifold if and only if the Futaki invariant
vanishes.

Proof. Let M be a toric manifold with dimcM = n. We wish to apply Theorem 1
with G = T™ with a fixed identification as a subgroup of GL(N + 1, C). The key
observation is that if v is a toric vector field, then any (C*)™-equivariant special
degeneration of (M,v) is necessarily trivial. Indeed, if A : C* — GL(N + 1,C)% is
a test configuration and if My = limy_ A(¢) - M is not in the GL(N + 1, C)-orbit
of M, then the stabilizer of My must contain a (C*)"*1. On the other hand, since
My is irreducible and not contained in any hyperplane, the action of this stabilizer
on My must also be effective. This is a contradiction since any torus acting on an
n-dimensional normal variety cannot have a dimension greater than n. The upshot
is that My must be bi-holomorphic to M and the test configuration is induced by a
toric vector field w on M. To verify K-stability of (M, v), it then suffices to check
that the modified Futaki invariant vanishes: Fut,(M,w) = 0, for all toric vector
fields w on M.

Next, recall that any toric manifold M with an ample line bundle corresponds to
a unique (up to translations) polytope P C R™ defined by a finite collection of affine
linear inequalities /;(x) > 0. This polytope is in fact the image of the free (C*)"
orbit in M under the moment map. Since M is Fano, one can normalize the polytope
so that [;(0) = 1 for all j. Any toric vector field can be written as w = >_%_, Cjzja%-
for some ¢ € R"™ where (21, -, z,) are the usual complex coordinates on (C*)™. In
terms of the polytope data, for a vector field v = Z?:l ajzja%j, equation (16) then
reduces to
Jpx ‘e;"x dx’
where V' = Vol(P) is the volume of M. But then, as in Tian-Zhu [TZ00], by min-
imizing the functional F(a) = [,e**dx, one can find a vector a such that the
integral on the right vanishes, and hence Fut,(M,w) vanishes identically for the
corresponding toric vector field v. O

Fut, (M, w) = c -

If M does not admit a Kahler—Einstein metric and o € ¢1(M) is a Kéhler form,
then

R(M) = sup{t | Jw € ¢1(M) such that Ric(w) = tw + (1 — t)a},

provides a natural obstruction. It follows from the work of the second author [Szell]
that R(M ) is in fact independent of the choice of a. We can then recover the following
result of Li [Lill], expressing R(M) in terms of the corresponding polytope.

Theorem 18. Let M be toric, Fano, and P be the canonical polytope as above
with barycenter Pgo. Let () be the point of intersection of the ray —sPg, s > 0 with
OP. If O denotes the origin,

_ Q0|

BOM) = 10Re
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Proof. By the above discussion and Proposition 10 it is enough to find the maximum
t such that Fut(;_y,(M,w) > 0 for all toric holomorphic vector fields w where
a = /—19001. We once again write w = Z?zl cjzj% for some ¢ € R"™. Then the
twisted modified Futaki invariant (Equation (16)) takes the form

Fut(y_y)y (M, w) = tc- Pe + (1 — 1) maxe - X.
Now let the face of the polytope containing () be given by the vanishing of the

affine linear functional I(x) := u-x + 1. Note that since I(0) = 1, it follows from
elementary arguments that |QO|/|QPc| = 1/I1(Pc). We also remark that [(Pr) > 1.

CLAIM. For any c € R",

- P,
et S I(Pe).
maxc - x
xeP
Assuming this, for ¢ < 1/I(P¢) and any holomorphic toric vector field w, it is
easily seen that Fut(_s,,(M,w) > 0, and hence R(M) > 1/I(Pc). On the other
hand, if w is a special holomorphic vector field corresponding to —u € R", then

maxxep(—u) - x = 1, and hence
Fut_py(M,w) =1—1t-1(FPc).

This is negative when ¢ > 1/I(P¢), which implies that R(M) = 1/I(P¢), completing
the proof of the theorem. To prove the claim, we first normalize ¢ so that maxycpc-
x = 1. If we now let I(x) = —c-x + 1, then [(x) > 0 for all x € P. Moreover, since
c-Pc =1—1(Pg) it is enough to show that [(Pr) > I(P¢). Once again consider the
ray —sPc with s > 0. If this does not intersect the hyperplane {l~ = 0}, then clearly
c- P >0, and hence [(Pg) < 1 < I(Pz). On the other hand, suppose the ray does
intersect the hyperplane, at say a point ). Since the polytope P lies entirely on one
side of the hyperplane, we have |QP¢| < |Q'Pg|. In fact, since 1(0) = 1(0) = 1,

Pl 1QQ1+1QPe QP
o) ="go] = Te@T+1eo] = Qo] ~

and the claim is proved. O

I(Po),

T-varieties. Relaxing the toric condition, we consider Fano manifolds M with an
effective action of the torus T" for some m < n = dim M. The simplest case is
that of a complexity-one action, where m = n — 1. Kédhler—Einstein metrics on such
manifolds, in particular Fano 3-folds with 2-torus actions, was studied by Siiss [Sus13,
Susl4]. In particular in [Susl4, Theorem 1.1] a list of 9 such manifolds is given
with vanishing Futaki invariant, for 5 of which it was not known whether they
admit a Kéhler-Einstein metric or not. Using Theorem 1 one only needs to check
T-equivariant special degenerations, and such degenerations can be classified using
combinatorial data. [Susl4, Section 5] lists all such degenerations to canonical toric
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Fano varieties, while the more general degenerations to log-terminal toric Fanos
are classified by Ilten—Siiss [IS]. The conclusion is that all 9 Fano threefolds with
vanishing Futaki invariant in [Sus14, Theorem 1.1] admit a K&hler—Einstein metric.
Other manifolds with large symmetry group We expect that Theorem 1 can be used
to show the existence of Kahler—Einstein metrics on many other classes of Fano
manifolds with large symmetry group. One interesting class is that of reductive
varieties, studied by Alexeev—Brion [AB04a,AB04b]. Let G be a connected compact
group, T" C G a maximal torus, and W the corresponding Weyl group. Denote by A
the character group of 7', which is a lattice in the real vector space Ag. To every W-
invariant maximal dimensional convex lattice polytope P C AR one can associate a
variety Vp, which is a G x G®-equivariant compactification of G¢, the action being
left and right multiplication. As shown in [AB04b] (see also Alexeev-Katzarkov
[AKO5]), the equivariant degenerations of Vp correspond to convex, rational, -
invariant, piecewise linear functions f on P, in analogy to the toric case studied in
Alexeev [Ale02], Donaldson [Don02]. If we have an equivariant special degeneration,
then in particular the central fiber is irreducible, and this will only happen when f
is linear on PN AE, where AE C AR is a positive Weyl chamber corresponding to a
Borel subgroup of G¢, containing T¢. It follows that there are only a finite number
of degenerations that need to be checked in order to apply Theorem 1.

In the case when PN AE is a maximal set on which f is linear, then the central
fiber of the corresponding special degeneration is a horospherical variety. These are
the homogeneous toric bundles studied by Podesta—Spiro [PS10], who showed that
all such Fano manifolds admit a Kéhler—Ricci soliton. This also follows from the
above discussion together with our main result, since the polytope P can not be
subdivided further, and so a horospherical variety has no non-trivial equivariant
special degenerations, just as the toric manifolds discussed above.

5 The Partial C%-Estimate for Solitons

In this section we briefly outline the changes that have to be made to the arguments
in [Szel6], using also techniques in Zhang [Zhal0], Tian—Zhang [TZ12] and Phong—
Song-Sturm [PSS], to prove the partial C-estimate for the family of metrics w; €
c1(M) solving

Ric(wy) — Lywy = twy + (1 — ), (76)

where t € [0,T) with T' < 1. The case when T" = 1 has been established by Jiang—
Wang-Zhu [JWZ]. Here v is a holomorphic vector field, such that Imv generates a
compact torus of isometries of the metric «. In particular w; will also be invariant
under this torus. To simplify notation, we will drop the subscript ¢, and so in what
follows, w denotes a solution of (76) for some ¢ € [0,T).

Recall that we have the Hamiltonian function 6, of v, with respect to the metric
w, defined by

Lyw = V/—190,, (77)



GAFA KAHLER-EINSTEIN METRICS ALONG THE SMOOTH CONTINUITY METHOD 997

/69’“w":/ w". (78)
M M

From Zhu [Zhu00], and Wang-Zhu [WZ, Lemma 6.1] we know that we have estimates

with the normalization

10u] + VOl + [Aub,] < C. (79)
The Equation (76) implies that
Ric(w) — Lyw > 0. (80)

In addition as soon as t is bounded away from 0, the volume comparison and Myers
type theorem in Wei-Wylie [WWO09] implies that the diameter of (M, w) is bounded,
and we have the non-collapsing property

Vol(B(p,1),w) > ¢ > 0. (81)

There are two basic approaches to studying metrics satisfying this lower bound
for the Bakry—Emery Ricci curvature, generalizing the theory of Cheeger—Colding
[CCI7] in the case When v = 0. One approach is to study the conformally related
metrics g, = e =y " 9,5, where gz is the metric with Kéhler form w. This approach,
similar to that used in Zhang [ZhalO] and Tian-Zhang [TZ12] (who used the Ricci
potential instead of 6,), effectively reduces the problem to studying non-collapsed
metrics with a lower Ricci curvature bound so that the theory of Cheeger—Colding
can be applied. Indeed, in real coordinates the Ricci tensor of g satisfies

Rij = Rij + VN]HU + Q(nl— 1) VZ’QUV]'QU — 2(%1— 1) [|V0U‘§ — Agev] Gijs (82)
and so (80), (79) together with the fact that v is holomorphic, and so V;V;0, is of
type (1,1), imply that g has a Ricci lower bound. In addition it is clear that g is
uniformly equivalent to g. The other approach is to build up the Cheeger—Colding
theory using the bound (80) on the Bakrny’Jmery Ricci curvature. This approach is
executed by Wang—Zhu [WZ]. We summarize the main conclusions from these works
that we need.

If we have a sequence (M, w;), satisfying (79), (80) and (81), then up to choosing
a subsequence, the Riemannian manifolds (M, g;) converge in the Gromov-Hausdorff
sense to a length space (7, d). At each point p € Z there exists a tangent cone C(Y)
which is a metric cone. We can stratify the space Z as

Sp CSp1C---C S =85CZ, (83)

where S, consists of those points, where no tangent cone is of the form C?~*+1 x
c(Y).

The regular part of Z is defined to be R = Z \ S, and at p € R every tangent
cone is C". We also write D = S\ Sy. The following is analogous to Anderson’s
regularity result [And90], showing that we have good control of the metrics on the
regular set if we also have an upper bound of the Bakryf]émery Ricci curvature.
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PROPOSITION 19. Suppose that B(p,1) is a unit ball in Kéhler manifold (M,w),
together with a holomorphic vector field v with Hamiltonian 6, satisfying bounds of
the form

1. sup,/ 0] + |VO| + |Af] < K
2. 0 < Ric(w) — Lyw < Kw.

There are constants 6,k > 0 depending on K such that if dgy(B(p,1), B*) < 6,
then for each q € B(p, %), the ball B(q, k) is the domain of a holomorphic coordinate
system in which the components of w satisfy

1

§5jk <wji < 20,
lw;zllz2r < 2, for all p. (84)

Proof. We use the conformal scaling g = e_ﬁeg, so that by (82) g satisfies two-
sided Ricci curvature bounds. Suppose that dgy((B(p, 1), g), B*") < 6. The bound
on V6 implies that if ¢ € B(p, %) and r is sufficiently small, then

dar((B(q,7),q), rAB*) < 26, (85)

for a suitable scaling factor A (depending on the value 6(q)).

If ¢ is sufficiently small, then Colding’s volume convergence result [Col97] com-
bined with Anderson’s gap theorem implies that there is a harmonic coordinate
system on the ball B(g,70),q) in which the metric § is controlled in L*P for any
p. The metrics § and g are C'-equivalent, so we also control the components of g
in C'. The Laplacian bound on # then implies that we have L?*P estimates on 6
so in fact ¢ and § are equivalent in L?>P. In particular in our harmonic coordinates
(harmonic for §) we control the coefficients of g in L?P. Using that the complex
structure is covariant constant, this allows us to find holomorphic coordinates on a
possibly smaller ball, in which the coefficients of g are controlled in L?P. a

Following Chen—Donaldson—Sun, define

I1(Q) = B(;,%)fcﬂ VR(z,r), (86)
where ) is any domain in a Kéhler manifold, and V R(z,r) is the ratio of vol-
umes of the ball B(x,r) in Q and the Euclidean ball »B2". If the Ricci curvature is
non-negative, the Bishop-Gromov comparison theorem and Colding’s volume con-
vergence implies that if B is a unit ball in €, then 1 — I(B) controls dgy (B, B*"),
and conversely dgy (B, B?") controls 1 — I(B). In our setting, with the bound (80),
a similar statement will only hold once the metrics are scaled up by a sufficient
amount. We have the following.

PROPOSITION 20. Suppose that B is a unit ball in a Kdhler manifold (M,w) satis-
fying
Ric(w) — Lyw > 0, (87)
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as well as
s%p V0| +|Af| <9, (88)
where 0 is a Hamiltonian of X. Then
den (B, B*) = U(s,1 — I(B)), (89)
and for any A < 1,
1—I(AB) = ¥(6,dcu (B, B*),1 - \), (90)
where U(ey, ..., €) denotes a function converging to zero as ¢; — 0. We have sup-

pressed the dependence of ¥ on the dimension n.

Proof. We can assume that 6(0) = 0. Use the conformal metric g = e_ﬁeg. Then
under our assumptions we have Ric(g) > —C’dg and the metric g is very close in
C° to the metric g. We can then apply the volume convergence under lower Ricci
curvature bounds to the metric g. O

We now return to our original setup, of a metric w on M satisfying
Ric(w) — Lyw = tw + (1 — t)a, (91)

for some ¢t € [0,T"), and T < 1. The vector field v and background metric « is fixed.
As before we can assume that the metrics are non-collapsed, and in addition the
Hamiltonian 6, of v satisfies

sup(|V,|? + |Ab,|) < K, (92)
M

for some fixed constant K. The square is inserted for scaling reasons. Note that for
any point p € M we can choose the 6, so that 6, (p) = 0. We will exploit the fact that
a is a fixed metric. In particular we can assume that K is chosen such that on any
ball of radius at most K ! with respect to @ we can find holomorphic coordinates
in which the coefficients of o are controlled in C?.

To understand the tangent cones of the Gromov—Hausdorff limit of a sequence
of metrics satisfying these conditions, we need to study very small balls in (M,w),
scaled up to unit size. Let (B, n) be a small ball in (M, w) scaled to unit size, so that
n = Aw for some large A. Let w = A~'v. Then 7 satisfies

Ric(n) — Lyn = An+ (1 —t)a, (93)
for some A € (0,1] and ¢t € (0,7). In addition we can choose the Hamiltonian 6,, for

w relative to n such that 6,,(0) = 0, and
S}\lJp(’ng’% +|A,0,]) < ATK. (94)

The following is the generalization of Proposition 8 in [Szel6], showing that
on the regular set the Gromov—Hausdorff limit behaves as if we had a two-sided
Ricci curvature bound. Note that as in Proposition 20 we need an extra assumption
ensuring that we have scaled our metrics up by a sufficient amount.
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PROPOSITION 21. There is a § > 0 depending on K above, such that if 1 —1(B) < 4,
and the scaling factor A > §~! then

1
a<4n in §B. (95)

Proof. The method of proof is the same as in [Szel6]. Suppose that
sup d2fa(a)l, = M. (96)
B

where d,, is the distance of x to the boundary of B with respect to n, and suppose
that the supremum is achieved at ¢ € B. If M > 1 then we can consider the ball

1
B (0 ydad2). (97)

scaled to unit size B , with scaled metric 77 = 4M d;Qn. Note that 77 satisfies the same
estimates as 7, but in addition |a|; < 1 on B. If § is sufficiently small, then we can
apply Propositions 19 and 20 to find holomorphic coordinates z; on a small ball 7B,

in which the components of 77 are controlled in C'h,
The metric 77 satisfies

Ric(n) = Lyn+ M+ (1 — )«
> (4Md;?) Ly 4+ (1= ey, (98)

and for any € > 0 we can choose the scaling factor A large enough, so that the
Hamiltonian of w satisfies V6,5 < €, which implies ]w[% < 4Md €. Since w is a
holomorphic vector field, we obtain that in the coordinates z;, on the half ball § B,
the components of w, along with their derivatives are bounded by (4M dq_26)1/ 2Tt
follows that on this ball we have

|Lunly < Ce/?(4Md )12, (99)

for some fixed constant C. In particular if § is chosen sufficiently small, then we will
have L,,n < en and so

Ric(7)) > —€j + (1 — t)a. (100)
Using this, the rest of the proof is essentially identical to that in [Szel6]. O

Together with Proposition 19 it follows from this that in the Gromov—Hausdorff
limit of a sequence of metrics w satisfying (91), with ¢ < T' < 1, the regular set is
open and smooth, and the convergence of the metrics is C1'® on the regular set. In
addition the same holds for iterated tangent cones.

What remains is to study tangent cones of the form C, x C"1, i.e. the points
in the set D in the Gromov—Hausdorff limit. The arguments in [Szel6, Proposition
11, 12, 13] can be followed closely with a couple of remarks. First of all the results
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of Chen—Donaldson—Sun [CDS15b] on good tangent cones can be applied. The main
difference here is that a variant of the L2-estimates in [DS14, Proposition 2.1] needs
to be used, following [PSS, Proposition 4.1], with the Hamiltonian 6, replacing the
Ricci potential w. This implies that if a scaled up ball (B, n) as above is sufficiently
close to the unit ball in C, x C"~ ! then on a smaller ball we have holomorphic
coordinates, in which the metric n satisfies the conditions (1), (2), (3) in the proof
of Proposition 13.

An additional important fact used several times is that by Cheeger—Colding-
Tian [CCT02], no tangent cone of the form C, x C"! can form in the Gromov—
Hausdorff limit of a sequence of Kéahler metrics with bounded Ricci curvature. The
analogous result with the bound on Ricci curvature replaced by a bound on Ric(w)—
L,w was shown by Tian—Zhang [TZ12]. It also follows from the more recent work of
Cheeger—Naber [CN] in the general Riemannian case using a conformal change as in
(82), together with the bounds (1) in Proposition 19. With these observations the
proof of the partial C%-estimate for solutions of (76) follows the argument in [Sze16]
closely.

6 Reductivity of the Automorphism Group and Vanishing of the
Futaki Invariant

In this section we briefly outline the proofs of Propositions 5 and 7 following [Ber15,
CDS15¢,BN]. As before, let W be the normal Q-Fano variety obtained as the
Gromov-Hausdorff limit along the continuity method, and v € H°(W,TW) such
that I'm(v) generates the action of a torus 7" on W. We let H, denote the space
of continuous T-invariant metrics hy = e~ ?® on —Kyy with non-negative curvature.
Then the twisted Ding functional is defined as

Dit-aynol0) = ~tEu(6) ~ o ([ o100, (101
w
where FE, is defined by its variation at ¢ in the direction <z5 by
d 1 o
—FE,(¢) == v W, 102
SO = [ detar (102)

as in Berman—-Witt—Nystrom [BN]. Next, we recall the definition of a geodesic in
the path of Kédhler metrics. We let R = {s € C | Re(s) € [0,1]}. Recall that a
path ¢5 € H, is called a geodesic if ® : W x R — R defined by ®(z,s) = ¢pe(s)(7)
satisfiesy/—199s w (®) > 0 and

(V1005 w®)"* = 0,

where the 90 is taken in both W and R directions. Then the following is proved in
[Berl5).
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LEMMA 22. For any ¢g, 1 € H,, there exists a geodesic ¢s € H, connecting them
such that

s — QbSHLm(W) < C|5, — s

The key point is that the Ding functional is convex along these geodesics. It is
proved in Berman-Witt—Nystrom [BN, Proposition 2.17] that the functional E,(¢)
is affine along geodesics and continuous up to the boundary. So the convexity of the
Ding functional is a consequence of the following result of Bendtsson [Berl5].

ProproOSITION 23. Let ¢s be a geodesic as above. Then the functional

F(s) = —log ( /W e—ws—(l—w) (103)

is convex. Moreover, if F(s) is affine, then there exists a holomorphic vector fields
wg on W with iy, /—100¢ = 0, and such that the flow F; satisfies

F{(V=100¢5) = v/~190¢y.

This was proved on compact Kéhler manifolds by Berndtsson [Berl5] and ex-
tended to normal varieties by Chen—Donaldson—Sun [CDS15¢] when /—199% is the
current of integration along a divisor (see also [BBEGZ]). Though the above state-
ment does not seem to follow directly from either of the works, the arguments can
be easily adapted, and we briefly provide an outline of the proof.

Proof. For ease of notation, we let 75 = t¢s + (1 — t)1p. Let p: W — W be a log-
resolution and w’ be a fixed Kéhler metric on W’. Since W has only log terminal
singularities, one has the following adjunction formula

— Ky = —p"Kyw — E+ A, (104)

where E and A are effective divisors, and A = )" a;E; with a; € (0,1). Suppose first
that e~ is a smooth family of metrics on —Kjyy, inducing a smooth family of pull-
back metrics on —p* Ky with curvature w; = V/—1007.. We write L = K‘;} ® E.
Then from (104) it is clear that

T = p*rs + Zaj log |s;?,

T/

where s; is the defining function of Ej, induces a family of singular metrics e on
L. Moreover, if u is a holomorphic L-valued (n,0) form with zero divisor £ (which
is unique up to multiplication by a constant) it can be easily checked that up to
scaling u by a constant,

F(s) = —log/ uNwe T
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Let us pretend for the moment that the metrics e~™ are smooth. Consider the
equation

/
dr,

VSVS S <d8 'LL) ) ( 05)

where V, = 9 — 97! A - is the Chern connection of e~™ and P; is the projection
onto the orthogonal complement of L-valued holomorphic (n,0) forms. As argued
in [Berl5], it can be shown that there always exists a smooth solution v, to (105)
satisfying Ovs A w’ = 0. Next, the Hessian of F is given by ([Berl5, Theorem 3.1],
[CDS15¢, Lemma 14])

I

2, /=100F(s) = / WANGNT e+ BV TdsAds,  (106)
where @ = u — ds A vs and w), = /=199, (7.). This is in fact a special case of
the general positivity of direct image sheaves discovered by Bendtsson [Ber09]. For
smooth geodesics, the convexity follows directly from this formula.

In our case the metrics 7} are not smooth, and hence we first need to use a regu-
larization. First, if we let 7 = w’ + /—1ds A d5, then by the approximation theorem
of Demailly [Dem92] (see also Blocki-Kolodziej [BKO7]) there exists a decreasing
sequence of smooth metrics p; . \, p*7, such that \/—71853714/1 (ps,e) > —Cn. By av-
eraging we can also suppose that p, . are independent of Re(s) and T-invariant. To
approximate 7, we then let 7; . = ps  + log he where

log he = Zaj(log (]sﬂ%j +¢€) —logh;) (107)

and h; is a metric on the line bundle generated by E;. Clearly e~ "o are metrics on
L with 7{ .\, 7¢ and /~=190,w(75.) > —Cn for some C' > 0. Moreover, for any

neighborhood U of A there exists a constant Cyy such that
V=100, w (7}.) > —eCyn, on W'\ U.

We then let v, be the solutions to (105) corresponding to 7, .. The key point now
is the following lemma of Berndtsson which guarantees uniform estimates for these
solutions independent of s and e.

LEMMA 24. [Berl5, Lemmas 6.3, 6.5], [CDS15¢, Lemmas 17, 19]

e There exists a constant C' (independent of s, €) such that

/

dr
HV8,6HL2(T;,C) <C Hdzﬁu

L2({ )

e For every §-neighborhood Us of A, there exists a constant cg such that cs — 0

as 5 — 0 and
‘1/376|34 . <cs (/ |Vs,e|3-g . |5_Vs,6|3—; E)'
) se — , s, .
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Note that the norms of v, . also involve a Kahler metric on W’ which we take to be
the fixed metric w’. We also remark that this was proved by Berndtsson for metrics
e~¢ where ¢ is only upper bounded, and hence is applicable in our situation since

7! are easily seen to be upper bounded. Once we have this uniform L? estimate,

S,€

the rest of the argument in [CDS15¢| can be followed almost verbatim. That is, if
we write for F¢(s) for the functional corresponding to 7, ., then F \, F. Moreover,
using the Hessian formula above one can show that for any r € (0,1) on [r, 1 —17] we

have
d*F.
ds?
This shows that F is indeed convex.

Suppose now that F is affine linear. Observe that since 7., decrease to 7/ and
7';6 are uniformly Lipschitz in s, ||V e[| z2(r ) are uniformly bounded. Hence v . con-

€

> —ce — 0.

verges weakly in L?(7)) to an L-valued (n—1,0) form vs with dvs = 0. Integrating by
parts, it can be shown that v solves (105) weakly on W'\ {¢) = —oo} or equivalently,
Vsvs — u d7l/ds is holomorphic on {1 # oo}, and it is in L?. But since pluripolar
sets are removable for L? holomorphic forms, Vsvs — u d7’/ds is also holomorphic
globally. Using the formula OVsvs + V0vg = wrs A Vs it follows that

~ (dr!
wrr Avg = /=10 o A . (108)

A family of holomorphic vector fields w’, can now be defined on W'\ E by
by = Vg,
so that away from E we have by Wy = —/—1 5T§ Then wy = p,w, is a holomor-
phic vector field on Wy which by normality of W extends to a global time-dependent
holomorphic vector field on W. Next, note that p~! is a biholomorphism when Te-
stricted to Wy, and w-, = (p~1)*w,,. It then follows that on W, ty,wr, = —/—1 07,
and hence,
Loy wr = —gw (109)
W™ Ts — 85 Ts?
as currents. Moreover, it can be shown that dw,/0s = 0, and hence w, generates a
holomorphic flow F (see [BBEGZ, Lemma 5.2]). Also, note that w/ has uniform L?
bound (independent of s) away from F, and hence the flow Fy extends continuously
to s = 0,1 such that Fj is the identity. From (109) it follows that on Wy,

0 0
—Fiw, =F] T w.Wr, | = U.
eFin, = F5 (gpon + Luson, ) =0

In particular Fjw, = wy on Wy, and hence globally on W' by unique extension of

closed positive (1,1) currents over sets of Hausdorff co-dimensions greater than two.
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Now, if we define a holomorphic vector field Ws = 9/0s — ws on W x R, following
the same line of argument as in [Berl5, Lemma 4.3] we can show that

w,V —185571/1/(7'5) =0.
Again following [Ber15]
0= LWSLWS vV —185571/[/(7'5) =t [’WSLWS vV —1855,W(¢5) + (1 - t)Lmes vV —1851p.

Since both the (1,1) currents on the right are non-negative, each has to be zero.
Again, since /=199y > 0, by Cauchy’s inequality for any (1,0) vector field &,
L, v/—100% = 0, and hence 1, /—199%¢ = 0. In particular, £, /—199¢ = 0, and
hence F}v/—100¢s = ¢g, which completes the proof of the proposition. O

Proof of Proposition 5. Let e=% and e~%* be two soliton metrics on (W, (1 — ), v)
and ¢s € H, be a bounded geodesic connecting ¢o and ¢;. Since solitons are the
stationary points of D(;_y)y ., the one sided derivatives at s = 0 and s = 1 (which
exist by convexity of the Ding functional) are zero. As a consequence Dj_s)y ,(ds),
and hence F(s), is affine, and by Proposition 23 there exists a family of holomorphic
vector fields w, with flow Fy such that Fjwgs = wg,. Next, note that ¢; for j = 0,1
satisfies

Ric(wg,) = twg, + (1 — t)V=100¢ + Lywy, (110)

on Wp. So on the one hand, since ¢ are stationary points of D_s)y.., we, also
satisfies (110), while on the other hand wgy, satisfies (110) with v replaced by (Fj).v.
Hence if we set & = (Fs)«v — v, then L¢ wy, = 0. This implies that if hg is the
hamiltonian of £ with respect to wg,, then V/—100hs = 0 and consequently v =
(Fs).v. To show the time-independence of the vector fields, arguing as in the proof
of [Berl5, Proposition 4,5], we can show that

WF) o —woWo = 0-

Since ¢y is bounded, and hence in particular e~ is integrable, by Berndtsson [Berl15,
Proposition 8.2] the above equation forces (F;!),ws = wg. This shows that the
vector fields are independent of time, and in fact Fy is just the flow generated by
wo. Finally since ty,,we, = —/—1 5(;50 and ¢y is real valued, Im(wy) is also a Killing

field for wg,. This completes the proof of the proposition with w = wy. O

Proof of Proposition 7. As shown in [CDS15¢| reductivity follows from uniqueness,
and we reproduce their arguments. Suppose w is the twisted Kahler—Ricci soliton on
the triple (W, (1 —1t)1,v), and let H be the connected group with Lie algebra gy »
naturally identified as a subgroup of SL(N + 1,C). Let K C H be the subgroup of
isometries of w with the corresponding Lie sub-algebra of gy, given by

by ={w e HO(W, Tl’OW) : LRe(wyw =0, tywy =0, [w,v] = 0},
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which can naturally be identified as a sub-algebra of su(N + 1, C). Moreover, since
the trace form on su(N + 1,C) given by B(x,y) = tr(zy) is negative definite. it’s
restriction to €y, ., is a non-degenerate bilinear form, and hence £y, ,, is a reductive
Lie algebra. Next, if K¢ C SL(N + 1,C) is the connected complexification of K,
then clearly K¢ C H. Conversely, for any h € H, it can be checked that h*w is also a
twisted Kéhler—Ricci soliton for the triple (W, (1 —t),v), and hence by Proposition
4 there exists an element F € K¢ such that h*w = F*w. But then ho F~! € K, and
hence H = K°. As a consequence gy, = £w,p0 @R C, and is reductive. The same
proof suitably modified shows that the centralizer ng;v,zp,u is also reductive. a

Proof of Proposition 8. Suppose that e~® is a smooth metric on KV_VI, and f; €
Aut(W) is a one-parameter group of biholomorphisms, generated by w € gy ,. In
particular since f;w, = wy, we must have f;(e”%) = c;e™¥ for some constants c;.
Similarly to [CDS15¢, Lemma 12], we consider the quantity

)l e?
I(e™®) = L /W log U ™) wg

1% (i e—w—(l—t)w)*l e—to—(1—t)p

f e—to—(1=t)y 1 _4 .
= log w fW — T /W(¢—¢)w¢, (111)

where we note that ¢ — ¢ is a globally defined integrable function. We have
I(ff(e=?)) = I(e~?), and differentiating this at ¢ = 0 we obtain (using ¢ = 6,,),
that

fW Qe ? B fW t, e 10~ (1=t 1t 0 W
[ e? [y et (=00 % wis

1—t _ -
N /W(¢> — )V =1800, Nwi ! = 0. (112)

Integrating by parts in the last integral, and using the definition (15) of the twisted
Futaki invariant, we obtain

t 6, fW gwe*w*(l*t)w
Fut(l_tmv(VV, ’UJ) = V /W Hwe w¢ -1 fW e—tqb—(l—t)’gb . (113)

Note that this formula is not well defined if e~(1="? is not integrable, but we only
need it in that case, since by assumption (W, (1 — ¢),v) admits a twisted Kahler—
Ricci soliton.

By the convexity of D;_y)y ., twisted Kéhler-Ricci solitons minimize the twisted
Ding functional, we know that D _y,,, is bounded below. At the same time (113)
implies that

d

%D(l—t)w,v(fgkqb) = _FUt(l—t)w,U(W7 w)a (114)

and as a result the twisted Futaki invariant must vanish. O
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