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METRIC FLIPS WITH CALABI ANSATZ

JIAN SONG AND YUAN YUAN

Abstract. We study the limiting behavior of the Ké&hler-Ricci flow on
P(Opn @ Opn (—1)2m+1) for m,n > 1, assuming the initial metric satisfies the Cal-
abi symmetry. We show that the flow either shrinks to a point, collapses to P™ or
contracts a subvariety of codimension m + 1 in the Gromov—Hausdorff sense. We
also show that the Kéahler—Ricci flow resolves a certain type of cone singularities in
the Gromov-Hausdorff sense.

1 Introduction

The formation of singularities of the Kahler—Ricci flow on a compact Kéhler manifold
M reveals the analytic and algebraic structures of M. It is well known that the
Kahler—Ricci flow converges to a Kahler-Einstein metric if M admits negative or
vanishing first Chern class for any initial Kahler metric [Y1], [Cal], [Ts].

When the canonical bundle K is not nef, the Kahler—Ricci flow will develop a
finite time singularity and one expects the Ricci flow to carry out surgeries through
the singularities in some natural and unique way. The flow (M, g(¢)) should converge
in some suitable sense to a ‘limit manifold’ (M, gr) as t tends to the singular time
T and continue on the new manifold starting at gr. This is referred to as canonical
surgery by the Ricci flow. If the Kédhler manifold M is projective, then one hopes that
the canonical surgeries correspond to algebraic transformations such as divisorial
contractions or flips.

An analytic analogue of Mori’s minimal model program is laid out in [SoT3] for
how the Kéahler-Ricci flow will behave on a general projective variety. More precisely,
it is conjectured that the Kéahler—Ricci flow will either deform a projective variety
M to its minimal model after finitely many divisorial contractions and flips in the
Gromov—Hausdorff sense, or collapse in finite time. The existence and uniqueness
is proved in [SoT3] for the weak solution of the Kédhler—Ricci flow through divisorial
contractions and flips. However, the Gromov—Hausdorff convergence at the singular
time is largely open. The program is established for Kéhler surfaces in [SoW2,3].
More precisely, for the Kéahler-Ricci flow on a Kéhler surface M with an initial
Kahler metric gp, either the flow deforms M to a minimal surface or the volume
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tends to 0 in finite time, after finitely many contractions of (—1)-curves in the
Gromov-Hausdorff sense. In the work of [LT] the conjectural behavior of the flow
through a flip is discussed in relation to their V-soliton equation.

The goal of the current paper is to construct examples of small contractions and
resolution of singularities by the Kéhler—Ricci flow. Let (X, gg) be a compact Kéhler
manifold of complex dimension n > 2. We write wy = ﬁl(go)ﬁdzi A dz for the
Kahler form associated to gg. We consider the following Ké&hler-Ricci flow w = w(t)

given by
0 .
5= —Ric(w), wlt=0 =wo, (1.1)

for Ric(w) = —%85 logw™, and g = ¢(t) is the metric associated to w. The flow
admits a smooth solution on [0,¢ + €) for some € > 0, if and only if the cohomology
class of w(t) given by [w(t)] = [wo] + t[Kx]| is Kéhler. The first singular time T is
characterized by

T =sup{t € R | [wo] + t[Kx] >0} . (1.2)

Clearly T depends only on X and the Kéhler class [wo], and satisfies 0 < T < o0.
The manifold
Xun = P(Opn @ Opn (—1)®(m+D)

is a projective toric manifold for m > 0 and n > 1. Xy, is exactly P+ blown up at
one point. X, ,, does not admit a definite or vanishing first Chern class when n < m
and X, ,, is Fano if and only if n > m. X, , has a special subvariety Py of codimen-
sion m 4+ 1, defined as the zero section of projection P(Opn @ Opn (—1)®(m+1)) — pn,
There exists a morphism

B : Xy — PFDOHD) (1.3)

which is an immersion on X, , \ Py and contracts Py to a point. Y, ,, the image
of Xy,n via @, is smooth if and only if m = 0 and then Yp, is simply Pt
When m > 1, Y, , has a cone singularity where Fy is contracted. In particular,
Yin = Yom is the projective cone in P+ gyer P™ x P via the Segre map
for m > 1. It is also well known that X, , and X, ;,, are birationally equivalent for
m > 1, and differ by a flip for m # n.

In this paper, we always consider the Kahler metrics on X, ,, satisfying the Cal-
abi symmetric condition defined in [C1]. The precise definition is given in section 2.2.

Our first main result characterizes the limiting behavior of the Kéhler—Ricci flow
(I.1) on Xy pp as t — T

Theorem 1.1. Let g(t) be the solution of the Kéhler—Ricci flow (1.1) on X, p,
with the initial Kdhler metric wy € ag[Dp|+ bo[Do| satisfying the Calabi symmetry.
Let T > 0 be the first singular time of the flow.

(1) If m < n and by/(m + 2) > ag/(n — m), then T = ag/(n — m) and on
Xmn \Po, g(t) converges smoothly to a Kéhler metric gp. Let (X, dr) be the
metric completion of (X, ,, \ Po,gr). Then (Xr,dr) has finite diameter and
is homeomorphic to Yy, ,, as the projective cone in Pm+D(+) Gyer P x P
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via the Segre map. Furthermore, (X, n,g(t)) converges to (Xr,dr) in the
Gromov—-Hausdorff sense ast — T.

(2) If m < n and by/(m+2) = ag/(n—m), then T = ag/(n—m) and (X, n, g(t))
converges to a point in the Gromov—Hausdorff sense ast — T.

(3) If m < n and by/(m+2) < ag/(n—m), then T = by/(m+2) and (X, n, g(t))

converges to (P”, (ao - bo)wFS) in the Gromov—Hausdorff sense ast — T,
where wrg is the Fubini-Study metric on P™.

(4) If m>n, then T=bo/(m +2) and (X, g(t)) converges to (P", (ap—2=3b)wrs)
in the Gromov-Hausdorff sense ast — T'.

In the cases (3) and (4), the K&hler—Ricci flow can be continued on P" starting
with (IP’”, (ao — %bo)wps) and the flow will eventually become extinct in finite
time. The case (2) is related to the result in [So] that the K&hler—Ricci flow shrinks
to a point if and only if X is Fano, and the initial Kéhler class is proportional to
c1(X), establishing the smooth case of a conjecture in [T2]. If this occurs, it is
natural to renormalize the flow so that the volume is constant. The problem of how
this normalized flow behaves is related to various notions of stability [Y2], [T2], [Do],
and is still open in general. Assuming the existence of a Kahler—Einstein metric [P2],
[TZh] or soliton [TZh], the flow is shown to converge to a Kéhler—Einstein metric or
soliton respectively (see also [ST], [Zh]). The connection between stability conditions
and the behavior of the Kéhler—Ricci flow has been studied in [PhS], [PhSSW1,2],
[R], [Sz], [To], [MuS], [ChW] for example.

Theorem 1.1 can also be viewed as an analogue of Theorem 1.1 in [SOW1]|. We
apply ideas and techniques from [SoW1] to obtain many estimates in the proof of
Theorem 1.1. In fact, Theorem 1.1 can be generalized to

X = P(Opn @ Opn (—k)®™ D) -k =1,2,...

In particular, X,, 1 = Xy, and Xg 1 are exactly the rational ruled surfaces
considered in [SoW1].

We would also like to mention some known results about Kahler—Ricci solitons on
these manifolds. X, o admits a Kéhler-Ricci soliton [Ko], [Ca2]. Complete Kéhler—
Ricci solitons are also constructed on vector bundles Opn (—1)®(m+1) by [FIK] when
m = 0 and by [Li] when m > 1.

The general conjecture in [SoT3] predicts that the flow can also be continued in
the first case in Theorem 1.1 and the contracted variety should jump to its minimal
resolution by the flip. Our next result shows how the Kahler—Ricci flow can resolve
a certain type of projective cone singularities and confirms the weaker statement of
the general conjecture.

Theorem 1.2. Let Yy, = Yom be a projective cone in P 41) gyer P pr
via the Segre map and let gy € [Opm+1)nt1)(1)] be the restriction of the Fubini-
Study metric of P("*D0+D) on Y, .

(1) If m>n>1, there exists a smooth solution g(t)€®;, ,,[Opwm+n (1) +t[KXx,, ]
of the Kéhler—Ricci flow on (0,T = 1/(m+2)) x Xy, , such that on X, »\ Py ~
Yim.n \{O}, g(t) converges smoothly to gy ast — 0, and (X, », g(t)) converges
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to (Yo n, 9o) in the Gromov-Hausdorff sense as t — 0. Furthermore, g(t) has
uniformly bounded local potential in L* for t € [0,T). If there exists another
solution §(t) satisfying the above conditions, then g(t) = §(t).

(2) If m = n > 1, there exists a smooth solution g(t) € (1 — (m + 2)t)[go] of the
Kéhler-Ricci flow on Yy, ,, \ {O} for t € (0,7 = 1/(m + 2)) such that

o (Y;,d;), the metric completion of (Y, \ {O}, g(t)) is homeomorphic to
(Yn,na 90)-

e g(t) converges to gy smoothly on Y,, \ {O} ast — 0, and ¢(t) has
uniformly bounded local potential in L for t € [0,T).

o (Y, n,d:) converges to (Yy, n, go) in the Gromov-Hausdorff sense ast — 0
and converges to a point in the Gromov—Hausdorff sense ast — T.

If there exists another solution ¢(t) satisfying the above conditions, then
g(t) = g(t).

The above theorem shows that the Kéhler—Ricci flow resolves the cone singularity
of Yy, for m > n > 1 in the Gromov-Hausdorff sense. It suggests that the Kahler—
Ricci flow smooths out not only the initial singular metric, but also the initial
underlying variety. Combining (1) in Theorem 1.1 and (1) in Theorem 1.2, the
Kahler—Ricci flow replaces X, , by X, »,, as an analytic flip in the Gromov-Hausdorff
sense, if we are allowed to continue the Kahler—Ricci flow at ¢t =T with the Fubini-
Study metric restricted on Y, ,. We believe that the Kahler-Ricci flow should
perform the flip for X,,, without replacing the singular metric g7 by the Fubini-
Study metric as the initial metric at the singular time.

On the other hand, the Kéhler—Ricci flow does not change the underlying man-
ifold Y, , for n > 1 even though Ky, , is not a Cartier divisor. This is because
Xn,n is the resolution of Y, , and the canonical divisor Ky, , vanishes along the
exceptional locus over the singularity O.

The organization of the paper is as follows. In section 2, we describe flips, the
Calabi ansatz and the Kéhler-Ricci flow on P(Opn @ Opn (—1)20m+1) | In section 3,
we prove the small contraction by the Kahler—Ricci flow if the volume does not tend
to zero when approaching the singular time. In section 4, we show that the Kéahler—
Ricci flow collapses if the volume tends to zero when approaching the singular time.
In section 5, we describe how the Kahler—Ricci flow resolves singularities of Y, .

2 Background

2.1 An example of flips. We will describe a family of projective bundles over
P™ so that one can construct a flip. The detailed algebraic construction can be found
in section 1.9 of [D].

Let E be the vector bundle over a projective space P" defined by
Opn @ Opn(—1)®(m+l). We let

Xm,n — ]P’(O]pn @ Opn(—l)@(m+l))

be the projectivization of E and it is a P™*! bundle over P". In particular,
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Xon is P"*! blown up at one point. Let Do be the divisor in Xmn given by
P(Opn(—1)2(m+1) | the quotient of Opn(—1)2(m+1) We also let Dy be the divisor
in X, given by P(Opn & Opn (—1)%™), the quotient of Opn & Opn(—1)9™. In fact,
NY(Xy.) is spanned by [Dyg] and [Doo]. We also define the divisor Dy on Xy, by
the pullback of the divisor on P" associated to Opn(1). Then
[Doo] = [Do] + [D]

and

[(Kx0] = —(m+2)[Doc] = (n —m)[Dr| = —(n+ 2)[Dec] + (n —m)[Do] . (2.1)
The above formulas can be easily obtained by induction on m and the adjunc-
tion formula. In particular, D, is a big and semi-ample divisor and any divisor
a[Dy) + b[Ds] is ample if and only if @ > 0 and b > 0. Hence X, 5, is Fano if and
only if n > m.

Let Py be the zero section of 7y, 5, : Xy, , — P, which is the intersection of the
m + 1 effective divisors as the quotient of Opn & Opn(—1)%™. In fact, the linear
system |[D]| is base-point-free and it induces a morphism

Dn: X — plmtDntl), (2.2)

P, is an immersion on X, 5, \ Py and it contracts Py to a point. Y, ., the image
of @, ,, in P(*+H(+1) Hig a4 projective cone over P™ x P* in P D +1) by the Segre
embedding

(Z0y - -+ Zon) X [Wo, .o, W] = [ZoWo, -, ZiWi, ..., ZnW,] € PMFDFD=1

Note that Y, = Yy m.
The following diagram gives a flip from X, ,, to X, ,,, for 0 <m < n:

Ko e v Xpm
Ym,n

Furthermore, X,, ,, and X, ,,, are birational to each other.

2.2 Calabi ansatz. In this section, we will define the Calabi ansatz constructed
by Calabi [C1] (also see [Li]). To apply the Calabi symmetry, we instead consider
the vector bundle
E - Opn(—1)®(m+1).
Let wpg be the Fubini-Study metric on P™. Let h be the hermitian metric on

Opn (—1) such that Ric(h) = —wpg. The induced hermitian metric hg on E is given
by hg = h®"+) Under local trivialization of F, we write

e’ =he(2)|€]", €= (€€, &™),
where he¢(z) is a local representation for h (note that hp has the same eigen-
values as h(z) does). In particular, if we choose the inhomogeneous coordinates
z = (21,22,...,2n) on P we have

he(z) = (1+2).
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Therefore,
=log((1 +|2*)[¢[*) - (2.4)
In the future calculations, we will always compute in terms of p.

We would like to find appropriate conditions for a € R and a smooth real valued
function u = u(p) such that

w = awrs + 2—;16%(;)) (2.5)

defines a Kéhler metric on X, ,,. In fact,

w= (a+u(p))wrs + ghge_p(u’éw + hee P (u” — u)EXEP)VEX AVER. (2.6)

Here,
VES = dE® + he ' Ohet”

and {dz', V&@} is dual to the basis

0 O 9
vzz_azz 5 Ozt Z§ é‘a’ aé‘a'

The following criterion is due to Calabi [Cl].

PROPOSITION 2.1. w as defined above is a Kahler metric if and only if
(1) a>0.
(2) v/ >0 and u” > 0 for p € (—00,00).
(3) Uo(e”) = u(p) is smooth on (—oo, 0] and U}(0) > 0.
(4) Uso(e™?) = u(p) — bp is smooth on [0, 00) for some b > 0 and U/_(0) > 0.

We remark that given a,b > 0, the Kahler metric constructed above lies in the
Kahler class

= awsps + Y _209u(p) € oDy + b{Dx (2.7)
and
0<u(p)<bh. (2.8)

2.3 The Kihler—Ricci low on X, ,. Straightforward calculations show that
the induced volume form of w is given by

m—+1
T (W O R (T K <wFS A H L e A d§°‘> (2.9)

Therefore,

— Ric(w) = \é?aa(log[(a +u)" (W)™ = (m+1)p) + (m — n)wps .

It is straightforward to check that the Calabi ansatz is preserved by the Ricci
flow. Indeed, the Kéhler—Ricci flow
Ow

v—1 _
a = — Ric(w) , u)‘t:() = wp = agWprs + ?Oﬁuo S ao[DH] + bO[Doo] (2.10)
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is equivalent to the following parabolic equation:

V=1 _ V=1 _
d(t)wps + 788@ = (m —n)wps + ~——00(log[(a + )" (u/)™u"] — (m + 1)p) .
27 ot 27
Separating the variables, we have that
a=a(t)=ay— (n—m)t (2.11)
and 5
8—1: =log[(a+u)" ()" = (m+1)p+ct, (2.12)
where
e = —logu”(0,t) — mlogw'(0,t) — nlog(a(t) + v'(0,1)) . (2.13)

The constant ¢; is chosen such that %(O,t) = 0. From the formula (2.1) and the
Kahler class evolves by [w] = (ag — (n — m)t)[Du] + (bo — (m + 2)t)[Dwo], and so
b="0b(t) =by — (m+2)t. (2.14)
It is straightforward to show that equation (2.12) admits a smooth solution
u satisfying the Calabi ansatz as long as the Kahler—Ricci flow admits a smooth
solution, by comparing u to the solution of the Monge-Ampere flow associated to
the Kéhler—Ricci flow.

Next, the evolution equations for v’ and u” are given by

o’ 7" mad’ nu
ot w T +a+w—(m+1), (2.15)
ai// _ u@® B (u///)2 N mu'" B m(u//)2 N nu'" B n(u”)2 | (2.16)
ot u (u”)2 u (u’)2 a4 (a + u’)2

as can be seen from differentiating (2.12).

3 Small Contractions by the Kahler—Ricci Flow

The first singular time of the Kéhler-Ricci flow on X, ,, is given by
T = sup{t > 0| [wo] + t[Kx,,..] > 0}. (3.1)

m,n

Since X, 5, is not a minimal model, T < oo.
In the section, we assume that at the singular time 7', a(7") = 0 and b(T") > 0,
i.e. the Kéhler—Ricci flow does not collapse. This is equivalent to

bo ag
n>m, > .
m+2 n—m
In this case, the first singular time of the flow is given by T' = 2.

Let us first explicitly write down the contraction map ®,, ,. In local trivializa-
tion for Xy, n, {1,€%, 2i{*ti=1,...n.a=1,...m+1 extend to global holomorphic sections
in [Dso], furthermore, they span H°( X, n, O([Doo))). Then the free linear system
of |[Dso]| induces the following morphism

(I)m,n : (Zivéa) S Xm,n - [17501’ Ziga] € ]P)(erl)(nJrl)'
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The pullback of the Fubini—-Study metric is given by

~ -1 = |2 o2
w—;raaloguazlrfw PO

1<i<n,1<a<m+1

- \/Zfaﬁlog(l + (1 - g !zi!2> <:§:11 ’fa\2)>

V=1 _
= ——00log(l +e¢”).
27

Let
a(p) = log(1+€”).

Then %aﬁa extends to the pullback of the Fubini-Study metric @ given by ®,, ;.
In particular, Y, , has an isolated cone singularity and @ is a asymptotically cone
metric on Y,, , near the cone singularity.

Now we list some well-known results for some useful uniform estimates. We begin
by rewriting the Kéhler—Ricci flow as a parabolic flow of Monge-Ampere type. We
let wo be the initial Kéhler metric and 2 a smooth volume form on X,,,. Let
X = gaglogfl and w; = wo + tx € [wo] + t[KX,, ] be the reference form. Then
the Kéahler—Ricci flow is equivalent to

V=T 5 1
880 ((.dt + 7188@) m—+n-+

:1 2 N = . 2

5 = o8 aQ » ¢li=o=0 (3.2)

Then there exists a unique solution ¢ € C*°([0,T) x X, ). Furthermore, we

have the following well-known estimates due to [TZ]:
1. There exists C' > 0 such that on [0,T) x X, ,

lpl <C. (3.3)
2. There exists C' > 0 such that on [0,7") X X, »,
/jl - m+n-+1
7r

3. For any K CC X, \ P, there exists for each £ = 0,1,2,..., a constant
Cy,x > 0 such that on [0,T) x X, p,
lelleroryxx)y < Cr - (3.5)
We also have the following estimates as the parabolic Schwarz lemma.
LeMMA 3.1. There exists C > 0 such that on [0,T) X X, p,
w>Cw.
Proof. The proof is given in [SoW1], [So|] and makes use of the L>-estimate of ¢. O
By comparing w(t) and w, we immediately have the following estimate.

COROLLARY 3.1. There exists C' > 0 such that on [0,T) x X, p,
Ce?
1+er’

a+u >Ci =
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LeEMMA 3.2. There exists C > 0 such that on [0,T) X X, p,
Cle(m+1)p

e (3.6)

((u/)m+n+1)’ <

Proof. The inequality (3.6) follows immediately from the volume estimate (3.4) by
the following observation:

(m+1)p
()™ < (m+n+1)(a + o) (o)™ < O (14 @) (@)™ < (ffep)mﬂ .
The last inequality follows from the definition of . O
COROLLARY 3.2. There exists C' > 0 such that on [0,T) x Xy, »,
u'(p) < Cemintif, (3.7)

Proof. Using Proposition 2.1 and integrating (3.6) from —oo to p, we have

p
(u/(p))m+n+1 < C/ 6(m+1)pdp+pli)r_noo(u/(p))m+n+l _ C

7 elmil)p
m+1

O

We also notice that 0 < u/(p) < b(t) for p € (—o00,00) by (2.7) because
w € a(t)[Dp] + b(t)[Doo]. Therefore, u' is uniformly bounded above for ¢ € [0, 7).

PROPOSITION 3.1. There exists C' > 0 such that on [0,T) X X, p,
u’ < Cu. (3.8)

Proof. Let H = logu” —logu’. Notice that by Proposition 2.1, for fixed t € [0,T")
and near p = —oo, u(p) = Up(e”) for some smooth function Uy, and near p = oo,
u(p) = Uso(e7P) + bp for some smooth function Us, and b > 0.

u’ ; Uo(er))" . Ul + ePUY . 9
pmmee ul  poneo (<U?)(<ep)>)> =, <0U00) =1 lm e =1,
W Use(e?) +bp) L eTPUL ke U,

p—0 (Uso(eP) +bp)  p—o0 —ePU. +b
And so we can apply maximum principle for H in [0,7) x (—00, 00).
oH _ 1 {“(4) W mu” m@”)? n(u")? }
A N O e O A
1 {u”’ mau” nu'

— +
u' u! a—+u

—(m+1)}.

Suppose that H ({0, po) = SUP[g,¢]x (—oo,00) H (t; p) is achieved for some ¢ € (0,7'),
po € (—00,00). At (tg, po), we have

u/

and
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o u@® B (u///)2 B ﬂ N (u”)Q B u@ B l <0
Y (u//)2 u (u/)Z ot u
Then at (to, po),
OH
0< —
- ot
- % u(j) B (u///,/); . mlim - m(u//)2 - l ﬂ - (m 1)
u | w (u") u (u')? uw | u” !

<

Therefore, by the maximum principle, H(tp,zo) < 0 and so

sup H(t,p) < sup H(0,p) <oo.
[0,T) x (—o00,00) (—00,00)

The proposition then follows. a

We have the following immediate corollary by combining Proposition 3.1 and
Corollary 3.2.

COROLLARY 3.3. There exists C' > 0 such that on [0,T") X X, p,
u"(p) < Ceminith
COROLLARY 3.4. There exists C > 0 such that on [0,T) X X, p,
w < C(wFs +w+e m+?l+1p&)) . (3.9)

Proof. The corollary holds for ¢ € [0,T") and p € [0,00) from the estimates in (3.5)
away from Py since wpg + @ is a smooth Kéhler metric on X, ,,. It suffices to prove
the corollary for p < 0.

Applying Corollary 3.2 and Corollary 3.3, for (¢,p) € [0,T) x (—o0, 0], we have

m n | -
w < Ch (1 + €m+zi1p)wFS + Clhgeim“l“p((sag + hge_"ﬁaéﬁ)Tvﬁa A Vgﬁ
T
m+1
< Cowpg + Cyhee™ mnT1? Z v vga AVE

The corollary follows by comparing the above estimates to

e he he a5\ V-1 -
= _ «a vy - @ B
T or“FS T T e <5aﬂ Trot &) 5 VEAVE

IS

V=1 _
> C3€pWFS + C3h£?v5a A Vfa

for p < 0 and some C5 > 0. O
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Let w(T') = lim;_,p- w(t) be the closed positive (1,1)-form with bounded local
potentials. Then by the estimates of w(t) away from Py as in (3.5), w(7T') is a smooth
Kéhler metric on X, » \ Py and w(t) converges in C*°(X,, ,, \ Py) to w(T) ast — T

Theorem 3.1. Let (Xr,dr) be the metric completion of (X, » \ Po,w(T)). Then
(X7, dr) has finite diameter and is homeomorphic to Yy, , as the projective cone in
Pm+ D+ oyer P™ x P via the Segre map. Furthermore, (X,,n,g(t)) converges
to (X7,dr) in the Gromov—Hausdorff sense as t — T~ , and there exists C' > 0 such
that, for t € [0,T),

diam (X, 9(t)) < C.

Proof. Let U, = {e” < k} be a s-tubular neighborhood of the zero section Fy. We
will use local coordinates (z;,&,) fori =1,...,nand a = 1,...,m~+1. For any fixed
fibre X, = (mm.n) " 1(2) for z = (21,...,2,) € C", there exists C1 > 0, such that the
restriction of the evolving metric is bounded by

V=1 _ V1. T _
Y Zue72P9eP A DeP + ule T PL——00eP — ~——u'e 2D A DeP

wlx, =
2w T T
=1 _ N/ =1 —
S Tu”e_2paep A\ 8€p + u/e_pTaaep
T T

__n v —1 _
m-rn p [
< Crhge” mnt za: o de® A dEe.
We first show that for any € > 0, there exists k. > 0 such that for any z € C",
Kk < ke and t € [0,T),
diam (X, N Uy, g(t)) <e€.

e We begin with estimates in the radial direction. We can always assume p < 0.
For any point £ € X, we consider the radial line segment ~(r) = r£ joining 0
and £ in C™*! for 0 < r < 1. Note that e? = (1+]z|?)|¢|?, then the arc length
of v is given by

1/2

0
|’Y‘g(t) S 02/ eimp(l + ‘Z|2) d',"
0

|£| m+1 n
= Cz/ (1 + 12\2) 2(m+nt1) p~ mindl dr
0

m+1
< C3{(1+|2[*)[¢]?} 2tmeneD
< Oy KTmFaFD

for some fixed constant C; > 0, i = 2, 3.

e We now consider the behavior of g(t) on S|, the sphere centered at § = 0
with radius r¢ = |¢| in C"™! with respect to the Euclidean metric. Let gg,,, .,
be the standard metric on the unit sphere So,, 41 in cm+ If S\él Cc X, NUs,
then there exist C4y > 0 such that

9(t)s, < V=IC1e 1P (14 [2]7)dE A dE] s,
< 046_"‘!:”1{)(1 + ’2‘2)‘§|2952m+1
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= 046#-&1/)9327”4-1
m+1

= C4I<;m932m+1 .
Combining the above estimates, any two points in X, NU, can be connected with by
a piecewise smooth curve in X, N U, with arbitrarily small arc length if £ is chosen
sufficiently small.

Now we consider points (0, £) and (w, &) € U, and we can assume £ = (£1,0,...,0)

after the unitary transformation. We will then consider a straight line segment

1(s) ={(z,6) | z = sw, £=(£',0,...,0)}.
There exists C5 > 0, such that the restriction of g(¢) on the submanifold V' =
{&=(€4,0,0,...,0)} is bounded by

V-1 ZiZi
_ / // 1<)
g)lvrv, = (a+u")wrs + o VAT L) E dzi A dz;

m—+1

ZiZs
< C m+n+lp C m+n+lp et d /\d
5(a+e )wps—}—\/ 5€ 1+| | 2 E 2 Z;

§C5(a0 (n— m)t—f—nmﬁﬁl)wps—i—\/ C5€m+n+1p 1j”zj| Zdzl/\dz

Therefore, there exist Cg, C7 > 0 such that the arc length of v(s) for 0<s<1
is bounded by

O s|wl?
<O 2(m+n+1)p
Aot < Cs [ exvisione

+ |2
1/2

1 m+1 m .
SCG/ UHZP)WAK‘F:LSW’%S-FCﬁ(ao—(n—m)t-knﬁﬁlﬂ)/
0

ds+06(a0 — (n—m)t—l—,%#ﬁrl)lﬂ

__m+1 Cmtl
< 07{(1 + |w‘2)‘§|2}2(m+n+1) + 07((10 — (n — )t —+ ,{/m+n+1)1/2
__m+41l
< CrrTminT) + Cr(ag — (n = m)t + e )2,

In general, given two points (z,& ) and ( &) € Uy, we can assume [¢] < |¢|
without loss of generality. Let & = (¢£! ,0) such that |£] = |¢].

diStg(t) ((Zu 5)7 (Z/’ f/)>
S diStg(t) ((Z7§)7 (Zaé)) + dist g(t )(( ,7§I)7 (Z/aé))
+ disty (1) ((0,€), (2, €)) + dist ) ((2,€), (0,€))
gt 1/2

< Cgr2mnt1 + Cg(ap — (n — m)t)
for Cg > 0. Hence for any ¢ > 0, there exist k. > 0 and T, € (0,7") such that for
any 0 < k < ke and t € (T, T),

diam (U, \ Po, g(t)) <e.

This shows that diam(X,,,,g(t)) is uniformly bounded above for t € [0,7).
Similar arguments show that the metric completion (X7,dr) of (X, \ Po,w(T))
is compact and is homeomorphic to (Y, ,,§) as a metric space after replacing
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a=ap— (m—mn)t by 0. Standard argument shows that (X, ,¢g(t)) converges to
(X7,dr) in the Gromov-Hausdorff sense as t — T (cf. [SoW1]). O

4 Finite Time Collapsing

ao

4.1 The case m > n, +2 In this section, we
consider the Kéhler-Ricci flow on X, ,, with the initial class ap[Dg] + bo[Doo] such
that
m>n
or )
0 < il .
m+2 n—m
The first singular time of the flow is given by

bo
T = . 4.1
m + 2 (4.1)

The following lemma is an immediate consequence of the observation (2.8).

n>m,

LEMMA 4.1. For t € [0,T) and p € (—o0,00), we have
0<u <b=by—(m+2)t=(m+2)(T—t). (4.2)
The general volume estimate (3.4) gives us the upper bound for the volume form.
LEMMA 4.2. There exists C' > 0 such that on [0,T) x X, p,
w(t)y™ it < .

COROLLARY 4.1. There exists C > 0 such that for p € (—oo,00) and t € [0,7T),
0 <u < Cmin(T —t,e) (4.3)
and )
0<b—u <Ce mit’. (4.4)
Proof. We apply similar arguments as in Corollary 3.2.
e By Lemma 4.2,
[(u/)erl]/ < Cl(a + ul)n( )m " < 02(1 + ﬂ/)n(a/)m,&//.

For p € (—o0, 00), integrating the above inequality from —oo to p, we have

p

(ul)m—i-l(p) < CS/ 6(m+1)pdp < C4€(m+1)p.
The estimate (4.3) follows by combining Lemma 4.1.

e We also have

[(ul)m—i—l]/ < C5(a+ul)n( )m " < C( )n(ul)m " < 076 P

Then after integrating the above inequality from p to oo, we have

bm—i-l . (u/)m—i-l(p) S CS/ e—Pdp S CQG—P‘
p
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The estimate (4.4) follows immediately from the elementary inequality
(A— B)? < AP — BP
for A>B>0andpecZt. O

PROPOSITION 4.1. There exists C > 0 such that on [0,T) x (—o0,00),
v < Cmin{u', by —u'}. (4.5)

Proof. The same argument as in Proposition 3.1 can be applied to show that v /u/
is uniformly bounded above on [0,7") x (—o0, ).
Let H = log{u”/(b —v)}. Then lim, . o H = —oo and lim, ..« H = 0. The
evolution equation for H is given as follows.
OH 1 {u(4) (u///)2 mu"  m u//)z nu'" n(u//)Q }

I G + — + —
ot u' ) u (u//)Q u (u/)Q a4+ (a+ u/)2

1 4" mad nu
+b—u’{u”+ o a+u’_(m+1)}'
We also have
) " U
H = a + b—
and
. u@ (u///)2 u’ .
u! - (u//)Q b—

Suppose Sup[g ) x (—co,00) = H(to, p). Then at (to, po), straightforward calcu-
lations show that

OH
0< — <0,
- ot

which is a contradiction. Thus

sup H < sup H<LC.

[0.7)x(=s0,00) {0} (—00,00)
O
We then have the following immediate corollary.
PROPOSITION 4.2. There exists C' > 0 such that on [0,T) x (—o00,00),
v < Cmin(T —t, el e™?). (4.6)

Proof. Tt suffices to prove that e”u” is bounded above by the previous lemma. Let
H, = e 'e"u" for v € (0,1). Then the evolution of H, is given by

QH,Y _ e_te,yp ﬁ B (u//1)2 + mull/ B m(ull)2 + null/ B n(u//)2 B H’Y

6t u// (u//)2 u/ (u/)2 a + u/ (a + u/)2

Also for any t € [0,T),

lim H,(p) =0.

lp| =00
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Suppose H.(to, po) = SUP[g 1] (—o0,00) H(t, p). Then at (to, po), we have

u(4) < _,yu///’ o = —’yu",

by the maximum principle, and then
0
0< o H, < —H,.
Hence Hy < SUpP,¢(_oo,00) Hy(0, p) and there exists C' > 0 such that for ¢ € [0,7)
and v € (0,1), H, < C. By letting v — 1, we can uniformly bound e ‘e’u” on

[0,T) x (—o0,00) from above and the lemma follows. 0

We then obtain uniform bounds for the evolving metrics from the upper bound
on u' and u”.

COROLLARY 4.2. There exists C' > 0 such that on [0,T") X X, p,
a(t)wps < w(t) < (at) + C(T — t))wps + Cmin{(T — t)(e " + e )o,&}. (4.7)

/A7 el A e
Proof. 1t suffices to compare u', u” with @' = 155, 4" = Trer)?

. Notice that

p
T—t < CyT —1)(e +e ) i = OUT = )€ + e )il

p
T—t< Cy(T —t)(ef + e—p)(lfw — Co(T — t)(eP + e P)il",
eP
e < Cgm == Cg’ljtl when p— —0O0,
e
P eP ~ 1
e §C’4m = Cyt" when p— —o0,
and
—p e’ N7}
e SC{,WIC%U when p— Q.
The corollary follows from Corollary 4.1 and Proposition 4.2. a

PROPOSITION 4.3. For any € > 0, there exists T, € (0,T) such that for t € (T¢,T)
and any fibre X, with z € P,

diam (X, g(t)|x,) <e€.

Proof. We consider the following open set V.. C X, ,, for & > 0 defined by
Ve ={nt<e’ <k}.
Since w|x, < Cw|x,, for any € > 0, there exists k. > 0 such that for all ¢t € [0,7")

and Kk > Ke,
diam (X, N (X \ Vi), 9(t)) < €/2

by a similar argument in the proof of Theorem 3.1. On the other hand, in Va,,
wlx, < C(T —t)w|x,. Then there exists T, < T such that

diam (X, N Vay,, g(t)) < €/2.
The proposition then follows easily. O
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Theorem 4.1. There exists C' > 0 such that for t € [0,T),
diam(Xmﬂn,g(t)) <C.

Furthermore, (Xy,n,9(t)) converges to (P", (ag — —=5bo Jwpg) in the Gromov—
Hausdorff sense ast — T.

Proof. Let V,, = {k~! < e” < k} for k > 0. From the calculation above, there exists
C > 0 such that on V,,

awps < w(t) < awps + C(T — t)wps + Cu(T — t)w,

and so w(t) converges to wpg uniformly in C°(V,,) as t — T. On the other hand,
the diameter of any fibre X, for z € P tends to 0 uniformly as ¢t — T.

We now choose a smooth map o : P — X, , such that the image of o sits in
the interior of V;. Then the theorem follows by a similar argument in the proof of
Theorem 5.1 in [SoW1]. O

= 2. In this case, X, is Fano and

the initial Kahler class is proportional to c1(Xm,n). The first singular time of the
Kahler—Ricci flow is T = . By Perelman’s diameter estimates, we have

m+2
dlam(men, g(t)) < CO(T —t)

for a constant C' > 0 and so the flow becomes extinct at t = T.

5 Resolution of Singularities by the Kahler—Ricci Flow

5.1 Resolution by the Fubini—Study metric and its Ricci curvature.
Consider the morphism @, ., @ Xy p — P41 a5 defined in (2.2). We as-
sume that m, n > 1. The restriction of the Fubini-Study metric on Y;, ,,, the image
of ®,, , is given by
v—1 _
w=-——001og(1+e")
27
e’ 1 1 _
= he | ——— 00 — ————=hee®6P
Tt er STl <1+eﬂ o8 Ly enr €

Its induced volume from on Y, ,, is given by

o m+1
~mtntl _ g mel
W = ' (1+ep)m+”+2< FSAH dfaAdfa)

) Evga AVEB.
2

We can now calculate the Ricci form.

N

—Ric(w) = ?85(np — (m+n+2)log(l+e€)) + (m — n)wps

= (m —n)wrs + %8&1%
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2)ef 2)ef
_ <m <m+n+>e> ors +hfe—p{<n <m+n+>€) Sus

1+ e L+4ef
2 _ P
per (LD ety ot AR

where Ugic = np — (m + n + 2) log(1 + e”).
Let O be the vertex of Y, , as the projective cone over P™ x P". We define
(Yon)ree = Yinn \ {O} as the nonsingular part of Yy, .

LEMMA 5.1. We define & = @ —€Ric(w). Then there exists ey > 0, such that . > 0
on (Y n)reg, the nonsingular part of of Yy, , for € € (0, €).

Proof. It suffices to check for p < 0 because w is Kéhler on Y}, , \ {O} and
Ric(w) is smooth away from O. The calculation is straightforward by assuming
€= (|¢],0,...,0) after certain U(m + 1) transformation. O

Let f(mm be the blow-up of X, , along the zero section . Then we have the
following commutative diagram from section 1.9 in [D].

191 ~ '192

Xm,n -~ Xm,n - " Xn,m

Tm,n L/ Tn,m (51)

Pt~ P X PP e P

PROPOSITION 5.1.  The metric completion of ((Yynn)reg, We) is a compact metric
space isomorphic to van fN’or sufficiently small e > 0. In particular, w. extends to a
smooth Kahler metric on X, .
Proof. The potential u. of @, is given by

fie = @+ €lipic = nep+ (1 — (m 4+ n+ 2)e) log(1 + €”) .
It suffices to compare @, to a smooth Kéahler metric on Xm,n. We let

= ap+ blog(l+ €”)

with a,b > 0. In particular, @ = 4, when a = ne and b =1 — (m +n + 2)e. Then

o= Y loaa
27

P N/ — _ I
_ (a +b7 i ep) wrs + Wle*ﬂh5 (W Sup + hee P (0" — @)EEP)VEX N VED.

@ restricted on each fibre P N (X, \ Po) is give by

V-1

hee (Wb + e P (0" — @' )heeTeP) G dE A deh

whose metric completion is exactly P"**! blown up at one point. Note that

Qaa £6610g((1 +121)?)
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is exactly the pullback of the product of Fubini—-Study metrics on P x P™ by W.
Therefore, %85& blows up along the zero section Fy and replaces Py by the ex-
ceptional divisor £ = P™ x P™.

Furthermore, @ lies in a Kahler class aU* [g@gp] + 0(Pyy,m 0 V1) *[0] On )N(m,n.
Also & is positive on Xy, \ (P™ x P?). Therefore, al’*%@&o + b(Ppy 0 h)*@
defines a smooth Kahler metric on X, , for a, b > 0 and the proposition follows by
choosing € > 0 sufficiently small. O

For a given projective embedding X < PV of a normal variety X, the Ricci
curvature is well defined on X,¢g, the nonsingular part of X, for the restriction of the
Fubini-Study metric wrpg. We consider we = wpg — € Ric(wpg) for sufficiently small
e > 0. Let (X,d.) be the metric completion of (Xreg,we). Then Proposition 5.1
suggests that X is possibly a resolution of singularities for X. However, such a
resolution is not necessarily minimal as shown in the example above. This leads
us to consider the Kéhler—Ricci flow as a certain smoothing process to resolve the
singularity of a general normal variety. The goal of the section is to show that indeed
the Kahler—Ricci flow gives an optimal resolution of singularities for Y;, .

5.2 The case m # n. In the section, we will consider the Kahler—Ricci flow on
Y. n with the initial metric wg = bow for some by > 0. Since Y, ,, = Yy m, we can
assume that m > n.
We choose the potential for @ to be
= log(1 +€”).

Then, the calculation in section 2.3 suggests that the Kéhler—Ricci flow should be
equivalent to a parabolic PDE for u as below,

0

O tog[(a+ /Y™ ()] = (n+ Do o = b (5:2)
with a(t) = (n — m)t, or

0

87?: = log[(a +u/)"(W)"u"] = (m+1)p,  uli=o = bod, (5.3)

with a(t) = (m — n)t, since ag = 0.

We have to choose (5.3) because m > n and a(t) should be nonnegative for ¢ > 0.
This can be seen by the class evolution of the Kéhler-Ricci flow because X, ,, is the
only resolution of Yy, , such that K, , is Q-Cartier and the class [0]+€¢[Kx,, ] >0
for sufficiently small € > 0. Hence, now we can lift the Ké&hler-Ricci flow on Y, ,, to
the one on X, ,, starting with w.

Note that @ has bounded local potential and for any smooth Kéhler metric wg
on X, n, there exists C' > 0 such that

(:)SCCUO.

By [SoT3], @ € Kig)00(Xm.n) (cf. [SOW2]) and there exists a unique weak Kéihler—
Ricci flow on X, , starting with @. Furthermore, the solution becomes a smooth
Kahler metric on X,,,, once t > 0. Therefore, it suffices to study the behavior of
the solution as t — 0.
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We first write down the equivalent parabolic flow of Monge—-Ampere type for the
Kéhler-Ricci flow. Since [@] 4 t[Kx,, ] > 0 for sufficiently small ¢ > 0, there exists

a smooth volume form ) with y = %35 log €2, such that
Wt = W+ tX > O,
for t € (0,T), where T' = sup{t > 0 | [©] + t[Kx,, ] > 0}. Let the solution of the
Kahler-Ricci flow be given as w(t) = wy + %859@. Then
P we + @ 0B
(‘Tf = log ( = ) @0 =0. (5.4)

It is proved in [SoT3], that ¢ € C*°((0,T) X Xyn) N C([0,T) X (X \ Fo))
and

@1l Loo (0,772 % Xmm) < OC-
LEMMA 5.2, Then there exists C > 0, such that on [0,T/2] x Xy, p,

Wt < C max{1, e_(m_")p}ﬂ, (5.5)

and on [T/2,T) x X n,
wmtntl < 0.

Proof. Tt suffices to show that the lemma holds on [0,7/2] x (—o0,0], as one can
easily obtain the estimate w™*"*! < C1Q away from the zero section Py (see [SoT3]),
as well as for t > T'/2 (see [SoW1]), for C; > 0.
Let v = %. Then the evolution of v is given by
v nv’ mv W n(m—n)
CANEN L Lopmmen 5.6
ot a+u’+ u! +u”+ a+u (56)
Let H = e Y(v+ (m—n)p). Then by (5.3), H(0) < Cy+mp < Cs on p € (—00,0]
for Co > 0. One can calculate the evolution for H,
6H Hl H/ H// _ —t HI H/ H//
_n m +—,/—H—m(m ,n)e - n+ /+m/ g s
u u a+u u u

ot a+u + u!
One notices that lim, . H(t,p) = —oo for any ¢ by Proposition 2.1. Hence the
maximum of H(t,-) is achieved away from Py for ¢ > 0. Since the K&her—Ricci
flow is smoothly defined away from P, it follows from the maximum principle that
H < (C3on [0,T/2] x (—00,0] for C3 > 0. Therefore, by (5.3) again, there exists
C4 > 0, such that

(a 4+ ) (ul ! = HADP = HE DD < 0D,

On the other hand, there exists C5 > 0 such that, on (—o0, 0],
(1+a")"(@)ma" > Ce™ e,
Combining them, there exists Cs > 0, such that on (—o0, 0],
Wt < e (mnrq)
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LEMMA 5.3. There exists C' > 0 such that on [0,7/2] x Xy, ,
w>Cw. (5.8)
Proof. Let 6 be a smooth Kahler metric on X, ,. We consider the Kéhler-Ricci
flow on X, , with initial metric
(,UE,()’,::Q = b()(;) + €6.

Then by the same argument as in [SoW1], [So], we can show that there exists C' > 0
such that for any e € (0,1), the solution w,(t) of the Kéhler—Ricci flow is bounded
below by

w>Cow

onte (0,7/2] x Xppn. O

PROPOSITION 5.2. There exist Ay and Az > 0 such that for t € [0,7/2] and p <0,
u’ < A < A emﬁilp,
Proof. By the volume comparison in Lemma 5.2, there exist C1,Cy > 0 such that
for t €0,7/2) and p <0,
(CL + u/)m(u/)nu// < Cle—(m—n)p(l + a/)n(,&/)mﬂ/l < 026(n+1)p'
Applying the same argument in Corollary 3.2, there exists C3 > 0 such that for
t€[0,T) and p <0,
’ n+1 p

u < Cyemtntil,

Let H = logu” —logw’. To prove H is uniformly bounded from above, one just
imitates the argument as in Proposition 3.1 and in addition checks at ¢t = 0 when
u = bgﬂ,

H(0) =logd” —logd = —log(1+e”) <0.

COROLLARY 5.1. There exists C' > 0 such that on [0,T/2] X X, p,
C7'% < w < Clawps + & + e a1} (5.9)
where a = (m — n)t.

Theorem 5.1. (X, ,,9(t)) converges to (Y, n,§) in the Gromov—-Hausdorff sense
ast— 07.

Proof. It is proved in [SoT3] that g(t) converges to g in C* topology of X, » \ Po.
Let U, = {e” < k} be the k-tubular neighborhood of Py. Then it suffices to show
that for any € > 0, there exist k. > 0 and T, € (0,7/2] such that for any x < k. and
t e (0,Te),

diam (U \ Po, g(t)) <e€.

This can be proved by a similar argument as in the proof of Theorem 3.1. a
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Theorem 5.2. (X, n, g(t)) converges to (P", %WFS) in the Gromov—Hausdorff
sense ast — T .

Proof. It follows directly from the equation (2.14) that b(7") = 0 and so the singular
time is given by 7' = — +2 Immediately, we have a(T') = % from (5.3). The
theorem thus follows from Theorem 4.1 as the Kéhler-Ricci flow on Y, , becomes
the Kéhler-Ricci flow on X, ,, after arbitrary short time ¢ > 0. In particular, the

limiting metric is equal to a(T)wpg on P™. O

5.3 The case m = n. We now consider the Kédhler-Ricci flow on Y, ;, starting
with bpw = bogﬁgﬂ, where 4 = log(1 + e”). We would like to lift the flow to the
one on X, . If we let

T =sup{t > 0| [@] + t[Kx, ] is big and semi-ample} ,

then
bo

n+2
By [SoT3], the Kéhler-Ricci flow can always be lifted to the one on X, , for
€ [0, 7). However the solution is in general not smooth since bo[w] + ¢t[Kx
(bo — (n + 2)t)[w] vanishes on P of X, , for any ¢ > 0.
We apply the same method in [SoT3| by approximating the flow (5.4) by smooth
data. We consider the family of flows for § € (0, 1),

o wi + dwps + \/7(98905 m4n+1
(;’;5 = lOg ( d QO ) ; ¢5|t:0 =0, (510)

where wpg is the pullback of the Fubini-Study metric on P, w; = (bg — (n + 2))w
and € is a smooth volume form on X, , with g@glogﬁ =—(n+2)w.
The above perturbed flow is equivalent to the following family of parabolic flows,

ou N
8: log[(0 + us)™ (ug)"us] — (n+1)p, usl=o = bot. (5.11)

LEMMA 5.4. There exists C' > 0 such that for t € [0,T) and 6 € (0,1),
(5+ug)n( )n " < C(l—l—ﬁ/)n(ﬂ/)nﬂ”

Proof. 1t suffices to prove the lemma for p < 0 as the volume estimate holds true
away from the zero section Py(see [SoT3]). Let vs = 8“5. Then

> 0.

n, ’IL]

dvs  nwj nvs vy
ot sS4l uf o ul’
Let Hs. = e '(vs + ep) for € € (0,1). Then there exists C; > 0 such that
lim,—_o Hs < C for fixed 0, e and t € [0,7)).
OHj . _ nHj, L nHg  — Hj, B nee”! B nee™? B
ot 6 4 ul ul uf 0+ ujf ul <
The maximum principle implies that there exists Cy > 0 such that for ¢t € [0,T),
§ € (0,1), and € € (0,1),

sup Hs. < sup Hse+Cy.
te[ovT)7pe(_oo70} t:07p€(—0070}




GAFA METRIC FLIPS WITH CALABI ANSATZ 261
The lemma is then proved by checking H; (0, -) is bounded from above and letting
e — 0. O

The following proposition can be proved in the same way as in Proposition 3.1.

PROPOSITION 5.3. There exist C1,Cy > 0 such that for t € [0,T), p € (—00,00)
and 6 € (0,1),

uf < Cyuy < Comin(1,e2ni1?) . (5.12)

COROLLARY 5.2. There exists C' > 0 such that for t € [0,T), 6 € (0,1) and p <0,

w(t) < dwps + Ce Tl (5.13)
Furthermore, for any t € [0,T), there exists C; > 0 such that
w(t) > Co. (5.14)

Proof. Letting § — 0 in equation (5.12), we have v” < Cyju/ < Cge%p, for
constants C,Cy > 0. Equation (5.13) then follows easily.

For any 7" € (0,T'), we can apply the argument in Lemma 5.3 to show that there
exists Cp > 0 such that for 6 € (0,1) and on [0,7") X X, ,,,

J_1 _
ws = Owps + 2—88145 > Crw.
v
Inequality (5.14) follows by letting 6 — 0. 0
Let (X, d;) be the metric completion of (X, , \ Py, w(t)) for t € (0,T).

Theorem 5.3. Foranyt € (0,T), (X¢,d;) has finite diameter and (X4, d;) is homeo-
morphic to the projective coneY,, ,, over P" xP" via the Segre map. Furthermore, the
Gromov-Hausdorff distance D(t) = dgu ((X¢,dt), (Ynn, §)) is a continuous function
int€[0,T) and

lim D(t) = 0. (5.15)

Proof. We will consider the approximating Kéhler—Ricci flow defined by (5.10). The
solution ws(t) = w + 56 + %6&05 is a smooth Kéahler metric on (0,7") x X, ,,. Let
U, = {e” < k} be the k-tubular neighborhood of Py. By a similar argument in the
proof of Theorem 3.1, we can show that for any fixed ¢ € (0,7') and € > 0, there
exist ke > 0 and 6. > 0, such that for any k € (0, k) and 6 € (0, o],

diam (Us, g5(t)) < €.

Since g5(t) converges to g(t) in C*°-topology on (0,T") x Xy, ,, \ Py, we can show by a
similar argument in [SoW1] that (X¢, dr) has finite diameter and is homeomorphic
to (Yo, 9).

Now it suffices to show that D(t) is continuous and the rest of the theorem can
be proved by a similar argument in the proofs of Theorem 3.1 and Theorem 5.1. Fix
to € (0,T), we consider

D(t) = dau (X, di), (X, dy )
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for t € [0, 7). We claim that A
lim D(t) =0.

t—to

First note that w(t) converges to w(ty) in C*° topology of X, ,, \ Py as t — tp. On
the other hand, we can apply the same argument as before that, for any € > 0, there
exists n > 0 and k. > 0 such that for any k < ke and t € (to —n,to +n) N (0,7/2],

diam (U \ Po, g(t)) <e€.
Also for any € > 0, any k > 0 and k& > 0 , there exists n > 0 such that for
t € [to—mn,to+n)N(0,7/2],
lo(t) — W(tO)Hck(Xn,n\UK) <€

Here the C* norm is taken with respect to a fixed Kéhler metric 6 on Xnn. Then
the claim follows by a similar argument in [SoW1]. O

Finally, we consider the limiting behavior of the Kahler-Ricci flow on Y, ,, start-
ing with bow for some by > 0. We have shown the existence of the solution g(t) as
in section 4.

Theorem 5.4. Let (Y, ,,d;) be the metric completion of (Y, , \ {O}, ¢(t)). Then
}LH:}’ diam(Yy, , d¢) = 0.

Proof. We again consider the perturbed flow (5.10). Notice that the Kéhler class
along the flow is given by d[wrg] + (bo — (n + 2)t)[@], hence for all § € (0,1), we have
0<uy<(bo—(n+2))t=m+2)(T—1t).

By a similar argument as in the section 4.1, there exist C7 and Cy > 0 such that
on [0,7T) x (—o0,00)
uy < Cruy < Comin(T — ¢, e%p) ,uf < Coe™”,
for § € (0,1). By letting § — 0, we have
v < Cid < Cy min(T —t, 62%:1’)) . U < Che”.
We thus have the estimates on Y, ,, \ {O},
w(t) < Cmin((T - t)(e ™ + e, (1 + e_ﬁ“p)d)) .
Then by a similar argument in [SoW1], we can show that
lim diam (Y, \ {0}, w(t)) = 0.
The theorem follows since (Y}, 5, d;) is the metric completion of (Y, , \ {O}, ¢(t)). O
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