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REGULARITY OF AREA MINIMIZING CURRENTS I:
GRADIENT LY ESTIMATES

CAMILLO DE LELLIS AND EMANUELE SPADARO

Abstract. In a series of papers, including the present one, we give a new, shorter
proof of Almgren’s partial regularity theorem for area minimizing currents in a Rie-
mannian manifold, with a slight improvement on the regularity assumption for the
latter. This note establishes a new a priori estimate on the excess measure of an
area minimizing current, together with several statements concerning approxima-
tions with Lipschitz multiple valued graphs. Our new a priori estimate is a higher
integrability type result, which has a counterpart in the theory of Dir-minimizing
multiple valued functions and plays a key role in estimating the accuracy of the
Lipschitz approximations.

1 Foreword: a new proof of Almgren’s partial regularity

In the present work we continue the investigations started in [LS11b,LS14], which
together with the forthcoming papers [LS13a,1.S13b] lead to a proof of the following
theorem.

Theorem 1.1. Let ¥ C R™*" be a C3% submanifold for some g > 0 and T an
m-dimensional area minimizing integral current in X. Then, there is a closed set
Sing(T) of Hausdorff dimension at most m — 2 such that T is a C%° embedded
submanifold in ¥\ (spt(01") U Sing(T")).

Theorem 1.1 was first proved by Almgren in his monumental work [Alm00],
assuming slightly better regularity on ¥, namely 3 € C°. The improvement itself is
therefore not so significant, but our proof, besides being much shorter, introduces
new ideas and establishes several new results, which we hope will provide useful
tools for further investigations in the area. Indeed, although we still follow Almgren’s
program and use many of his groundbreaking discoveries, the main steps are achieved
in a more efficient way thanks to new estimates and techniques. A striking example
is the construction of the so-called center manifold, which is by far the most intricate
part of Almgren’s work and the least explored, in spite of its importance: in this
respect, our construction in [L.S13a] is considerably simpler and shorter than [Alm00,
Chapter 4], and establishes better results.

Some of our improvements are more transparent, although not substantially sim-
pler, when ¥ = R™*" and in a book in preparation [Lel14] we will provide a complete
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and self-contained account of Theorem 1.1 under such assumption. Moreover, build-
ing on our understanding of the various issues involved to the analysis of higher
codimension singularities, we plan to tackle Chang’s improvement [Cha88], which
shows that Sing(7T) consists of isolated points when m = 2. His arguments rely
on a center manifold construction which does not match exactly the statements of
[AImO00] and it is not fully justified, but only briefly sketched in the appendix of
[Cha88]. In [LSS13], instead, we give a detailed, simple construction for such center
manifold and a complete proof of this refined regularity result.

An alternative route to Chang’s result for J-holomorphic currents in symplectic
manifolds has been given recently in [RT04,RT09]. The interest in the regularity
theory for this class of area minimizing two-dimensional currents has been gener-
ated by the seminal paper of Taubes [Tau00] on the equivalence between Gromov
and Seiberg—Witten invariants, where it plays an important role. Moreover, the pa-
pers [RT04,RT09] have stimulated a lot of activity in the area, cf., for example,
[BR12,PR10,Riv04a,Riv04b]. In [BR12] Bellettini and Riviere proved that, when T
is a special Lagrangian cone in R%, Sing(7T') consists of finitely many half-lines meet-
ing at the origin. This is, to our knowledge, the only result of its type not covered by
the Almgren—Chang works. We believe that the Bellettini—Riviére regularity theorem
can be extended to general three-dimensional area minimizing cones in any space di-
mension, combining the techniques developed in [LS11b,LS13a,L.S13b,L.S14,LSS13].
Most of the proofs in [BR12,PR10, Riv04a,Riv04b,RT04,RT09, Tau00] take advan-
tage of two specific assumptions, the underlying almost complex structure and the
two-dimensionality of the objects of study. Nonetheless these works have had a pro-
found influence on our research.

1.1 A blow-up proof: a very brief overview. In the rest of this foreword
we will give a rough outline of the proof of Theorem 1.1, highlighting the contents
of this note and the way it merges with its companion papers [LS13a,LS13b], while
comparing them to [Alm00]. Our discussion will be based on a well-known class
of examples for which the statement of Theorem 1.1 is optimal, namely singular
holomorphic curve of C2. As it was first observed by Federer (cf. [Fed69, 5.4.19)),
the integral currents induced by holomorphic subvarieties of C™ (with their natural
orientation) are area minimizing.

We denote by Dg(T) the set of points in spt(T) \ spt(07') where the density
of a current T equals the natural number @ > 1. One first pioneering contri-
bution by Almgren is an elementary, but very clever, generalization of Federer’s
reduction argument, which has been widely used in several contexts (see [Sim83,
Theorem 35.3] and [Whi97]). This argument implies that, if 7' is area minimiz-
ing, then spt(7) \ (UgDq(T) Uspt(9T)) has Hausdorff dimension at most m — 3.
Thus, to prove Theorem 1.1 it suffices to show that the Hausdorff dimension of
Sing (T') := Sing(T') N Dg(T') is at most m — 2. Since the “classical” regularity the-
ory ensures that 7' is a C1'® submanifold in the neighborhood of any point z € D1 (T,
it is natural to argue by induction on Q).
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Let us therefore consider the case ) = 2 and a point z € Dy(T). By the
monotonicity formula, in some neighborhood U of z, ||T||-almost all points have
density 1 or 2. If the points of density 1 are a set of ||T||-measure zero, by the
classical regularity theory x is a regular point for 7. So any x € Singy(7") must
be surrounded by many points of density 1, as it is, for instance, for the complex
curve {22 = w3} C C% at z = 0. On the other hand, in such an example 0 is an
isolated singularity, whereas, if T" were to contradict Theorem 1.1, by standard mea-
sure theoretic arguments there would be a point x € Sing,(7") surrounded by many
points of density 2. From now on we argue by contradiction and assume that this
happens for some area minimizing 7" at the point 0 € Do(T"). Moreover, by known
facts in geometric measure theory, we can reduce the contradiction to the case that,
for a suitable sequence of radii r; | 0, the homothetic rescalings of the current T°
by a factor 1/r (from now on denoted by T}) converge to a double copy of an
m-dimensional plane, while at the same time Do (7)) remains rather large.

It was first recognized by De Giorgi that the convergence of T}, to a single copy of
a flat plane implies that spt(7}) can be well approximated by the graph of Lipschitz
functions which are “almost harmonic”. However, the example {22 = w3} C C2
shows that this is not always the case if the limiting plane has higher multiplic-
ity. Motivated by this fact, Almgren undertook in [Alm00] the strikingly ambitious
program of giving a rather complete existence and regularity theory for multiple
valued functions minimizing a suitable generalization of the Dirichlet energy, called
Dir-minimizers. The crowning achievement of this theory is that, except for a closed
set of codimension at most 2, Dir-minimizers can be locally decomposed in classical
(i.e. single-valued) non-intersecting harmonic sheets (possibly counted with multi-
plicity). Such “linear theory” is developed in [Alm00, Chapter 2] and revisited in our
paper [LS11b]. Moreover, it is complemented by several technical statements linking
the multiple valued graphs to the integral currents, a task which is accomplished in
Almgren [Alm00, Chapter 1] and in [LS14] by us (we refer to the introduction to
our previous two papers [LS11b,LS14] for more details).

The guiding idea in the contradiction argument is to approximate the currents
T}, with Lipschitz 2-valued functions and, after a suitable renormalization of their
Dirichlet energy, show that they converge to a Dir-minimizer. If the limit inherits
a large singular set from the currents T}, then it contradicts the linear regularity
theory. Obviously, this strategy requires suitable approximations of area minimizing
currents with multiple valued graphs, accomplished by Almgren [Alm00, Chapter 3]
and by us in the present paper. If one follows our approach, the convergence of
these approximations to a Dir-minimizer can be concluded in a rather direct way.
However, we cannot expect that such limit inherits the singular set of the current.
For example, given the complex curve {(z,w) : (z—w?)? = w®} C C2, any reasonable
approximations of homothetic rescalings of this algebraic variety in a neighborhood
of the origin converge to a double copy of the classical holomorphic graph {(w,w?) :
w € C}, which has lost the singularity at the origin.
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In order to perform the blow-up argument, we then need to “modulate lower order
regularities out”. This is accomplished by the construction of a center manifold (see
[AIm00, Chapter 4] and [LS13a]): such an object is a regular C*% submanifold which
is very close to the average of the sheets of the current at any scale where the latter is
“very collapsed”. The final blow-up argument is then carried over to a new sequence
of 2-valued approximations of T}, performed on the normal bundles of the center
manifolds (see [Alm00, Chapter 5] and [LS13b]). By a delicate unique continuation
principle, based on a new monotonicity formula discovered by Almgren, a suitable
normalization of the latter approximations does converge to a Dir-minimizer which
would be forced to have a large singular set, reaching the desired contradiction.
This final step builds upon very delicate computations, which thus require a lot
of accuracy in the construction of the center manifold, that in turn needs very
good estimates on the approximation results of this note. Thus, unlike the two
works [LS11b,LS14], which can be considered separately, the present paper and
[LS13a,LS13b] are intimately interconnected.

1.2 Our contribution; or, what is new. In their overall structure, our five
papers match bijectively the five chapters of [Alm00]. Moreover, it is clear that the
ultimate reason for the success of the program is the very same prodigious and cel-
ebrated discovery of Almgren: the monotonicity of the frequency function and its
astonishing robustness, which enters twice in the plan: at the very beginning, in the
linear regularity theory, and at the end, in the convergence of the final approxima-
tions (cf. [LS11b,LS13b]).

So, what is new in our proof? Aside from finer details, which are explained in
the introductions to each of our papers, there are some new contributions which
come at a higher level. Our investigations started with the idea that the machinery
developed in metric analysis and metric geometry in the last 30 years could reduce
the complexity of several arguments in Almgren’s program. This is, indeed, the
case at many levels in the two papers [LS11b,LS14] and in this note. Approaching
vast parts of Almgren’s theory with these tools, we not only get shorter and more
transparent proofs, but often also achieve stronger analytic estimates, which give
a better starting point for the PDE parts of the program. Moreover, as it often
happens when “abstract nonsense” simplifies preexisting mathematical theories, such
machinery provides also a better insight to the material of [AIm00], as it highlights
the important points in the proofs therein.

However, this alone would not explain the shortness of our papers compared to
[Alm00, Chapters 3,4,5]. The other important reason is that we also derive some
fundamental, new “hard” estimates. A primary example is the present paper, where
the main a priori estimate is a new higher integrability result, which comes from
a Gehring-type argument and is inspired by a simple remark in the linear theory
(the higher integrability of gradients of Dir-minimizers) which to our knowledge is
not observed in Almgren’s monograph. Similar instances are present in the papers
[LS13a,LS13b], where some new quantities and guiding principles are introduced
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(for instance, the “modified frequency” function in [L.S13b] and the “splitting-before-
tilting” principle in [LS13al, inspired by [Riv04b]), which probably lead to the im-
provement on the regularity assumptions of the ambient manifold . In all these
cases we provide more efficient tools compared to [Alm00] and invoke more PDE
theory at several levels, drawing connections with fairly classical concepts from other
areas of analysis (such as maximal functions, Lipschitz truncations, elliptic systems,
Sobolev capacity). Unfortunately we do not understand Almgren’s arguments at a
sufficiently deep level to draw a fine parallel between our papers [LS13a,L.S13b] and
the last two chapters of his book, where the intricacy of the arguments in [Alm00]
is almost prohibitive. It remains the fact that our papers are much more accessible,
and we hope that in the near future our work will be used to penetrate further in
the richness and beauty of Almgren’s monograph and to go beyond Theorem 1.1.

Several other colleagues and friends have contributed with important scientific
conversations at some specific stage, for which they will be acknowledged specifically
in the various papers. In particular, for this first one we are grateful to Stefano
Bianchini, Sergio Conti, Matteo Focardi, Jonas Hirsch and Luca Spolaor for very
useful discussions and comments.

This work was carried over several years and the authors wish to thank many
institutions where they spent very productive visits, namely: the University of Rome
La Sapienza, the Scuola Normale Superiore and the University of Pisa, the Max
Planck Institute for Mathematics in the Sciences and the University of Leipzig, the
University of Ziirich, the SISSA in Trieste, the University of Warwick and, most of
all, Princeton University, which hosted the first author during his last sabbatical.
We also acknowledge the support of the ERC grant RAM, ERC 306247.

We finally thank the anonymous referee for his/her careful reading and very
valuable suggestions, which contributed to a substantial improvement of the initial
manuscript.

2 Introduction

2.1 A priori gradient LP estimate. In order to state the main results, we
start specifying some assumptions, which will hold throughout the paper. For the
notation concerning submanifolds ¥ C R™*" we refer to [LS14, Section 1]. With
B, (p) and B,(x) we denote, respectively, the open ball with radius r and center p in
R™*" and the open ball with radius r and center x in R™. C,.(z) will always denote
the cylinder B, (x) x R™ and the point z will be omitted when it is the origin. In fact,
by a slight abuse of notation, we will often treat the center z as a point in R™*",
avoiding the correct, but more cumbersome, (x,0). Let e; be the unit vectors in the
standard basis, 7 the (oriented) plane R™ x {0} and 7y the m-vector e; A ... Aen,
orienting it. We denote by p and p* the orthogonal projections onto, respectively,
7o and its orthogonal complement 7r0L. In some cases we need orthogonal projections
onto other planes 7 and their orthogonal complements 7+, for which we use the
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notation p, and p}r. For what concerns integral currents we use the definitions and
the notation of [Sim83].

Assumption 2.1. ¥ C R™*" is a C? submanifold of dimension m +n = m +mn — [,
which is the graph of an entire function ¥ : R™*” — R! and satisfies the bounds

ID¥[g<co and A :=As]o < co (2.1)

where ¢y is a positive (small) dimensional constant. 7" is an integral current of
dimension m with bounded support contained in ¥ and which, for some open cylinder
Cyr(z) (with r < 1) and some positive integer @), satisfies

piT = Q[By(x)] and 0T Cy(z) = 0. (2.2)

If we say that T is area minimizing we then mean that it is area-minimizing in
¥ N Cyr(x), namely that M(T) < M(T + 9S) for any integral S with spt(S) C
XN Cy (x)

DEFINITION 2.2. (Excess measure). For a current T' as in Assumption 2.1 we define
the cylindrical excess E(T, Cyr(x)), the excess measure er and its density dr:

BT, C, () = ITLEH) g

er(A) = |T|[(AxR") —Q|A| for every Borel A C B,(z),
dr(y) := limsup er(Bsv)) = limsup E(T', Cs(y)),

5—0 Wy 8™ 5—0
where wy, is the measure of the m-dimensional unit ball (the subscripts o will be
omitted if clear from the context).

Since T' has finite mass, the function d is naturally an L' function. However, we
can show the following higher integrability estimate when 7' is, in addition, area
minimizing. We call it a gradient LP estimate because we will show that d coincides
with the gradient of an appropriate Lipschitz function on a large region.

Theorem 2.3. (Gradient LP estimate). There exist constants p1 > 1 and C,e19 > 0
(depending on m,n,n,Q) with the following property. Let T be as in Assumption
2.1 in the cylinder Cy. If T is area minimizing and E = E(T, Cy) < €19, then

/ d” <CEP ' (E+A?%). (2.3)
{d<1}NBs

In the case @ = 1 or n = 1, it follows from the classical regularity theory
(essentially due to De Giorgi, cf. [Gio61]) that T is a C1“ submanifold in Cs.
However, when min{@,n} > 2, T is not necessarily regular and Theorem 2.3 gives
in fact an a priori regularity estimate: in this case (2.3) cannot be improved (except
for optimizing the constants p1, C and £1¢). Indeed, for Q = m = 2, ¥ = R? and
p1 =2, (2.3) is false no matter how large e, and C' are chosen (cf. [Lell0, Section
6.2]).

In order to prove Theorem 2.3 we develop the following tools:
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(a) a general scheme to approximate integer rectifiable currents with multiple val-
ued functions, relying heavily on the “metric analysis” of [LS11b] and on a
modified “Jerrard—Soner” BV estimate for the slicing of currents (cf. Proposi-
tion 3.2);

(b) a simple and robust harmonic approximation of area minimizing currents with
multiple valued functions (cf. Theorem 5.2);

(c) the higher integrability of the gradient of Dir-minimizing multiple valued func-
tions (cf. Theorem 6.1—see also [Spal(] for a different proof and related re-
sults).

In turn, Theorem 2.3 will be combined with (a) to achieve a very accurate approx-
imation result for area minimizing current, stated in Theorem 2.4. This theorem and
some corollaries of our analysis play a fundamental role in the papers [LS13a,LS13b]
and, as explained in the Foreword, have a counterpart in [Alm00, Chapter 3]. How-
ever, our derivation of Theorem 2.4 differs substantially from Almgren’s and when
we use some of his ideas, as it is for the existence of the almost projection p* of
Section 8, we give independent arguments for the main steps of the proof.

2.2 Strong approximation of area minimizing currents. = Concerning mul-
tiple valued functions we will follow the notation and terminology of [LS11b,LS14]. In
particular, a Q-valued function is a map f (usually defined over a measurable subset
2 of R™) taking values in the space Ag(R™) of unordered Q-tuples of points in R,
denoted by . [Pi]. Ag(R™) can be equipped with a natural metric G (cf. [LS11b,
Definition 0.2]) and for f measurable there exist measurable functions f; : @ — R"
such that f(x) =), [fi(z)] Yo € Q (cf. [LS11b, Proposition 0.4]). The functions f;
are not uniquely determined, but in using this notation we assume to have fixed some
suitable f;’s. Moreover, if f is Lipschitz, resp. f € W12(Q, Ag(R™)) (cf. [LS11b, De-
finition 0.5]) and € is open, then there exist measurable functions D f; € L, resp.
L2, such that Y, [Df;(z)] is the approximate differential of f (cf. [LS11b, Defin-
ition 2.6]) at a.e. z. In fact in this case the f;’s and Df;’s can be chosen so that
the first are approximately differentiable a.e. and the second are their approximate
differentials in the classical sense (cf. [LS14, Lemma 1.1]). The Dirichlet energy of f
is then Dir(f, Q) := [, |[Df[?, where |Df|? := >, |Df;]*. Following [LS14, Definition
1.10], we denote by G the integer rectifiable current, in R™*™, naturally associated
to the graph of a Lipschitz Q-valued map f : R™ D A — Ag(R"™). Moreover, we will
use the notation osc (f) for the quantity inf, sup, G(f(z), Q [p]).

Theorem 2.4. (Almgren’s strong approximation). There exist constants C,~y1,e1 >
0 (depending on m,n,n, Q) with the following property. Assume that T is area mini-
mizing, satisfies Assumption 2.1 in the cylinder Cyr(z) and E = E(T, Cy,(z)) < €1.
Then, there is a map f : By(x) — Ag(R"™), with spt(f(x)) C X for every x, and a
closed set K C By(x) such that
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Lip(f) < CE™, (2.4)
GiL(K xR")=TL(K xR") and |B,(z)\K|<CE" (E+7r*A?) ™ (2.5)

ITI(Cor(z)) = Qwm (w)m—;/ IDf*|< CE™ (E+?A?) r™ V0<o<1
B, . (z)

(2.6)

If in addition h(T, Cy- (), mp) := sup{|p*(z) —p*(¥)| : x,y € spt(T)NCyp(x)} < 7,
then
osc (f) < Ch(T, Cyy(x), ) + C(E* + 1 A)r. (2.7)

The gain of a small power E7 in the three estimates (2.4)—(2.6) plays a crucial
role in the papers [LS13a,1.S13b]. When Q = 1 and ¥ = R™*"! this approximation
theorem was first proved by De Giorgi [Gio61]. In the generality above it appears in
the big regularity paper for the first time (cf. [Alm00, Sections 3.28-3.30]). Its proof
is an elementary consequence of Theorem 7.1 and the Lipschitz approximation algo-
rithm mentioned above. In turn Theorem 7.1 will be derived from Theorem 2.3 using
a suitable competitor argument. In the case Q = 1, the competitor is the convolu-
tion of (a first) Lipschitz approximation with a smooth kernel, a classical argument
which in fact appears already in De Giorgi’s seminal paper [Gio61], although in a
slightly different form (cf. [LS11a, Appendix]).

Here we need a similar approach in the framework of multiple valued functions.
However, since Ag(R™) is highly nonlinear, it is not possible to regularize directly
by convolution. We exploit at this point a key idea of Almgren, embedding Ag(R")
in an Euclidean space and using some suitable “almost projections” pjs. Our proof
of the existence of these almost projections is however different from the one given
by Almgren in [Alm00, Theorem 1.3] and, indeed, gives better bounds in terms of
the relevant parameters (see Proposition 7.2).

2.3 Harmonic approximation. A second ingredient which in [LS13a,LS13b]
will play a key role is the harmonic approximation of Theorem 2.6 below [already
mentioned in (b) above]. In order to state it we need to set some notation about the
ambient manifold .

REMARK 2.5. (Estimates on ¥ in good Cartesian coordinates). Assume that T is
as in Assumption 2.1 in the cylinder Cyy(z). If E := E(T, Cyr(2)) is smaller than
a geometric constant, we can assume, without loss of generality, that the function
¥ : R™? — R parameterizing ¥ satisfies ¥(z) = 0, | D¥|lo < C E/> + CAr and
| D?¥|o < CA. Indeed observe that

1

E = E(T,Cy(z)) = 2w (47)™

/ Ty — 7o d|T]|(3).
C47~($)

Thus, we can fix a point p € spt(T') N Cy, () such that |T(p) — 7o| < C EY/2. Then,
we can find an associated rotation O € O(m + n) such that O;T(p) = 7 and
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|O| < C E'2. Tt follows that 7 := O(T,%) is a (m + i)-dimensional plane such that
o C mand || —T,%| < CE'>. We choose new coordinates so that my remains equal
to R™x {0} but R™™" x {0} equals 7. Since the excess F is assumed to be sufficiently
small, we can write ¥ as the graph of a function ¥ : 7 — 7. If (2, ¥(z)) = p,
then |DU(2)| < C||T,% — R™™ x {0}|| < CE"/>. However, |D?>¥|o < CA and so
| DYl < CE"> + CAr. Moreover, ¥(x) = 0 is achieved translating the system of
reference by a vector orthogonal to R™*™ x {0} and, hence, belonging to {0} x R™.

From now on, we will often consider Q-valued maps y — w(y) € Ag(R") =
Ag(R™ xRY) which take the form w(y) = 3. [(ui(y), ¥ (y, ui(y))], where u = 3", [u;]
is evidently a map taking values in Ag(R™). For w we will then use the short-
hand notation w = (u, ¥(y,u)). We also recall the notation for the average map
n: Ag(R"™) — R" defined by

Q
AQ®™) 5T =Y [P]+ n(T): QZP e R™.

i=1
Theorem 2.6. (Harmonic approximation). Let v; be the constant of Theorem 2.4.
Then, for every 77,8 > 0, there is a positive constant & with the following property.
Assume that T is as in Theorem 2.4, E := B(T,Cy,(z)) < & and rA < E/*+0,
If f is the map in Theorem 2.4 and we fix Cartesian coordinates as in Remark
2.5, then there exists a Dir-minimizing function u : By(z) — Ag(R™) such that
w = (u, ¥(y,u)) satisfies

—2 9 B ) o e
[ e [ apsi-ipus [ Do - Demowf < ,ZS)

This theorem is the multi-valued analog of De Giorgi’s harmonic approximation

(cf. [Gio61]). We prove it via a compactness argument which, although very close in
spirit to De Giorgi’s original one, is to our knowledge new (even when n =n = 1).
Indeed, it uses neither the monotonicity formula nor a regularization by convolution
of the Lipschitz approximation, and we expect it to be useful in different contexts.
2.4 Persistence of Q-points. A major ingredient in [L.S13b] is the persistence
of points of maximal multiplicity in the approximation of Theorem 2.4, when inter-
preted in a suitable “limiting sense”. If the current T" has a point of density Q, f
must satisfy the following integral bound (even though f might have no values of
multiplicity Q).
Theorem 2.7. (Persistence of Q-points). For every §, C* > 0, there is 5 €]0, 3[ such
that, for every s < 3, there exists é(s, C*, 5) > 0 with the following property. If T is
as in Theorem 2.4, E := B(T,Cy,(x)) < &, r?A%2 < C*E and O(T, (p,q)) = Q at
some (p,q) € C,j2(x), then the approzimation f of Theorem 2.4 satisfies

/ G(f,Qno f1)* < bsmr*mE. (2.9)
B (p)
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2.5 A remark on notation. Finally we remark that we follow closely the
notation of [LS11b,LS14], except for a subtle point. We denote by & the map in
[LS11b, Corollary 2.2], which there was denoted by &gy, since the symbol &€ was in
fact used for the “precursor map”of [LS11b, Theorem 2.1]. So, here £ : Ag(R"™) —
RN(@7) s an injective function satisfying the following three properties:

(i) Lip(§) < 1;
(if) Lip(¢'|o) < C(n,Q), where Q = £(Ag);
(iii) |Df| = |D(& o f)| almost everywhere for every f € W12(Q, Ag).

This “improved” € was suggested by Brian White and appears for the first time in
[Cha88]. The conclusion (iii) above is actually not explicitly stated in [LS11b], but it
follows easily: indeed [LS11b, Corollary 2.2] implies the identity |Df| = |D(&o f)] at
every point of differentiability of a Lipschitz map and, hence, almost everywhere. The
case of a general f € WH2(Q, Ag) can then be concluded from [LS11b, Proposition
2.5].

We will use the notation C' and c¢ for generic positive dimensional constants,
which may possibly change from line to line: we will always understand that these
constants depends only on the dimensional parameters m, n,n, @, co of Assumption
2.1.

3 Lipschitz approximation

To begin with, we develop a robust algorithm to approximate currents 7' as in
Assumption 2.1 with graphs of multiple valued functions. Following the work of
Ambrosio and Kirchheim [AKO00], we view the slice map x — (T, p,z) as a function
taking values in the space Io(R™) of zero-dimensional integral currents. A key es-
timate of Jerrard and Soner (cf. [AK00,JS02]) implies that this map has bounded
variation in the metric sense introduced by Ambrosio [Amb90]. On the other hand,
following [LS11b], @-valued functions can be viewed as Sobolev maps taking values
into (a subset of) Io(R™). Thus, finding Lipschitz multiple valued approximations
of T' can be seen as a particular case of the more general task of finding Lipschitz
approximations of BV maps with a fairly general target space.

DEFINITION 3.1. (Maximal function of the excess measure). Given a current T as
in Assumption 2.1 we introduce the “non-centered” mazimal function of er:

merp(y) := sup er(Bs(w)) = sup E(T, Cs(w)).

m
YEBs(w)C By, (x) WmS yEB,(w)CBa,(x)

We can now state the main result of the section, which provides the first Lipschitz
approximation for rectifiable currents.

PROPOSITION 3.2. (Lipschitz approximation). There ezists a constant C > 0 with
the following property. Let T and ¥ be as in Assumption 2.1 in the cylinder Cys(z).
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Set E = E(T, Cys(x)), let 0 < 611 < 1 be such that 16™E < 611, and define
K = {meT < (511} N B3s($’).

Then, there is u € Lip(Bss(x), Ag(R™)) such that spt(u(y)) C ¥ for every y €
Bss(x) and

Lip(u) < C (51/12 + |D¥|lo), osc(u) < Ch(T, Cus(z), m0) + Cs|| DV,

GuL(K xR") =TL(K xR"),

1 m
B, (2)\ K| < (gleT({meT >0} N Brira(r)) Vr<3s  (31)

where rg = 16 ¥/ E /611 < 1.

The proof of the proposition is based on a BV estimate which differs from the
ones of [AK00,JS02]. Note that we do not assume that 7" is area minimizing. Indeed,
even the assumption (2.2) could be relaxed, but we do not pursue this issue here.

3.1 The modified Jerrard—Soner estimate. Recall that each element S €
Io(R™*™) is simply a finite sum of Dirac deltas, S = Z?Zl w; 0, where h € N,
w; € {—1,1} and the z;’s are (not necessarily distinct) points in R"™*". Let T be
a current as in Assumption 2.1 in the cylinder Cy4. The slicing map x — (T, p, z)
takes values in Io(R™") and is characterized by (cf. [Sim83, Section 28]):

/B (T,p,x) (p)dx = T(pdx) for every ¢ € C°(Cy). (3.2)

Moreover spt((T, p,x)) C p~'({z}) and therefore (T, p,z) = >, w; §(,,). The as-
sumption (2.2) guarantees that >, w; = @ for almost every x. In order to state our
BV estimate, we consider the push-forwards of (T, p, z) into the vertical directions:

T, :=p; ((T.p,z)) € Io(R"). (3.3)

It follows from (3.2) that the currents 7}, are characterized through the identity:
/ To(¢)p(x) de = T(p(x) Y (y) dz) for every ¢ € CF(Ba), ¢ € CF(R"). (3.4)
By

PROPOSITION 3.3. (BV estimate). Assume T satisfies Assumption 2.1 in Cy (i.e.
r =1 and x =0 in Assumption 2.1). For every ¢» € C(R"™), set ®y(z) := Ty (¢).
If | Dy, < 1, then @ € BV (B4) and satisfies

(]D(IW,](A))Z < 2m2er(A)||T|[(A x R™) for every Borel set AC By.  (3.5)

Note that in the usual Jerrard-Soner estimate the RHS of (3.5) would be (||7']| (Ax
R™))2.
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Proof. Tt is enough to prove (3.5) for every open set A C By. To this aim, recall
that:

|D®y|(A) = sup {/ACIM,(x) divp(z)de : ¢ € CF(AR™), [l < 1}. (3.6)

For any smooth vector field ¢ we have (div p(x)) dx = dE, where

E=) ¢jdi/ and di’ = (-1)7"ldat Ao AdadT  AdaTTE A N da™,
J

From (3.4) and the assumption 97'_C4 = 0 in (2.2), we conclude that
/ Py (x)divp(x)de = / »(W)divp(z) de = T'(¢ div p dx)
A By
=TWdZE)=TdWE)) —T(dY NE) = =T (dp NE). (3.7)

Observe that the m-form diy A = has no dx component, since

dy NE Z Z z)dy’ A di. (3.8)

J=11i=1

Write T' = (T, @) 7o + S. Then,

- 2 -
(1@ n2)P=( [(E.av ADdITI) <lldw AZ|ZITIAx RY [ ISP,

AXR™

(| - | denotes the norms on A,, and A™ induced by the natural inner products (,)).
Since |S|? =1 — (T, 7)? < 2 — 2(T, @), we have

[ isPaimi<e [ (1= @A) diT) = 2ena).
AXR"» AXR"™

Moreover, by (3.8), [||[dY A ZE]||cc < m || DY |l¢ll, < m. Summarizing, we get

/ Dy () divp(x) do < (2m? er(A) |TI|(A x R) " ¥ € CX(AR™), ||plo0 < 1.
A

Taking the supremum over ¢’s we conclude (3.5) through (3.6). 0
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3.2 Proof of Proposition 3.2.  Since the statement is invariant under transla-
tions and dilations, without loss of generality we assume z = 0 and s = 1. Consider
the slices T, := pﬁHT, p,z) € Iy(R") and recall that ||T/(A x R™) > [, M(T}) dx
for every open set A (cf. [Sim83, Lemma 28.5]). Therefore,

T|(C,
M(T,) < lirr(l) M <mer(x)+ @ for almost every x.
r— wWmT
Since 411 < 1, we infer M(7}) < @Q + 1 for a.e. z € K. There are, then, @ functions
gi : K — R" such that T, = Y% § (z) for a.e. ¥ € K. Define g : K — Ag(R") as

i=1"gi
g =, [9i] and fix ¢ € C*(R™). Proposition 3.3 gives

(D@4 |(Br(y))*<2m® er(Br(y)) | TI[(Cy(y)) =2m* er (B, (y)) (QI B, (y) Her(B,(y))).-

Hence, if we define the maximal function

m|D(I)1/;’(£L‘) = sup M

z€B,.(y)CBar | B:(y)] ’

we conclude that
(m|D®y|(z))? < 2mmer(z)? + 2m Q mer(z) < Cdy;  for every z € K.
Therefore, the theory of BV functions gives a dimensional constant C' such that
[Py () — Py ()| < C(Si/f |z —y| Va,y € K Lebesgue points of ®, (3.9)

(see for instance [EG92, Section 6.6.2]: although in that reference the authors use the
centered maximal function, the proof works obviously also in our context). Consider
next the Wasserstein distance of exponent 1 on 0-dimensional integral currents Si,
SQZ

W1(S1, S2) :=sup {(S1 — S2,¥) : ¥ € CY(R™), | Dy, < 1}. (3.10)

Obviously, when S1 = >, [S1;], 52 = >, [S2i] € Ag(R™), the supremum in (3.10)
can be taken over a suitable countable subset of ¢ € C°(R™), chosen independently
of the S;’s. Moreover, we have that

W1(S1,S2) = min Z\Sh Sao(i] > min (Zysh S| >/2:g(51,52).

o€

(3.11)
So G(g(x),9(y)) < C(Si/f |z — y| for a.e. z,y € K. (The first equality in (3.11) is
well-known, but not easy to find in the literature. It can be derived by suitably mod-
ifying the arguments of [Fed69, 4.1.12]. Another quick derivation is the following.
Consider the set 11 of probability measures m on R x R™ of the form ZZ ; Cij 0(S1,,52;)
where the matrix of coefficients ¢;; consists of nonnegative entries with >, ¢ = 1
and ), ¢ = 1 for every ¢ and j, i.e. it is a doubly stochastic matrix. It then
follows from the Kantorovich duality, see for instance [Vil03, Theorem 1.14], that
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W1(S1, S2) = minger [ |x — y| dn(x,y). Observe however that [ |z — y|dr(x,y) is a
linear function of the coefficients c;;: the space of such matrices, also called Birk-
hoff polytope, is a compact convex set and so the minimum is attained on the
subset of extremal points. By the classical Birkhoff-von Neumann theorem this set
consists of the permutations matrices (see [Bir46]) and so minger [ |z — y|dr =
mingez, Y [S1i — Sas(i)|)-

Next, write g(x) = >, [(hi(x), ¥(x, hi(x)))]. Obviously x +— h(x) := ), [hi(x)] €
Ag(R™) is a Lipschitz map on K with Lipschitz constant < C' 51/12. Recalling [LS11b,
Theorem 1.7], we can extend it to a map @ € Lip(Bs, Ag(R™)) satisfying Lip(a) <
051/12 and osc () < Cosc (h). Set finally u(x) = >, [(wi(x), ¥(x, u;(x)))]. We start
showing the Lipschitz bound. Fix x1, 9 € B and assume, without loss of generality,
that g(’L—L(SL'l), U(:Ez))Q = Zl |ﬂl(l’1) — ﬂi($2)|2. Then

G(u(z1), u(xg))* < Z |(@i(21), U (1, @i(21))) — (@i(wa), Uwa, @(x2)))|*

fﬁij«rwwﬂ%WMm—mwm%wmmﬁm—m@
<2(1+ IDYIR)G(alwr), ulws))? + 2| DY By - 2
< C (0 + 1DW[3 ) Jay — ol

As for the L*™ bound, let n > 0 be arbitrary and p € R™ be such that osc(u) <
Supgep, G(u(z),Q [p]) + n. Proceeding as above

osc(u)2 < xs;lg G(u(z),Q [(p, ‘I’(OJD))H)Z

gzwp(u+wa%
ZEEB;}

G(u(x),Qp))* + IID‘I’H3I$IZ>

N—

< 4(1 + HD\IJH%) (osc(@)? +17) + 18| DV | 2.

Since osc(h) < h(T, Cy, mp), the estimate on osc(u) follows letting 7 | 0.

The identity G, (K x R") = T'L(K x R™) is a consequence of u(z) = T, for a.e.
2 € K. Indeed, recall that both T’ and G, are rectifiable and observe that (T, 7) # 0
|T|-a.e. on K x R™, because mep < oo on K. Similarly, (G, 7o) # 0 |Guy|-a.c.
on K x R™, by [LS14, Proposition 1.4]. Thus, (G, —T)L K x R™ =0 if and only if
(Gy — T)Ldxlgyre = 0. The latter identity follows from the slicing formula and
the property (T, p, ) = (Gu, P, ) = D _; 0(zu:(x)), Valid for a.e. 2 € K.

Finally, for each € B, \ K choose a ball x € B* = B,;)(y(z)) C By such
that er(B*) > 2781wy (z)™. By the 5r-Covering theorem, we choose balls B =
Bs,(z,)(y(;)) which cover B, \ K and such that the balls B are pairwise disjoint.

i

We then conclude
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|B,\ K| < 10m6 er (U B”“) : (3.12)

Fix y € B¥. Since B* C By, we have 27" 011w, ()™ < ep(B*) < er(By) =
4w, B, which implies 2r(x;) < ro < 1. Thus, y € By4,, C By. By definition of
mer we obviously have mer(y) > 2761;. So U;B* C Byiy, N {mer > 277611}
and (3.12) implies (3.1).

4 Patching multiple valued graphs

In this section we prove some complementary results to the theory of multiple valued
functions as exposed in [LS11b,LS14]. In particular, we show here a concentration
compactness principle for -valued functions, and give an algorithm to construct
suitable competitors for the Dirichlet energy, which will be also used in [LS13b]. We
first introduce some terminology.

DEFINITION 4.1. (Translating sheets). Let  C R™ be a bounded open set. A se-
quence of maps {hx}ien C WH2(Q, Ag(R™)) is called a sequence of translating sheets
if there are:

(a) integers J >1and Q1,...,Qs > 1 satisfying ijl Qj=0Q,
(b) vectors yj, € R™ (for j € {1,...,J} and k € N) with

lim |y — yi| = +oo Vi # . (4.1)

(¢) and maps ¢ € WH2(Q, Ag,) for j € {1,...,J},

such that hy = Zj_l[[Ty; o (7], where for any generic y € R™ we denote by Ty
Ag(R"™) — Ag(R™) the translation map (cp. [LS11b, Section 3.3.3])

A®R") > T = Z [P] = 7y (T) := Z [P = y] € AQ(R™).

REMARK 4.2. Assume that hy, Q;, yi and (¥ satisfy all the requirements of Defini-
tion 4.1 except for (4.1). Up to subsequences and relabellings, assume that y,i — y%
converges to a vector 2y. We can replace

e the integers Q1 and Q2 with Q' = Q1 + Qq;

e the vectors y}. and y5 with v, = (yi +v?)/2;

e the maps ¢! and ¢* with ¢/ := [rz0 ('] + [r—5 0 ¢?].
The new collections @, Qs, ..., Q. Y} Y3, - ... yi and ¢',¢3,...,¢7, and the function
by, = [¢'] + 231:3 [¢7], satisfy again all the requirements of Definition 4.1 except,
possibly, for (4.1). Moreover, ||G(h}, hi)||r> — 0 and |Dh}| = |Dhy|. Obviously, we
can iterate this procedure only a finite number of times, obtaining a subsequence of
translating sheets hy, asymptotic to hy, in the L? distance with [Dhy| = |Dhy|.
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4.1 Concentration compactness. Translating sheets give a useful device to
recover a suitable “compactness statement” for sequences of maps with equi-bounded
energy.

PROPOSITION 4.3. (Concentration compactness). Let Q C R™ be a Lipschitz bounded
open set and (gi)ren C WH2(Q, Ag) a sequence of functions with supy, [o, |Dgr|* <
oo. Then, there exist a subsequence (not relabeled) and a sequence of translating
sheets hy, such that ||G(gk, hi)|l . — 0 and the following inequalities hold for every
open Q' C Q and any sequence of measurable sets Jy, with |Ji| — 0:

lim inf / |ngy2—/ |Dhi|* | >0 (4.2)
k—+o00 Q\Jy, Q

timsup | (1Dgi] = |Dh)? < timsup [ (Dgul = D). (43
k—+oco JQ k Q

Proof. We start proving, by induction on @, the existence of translating sheets {hy }
(and a subsequence) with ||G(h4, gr)||z2 — 0 and satisfying the following additional

property. If J,Q;, yi and ¢’ are as in Definition 4.1, then there are ); valued
functions wi such that, after setting fr, = > j [[wi]], we have

19 gillze + Han # fil = 0, I16(r_y; o wdy)le =0 and  |Dfil < [Doyl-

(4.4)

If @ = 1 the claim with fr = g is an easy corollary of the Poincaré inequality and

the compact embedding W2 < L2. Assuming that the claim holds for any Q* < @,

we prove it for (). By the generalized Poincaré inequality [L.S11b, Proposition 2.12],
there exist points g, € Ag(R") and a real number M such that

/g(gk7§k)2§0/!ng\2§M<oo VEkeN.
Q Q

Recall the separation s(7") and the diameter d(T") of a point 7" = ), [ F;] introduced
in [LS11Db, Definition 3.4]: s(T') := min {|P; — P;| : P; # P;} and d(T) := max{|P; —
P;|}. We distinguish between to cases.

Case 1: liminfy d(gx) < oo. After passing to a subsequence, we find y; € R" such
that the functions 7, o gi are equi-bounded in the W12 metric. By the Sobolev
embedding [LS11b, Proposition 2.11], there exists a @-valued map ¢ € W12 such
that 7,, o gr — ¢ in L?(9).

Case 2: limy, d(gr) = +oo. By [LS11b, Lemma 3.8] there are points Sj € Ag such
that

ﬁd(gk) < S(Sk) < 400 and Q(Sk,gk) < S(Sk)/32,

where (3 is a dimensional constant. Write Sy = 2;-7:1 Kq [[P,i]], with P,i #* P,z for
i # 7. Both J and k; may depend on k but they have a finite range: therefore, after
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extracting a subsequence, we can assume that they do not depend on k. Set next
TR = S(S’“) and let ¥y, be the retraction of Ag(R") into By, (Sk) provided by [LS11b,
Lemma 3 7]. Clearly, the functions fr = U o gi satisfy |ka,| < |Dgg| and there are
ki-valued functions zk such that

J

Fo=S"[A], with 16k s [BiDllo < i
i=1
Since k; < @, we apply the inductive hypothesis to each sequence (zi) r and, using
Remark 4.2 reach a subsequence (not relabeled) of fi, a sequence of translating
sheets hy and corresponding functions f; which satisfy (4.4) with f; replacing gy.

We next claim that (4.4) holds even for g, i.e. that limg (||G(fx,gx)|l 2+
{fx # gx}|) = 0. To this aim, recall first that

{o0 # fi} = (G (90.51) > i} € {G (90, 30) > r/2}
Thus,

Hgk#ﬁ}\<'{g<g’“’g’“>>r’“/2}'<C/{g< o2y T = (i

i
(4.5)
Since d(gi) — +oo and (4.4) holds with fj, replacing gy, we conclude |{f; # g }| — 0.
Next, since Y (gx) = gr and Lip(d¥x) = 1, we have g(f‘k,gk) < G(gk, gr)- Therefore,
by the Sobolev embedding and the Poincaré inequality, for any p €]2,2*[, we infer

[otGear=[  uar<2[  Ghar+2[  Gaar
Q {gk7£fk-} {fwégk} {fk#gk}
< 4/A G(Tr 1) < C G (g, 1)1 3 {fk # gk}’ E
{fk?églc

(4.5) O pML=2/r
< _2_4// | D,
d(ge)*="" Ja

Since d(gy,) diverges, this shows ||G(fx, gx)||z> — 0 and by inductive hypothesis that

1G(fr k)|l L2 — 0.
We now show that (4.2) and (4.3) are consequences of (4.4). For each j we

consider the corresponding embedding §; : Ag,(R") — RN(@5m) and, by a slight
abuse of notation, we drop the j subscript. Then, we conclude that € o T_yi © wi —

€o¢’in L? and ||D(éoT_,; 0 wi)HLz is a bounded sequence, from which

Yk
D(¢o7 ,ow]) = D(§o¢?) in LX(Q). (4.6)

If Jj, is a sequence of measurable sets with [J;| | 0, then 1o j, — 1o/ in L*(Q) and
it follows from (4.6) that

D(&oT_y owl)lony, = D(Eo)la in LA(Q),
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and, hence,

Dir(¢7, Q)= uxgoaNZSm%mf/
Q/

‘D(E OT_i 0 wi)ﬁ:limkinf/ \DwiP_
N\Ju M\

Summing over j, we obtain (4.2). As for (4.3), set Jx := {gx # fx}. Thus,

/Q\kagu — |Dh)? < Ejj/mh ()Dwi) - lDle)Q
2
— Z/Q\Jk ('D(EOT_% owi)‘ - \D(ﬁoﬁj”)

<Z/ 2

D(go7_,0wl) -~ D(Eo¢)

N\
2
—Z/Q\J ‘ gor_ ;owi) +|D(& o ¢N)?
AQD@Oﬁ%owQ-D@oOD. (4.7)

Therefore, by (4.6) (and taking into account that |Ji| — 0) one gets

k—+o00

< kﬂTw;/m (‘D(E oy ou)| +IDEe

limsup/ (|Dgx| — | Dhg|)?
O\

_ 2D<§ OT_yi owi) -D(€o C]))
2
:1,ifi‘£/gZ\Jk§\D(fo¢—yaowi) - e

:limsup/ \ng|2—/ | Dhy . (4.8)

On the other hand, since |J;| — 0 we conclude

iimsup | (D] - [Dhe))* = ansup [ [Darf
Jr

k—00 k—oo Jr

Observe that, after passing to a subsequence, we can actually assume that all limsups
are in fact limits. Summing (4.8) and the last equation we then conclude (4.3). O
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4.2 Dirichlet competitors. @ We consider next a standard procedure to con-
struct competitors for the Dirichlet energy of a sequence of functions with equi-
bounded energy.

PROPOSITION 4.4. (Construction of a competitor). Consider two radii 1 < rg <
r1 < 4 and maps g, i € WY2(B,,, Ag(R"™)) such that {hy}r is a sequence of
translating sheets,

Sngir(gk,Brl) < 400 and Hg(gk,hk)HLz(Brl\Bm) — 0.

For every n > 0, there exist r €|ro,r1[, a subsequence of {gi}r (not relabeled) and
functions Hy € WY2(B,, Ag(R")) such that Hk‘B,,.l\Br = gk‘Brl\Br and
Dir(Hy, By,) < Dir(hg, By,) + n. In addition, there is a dimensional constant C
and a constant C* (depending on n and the two sequences, but not on k) such that

Lip(Hy) < C* (Lip(gx) + 1), (4.9)
|G (Hy, hi)l| 23,y < CDix(gi, By) + CDix(Hy, By), (4.10)
Imo Hillnis,,) < C7Imogkllis,,) + Cllno hullLis,,)- (4.11)

In order to prove the proposition, we need to recall the following two lemmas,
which are slight variants of [LS11b, Proposition 4.4] and [LS11b, Lemma 2.15].

LEMMA 4.5. (Lipschitz approximation). Let f € WY2(B,., Ag). Then, for every e >
0, there exists f. € Lip(B,, Aq) such that

/ G(f, 1) + / (IDf| — DL + / (ID(mo f)l — D@ f))’ < (4.12)
B, B,

T

If flop, € WY2(0B,, Ag), then f- can be chosen to satisfy also

G(f, f-)? +/ (IDf| - |Df))? <. (4.13)

OB, 0B,

Proof. By an obvious scaling argument we can assume r = 1. We start noticing
that (4.12) is a corollary of [LS11b, Proposition 4.4]. On the other hand, if f|sp, €
WhH2(0By), we extend the map to Bs by setting f(x) = f(‘%') if |z| > 1. We then
can apply [LS11b, Proposition 2.5] to find a sequence of Lipschitz maps f; such that
fr — f strongly in W12(By). Given ¢ > 0, define the maps f°(z) = f((1 + 6)x)
and fg(x) = f&((1 + d§)z). Obviously, f,f — f% strongly in WH2(By) and f0 — f
strongly in W12(By) as § | 0. By a standard Fubini argument, for each j we can find
adj < % and a subsequence { f;}r such that fi;lop,,, — flop..,, (ie. f;ffj’aBl —
f%lom, = flom,) strongly in W12(dBi4s,) as k 1 co. By standard diagonal argument
we can arrange the subsequences so that {fi ;} D {fx j+1}. Thus, a suitable diagonal
sequence fj 1= flféj),j has the property that f; — f in Wh2(By) and f;|a, — flos,
in W1’2((9B1).
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LEMMA 4.6. (Interpolation). There exists a constant Co = Co(m,n,Q) > 0 with the
following property. Assume r €]1,3[, f € WH3(B,, Ag) and g € WH2(0B,, Ag) are
given maps such that flap, € WH2(dB,, Ag). Then, for every e €]0,r[ there exists
a function h € Wh2(B,, Ag) such that hlpp, = g and

2 2 2 2, Co 2
o< [ psee [ o)+ 2 arar @

Lip(h) < Co {Lipm T Lip(g) + ¢! sé%pmf,g)} , (4.15)

/|770h|§00/ |"709+Co/ o /|, (4.16)
B, 0B, B,

(here D, denotes the tangential derivative).

Proof. The first conclusion is an obvious corollary of [LS11b, Lemma 2.15]. It is then
straightforward to see that the map constructed in the proof of [LS11b, Lemma
2.15] satisfies also (4.15). As for the final claim, let g := Y. [gi—moyg], f =
S [fi —mo f] and consider the interpolation map h between f and g given by
[LS11b, Lemma 2.15]. Set h = 3 ;[h; — n o h] and observe that Lip(h) < Lip(h)
and Dir(h) < Dir(h). We apply again [LS11b, Lemma 2.15] in the case Q@ = 1 to
no f and n o g, and get the interpolation u. It is then easy to check that the map
h:= ZZ[[sz + u] has all the desired properties. 0

Proof (of Proposition 4.4). Set for simplicity Ay := ||G(gx, hk)HLZ)(Bn\BTO) and By, :=
Imogkllzi(m,,)- If Ax = 0, then there is nothing to prove and so we can assume that,
for a subsequence, not relabeled, A; > 0. Assuming that for yet another subsequence
(not relabeled) By > 0, we consider the function

O (r) = / (IDgsl? + |Dhi[?) + A,;2/ Glgus hi) + B,;l/ mo gl (4.17)
OB, 0B, 0B,
By assumption lim infy, f;}l () dr < 0o. So, by Fatou’s Lemma, there is r € Jro, |
and a subsequence, not relabeled, such that limg ¢y (r) < oco. Thus, for some M > 0
we have

G(gk: hi)* — 0, (4.18)

0B,
Dir(hg, 0B;) + Dir(gk, 0By) < M, (4.19)
| moad < Mlno g, (4.20)

In case B = 0 for all k large enough, we define ¢; dropping the last summand in
(4.17) and reach the same conclusion.

Let ¢/ be the blocks of the translating sheets hy, as in Definition 4.1. We apply
Lemma 4.5 to each ¢/ and find Lipschitz functions () satisfying the conclusion of



GAFA GRADIENT L” ESTIMATES 1851

the lemma with & = &;(n, M) > 0 (which will be chosen later). We also choose
a standard radial convolution kernel ¢ in R™ and a small parameter p (also to be
chosen later). Then, set

J Q
by =3 [z 0@ and huy =3[k =m0 iy + (1m0 ) 5 5],
=1

Jj=1

and choose p so small that
Q%m0 hi — (mohy) * @pll7= < 1, (4.21)

/ (ID(m o hy)? = |D(n o hy + 0p)|?) < 1. (4.22)

T

Note that this is possible because, from the fact that hj is a sequence of translating
sheets, it follows that o hy(z) = F(x) + pr for some F' € W12 and a sequence of
vectors py, € R™. Therefore (nohy)*¢s = Fx@s+py and D(nohy)*¢s; = DFxpp, and
(4.21) and (4.22) follows if p is sufficiently small by the usual convolution estimates.
In particular by very rough estimates,

. (4.21)
1G9k, )l < 11G(gw, hae) e + 2[|G (hks b))l +E1 < o(1) + 381,  (4.23)
Dir(hg,, 0B,) <2M +2&;  (4.24)

and

Dir(hy,, By Z/ D(hy)i = D(n 0 hiy) + D(1 0 hy, % 05)|*

- /B (IDhial? — QD0 hien)2 + QID(m 0 b+ 03)[?)

r

— Dit(hyy, Br) + Q /B (ID(m o hi)> — [D(n o i) )

1Q /B (ID(n 0 hi )2 — |D(n o b))

(4.12),(4.22) )
<  Dir(hg,, Br) +2Q¢&;. (4.25)

We can then apply Lemma 4.6 to Ekﬂ and g with &5 = &5(n, M) > 0, and get (up
to subsequences) maps Hj, satisfying Hy|op, = gi|op, and

Dir (Hk, Br) <Dir (ﬁk,na Br) +&5 Dir (Bk,m 8Br) +é&9 Dir(gk, aB,,)
C() - 2
+— G (M
& 5. ( km gk)
< Dir(hy, By) + Q&1 + 38 (M + 1) +3Cp &, ',
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where in the last line we have used (4.18), (4.19) and (4.23)—(4.25). An appro-
priate choice of the parameters €1 and &2 gives the desired bound Dir (Hy, B,) <
Dir(hk, BT> +n.

Observe next that, by construction, lim sup;, Lip(fzkm) < C*, for some constant
which depends on 7 and the two sequences, but not on k. Moreover,

1G (Pes 1) | L= 98,) < 11G (P> 9) || L2 (08,) + CLip(gr) 4+ CLip(hy ).

Thus (4.9) follows from (4.15).

Finally, (4.10) follows from the Poincaré inequality applied to G(Hy, gi) (which
vanishes identically on 0B, ), and (4.11) follows from (4.16), because of (4.20) and
1m0 hieyllzr s,y = 11 o hi) * o5llLi(p,) < lIm o hllri(s,,) if p is also chosen small
enough such that r + p < ry. O

5 Harmonic approximation

In what follows we will always apply Proposition 3.2 with d;1 = E?? and under a
certain scaling of A.

DEFINITION 5.1. (EP-Lipschitz approximation). Let 3 € (0, ﬁ), T be as in Propo-
sition 3.2 such that 32E1=20)/m < 1 and sA < E'*F9 for some § > 0. If the coordi-
nates are fized as in Remark 2.5, the map u given by Proposition 3.2 for 611 = E*8
is then called the EP-Lipschitz approzimation of T in Css(x) and will be denoted by

f.
In this section we prove that, if 7' is also area minimizing, the corresponding E°-

Lipschitz approximation is close to a Dir-minimizing function w. This comes with
an o(F)-improvement of the estimates in Proposition 3.2.

Theorem 5.2. (First harmonic approximation). For every 11,6 > 0 and every (3 €
(0, %), there exist constants 12, C1a > 0 with the following property. Let T be as in
Assumption 2.1 in Cyus(x) and assume it is area minimizing. If E = E(T, Cys(z)) <
g1 and sA < E'/+9 then the EP-Lipschitz approzimation f in Css(x) satisfies

/ D> < mE wm (45)™ = m er(Bas(x)). (5.1)
Bay (z)\K

Moreover, if we consider the coordinates of Remark 2.5, there exists a Dir-minimizing
function u : Bas(x) — Ag(R™) such that the map Bas(z) > y — w = (u, ¥(y,u))
satisfies
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REMARK 5.3. (Isoperimetric inequality). If S C R™'™ is an integral current of
dimension m — 1 with 95 = 0, then there is an m-dimensional integral current
R C R™*" such that R = S and M(R) < CM(S)™/(m=1) where the constant C
is only dimensional (see [Sim83, Theorem 30.1]). It is also well-known that, when
spt(S) C ¥ and ¥ is as in Assumption 2.1 the same inequality holds for some R with
spt(R) C ¥ and OR = S, with a dimensional constant C' which depends additionally
on the constant cy. This can be easily seen as follows: let q : R — R™T7 he the
orthogonal projection and A : R™*" — ¥ be the map A(p) = (q(p), ¥(q(p))). A is a
global Lipschitz retraction of R™*™ onto ¥ which is the identity on X: thus we can
simply set R = Ay R.

REMARK 5.4. (Taylor expansion of the mass). There are dimensional constants
¢,C' > 0 such that the following holds. Let V' C R™ be a bounded measurable set
and let u : V' — Ag(R™) be a Lipschitz function with Lip(u) < ¢. Denote by G,, the
integer rectifiable current associated to the graph of u as in [LS14, Definition 1.10].
Then, the following Taylor expansion of the mass of G, holds:

'LL2
MG =Vl + [ P4 [ row),

where R : R™™ — R is a C! function satisfying |R(D)| = |D|? L(D) for some
positive function L such that L(0) = 0 and Lip(L) < C. This Taylor expansion is
proven in [LS14, Corollary 3.3] (although the corollary is stated for V open, the
proof works obviously when V' is merely measurable).

REMARK 5.5. There exists a dimensional constant ¢ > 0 such that, if £ < ¢, then
the EP-Lipschitz approximation satisfies the following estimates:

Lip(f) < C E”, (5.4)

/ IDf? < CEs™. (5.5)
Bgs(it)

Indeed (5.4) follows from Proposition 3.2, Remark 2.5 and || D¥||y < C(E/* + A) <
C EP by the choice of 3 and the scaling of A. While (5.5) follows from Remark 5.4
since for F sufficiently small

/ PRI / 3

i

1
Drf <y [ IpsP
() Bs.(z)

s\T

and therefore
/B D2 < C (M(GyL C34(z)) — Qum (35)™)

< C(M(TLCss(2)) — Qupm (35)™) + C M(G L (Bss(x) \ K) x R")
< CEs™+CE*»|Bsy(x)\ K| < CEs™
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Equation (5.5) is therefore a rather simple corollary of the “maximal function trun-
cation” argument employed in Proposition 3.2. Other approximation schemes give
instead worse bounds for the Lipschitz constant of the approximating map, cf. for
instance [Sim83, Theorem 5.1.1].

Proof (of Theorem 5.2). By rescaling and translating, it is not restrictive to as-
sume that * = 0 and s = 1. Thus, by Remark 2.5 we can assume ¥(0) = 0,
DTy < C(E> 4+ A) and ||[D?¥||p < A. The proof of (5.1) is by contradiction.
Assume there exist a constant ¢; > 0, a sequence of currents (T})ren satisfying
Assumption 2.1 and area minimizing, ambient manifolds ¥, (parametrized by Uy,
with second fundamental forms bounded by Aj) and corresponding E,f -Lipschitz
approximations (f)ren such that

By = E(T},Cs) -0, A, <E™ and IDfel?>c1 Er,  (5.6)
Bo\Ky,

where K}, := {z € B3 : mer, (z) < EZ/B} Set 'y, := {x € By : mer, (z) < 2_mEZ*6}
and observe that I'y, N Bg C K. From Proposition 3.2, it follows that

Lip(f,) < CE, (5.7)
1B\ Ky| < CE; *Per(Byypyi \Tx)  for every r <3, (5.8)

where ro(k) = 16 E,gl_w)/m < 3. We also assume
UL(0) =0 and [|[DWllo+ | D*Tyllo < CE/*H. (5.9)

Then, (5.6), (5.7) and (5.8) give
ClEkS/ IDfi> < Cer,(Bs\Ty) Vse[3,3].
B:\K

Setting ¢ := ¢1/(2C'), we have 2c2E), < er, (Bs \I'x) = er,(Bs) —er, (BsNT'y), thus
leading to
er, (Fk N Bs) <er, (BS) —2co Ey.. (5.10)

Next observe that w,4"Ey = er, (B4) > er, (Bs). Therefore, by the Taylor expan-
sion in Remark 5.4, Equation (5.10) and Ej | 0, it follows that, for every s € [5/2, 3],

D 2
/ DA™ (1+CE,§5> er, (Tx N By)
I'.NB,
< (1 + CE,fﬁ) (eTk(Bs) 20y Ek) <ern(Bs) —c B (5.11)
Our aim is to show that (5.11) contradicts the minimizing property of Tj. To

construct a competitor we write fy(z) = >, [fi(z)] € Ag(R™ x R!), and de-
note by (f;)(x) the first i components of the points f;(z). This induces a map
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fio= 3 [(f1)] taking values into Ag(R™). Observe that, since f(z) are indeed
points of the manifold X,

fe = Z [((F0) (), Wl (£)' ()] - (5.12)

We consider gy, := Ej,~/?f}. Since by Remark 5.5 sup;, Dir(gy, B3) < oo and |Bs \
I'x| — 0, by Proposition 4.3 we can find a subsequence (not relabelled) of translating
sheets hy, satisfying (4.2)—(4.3) and [|G(gk, i)l r2(B,) — 0. In particular, we are in
the position to apply Proposition 4.4 to g and hy, with ro = %, rp =3 and n = %,
and find r € (%, 3) and competitor functions Hj, satisfying Hy|p,\ g, = 9k|B,\B,

Dir(Hy, B,) < Dir(hy, B,) + %2, (5.13)
Lip(Hy) < C* EL (5.14)
IG(Hp, &)l 12(B,) < C* Dir(gy, By) + C Dir(Hy, B;) < M < oc. (5.15)

Moreover, Proposition 4.3 implies that, for k is large enough,

(511 er, (B,) 3
Dir(hy, By) < Dir(gy, Br N Tg) + %2 < ekaE W) _ %Ek. (5.16)
k

Note that (5.14) follows from (4.9) observing that E,f*l/2 T oo: thus C* depends on
¢ and the two chosen sequences, but not on k. From now on, although this and
similar constants are not dimensional, we will keep denoting them by C, with the
understanding that they do not depend on k. Note that, from (5.7) and (5.8), one
gets

[Tk — G, |[(C3) < | Tell((Bs \ K) x R") +[|Gy, [[((Bs \ Ki) x R")
< Q|Bs\ Ki| + Er + Q|Bs \ K| + C|Bs \ Kj| Lip(fz)
<E,+CE " <CE . (5.17)

Let (z,y) be coordinates on R™ x R™ and consider the function ¢(z,y) = |z| and
the slice (T, — Gy,, ¢, 7). Observe that, by the coarea formula and Fatou’s lemma,

3
/ lim inf EFPT'M((Ty, — Gy, ¢, 8)) ds < hmkinfE,fﬁ‘lHTk — Gy, |(C3) < C.

Therefore, for some 7 € (r,3) and a subsequence, not relabeled, M( (T, — Gy, 0, 7) )
<CE. .

Let now vy := Ei 72 Hyl|p,, ug = (vg, Vi(x,v)) and consider the current Zj :=
G, L Cy. Since ui|oB, = fr|os,, one gets 0Z;, = (Gy,, ¢, 7) and, hence, M(9(T},L Cr
—Zk)) < C’Elifm. We define

Sk =T (Cy \ Cr) + Zi, + Ry. (5.18)
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where (cp. Remark 5.3) Ry is an integral current supported in ¥j such that
(1—28)m

OR = 0(Ty.C; — Z) and M(Ry) < CEk meh

S is supported in X and 9S; = 9(Ti L. C4). We now show that, since § < ﬁ, for
k large enough, the mass of S is smaller than that of Tj. To this aim we write

Dir(uk,Br)—Dir(fk,BrﬂFk):/ \kaP—/ AR
B

B:NI'y

I
T /B D ) - /B ID((e S
I

+ /B LAY

Is

The first term is estimated by (5.13) and (4.2): recalling that vy = E;/QHk and

fi= E;/Z’gk (but also that the two functions coincide on B;\ B;.) we achieve I < ¢ Ej,
for k large enough. For what concerns the second, we proceed as follows. First we
write

I, = Z/BT(D(‘I’I@(%W(UU)% — D(Yy(z, fr.(2)i) : (D(Vg (2, up(z)); + D(Yr(z, fr(x))s).

Next, recalling the chain rule [LS11b, Proposition 1.12], we get

| D(W(, up(2)i + D(Ui(z, fi.(2))i| < CID2xllo + CllDu¥llo(Lip(ur) + Lip(f7))

(5'9) 14+§
< CE/"™".

Using the letter inequality, the chain rule and (5.9), once again we achieve

(Z D, (,04(2)) = DaWi (3, (£1) (@) )|

+ | DuWillo (| Dvk| + \Dfé’)>

I, < CE;/4+6/
B

<CE 1wl [ 9w+ CE [ (Do) + DS)
B-

T

<CE"E"+CE" <CE*Y. (5.19)

Finally, I3 < C||DW||%|Bs \ Tx| < C’E,}fﬁ. Thus, for k large enough we achieve
I + I3 < % Ey, thereby reaching Dir(uy, Br) — Dir(fg, B NT'y) < %Ek. Hence,
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M(Sy) — M(T) < M(Z) + C M(Ry,) — M(T},L Cr)

D 2 (1-28)m
<@ipl+ [ s oprson = ol - en ()
Br

D 2 3 (a=28)m
</B . | gk‘ + B+ CE OB, " —en (B
Mg

(5.11) E (1-28)m
< 22k CoEfPiCR, T <o, (5.20)

as soon as E}, is small enough. This gives the desired contradiction and proves (5.1).

For what concerns (5.2) and (5.3), we argue similarly. Without loss of generality
we assume x = 0 and s = 1. Hence, we let (T)r, (Xk)r and (¥)x be sequences with
vanishing Fj, := E(T}, C4) and satisfying (5.9), but contradicting (5.2) or (5.3). So,
being fi the E,f -Lipschitz approximations, we know that, for any sequence of Dir-
minimizing functions @; which we might choose, when we set wy, = (ug, Vi (x, ug))
we will have

limkinfEk_l/ (G(fr»wi)? + (IDfi| — [Dwi])* + [D(n o fr — mowg)|*) > 0.

2

g

=:1(k)
(5.21)
As in the previous argument we introduce the maps f;, satisfying (5.12), the normal-

ized functions gy = E, /2 f;. and, after extraction of a subsequence, the translating
sheets hy, satisfying (4.2)—(4.3) and ||G(gk, hi)||2(B,) — 0. We next claim that

(i) limy, [ |Dgk|* = [p, |Dhy,|?, for any ko (recall that [ |Dhg|? is constant);
(ii) hy is Dir-minimizing in Bs.
If (i) is false, then there is a positive constant ca such that, for any r € [5/2, 3],

Dhy|? Dag;.|? B
B, B,

provided k large enough (where the last inequality is again an effect of the Taylor
expansion of Remark 5.4). We next define the competitor currents Si as in the
argument leading to (5.20): this latter inequality is reached thanks to (5.22), which
substitutes (5.11) and (5.16). On the other hand (5.20) contradicts the minimizing
property of Ty. If (ii) is false, then hj is not Dir-minimizing in Bs. This implies
that one of the ¢/ in the translating sheets hj, is not Dir-minimizing in Bs. Indeed,
in the opposite case, by [LS11b, Theorem 3.9], [|G(¢7, Q [0 llco(p,) < oo and, since
h = lmy: 0 ("] and |y} —yi| — oo for i # j, by the maximum principle of [LS11b,
Proposition 3.5], hy would be Dir-minimizing. Thus, for some ¢/ we can find a
competitor ¢/ with less energy in the ball By. So the functions Fj, = Zj [[Tyi o é]]]
satisfy, for any r € [5/2, 3],

DF.|? Dhy|? Dag;.|? B
B 2 B 2 kg 2
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provided k is large enough (here ¢ > 0 is some constant independent of r and k).
On the other hand Fy = hy on Bj \ Bs/y and therefore ||G(Fy, gr)|l12(B,\Bs,») — 0-
We then construct the competitor current Sy of (5.18): this time we use, however,
the map Fj in place of hj to construct Hj via Proposition 4.4 and we reach the
contradiction (5.20) using (5.23) in place of (5.11) and (5.16).

We next set iy, := E;/Qhk and we aim at showing that, for wy = (ug, Y (z, ug)),
I(k) — 0, a contradiction to (5.21). Observe first that, by |G (gk, hx)|| 2 — 0, we have
D(&ogy)— D(£ohy)—0in L? (recall the definition of £ in Section 2.5). On the other
hand, recall that D(& o hy) is actually a single function, independent of k, because
h is a sequence of translating sheets. So, (i) and the identities |D(& o gi)| = |Dgxl.
|D(& o hg)| = | Dhy| imply that D(€ o gr) — D(€ o hi) converge strongly to 0 in L2
If we next set hy, = > [[hZ 7o hk]] and g, = >, [[g}C —no gk]], we obviously have
G (his Gi)llz2 + |m © i — m 0 gillz> — 0. Recall however that the Dirichlet energy
enjoys the splitting

Dir(gs) = Q / D(n o g)|? + Dir(gr) Dir(hy) = Q / D(n o h)f? + Dix(i).

So (i) implies that the Dirichlet energies of n o g and gi converge, respectively, to
those of o hy and ﬁk (which, we recall again, are independent of k because the
hi’s are translating sheets). We thus infer that D(n o hy) — D(m o g) converges to
0 strongly in L2.

Coming back to wy we observe that

Ekl/Bg(wk,fk) (2 + Lip(DV)*)E, /guk,fk C/ G(hi gr)* — 0.

(5.24)
So,

fimsup (k) < 2limsup | (1Dgu] = Db + 1Dl o 3~ o P
B,

+C(Q) limsup E; L / G (D(W(x, £)) , D(W(x, x))’?
k Bs

< C'limsup E,;l/ G (D(¥(z, 1)) , D(¥(z,u)))* = limsup E ' J (k).
k 5 k
(5.25)
Recalling the chain rule of [LS11b, Proposition 1.12], we have

D (¥(x, f})) Z [D2% (2, (f) (2)) + Do ¥ (, () () - D(fi) ()]

D (U(z,a1)) (z) = Z [D2%(x, a4 (x)) + Dp¥(x, @ (z)) - Dij(z)] .

%
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So we can estimate

k) < CLip(D,¥)? ' w) + O D2 Df2 D’2(5<9)C’3/2+25
J(k) < CLip(D- ) G (fi- i) + ClIDW[g (IDfil* + [Dug?) < CE| )

2 BQ

We therefore conclude that B, 'J(k) — 0 and thus I(k) — 0, which contradicts
(5.21). 0

6 Gradient LP estimate

In this section we prove Theorem 2.3. The result is a consequence of an higher inte-
grability estimate for the gradient of Dir-minimizing functions, the o( E)-improved
estimate for the excess measure given in Proposition 6.4 and a very careful “covering
and stopping radius” argument (cf. [Spal2| for an exposition in a more elementary
context).

6.1 Higher integrability of the gradient of Dir-minimizers. Most of the
energy of a Dir-minimizer lies where the gradient is relatively small. We prove indeed
the following a priori estimate (cf. [Spal0] for a different proof and some improve-
ments).

Theorem 6.1. (Higher integrability of Dir-minimizers). There exists p1o > 2 such
that, for every Q' cC Q C R™ open domains, there is a constant C > 0 such that

[ Dull ooy < C |Dul| 2y for every Dir-minimizing u € Wh2(Q, Ag(R™)).
(6.1)

Proof. The statement is a corollary of Proposition 6.2 below and a Gehring type
lemma, cf. [GM79, Proposition 5.1]. O
PROPOSITION 6.2. Let w < p11 < 2. Then, there exists C = C(m,n,Q,pi1)
such that, for every u : Q — Ag Dir-minimizing, the following holds

1/2 p11
<][ Du|2> <C <][ |Duypn> VzeQ Vr<min{l,dist(z,09)/2}.
B, (x) Ba(x)

Proof. Since the estimate is invariant under translations and rescalings, it is enough
to prove it for x = 0 and r = 1. We assume, therefore 2 = By. Let u : Q@ — Ag(R"™)
be Dir-minimizing and let F = €ou: Q — Q C RM. Denote by F' € RY the average
of F' on By. By Fubini’s theorem and the Poincaré inequality, there exists s € [1, 2]
such that

/{)BS (|F — F|Pu 4+ |DFPv) < C . (IF = F|P + |DF|") < C|DF|I7, s,
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Consider F|yp.. Since % > p% — m, we can use the embedding WP (9B;) —

H'Y2(dBy) (see, for example, [Ada75]). Hence, we infer that

1P = Fllomy < CIDFl s, (6.2)

8B.)
Let F' be the harmonic extension of F|gp, in Bs. It is well known (one could, for
example, use the result in [Ada75] on the half-space together with a partition of
unity) that

R o (6.2)
|DF|25,) < C(m) min |F = pllarees) < CIDF|pmp,) -  (6.3)

Consider the map p of [LS11b, Theorem 2.1]. Since p o Flop, = ulpp, and p o F
takes values in O, by the minimizing property of v and the Lipschitz continuity of

&, 571 and p, we conclude:
/2 1/1"11 1/1)11
<C </ ]DF]p“> =C </ \Du]p“> .
B> By

(J, o) "< (], o)

REMARK 6.3. Proposition 6.2 can be proved in several different ways, which are
based on more common test function arguments: cf. the intrinsic proof (i.e. which
does not use the biLipschitz embedding &) in [Spal(] or the usual Caccioppoli’s
inequality for quasi minima [Giu03, Theorem 6.5].

1

6.2 Improved excess estimate. The higher integrability of the Dir-minimizing
functions and the harmonic approximation lead to the following estimate, which we
call “weak” since we will improve it in Theorem 7.1.

PROPOSITION 6.4. (Weak excess estimate). For every nig > 0, there exists 13 >

0 with the following property. Let T be area minimizing and assume it satisfies
Assumption 2.1 in Cus(x). If E = E(T, Cus(z)) < €13, then

er(A) <mioEs™+CA? ™2, (6.4)
for every A C Bg(x) Borel with |A| < e13|Bs(x)|.

Proof. Without loss of generality, we can assume s = 1 and z = 0. We distinguish
the two regimes: £ < A? and A% < E. In the former, clearly er(A) < CE < C A2,
In the latter, we let f be the Ei—Lipschitz approximation of 7" in C3 and, arguing
as for the proof of Theorem 5.2, we find a radius r € (1,2) and a current R such
that

m

OR = (T —Gy,p,r) and M(R) < CE(I_ﬁ)m_l_
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Therefore, by the Taylor expansion in Remark 5.4, we have:

2m—1 Df|?
ITIC)=ME L€, + Ris|GlCne BE<Qi i [ P op,
Br

(6.5)
where v = ﬁ On the other hand, using again the Taylor expansion for the part of

the current which coincides with the graph of f, we deduce as well that

n |Df’2 1+
ITI(B,NK)xR")>Q|BNK|+ —— —CE™. (6.6)

B.NK 2
Subtracting (6.6) from (6.5), we deduce
D 2
er(B,\ K) < / D7 + CEY. (6.7)
BA\K 2

If €13 is chosen small enough, we infer from (6.7) and (5.1) in Theorem 5.2 that
er(B,\K)<nE+CE'", (6.8)

for a suitable 7 > 0 to be chosen. Let now A C Bj be such that |A| < e13wn,.
Combining (6.8) with the Taylor expansion, we have

Df? Df|?
eT(A)geT(A\K)+/ |;’+0E1+7§/|;|+77E+CE1+T (6.9)
A A

If €13 is small enough, we can again apply Theorem 5.2. Using the coordinates of
Remark 2.5, there is a Dir-minimizing u such that |Df| is close in L? (with an error
nE) to |Dw| with w = (u, ¥(x,u)) and by Remark 5.5 Dir(u) < C'E. On the other
hand |Dw(z)| < (14 ||D¥||o)|Du|+ || D¥||o. Since |D¥||q < CE">, by Theorem 6.1
[ Dwl|| zp10(B,) < CE'>. Therefore,

(4.2) .
er(4) < / \Dw|?* + 30 E + CE™ < C (|A[1* /710 +n) E+CEY. (6.10)
A

Hence, if €13 and 7 are suitably chosen, (6.4) follows from (6.10). 0

6.3 Proof of Theorem 2.3. We assume without loss of generality that £ > 0
and divide the proof into two steps.

Step 1. There exist constants v > 2" and o > 0 such that, for every ¢ €
[1,(yE)™'] and s € [2,4] with 5 = s + 4 ¢~ /™ < 4, we have

/ d< ’yg/ d+Cc 7 A% (6.11)
{ycE<d<1}NB. {%gdgl}mBE
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In order to prove it, let Ng be the constant in Besicovich’s covering theorem
[EG92, Section 1.5.2] and choose N € N so large that Ng < 2V~1. Let €13 be as in
Proposition 6.4 when we choose 719 = 272"V and set

1
v =max{2™ 5} and g—mm{—logy(NB/ZNl)?}.
m

Let ¢ and s be any real numbers as above. For almost every x € {ycE < d < 1}NBs,
there exists r; such that

E(T,Cy4, (z)) <cE and E(T,Ci(z))>cE Vte€]0,4ry]. (6.12)
Indeed, since d(z) = lim,_,0 E(T,C,(z)) > vcE > 2™cE and
er(Bi(z) A"E _ p o ¢ > 4
Wi 1 ¢m x/c
we just choose 4r, = min{t < 4/ x/c : E(T,C(z)) < cE}. Note also that r, <

1/ x/c. Consider the current T in Cy, (). Setting A = {yc¢E < d} N By, (z), we
have that

E(T, Cy(x)) =

¢E|Ba, (2)|

E
E(T, C4TI(I‘)) < cFE < 7E < €13 and |A’ < < 513|B47~z(1')|.
v

Hence, we can apply Proposition 6.4 to T'L Cy,, (z) to get

/ d< / d<ep(A) <272m Nep(By,, (z) +Crmt2A2
B, (x)N{ycE<d<1} A
< g72m=N (472)™ wi E(T, Cyy, () + C r™T2A2
(512) o ao
< 2 Ver(By(z)+Crl"mA”. (6.13)
Thus

d+ / d
(x)ﬂ{%édgl} Brm(a:)ﬂ{d<%}

x Tz

E
d+/ d+c—wm7“;n
B, (w)n{<£<d<1} g

eT(B’” (z)) = / (x)n{d>1} ¢ +/B
/

2),(5.13)
§ 27N +471) eT(BTz($))+Cr;”+2A2+/ d.
B z(x)m{%gdgl}
(6.14)
Therefore, recalling that v > 2™ > 4, from (6.13) and (6.14) we infer:
d< / d+ CrmT2A?
/B @nfyep<a<y  1—27N 971 n{<£<d<1
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By Besicovich’s covering theorem, we choose Np families of disjoint balls B, (z)
whose union covers {ycE < d < 1} N By and, since as already noticed r, < 1/ {/c
for every x, we conclude:

dgNBTN“/ d+Ccm A2

/{ﬂ/cE<d<1}ﬁBs {%gdgl}nBs

+i

which, for the above defined p, implies (6.11).

Step 2. We iterate (6.11) in order to conclude (2.3). Denote by L the largest
integer smaller than 27! ((logv E~1 — 1), s1, = 2 and recursively sp = spy1 +2’y*%
for k € {L —1,...,1}. Notice that, since v > 2™, s < 4 for every k. Thus, we can
apply (6.11) with ¢ = 4%, s = 53, and 5 = sj,_1 to conclude

/ dgfy—@/ d+C~y wA?2 Vke{2,... L)
{y2++1 E<d<1}NB,, {y2k=1 E<d<1}NB,, _

1
In particular, iterating this estimate we get

k—2

/ d< »y—(k—”@/ d+CA?Y 4 () (6.15)
{2+ E<d<1}NBs, {y E<d<1}nB., et

Set Ag = {d < vE}, A4y = {#?*'E < d < ¥**'E} for k = 1,...,L, and
Apy = {71 E < d < 1}. Since UA;, = {d < 1}, for p; < 1+£< 1+ L, we
conclude:

L+1
dr: = / dr: < 7(2k+1) (p1—1) Epll/ d
5<15 CZ,Y (p—1)—0) Ep1+CZZ,Y (Pr=1)= )+ (5, —0) ppi—1 A2

k £=0
< CE" —I—CZ’yk(g(pl_l)_Q) Epi—1 A2

7 Almgren’s approximation theorem

In this section we show how Theorem 2.3 gives a simple proof of the approximation
result in Theorem 2.4. The key point is the following theorem.

Theorem 7.1. (Almgren’s strong excess estimate). There are constants e11,711,C >
0 (depending on m,n,n, Q) with the following property. Assume T satisfies Assump-
tion 2.1 in Cy and is area minimizing. If E = E(T,Cy) < €11, then

er(A) < C (E™ + |A|™) (E+A?)  for every Borel AC Bs. (7.1)
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This estimate complements (2.3) enabling to control the excess in the region
where d > 1. We call it strong Almgren’s estimate because a similar formula can
be found in the big regularity paper (cf. [Alm00, Sections 3.24-3.26 & 3.30(8)])
and is a strengthened version of Proposition 6.4. To achieve (7.1) we construct a
suitable competitor to estimate the size of the set K where the graph of the E°-
Lipschitz approximation f differs from 7'. Following Almgren, we embed Ag in a
large Euclidean space, via a biLipschitz embedding &. We then regularize & o f by
convolution and project it back onto Q = £(Ag). To avoid loss of energy we need a
rather special “almost projection” p3.

PROPOSITION 7.2. For every n,Q € N\ {0} there are geometric constants dy,C >
0 with the following property. For every 6 €]0,0¢] there is pj : RN@n) ., 9 =
£(Ag(R™) such that |pi(P) — P| < C§% " for all P € Q and, for every u €
WH2(Q,RN), the following holds:

/ D(prou)? < (14+C6%7) / |Duf*+C / | Duf?.
{dist(u,Q)<omR+1} {dist(u,Q)>67Q+1}
(7.2)

The proof of Proposition 7.2 is postponed to the next section. Here we show
Theorem 7.1 and hence conclude the Theorems 2.4 and 2.6. Theorem 2.3 enters
crucially in the argument when estimating the second summand of (7.2) for the
regularization of £ o f.

7.1 Regularization by convolution. Here we construct the competitor.

PROPOSITION 7.3. Let 31 € (0, ﬁ) and T be an area minimizing current satisfying
Assumption 2.1 in Cy4. Let f be its EP*-Lipschitz approzimation. Then, there exist
constants €12,7v12,C > 0 and a subset of radii B C [9/8,2] with |B| > 1/2 with the
following properties. If E(T,Cy) < &19, for every o € B, there exists a Q-valued
function g € Lip(By, Ag) such that

glos, = flop., Lip(g) <CE™, spt(g(z))C X Vaze By,

and

/ Dgl? g/ DS + CE™ (E+ A%). (7.3)
B, - NK
Proof. By Remark 2.5 we assume that ¥(0) = 0, |[DV|p < C(E7> + A) and
|D?¥|lp < CA. Since |Df|? < Cdr < CE?P < 1 on K, by Theorem 2.3 there
is ¢ = 2p1 > 2 such that

IDfNF s (knp,) < OB/ (E+ A%)/m < C(E + A?). (7.4)

Given two (vector-valued) functions hy and hg and two radii 0 < 7 < r, we denote
by lin(h1, ha) the linear interpolation in B, \ By between hj|sp, and ha|gp.. More
precisely, if (0,t) € S™~! x [0, 00) are spherical coordinates, then

r—t t—s

ha(6,t) +

r—r r—r

lin(hl,hg)(e,t) = hl(g,t).
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Next, let § > 0 and € > 0 be two parameters and let 1 < r; < r9 < r3g < 2 be three
radii, all to be chosen later. To keep the notation simple, we will write p* in place of
p;- Let ¢ € C°(B1) be a standard (nonnegative!) mollifier. We also use the notation
f(@) = (fi(z), fo(z)) € Ag(R™ x R) meaning that f(z) = Y, [(fi(z), fi(z))]
with (fi(x), fi(z)) € R® x Rl and the maps f; and fo are then given by fj(z) =

> H f; (w)]] . This does not create confusion in “ordering the sheets”: since the points

fi(x) belong to X we have indeed the relation f](x) = W(x, fI(z)). We moreover set
[ =€ o f1. Recall the map p of [LS11b, Theorem 2.1] and define:

VE polin %,p* (%)) in By, \ By,
¢ =< VEpoln(p* <fT> , P* (\f@ *g0€>> in By, \ By, (7.5)
JE p* (f*‘/’5> in B,

Finally set g1 := & 'og and g :== Y, [(g1, ¥ (x,g%))]. We claim that, for o = rg
in a suitable set B C [9/s,2] with |B| > 1/2, we can choose rp = 73 — s and
r1 = ro — s so that g satisfies the conclusion of the proposition. Some computations
will be simplified taking into account that our choice of the parameters will imply
the following inequalities:

52879 < s, e<s and E'7?h<cm (7.6)
We start noticing that clearly glap,, = flop,,- As for the Lipschitz constant, it
suffices to estimate the Lipschitz constant of ¢’. This can be easily done observing
that:

Lip(g') < C'Lip(f’ * ¢.) < C'Lip(f') < C E* in B,
Lip(¢') < C'Lip(f') + CM <C(1+5)Lip(f) < CE* in B, \ B,
Lip(¢') < CLip(f') + C E*/? 58 <CE% +CEY?<CE%  in B, \B,,

In the first inequality of the last line we have used that, since Q is a cone, E— /2’ (z) €
Q for every a: therefore |p*(f//EY?) — f//EY?| < C§% "%, We pass now to estimate
the Dirichlet energy of g.

Step 1. Energy in By, \ By,,. By Section 2.5, the energy of the first component g;
coincides with the (classical!) Dirichlet energy of ¢’. By Proposition 7.2, |p*(P)—P| <
C 6% " for all P € Q. Thus, elementary estimates on the linear interpolation give

CFE SN2
Dy'|* < / o (L) + ¢ Df'2
/f-%\fnz| | (rs —12)* JB,,\B., ’f (@)‘ J.fsm\Bw| |
+C/ ]Dp of)]2<C'/ \Df’]Q-l—C'Es*lézg_ﬁQ
B,,\B,,

(7.7)
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As for go, we compute Dgi(z) = D,V (z, gt (x)) + D,¥(x, gt (z))Dgi(x) and so

/ IDgof2 < C's (E+ A?), (7.8)
B

r3 \Pra

where we used the estimate || Dgs||o < C'[|D¥|jo < C(E7* + A).
Step 2. Energy in By, \ B,,. Here, using the same interpolation inequality and a
standard estimate on convolutions of W2 functions, we get

c
[ ipgpsc| DIP4 e [ I = P
BT‘Q\BTI Br2+a\Br1*E (TQ o 7"‘1) Brz\Brl

< C/ |Df’|2+0525‘2/ |Df'|?
Br2+E\BT1—E B3

< c/ D+ C2Es2 (7.9)
BT2+E\BT1*E
Similarly, for the second component we have that

/ |Dgo|? < C(A* + E)s. (7.10)
Bryse\Bry -

Step 3. Energy in B, . Define Z := {dist (% * Qe Q> > (5’7Q+1} and use (7.2)

to get
/ |Dg'|? < (1+058‘"Q‘1)/ \D(f’*cpe)!2+c/ 1D (f % ¢.)|? = [ + L.
B B \Z z
(7.11)
We consider I7 and Is separately. For I} we first observe the elementary inequality
ID(f" * e )lZe < MDS ' @ellte < N(IDF11k) * @ellze + 1(IDf| Lice) * pell7
+2[(IDf 1k) * @ellLz [(IDf] k<) * pell L2, (7.12)

where K€ is the complement of K in Bs. Recalling r1 +¢ < ry + s = 7y we estimate
the first summand in (7.12) as follows:

D8 112) 5 pelBego < [

1

(IDf1k)* < / IDf'|2. (7.13)

r1+e Brz NK

To treat the other terms recall that Lip(f') < C E® and |K¢| < C E'=25.
CE? 20
T lleellze < e
(7.14)
Putting (7.13) and (7.14) in (7.12) and recalling E'=2% < ¢™ and [ |Df'|? < CE,
we get

I(IDf Lxe)xpellap,,) < CE¥ |1k @ellfz < CE* |1k

I < / IDfP+C8 " B+ CeT P E (7.15)
B,,NK
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For what concerns Is, first we argue as for Iy, splitting in K and K¢, to deduce that
L<C / ((IDf1k) ) + C e B, (7.16)
z
Then, regarding the first summand in (7.16), we note that
21Q+2 s _r
z1#ene < |- £

Since |Df’| < |Df| (and recalling that ¢1 = 2p; > 2), we use (7.4) to obtain

2
< Cé&% (7.17)

py— c 2 (p1-1)

2 L P1
/Z (IDF116) % 0)* <IZ155 1(DF116) % 0ell}n<C (5rgmm) ™ NDF N Ear )

2(p1=1)

° ) (B4 A?). (7.18)

<C (5

Gathering all the estimates together, (7.11), (7.15), (7.16) and (7.18) give

o E3/2—[31 e 2(p1—1)
"2 « 112 8-1Q 2 ( ) Pl .
/B |Dy'| _/ _pr +C<E6 i T (E+ AT (Gom

(7.19)

On the other hand, for what concerns go we can estimate as follows

/ Dgsf2 = /B LIS /B (Dgs — DfS) - (Dgh + D)

B,
< / IDfof? + /
B,,NK B

We already observed that |D fa| < C(A +E"/?), leading to the estimate ch Dfs]? <
C(A? + E)|K¢| < C(A? + E)E'=%5:1. As for the latter summand we compute

_IDRE+C (A+EY) Z/B |Dgs — D]

(7.20)

1

|Dgs — Df3] < |Da¥(x, g7) — DoV(, f})]
+ |Du¥(z, ¢} (2))Dgi| + | Du¥(z, fi(2))Dfi]
< CAG(g1, f1) +C (A + E?) EP.
We next estimate ||G(g1, £1)|loo < Cg” — f'|loc and
(L « (L s (1 ik
p (ﬁ*%) —p (@)Hoﬁ’p (ﬁ) - VEHQ
<CLip(p") |If * oz — f'||1~+C E*6% " <C EP e4C EV?68 " <CE".

lg' = lle <CVE(|

We therefore conclude

/ |D92|2§/B K\Df2|2+C(A2+E)E51. (7.21)
e

B,
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Final estimate. Since |Dg|? = |Dg'|? +|Dgo|?, summing (7.7), (7.8), (7.9), (7.10),
(7.19) and (7.21) (and recalling € < s), we conclude

/ |Dg|? S/ !Df\2+0/ IDf')? + C(A 4+ E*)(s + E)

rg B, NK Br 135\Br s

o 2 9FSTC ph Hmen
+CE<58 RS + +(1+A2E—1)( - ) . )
S

s Em/2 JnQ+1

We set ¢ = E%, § = Eb and s = E°, where

1—261 1_2ﬁ1
2m 4m (nQ +1) _8ﬁQ4m(ﬁQ+1)'

, b=

a =

This choice respects (7.6). Assume E is small enough so that s < 5. Now, if C'> 0
is a sufficiently large constant, there is a set B’ C [9/8, 23] with |B’ | > 1/2 such that,

/B . IDf|> < Cs/ |IDf'|? < CE'™ for every r; € B'.
71+3s T1—S

2

Indeed by integrating in polar coordinates and by Fubini’s theorem we have that

% i r+3s
/ dr/ |Df’y2:/ dr/ dt/ |Df'PdH"
g BT+3S\B7‘7$ g r—s 8Bt
2
345/ dt/ |Df'PdH" ! 343/ IDf'|?,
%75 BBt 32

from which the conclusion follows for C' big enough:

9 29 . 112 /2
'{T’G |:8,16:| ./TJrSS\B |Df‘ ZCS/BZ‘Df| }‘

16 4 ].
cort [P prpedel
Csf |Df\2/ T+3\Br_g| 7= C 8’

For o0 = r3 € B = 2s + B’ we then conclude, for some (31,7, n,m, Q) > 0,

[ IpsP< [ prPscE e aY). 0
B, B,NK
7.2 Proof of Theorem 7.1.  Choose 3 = ;- and consider the set B C [9/8,2]
given in Proposition 7.3. Using the coarea formula and the isoperimetric inequality
(the argument and the map ¢ are the same in the proof of Theorem 5.2 and that of
Proposition 6.4), we find s € B and an integer rectifiable current R such that

2m—1

OR = (T — Gf,so,S> and M(R) < CE2n—.
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Since glgp. = flop. and g takes values in ¥, we can use g in place of f in the
estimates and, arguing as before (see e.g. the proof of Theorem 6.4), we get, for a
suitable v > 0:

(E+A?).
(7.22)

iric) <@iml+ [ L cma D gy [ 122
B, B.NK

On the other hand, by Taylor’s expansion in Remark 5.4,
IT[(Cs) = [IT][((Bs \ K) x R") +[|G[[((Bs N K) x R")

D 2
> ||T)|((Bs \ K) XR")+QKOBS\+/ @—CE”T (7.23)
KnB, 2
Hence, from (7.22) and (7.23), we get er(Bs \ K) < C E7 (E + A?).
This is enough to conclude the proof. Indeed, let A C B/, be a Borel set. Using
the higher integrability of |Df| in K (see (7.4)) and possibly selecting a smaller
v > 0, we get

/ |DfP? y 2
er(A) <er(ANK)+er(A\K) < e +CEY (E+A%)

_ 2/a;
§C|AﬂK|m</ |Df|‘h> +CEY (E+A?)
ANK
<C|A"n (E+ A% +CE (E+A?). 0

7.3 Proofs of Theorems 2.4 and 2.6.  As usual we assume, w.l.o.g., » = 1 and

z = 0. Choose 311 < min{ﬁ, 2(111;11)}, where 711 is the constant in Theorem 7.1.

Let f be the E'-Lipschitz approximation of T'. Clearly (2.4) follows directly from
Proposition 3.2 if 77 < (311. Set next A := {meT > 2 mE206u }ﬂBg/s. By Proposition
3.2, |A] < CE'=2Pu_ 1If ¢, is sufficiently small, apply (3.1) and estimate (7.1) to A
to conclude:

|B1\ K| < CE2Pnep(A) < CEm=2ulltm) (g4 A?),

By our choice of v1; and f;1, this gives (2.5) for some positive ;. Finally, set
S = Gy. Recalling the strong Almgren estimate (7.1) and the Taylor expansion in
Remark 5.4, we conclude: for every 0 < o <1

D 2
i71(C0) - @™~ [ 127

2
es(B, \ K) + es(Bg)—/B ’D2f|

a

< CE™(E+A?) +C|B, \ K|+ CLip(f )/ |IDfI? < CE™(E + A?).

o

< eT(BO' \ K)+
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The L* bound follows from Proposition 3.2 recalling that, by Remark 2.5, we can
assume ||DV|o < C(E>+ A). Finally, Theorem 2.6 is a special case of Theorem 5.2,
since the map f in Theorem 2.4 is the E7*-Lipschitz approximation of 7. O

8 The “almost” projections pj

In this section we show the existence of the maps p} in Proposition 7.2. Compared to
the original ones introduced by Almgren, our pj’s have the advantage of depending
on a single parameter. Our proof is different from Almgren’s and gives more explicit
estimates, relying heavily on the following simple corollary of Kirszbraun’s theorem.

LEMMA 8.1. Let f: Q C RM — C C R™ be a Lipschitz function and assume that
C is closed and convex. Then, there is an extension f of f to the whole RN which
preserves the Lipschitz constant and takes values in C.

To prove Lemma 8.1 it suffices to take the map f of the classical statement of
Kirszbraun’s theorem (see [Fed69, Theorem 2.10.43]) which takes values in R™> and
compose it with the orthogonal projection m¢ onto the convex closed set C, which
is a 1-Lipschitz map in Rz,

Proof (of Proposition 7.2). The proof consists of four parts: the first one is a de-
tailed description of the set Q, whereas the remaining three give a rather explicit
construction in this order:

(1) first we specify p5 on Q: the resulting map will be called P’

(2) then we extend it to a map p* on Qgnet1, the §"@+ 1 neighborhood of Q; p
will satisfy Lip(pf) <1+ C8% """ and |p?(P) — P| < C3% " for every p € Q;

(3) we then extend it to all R keeping its Lipschitz constant bounded.

(3) follows easily from (2): we consider €' o p* : Qgras1 — Ag and a Lipschitz
extension h : RY — Ag of it with Lip(h) < C, using [LS11b, Theorem 1.7]. Our
map is then p5 := &£ oh. Then (7.2) is an easy consequence of (2), (3) and the chain
rule.

The description of Q and the proofs of (1) and (2) are given in the next subsec-
tions.

From now on we use n instead of n to simplify the notation.

8.1 Conical simplicial structure of Q.  We first prove that Q is the union of
families {fi}:-fo of sets, the “i-dimensional faces” of Q, with the following properties:

(p1) @ =U; Urer, I;

(p2) F :=U;F; is a collection of finitely many disjoint sets;

(p3) each face I’ € F; is a convex open i-dimensional cone, where open means that
for every x € F' there exists an i-dimensional disk D with x € D C F;
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(p4) for each F € F;, F'\ F is the union of some elements of U;;F;. )
(pb) for each i < k < n@ and for each F' € F;, there exists G € F, such that F' C G.

REMARK 8.2. With a small abuse of notation OF will denote F'\ F for any F € F.

So, Fo = {0}; Fi consists of finitely many half-lines meeting at 0, i.e. of sets
of type I, = {\v : X €]0,+oo[} for v € S¥~1; F, consists of finitely many two-
dimensional “infinite triangles” delimited by pairs of half lines [,,, {,, € F; and by
{0}; and so on. To prove this statement, first of all we recall the construction of & (see
[LS11b, 2.1.2]). After selecting a suitable finite collection of non zero vectors {ej }?_,
(in general h > n), we define the linear map L : R"?® — RY with N := hQ > nQ
given by

L(Py,...,Py):=(Pi-ey,...,Pg-e,Pi-ey,...,Py-es,....,P1-ep,....Py-ep).

wl w? wh

Then, we consider the map O : RV — R™ which maps (w'...,w") into the vector

(v, ...,v") where each v is obtained from w’ ordering its components in increasing
order. Note that the composition O o L : (R")? — RY is now invariant under the
action of the symmetric group . Therefore, £ is simply the induced map on
Ag = (RMQ/Pg and Q = &(Ag) = O(V) where V := L(R"¥). Moreover, since
the vectors e;’s span R™ (cf. [LS11b, 2.1.2]), the map L is injective and thus V' is an
n@-dimensional subspace.

Consider the following equivalence relation ~ on V:

. wh = wi < 2t =2l .
(wh,...,wh) ~ (24, .20 if ! f ! ’: Vi, gk, (8.1)
w; > wy, = Zj >z
where w' = (wll',...,wéz) and 2 = (zi,,zb) if w ~ z, then O rearranges their

components with the same permutation. We let £ denote the set of corresponding
equivalence classes in V and C := {L7Y(E) : E € £}. The following fact is an
obvious consequence of definition (8.1):

L(P) ~ L(S) if and only if L(Pw(l), R 7P7r(Q)) ~ L(Sﬂ(l), RN SW(Q)) Ve QQ .

Thus, 7(C) € C for every C' € C and every m € . Since £ is injective and is
induced by O o L, it follows that, for every pair Ei, Fy € &, either O(E;) = O(E5)
or O(E1) NO(FE3) = (). Therefore, the family F := {O(F) : E € £} is a partition of
Q.

Clearly, each E € £ is a convex cone. Let i be its dimension and D any i-
dimensional disk D C E. Denote by x the center of D and let y be any other point
of E. Then, by (8.1), the point z =y —e(z —y) = (1+¢) y —e x belongs as well to E
for any ¢ > 0 sufficiently small. The convex envelope of D U {z}, which is contained
in F, contains in turn an i-dimensional disk centered in y: therefore F is an open
convex cone. Since O|g is a linear injective map, F' = O(E) is an open convex cone
of dimension i. Therefore, F satisfies (p1)-(p3).

Next notice that, having fixed w € E, a point z belongs to E \ E if and only if
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(1) wé > w,i implies z; > z}c for every 4, j and k;

(2) there exists r, s and t such that w! > w] and 2z} = 2].
Thus, if d is the dimension of E, F := E \ E (cf. Remark 8.2) is the union of
some elements of U;4&;, where with £; we denote the j-dimensional elements of £.
Observe that, since O is continuous, we must have F' D O(FE). On the other hand, if
xr € F and 7 — z is a sequence contained in F, then there is a sequence {y.} C E
with O(yx) = xg. By the definition of O the sequence {yx} is bounded and hence,
up to subsequence, we can assume that it converges to y € F: thus O(y) = = and
O(E) = F. On the other hand, for equivalence classes E1, Ey of different dimension
we necessarily have O(E;) NO(E3) = (. Thus O(OE)NO(E) =0, i.e. 0F = O(OE),
which shows (p4).

For what concerns (ps) we show first that if L(P) = z € E € £ is such that z; #
zi for all i and for all j # k, then O(E) € F,q. Indeed, if t < 1/4min; ;4 |z; — 2t
then L(P +v) € E for every v € By(0) C R"?, i.e. E is an (nQ)-dimensional convex
cone. Therefore it follows that for every F' € F; with i < nQ there exists G € F,q
such that ' C G. To show this claim it is enough to prove that, if F = O(E)
and L(P) = z € E, then z is the limit of points w € V such that fw;- # wi for
all 7, 7, k, which can be easily proved by a simple perturbation argument. Next, we
argue inductively on k: knowing that F' € F; is contained in G for some G € Fy,
with k& > i + 1, we show that there is H € Fj,_; such that F' C H. Observe indeed
that F C G = G \ G and that, for dimensional reasons, G\ G must be contained
in the closure of those H € Fj_; such that H C G. Let H € Fj;,_; be such that
FNH # (. Consider E, K € € such that F = O(E) and H = O(K). Let € E such
that O(z) € FN H and z € K. We then must have that z > :cz whenever 2} > Z;-
and that 332; = xz whenever z,i = z; By the very definition of ~, the same property
holds even if we replace x with another element ¢ € E. Therefore the open segment
]€, z] must be contained in K, which in turn implies that ¢ € K. Thus we conclude
FCH.

8.2 Construction of p?.  The main building block in the construction of p” is
given by the following lemma.

LEMMA 8.3. For 7 €]0,%[ and any D € N\ {0} consider the map ®, : RP — RP
defined by:

0 if x| <7t
Or(2) = VTR E i r<fa| <7
v if |2l > V7

Then |®,(z) — x| < 7 and Lip(®;) < 1+ 2/7.

Proof. The proofs of the two claims are straightforward computations. First ®,(z) =
x if |z| > /7 and |®,(x) — x| = || < 7 if 2] < 7. For 7 < |z| < /T we compute

() | = |V o = i <
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Next we show that |D®,(z) - v| < (14 2+/7)|v| at any point of differentiability. This
inequality obviously imply the claimed Lipschitz constant estimate because ®, is
Lipschitz and its domain of definition is a convex set. The inequality is, moreover,
obvious when |z| < 7 and |z| > /7. For 7 < |z| < /T, we can compute

-
B ld+ - 5 .

Do) = AU T A O Rl

The matrix is symmetric with positive eigenvalues (because |z| > 7) and the maximal
eigenvalue is (1 — /7)~! < 1+ 24/7, thereby proving our claim.

8.2.1 Special coordinates, conical sections and separation. Let S be the k-
dimensional skeleton of Q, i.e. the union of F' € Fj and denote by (Sk), its o-
neighborhood {z : dist(z,S;) < o}. Incidentally, (Sk), contains (S;), for every
1 < k.

DEFINITION 8.4. (Coordinates and conical sections). Fiz any face F' € Fy and in-
troduce Cartesian coordinates (y,z) € R¥ x RN=F in such a way that F C R¥ x {0}.
For a positive constant ¢ consider the cone € (F) = {(y,z) € Q: (y,0) € F,|z| <
édist((y,0),Sk_1)}. For any p = (y,0) € F we set V, := ({y} x RV~ k) NE(F).

Note that, if ¢ is sufficiently small, we will have the following property
C(F)NE(G) # ) = either F C G or G CF.

For every constants a,b >0, k=1...,nQ — 1 and F' € F}, we fix coordinates as in
Definition 8.4 and denote by Fj, 3 the sets

Fa,b = {(y7 Z) : ‘Z‘ < a, (y,()) S F\ (Skfl)b}'

For the faces I’ € F,,¢ of maximal dimension and for every a > 0, F , denotes the
set Fiq := F\ (Spg-1)a- The following lemma is an obvious corollary of the linear
simplicial and conical structures of Q.

LEMMA 8.5. There is a constant ¢ > 0 (independent of a,b below) with the following
property. Assume F and G are two distinct k dimensional faces.

e Ifk=nQ,a>0,z € F,, and 2’ € Gyq, then |z — 2| > a;
o Ifk<nQ,bla>ct, x€F,, and 2’ € Gy, then |z —a'| > éb.

Moreover, if F € Fy, H € F; with i > k and F ¢ OH (cf. Remark 8.2), then
|z — 2'| > ¢a for every x € H and &’ € F \ (Sk—1)a-
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8.2.2 The domains Dom(f;). Next we choose constants ¢ := 0% "°"". If § is
small enough, each family { F; Ve }rer, with & < n@ is made by pairwise disjoint
sets, which are at least Ecz_l far apart, where ¢ is the constant of Lemma 8.5, and
it holds Fh gr2  C €(F) C Q. We are ready to define the map P = p*lo
inductively “from the top to the bottom”. More precisely we will define a family
of maps {fk}refo,.. ,ngy on domains Dom(fy) C Q starting from f,q and ending
with fo = p’. We first explicitly define Dom(f;,) := Q\ (Sk_1)e,_, for k > 0 and
Dom(fy) = Q, and in order to simplify our notation we then agree that c_; = 6% "
and S_1 = (S_1)._, = 0. Note that Dom(fx+1) ¢ Dom(fx). It is obvious that

Dom(f;) = (Dom( fer)u | B W> \ (Se—1)er_s- (8.2)

FeFy

Indeed, if = € Dom(fx) \ Dom(fx+1) we then must have dist(x,Sk) < ¢ and
dist(x, Sx—1) > cx—1. Let ¢ € Sk be such that |x — ¢| < ¢. Since dist(x, Sp_1) >
Cp_1 > ¢, the point ¢ must necessarily belong to a k-dimensional face F'. Fix coor-
dinates as in Definition 8.4. If z = (y, 2), we then obviously have |z| < ¢, < 2,/cy.
On the other hand dist((y,0), Sg_1) > dist(x, Sx—1) — |2| > cx—1 — ¢, > ci_,. This
shows that x € Fp g2 .

k

8.2.3 The maps fr,. On Dom(f,g) we define f,o = Id and specify next the
procedure to define f;, knowing f11. Along the procedure we claim inductively the
following.

Assumption 8.6. (Inductive step). The map fr11 has the following three proper-
ties.

(a1) Lip(fr1) < 1+ Cel2, and |fri1(z) — 2] < Cepin.
(bg+1) Consider i@ < k + 1, an i-dimensional face F', the cone € (F') in Definition 8.4
and the corresponding coordinates. Then, fri1 factorizes on Dom(fr4+1) N

C(F) as
karl(y?Z) = (y7 h£+1(y; Z)) € Rl X RN?Z" (83)

(cgs1) For every G € F; with i > k+1, fr41 maps Dom(fxy1)N{z : dist(z,G) < §}
into G. Moreover the restriction of fi 1 to G, ., is the orthogonal projection
onto G.

The constants involved depend on k& but not on the parameter § and since the
process is iterated finitely many times, we will not keep track of such dependence.
Note that f,q satisfies (ang), (bng) and (cpqg) trivially, because it is the iden-
tity map. Given fr.1 we next show how to construct fi. For every p € G € Fj
with p ¢ (Sk—1)e_,, set coordinates as in Definition 8.4 and consider the cone
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Wy, = {(y,2) € V, : |z] < 2\/c}. Let now &, be the map of Lemma 8.3 with
T = 2¢,. The function f, is defined in W), by

G F _ J®.0) for |2| <7/2 = ¢,
fk(x) - fk(y7 Z) . (y7 hk (y7 Z)) T {(y, @T(h,f+1(y, Z))) otherwise.
(8.4)
If ¢ € Dom( fy) does not belong to any W), as above, then we set fry1(q) = fr(q).
Observe that the definition above gives values to fr on a set which is larger than
Dom( fy): this will be useful to carry on some of the estimates, but we insist that

Assumption 8.6 will only be checked on Dom( f).

8.2.4 Well-definition and continuity.  Consider a point ¢ € Dom(f). If ¢ is not
contained in Fy /g2  for some k-dimensional face, then by (8.2) it is contained in
the domain of fi41 and thus fi(q) is defined. If ¢ is contained in Fy g2  for some
k-dimensional face, then ¢ belongs to some W), as above. Let ¢ = (y, 2). If |2] < ¢y,
then fi(g) is defined; otherwise, since dist(q, Sx) > ¢, we infer that ¢ € Dom( fi41)
and fx(q) is also defined.

As for the continuity, fix (y,z) € W, N Dom(f) with p = (y,0) € F € F. If
|z| = ck, then by (ag41) we have |hf,(y,2)| < |z| + Cepyr < 7/2 4 C78. For 6
sufficiently small this obviously implies |hf 11y, 2)| <7 and thus, by the definition
of ®-, ®-(hf,(y,2z)) = 0. On the other hand, if |z| = 2\/¢;, then |h]_,(y,2)| >
2| = Cepqr = 2y/cx — O > \/2¢; and thus @, (hf,(y,2)) = hf;(y, z). Therefore
under this assumption we have fi11(¢) = fr(q).

We next check that f maps Dom(fy) into Q. This is true by induction where fj
coincides with fj41. Fix therefore a point ¢ in some W), N Dom( f;) with p € F' € Fy,
and let G be the i-dimensional face containing ¢ with ¢ > k. Then, f;11(q) belongs to
a face G, by Assumption 8.6. By the estimate in (ag,1) and the assumption (bg1),
the face G must intersect %'(F) and thus F' C G. Observe that, by the properties of
& and by the inductive assumption (bg41), frx(¢) is mapped in the segment joining
fr+1(¢) and ¢ and thus must belong to G.

8.2.5 The inductive conclusions (c) and (bg).  The first claim of (cy) is simple to
prove: as noticed, if a point ¢ € Dom( fx) belongs also to Dom( fx1), then f; maps it
into the closure of the face containing g. If the point is not contained in Dom( fx11),
then it must be contained in the ci-neighborhood of some k-dimensional face F' and
hence it is mapped into F': when this happens F' is a portion of the boundary of the
face containing q. Next, fix a face G € F;. If ¢ = k, by the very definition of fi, we
have that the restriction of f; to Dom(f;)NGe, ¢, , is the orthogonal projection onto
G. If i > k, we actually have that f = fr1 on Dom(fg)\ (Sk)2,/a 2 Q\ (Si-1)ex_,-

Fix now an i-dimensional face L with i < k, consider coordinates R? x R~ as in
Definition 8.4 and the corresponding %' (L). If ¢ = (y,0) € L, the condition (bg) is
equivalent to saying that V,NDom(f;) gets mapped into {(y,0)} x RN =% Fix a point
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g € V. If fr41(q) = fr(q) there is nothing to prove. Otherwise it turns out that there
is a k-dimensional face F such that ¢ € ¢ (F). But then we necessarily have L C F.
So, set coordinates R x RF¥~" x R"~* 5o that at the same time L C R? x {0} x {0}
and F' C R? x RF¥=* x {0}. Thus, (y,0,0) is the coordinate of ¢ and (y, z,w) that
of ¢. According to our definition of fi, fx(q) = (y,2,w’) for some w', which indeed
implies the desired claim.

8.2.6 C° estimate. Observe that, for every x where fi coincides with fj 1, we
have | fix(z) — 2| < Cepqq < Och. Instead, for any point z where fi, is newly defined,
we distinguish the following two cases: either x = (y, z) with |z| < ¢, in which case
|fe(z) — x| < ¢ or @ = (y,z) with |z] > ¢k, and then by the estimates of Lemma
8.3 and the triangle inequality we have

|fe(x) — 2] < |frp1(z) = fi(@)| + | fer1(x) — 2] < Cepyr +7 < Ccpqr + 2.

8.2.7 Lipschitz estimate. ~ We fix z, 2’ € Dom(fx) and, apart from the trivial one
fr(x) = frr1(x) and fr(2') = frr1(2'), we distinguish three cases.

Case 1: x, 2" € Gy sz, @2, for some k-dimensional face G. Choosing coordinates
as in Definition 8.4, we set = = (y,2) and 2/ = (3/,2'). If both |z[,|2'| < T, then
|fu(@) = fr(@)| =y = y| < o — 2| If |2[ = 3 and |Z'\ > 3, then

1/y 2
[fe(@) = ful@)P < ly =o'+ (L + 20" [A (4. 2) = hia (v, 2)]
) 2
< (202 (Jy = /P + [ (9, 2) = A )
= (10v2¢,)? | frr1 ()= fran (&) P< (V26,2 (1 + C ) [ =22,

If |z] < % and [2| > T, let Z be the point with |Z| = T on the segment joining z

and 2/, and ¥ = (y, Z). Observe that fx(%) = fr(x) = (y,0) and that |7 — 2/]? =
ly—y' >+ |2 — 2> < |y — /| + |z — 2/|* < |[# — 2/|>. On the other hand we have just
shown |fi(2') = fr(@)| < (14 Ce/")]a’ — .

Case 2: v € Fy o2 |, @' € Gy s 2 for distinct F,G € Fj. By Lemma 8.5,

|lx — /| > Eczfl > 602/4. On the other hand, we also have, by the CO estimate,
f(2) = fula')| < | — 2| + Cep, < (1 + ch‘*) iz — 2'].

Case 3: x € Gy szr 2, for some k-dimensional face G and fr(@") = fry1(2'). With-
out loss of generality we assume

o G € Fy;

o 7' ¢ GQ@,cifl;

e 2/ € H for some face H (of dimension i > k).

We have two possibilities.
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Case 3a: G ¢ H. Consider the closed set G = G \ (Sk-1)ez_,- By Lemma 8.5
dist(2/, G) > EC%—1 and thus |z — 2/| > Eci_l - 2\/c; > gci_l. We can therefore
argue as in Case 2.

Case 3b: G C H. We then have two possibilities. The first is that € Dom( f1).
Since fi(2') = frr1(2'), we have |fi(2') — /| < Ceppr = Cch. We use the co-
ordinates of Definition 8.4 and (axy1) to conclude fi(z') = fri1(v,2) = (v, 2")
with "] > || = C§ > 2\/cx — C & > /2¢;. We can therefore write fy(z') =
(", ®,(2")) [because ®,(z") = z"] and, hence, recalling f(z) = (y, ®-(hf.,(y,2)))
and fk—i-l(x) = (y,h£+1(y,2)),

| fi(a) = fo@))* <y — "2 + (142072 W (g, 2) — 2
< (14 2v7)? | fera () —fk:+1(95)‘2-

We therefore conclude |fy(z') — fr(x)| < (1 +C17?)|2’ — 2| < (1 + Cc,lgz)|x’ — x|
The second possibility is that x is not in the domain of definition of fri;. In
that case x is at distance ¢, from G and thus |z — 2’| > |/c;. We then conclude that

(@) = ful@)] < |z — 2| + Cop < (1 + Cy/er)|x — 2

8.2.8 Summary. After nQ steps, we get a function fy = p’ : Q@ — Q which
satisfies

Lip(p’) <14+ C8* " and |p’(z) —a| <C8® "7,

P’ ({z : dist(z, F) < 6}) C F for every F € Fy, (8.6)
pb : F(s s F' is the orthogonal projection on F for every F € Fy. (8.7)

8.3 The extension p! of p® to Qsne+:.  Next we extend the map p°: Q — Q
to the 6”@+ neighborhood of Q, keeping the estimate (8.5). We first observe that,
since the number of all the faces is finite, when ¢§ is small enough, there exists a
constant C' = C(IN) with the following property. Consider two distinct faces F' and
H in F;. If 2,y are two points contained, respectively, in Fsir1 \ Uj<; Uger, Gsitr
and Hsit1 \ Uj<; Uger, Gsivr, then

dist(z,y) > C 4" (8.8)

Similarly if F € F; and H € F; with [ < i and F ¢ H, then for every = € Fyy: and
y € Hsia \Uj<i Uger,; Ggi+1 it holds

dist(z,y) > C 4" (8.9)

The extension p? is defined inductively, but this time “from the bottom to the top”.
The first extension go is identically 0 on Bs(0) (note that this is feasible because
» = 0 in Bs(0) N Q). Now we come to the inductive step. Suppose we have an
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extension gy of p”, defined on the union of the §*!-neighborhoods of the f-skeletons
Sy, for £ € {0,...,k}, ie.

Assume inductively that Lip(gx) < 1+ C 6% """ and assume that g, maps any
87t -neighborhood of any j-dimensional face into its closure, when j < k. Then, we
define the extension of g to L4 in the following way. For every face F' € Fjy1, we
set

P’ onQ,
Gr+1 = gk on (Sk)se1 N Fiese, (8.10)

pr on {z € RN : pp(z) € F51} N Fsrsz,

where pr stands for the orthogonal projection on F' (recall that by (8.7) p” = pr
on F'N Fsi2 ). Consider now a face F' as above and U(F') the union of all the
87t -neighborhoods of the j-dimensional faces which belong to F. As defined above,
gr+1 maps a portion of U(F) into F. We can use Lemma 8.1 to extend gy to
U(F) keeping the same Lipschitz constant, which we now compute. This constant is
obviously smaller than 1+C8% """ on the domain ((Sg)sr+1 N Fyes2 ) UF by inductive
hypothesis. The same constant is 1 on {z € RY : pp(x) € Fs1}NFs+2. Consider now
a point x € {z € RN . pr(x) € F(;,l} N Fsr2 and a point y € F U ((Sg)ge+1 N Fyrt2).
Ify ¢ (Sk)crl]/s, then necessarily y € F' and we then have

|9k11(7) — grr1(y)| = [Pr(®) —y| = |Pr(z) — PrY)| < |z —yl.

58—71&2—1

1
Otherwise we have |z —y| >1—¢j =1— and we can write

19k+1(2) — g1 (W)] < |grs1 () — y| + Ceo < |z —y| + 6" + Cep

5k+2 C o1
< (14 T ) ey < 4085y
1—-Ccq

Note that, if € U(Fy) N U(F3) for two distinct Fy, Fy € Fiy1, then z € Ly.
Thus, the map gry1 is continuous. We next bound the global Lipschitz constant
of gr+1. Indeed consider points z € U(Fy) \ U(Fz) and y € U(Fy) \ U(F) for
two distinct F; € Fpi1. Since by (8.8) and (8.9) |z — y| > C 61, we easily see
that

19k+1(2) = gr1(Y)] < [gr+1(2) = ge1 (PR (2))] + [gh+1(PF () — g1 (PR (9)]
+ gr+1(PR (Y)) — gkt 1(y)]
<21+ C% ") M2+ P (bR (2) — (PR (1))
<2140 )M+ (14085 ) pR (@) — PR(Y)]
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<21+ 082 L (1088 (\x —y+ 25k+2)
<A+C® )z -yl

Next, consider the case x € Q\U(F),y € U(F). If |z —y| > 6*T!, we can then argue
as above and (considering that g (z) = p°(z)) we bound

9641 (2) = grar @) < (14 €65 62 4 |p(2) = 9 (pr ()]
< (14088 (82 4 o = pr(y)]) <1+ C8 ) (842 4 o — y| + 6°2)
<+ ) —yl

We therefore assume |z — y| < 6571, Observe also that, if y & {z € RN : pp(z) €
Fs51} N Fyesz, then gry1(y) = gr(y) and since gry1(z) = p’(x) = gi(z), we know
the Lipschitz bound by inductive assumption. We therefore conclude that x €
Fyiroygiri 1 _grer. Assuming Jp small enough, 6¥72 4 ¢*1 < § and 1 — §FF >

&8 = 05/8, therefore x € FJC;/B. By (8.7) we then have |gp+1(z) — gr+1(y)| =

lpr(z) —pr(y)| < |z —yl.

Since @ and the union of the U(F;) is the domain of definition of gxy1, this
shows Lip(gp41) < 1+C 6% """, Note that by construction we also have that U(F)
is mapped into F, which is the other inductive hypothesis.

After making the step above n() times we arrive to a map g,g which extends pb
and is defined in a §"?*1-neighborhood of Q. This is the map p. 0

9 Persistence of QQ-points: proof of Theorem 2.7

Proof (of Theorem 2.7). As usual, by scaling and translating we assume z = 0
and r = 1. According to [LS11b, Theorem 3.9], there are constants C(m,n, Q),
k(m,n,Q) > 0 such that

G(wlz), wiy)) < C_'(Dir(w))% for any Dir-minimizer w : By — Ag(R").

sup -
r#Yy€EBy 2 |y - x|

(9.1)

The final choice of § will be specified at the very end, but for the moment we impose

s< L.

F4ix now s < § and C* as in the statement and assume by contradiction that, no
matter how small we choose £ > 0, there are a current 7" and a submanifold ¥ as in
Theorem 2.4 and a point (p,q) € C;, satisfying:

(a) E:=E(T,Cy4) < € and A? < C*FE;

(b) O(T, (p,q)) = Q;

(c¢) the E7-approximation f (which is the map of Theorem 2.4) violates (2.9), that
is

/ G(£.Q[no f1)* > 65 E. 9.2)
B.(p)
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Set 6 = % and fix 7 > 0 (whose choice will be specified later). By (a), for a suitably
small & we can apply Theorem 2.6 in the coordinates of Remark 2.5: we let u be the
corresponding Dir-minimizer and w = (u, ¥(z,u)). If 7 and € are suitably small, we
have

/ G(w,Q[now])? > BsmE,
B (p)

and sup {Dir(f), Dir(w)} < CE (here we use Remark 5.5). Thus there is p € Bs(p)
with G(w(p), Q [n o w(p)])? > 12> - E and, by (9.1), we conclude

1

g@y:gm@LQhow@mpz@%Ey”—mom%éﬁz(gﬂ”, (9.3)

where we assume that § is chosen small enough in order to satisfy the last inequality.
Setting h(x) := G(f(z),Q [no f(z)]), we recall that we have

/ |h—g|* < CTqE.
B, (p)

Consider therefore the set A {h > (g ) } If 7 is sufficiently small, we can

assume that |Bs(p) \ 4| < = |B |. Further, define A := AN K, where K is the set of
Theorem 2.4. Assuming ¢ is sufficiently small we ensure |B,(p) \ A| < 4|B |. Let NV
be the smallest integer such that NGi—gs > 5. 5et 0y == 5— i64E forie {0,1...,N}
and consider, for i < N — 1, the annuli C; := By, (p) \ By, +1( ). If € is sufﬁmently
small, we can assume that N > 2 and oy > i. For at least one of these annuli we
must have |[A N C;| > 1|C;|. We then let o := o; be the corresponding outer radius
and we denote by C the corresponding annulus.

Consider now a point # € C N A and let T}, be the slice (T, p,z). Since A C K,
for a.e. ¥ € A we have T, = Z °, [(z, fi(z))]. Moreover, there exist ¢ and j such
that | f;(x) — fj(z)]* > @g( (z),[no flx)])? > 4QE’ (recall that x € A C A). When
x € C and the points (z,y) and (x, z) belong both to B,((p,q)), we must have

co N\ 2
2 2 oE SE SF
2P <a(’~(o-dits) )< BE <&
Thus, for z € ANC at least one of the points (w, f;(z)) is not contained in B, ((p, q)).
We conclude therefore

IT)[(Co(p) \ Bo((p.q)) > ICN A > ;c‘ =om (gm = (o= 5)")

Wm se \™

S (1-(1- 64Qw) ). (9.4)
Recall that, for 7 sufficiently small, (1 — 7)™ <1 — T, Since o > §, if £ is chosen
sufficiently small we can therefore conclude

| V

WmomOE Wi,

IT(Co(p) \ Bo(p)) > 256050 1024Q5E0m_2 = cgdEo™ 2. (9.5)
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Next, by Theorems 2.4 and 2.6,

D 2
IT1(Co(p) Smeam+CE1+’Yl+nE+/ Dul,
B.(p) 2

Moreover, as shown in [LS11b, Section 3.3] (cf. [LS11b, Proposition 3.10]), we have

(9.6)

/ |Dw|? < |DY|*c™ + C’/ |Du|* < C(1 4 C*)Ec™ + CDir(u)o™ 22",
B (p B, (p)

(9.7)
[for some constants £ and C' depending only on m, n and Q; in fact the exponent
is the one of (9.1)]. Combining (9.5), (9.6) and (9.7), we conclude

IT(Bs((p,q))) < Qupmo™+(74+C(14+C*)o™) E+CEF 1 +CEc™ 25 _ oo™ 2 E.

(9.8)
Next, by the monotonicity formula, p +— exp(CAZ?p?)p~™||T|(B,((p,q))) is a
monotone function (indeed, the usual monotonicity formula of the theory of varifolds
with bounded mean curvature gives the monotonicity of p — exp(CAp)p~"||T||
(B,((p,q))), cf. [Sim83, Theorem 17.6]); the slight improvement needed in this proof
follows from minor modifications of the usual argument but, since we have not been
able to find a reference, we provide a proof in Lemma A.1 in the appendix). Us-
ing A?2 < C*E, (T, (p,q)) = Q and the Taylor expansion of the exponential, we
conclude

IT(Bo((p.9))) = Qo™ — CC*Ea™*2. (9.9)
Combining (9.8) and (9.9) we conclude
C(14 C*)o? 4 (7 + CE})o®> ™™ + Co® > cod. (9.10)

Recalling that o < s < 3, we can, finally, specify : it is chosen so that C(1 +C*)5%+
C5%" is smaller than &-0. Combined with (9.3) this choice of 5 depends, therefore,

only upon 4. (9.10) becomes then
(7+CEM)o*™™ > %4, (9.11)

Next, recall that o > £. We then choose ¢ so that (7j 4+ C&")(2)2™™ < %05 This
choice is incompatible with (9.11), thereby reaching a contradiction: for this choice
of the parameter ¢ (which in fact depends only upon $ and s) the conclusion of the
Theorem, i.e. (2.9), must then be valid. 0
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A  Monotonicity formula

LEMMA A.1. There is a constant C depending only on m, n and i with the following prop-
erty. If ¥ C R™*" s a C? (m + n)-dimensional submanifold with ||As||.c < A and T an
m-dimensional integer-rectifiable current supported in ¥ which is stationary in X, then for
every & € ¥ the function p — exp(CA2?p?)p~™|T|(B,(€)) is monotone on the interval |0, pl,
where p := min{dist(x,spt(9T)), (CA)~1}.

Proof. The argument is a minor variant of the classical proof of the monotonicity formula
for varifolds with bounded mean curvature due to Allard (cf. [All72]). Here the stronger
hypothesis that T is stationary in a C?-submanifold allows a better estimate of the relevant
error term. Without loss of generality assume ¢ = 0, let s €]0, o[ and ¢ € C}(] — 1,1[) with
© = 1 in a neighborhood of 0. For each z € ¥ let p, : R™*" — T3 be the orthogonal pro-
jection onto the tangent space to X in = and consider the vector field X(x) := @(@)px (z).
Note that X, is tangent to ¥ and thus 67(X;) = 0. In order to compute §7(Xy), consider

at ||T||-a.e. € spt(T) an orthonormal frame ey, ..., e, with ey A...Ae, =T. It turns out
that

6T(Xs)z/divT~Xsd||TH :/Z(De,iXs,eZ)dHTH.

Next, at any « € ¥ let vq,..., (I = n—n) be an orthonormal frame orthogonal to 3. Since
Pa(z) =2 — > (x,v;)v; and (e;,v;) = 0, we compute:

divpX,(x) = Z [Dei ((p (%)) (x,e;) + (“:—l) (D, x, ei>} - (%) Z(a:, vj)(De,vj, €;) .

i,J

I Ir

I is the usual expression appearing in the proof of the standard monotonicity formula for
stationary varifolds. If we use the notation r for the function z — |z| and V-+r for the
orthogonal projection on the orthogonal complement of Span{ei,...,e;}, we find I =
me(L) + ¢/ (£)(1 — [V+r|?) (see for instance [Lell2, (2.2)]). In order to bound I1, we
first observe that (D, v, e;) = —(A(es, e;),v;). Next, since r < (CA)~™1, if C is chosen suf-
ficiently large we can assume that the geodesic segment of ¥ connecting 0 and z has length
¢ < 2r. Denote by ~ : [0,¢] — ¥ a parametrization by arc-length of such a segment. Then,

4 Y4
(v () =/O <7(0),Vj(7(€))>d0=/0 (1(0), [v;(v(0)) = v;(~(0))]) do, (A.1)

g(o)

and observe that

+ (30, (@] < HAG ) A

Since g(¢) = 0, integrating the latter inequality we conclude |g(c)| < 3¢A < 6rA, which in
turn, together with (A.1), gives |z - v;(z)| < 12r2A.

Putting all estimates together, we achieve the inequality |II| < Cp(%)r? A% From here on
we can follow the usual strategy leading to the monotonicity formula (cf. [Sim83] or [Lell2,



GAFA GRADIENT L” ESTIMATES 1883

Proof of Theorem 2.1]): letting the test function ¢ converge from below to the indicator
function of ] — 1, 1], after few manipulations we achieve the inequality

ATIBY | e 7B
ds s™ s§m
which leads to the desired claim. O

REMARK A.2. The proof can be easily extended to varifolds which are stationary in X.
In fact the argument above can be considerably shortened using directly the Monotonicity
Formula of Section 5 in [All72].
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