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BOUNDS ON OSCILLATORY INTEGRAL OPERATORS
BASED ON MULTILINEAR ESTIMATES

JEAN BOURGAIN AND LARRY GUTH

Abstract. We apply the Bennett—Carbery—Tao multilinear restriction estimate in
order to bound restriction operators and more general oscillatory integral operators.
We get improved LP estimates in the Stein restriction problem for dimension at
least 5 and a small improvement in dimension 3. We prove similar estimates for
Hormander-type oscillatory integral operators when the quadratic term in the phase
function is positive definite, getting improvements in dimension at least 5. We also
prove estimates for Hormander-type oscillatory integral operators in even dimensions.
These last oscillatory estimates are related to improved bounds on the dimensions
of curved Kakeya sets in even dimensions.

1 Summary

Let S C R™ be a smooth, compact hyper-surface with positive definite second fun-
damental form. Let o be its surface measure.

We prove the following result with respect to the Fourier restriction/extension
problem.

Theorem 1. Assume the exponent p satisfies

> 293 ifn =0 (mod3),

p> 2““ ifn=1 (mod3), (1.1)
p > 42(21_1) ifn =2 (mod3).

Then the inequality

12llp <

.

holds for measures | < o such that d"’ € L>(S,0)

See section 3. For n = 3 (resp. n = 4), the exponent in (1.2) is 10/3 (resp. 3)

2n+2) +2) resulting from the bilinear L?-approach

and coincides with the condition p >
in [T1]. For n > 5, the result is new.
Recall that, according to the restriction conjecture, due to E. Stein, cf. [S1], (1.1)

should remain valid for all p > %
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We also point out that if S is the (n — 1)-sphere or paraboloid, then (1.2) may
be strengthened to
dp

- (1.2')

£l < Cp

P
for p satisfying (1.1) (the argument combines Theorem 1, the Maurey—Nikishin fac-
torization theorem and invariance considerations, the usual way; cf. [Bol]).

The main ingredient in our approach is the multilinear theory developed in [BCT]
that we will recall in section 5. In section 2, we treat the case n = 3 to explain the
method in its simplest form. In section 4, the analysis is refined further and combined
with T. Wolff’s Kakeya maximal function estimate [Wol] to establish (1.1) for n = 3
under the condition 3
0
Thus we have the following small improvement of the p > 10/3 result in 3D.

p>3 (1.3)

Theorem 2. For n = 3 and S as above, we have

d 3
s forp > 3—, (1.4)

i, < C.
”:UHP — ¥p 10

.
assuming p1 < o and % € L*>(S,do).
By using ‘e-removal lemmas’, Theorems 1 and 2 may be derived from a weaker

‘local’ version, more precisely:

Theorem 1. Let n > 3 and S as above.

Denote
® = max | 4ll (s

where the maximum is taken over all measures y < o on S such that ||du/do|| < 1.
Then, for all € > 0,

Qﬁ%f) < R7, (1.5)
provided p satisfies (1.1).
and
Theorem 2'. The same statement for n = 3 and p > 3%.

The use of such e-removal lemmas is by now standard (cf. [T2]), but we will
include an argument for completeness sake in the Appendix, since we process here
L*>° — LP inequalities rather than L — LP inequalities, as in [T2].

The technique used applies also in the variable coefficient (Hormander) setting.
Thus we consider oscillatory integral operators

<nmm=/wWWMMymmmsn (1.6)

with real analytic phase function
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U(@y) =2y + o+ Toyno1 +aa(Ay,y) + O (2l [yPP) + O(lzflyl?)  (1.7)

and A non-degenerate. (z € R",y € R""! are restricted to a neighborhood of 0.)
Our concern is then in which range of p, a bound

T3 fllp < eA™"/P (1.8)
holds. Recall Stein’s result [S2]

IT5fllp < cllfll2 for p >

Antl) 1.9)

-1
Also, for n odd, there are examples showing that, replacing || f||2 by || f|locc, an in-
equality (1.8) may only hold for p > 2(”+1) (see [Bo2]).

Lee observed in [L] that Stein’s estlmate may be improved if we make the ad-
ditional hypothesis that A in (1.7) is positive (or negative) definite. He extended
the bilinear approach from [T1] to the variable coefficient setting. In particular, he
proved that (1.8) holds (up to a factor A°) if p > ("+2) . We will prove in section 5
that (1.8) holds under the condition (1.1). Thus we have

Theorem 3. Let T be as above with A positive or negative definite in (1.7). Then
IT5fllp < CoA™"7 1 lloo (1.10)
holds for p satisfying (1.1).

If n =3 or 4, Theorem 3 agrees with the results of [L], and for n > 5, it is new.
For n even, there is the following statement (with only the non-degeneracy as-
sumption on A).

Theorem 4. Let n be even and Ty as above, assuming in (1.7) that A is non-
degenerate. Then

2(n+2) .

T3 fllp < CoA™P | flloo for p > (L.11)

(Apart from the endpoint, the condition on p in Theorem 4 was already previ-
ously observed to be best possible, cf. [Bo2].)

It turns out, rather surprisingly, that for n = 3 the exponent 10/3 in Theorem 3 is
also optimal. In section 6, we describe a specific example (with A elliptic), making
the comparison with the hyperbolic case, and explaining the role of the Kakeya
compression phenomenon. For n = 3, in both elliptic and hyperbolic cases, there
may be a curved Kakeya compression in a 2-dimensional set at the coarse scale
1 / VA, but the local behaviour of the oscillatory integrals is different.

The proof of Theorems 3 and 4 is based on an application of Theorem 6.2 in
[BCT], but we need a version without the extra A°-factors. Hence, we proceed to ‘e-
removal’ at the multilinear stage (see Appendix), which also provides an alternative
strategy to derive Theorem 1 directly, without passing through Theorem 1’ (let us
point out that this e-removal argument applies only to our particular application of
[BCT], Theorem 6.2, see section 5.)
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Returning to curved Kakeya compression, it is shown that a curved Kakeya set
in even dimension n has Minkowski dimension at least § + 1 (see section 6). This
statement was known to be optimal (see [Bo2]).

Details are given in section 7 for n = 4, where it is shown how to derive this
property from multi-linear Kakeya-type results. This strategy may be seen as the
essence of our paper and is basically repeated to obtain the oscillatory integral
bounds cited above.

Returning to Theorem 3, we should point out the application to the Bochner—
Riesz multilinear problem. Recall that the Bochner—Riesz multiplier Sy is defined
by (Ssf)ME) = (1 — [€]*)%F(€). Equivalently Ssf = f % Ks, where K; has the
asymptotic

Ks(x) ~ et2milal |z "5 49, (1.12)

The problem is then to obtain the optimal condition on § > 0 to satisfy
195 fll Le(rny < Cllf |l Le(rn)- (1.13)

C. Fefferman’s counterexample to the ball-multiplier conjecture implies that cer-
tainly § > 0 for p # 2 (note that the problem is self-dual). In view of (1.12), the

condition
%—%‘n—%) (1.14)

is clearly necessary. It is conjectured that (1.14) also suffices for (1.13) to hold and
this was proven for n = 2 in [CS] and, independently, in [HJ.

In fact, Hormander’s approach consists in reducing the study of convolution by
K to some specific oscillatory integral operator T, of the type considered above
(note that regarding dimension, the R¢ — R? problem is replaced by an R*~1 — R?
problem in this reduction). As a corollary of our Theorem 3 together with the
standard factorization and rotational invariance considerations (already mentioned
above), we obtain (cf. [Bo2] for details).

d > max (O,

Theorem 5. Let n > 3. Then the Bochner—Riesz conjecture holds providing
max(p,p’) satisfies (1.1).

On the geometric side, the Kakeya-type maximal function underlying the
Bochner—Riesz operators (sometimes called the ‘Nikodym maximal function’) in-
volves also averaging over straight line segments and, for n = 3, T. Wolff’s %—
inequality is again known to hold (see [Wol]). Thus in principle, one could expect
the proof of Theorem 2 to carry over and lead to the validity of the Bochner—Riesz
conjecture for max(p,p’) > 3%, if n = 3. We do not pursue the details of this
matter here. In fact, it is very likely that the exponent 31% from Theorem 2 may be
improved further, by reorganizing and refining the method. No serious attempt was
made to do so, as our primary goal is to show how to obtain some progress over the
present results, keeping the arguments as simple as possible.

Finally, let us cite [T3] as a survey work on the problems discussed in this paper
and where the reader will find much background material and references.
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2 An Approach to the Restriction Problem in 3D
(alternative proof of the L'%/3-bound)

1. Consider the oscillatory integral operator

Tf(z) = / D )y ((f] < 1)

where y € ) is a neighborhood of 0 € R? and = € R3 N [|z| < R,

o(z,y) = z1y1 + T2y2 + 2361 (Y) (1.1)
with ¢1(y) = y3 + y3 (paraboloid), or more generally
o1(y) = (Ay,y) + O(|y|3) (A = positive definite) (1.2)

(we will comment on the indefinite case at the end of this section).

The purpose of this section is to explain in a simple case how the multi-linear
theory from [BCT] can be exploited to produce results in the usual restriction prob-
lem.

Given a phase function ¢ as above, we introduce at a given point y €  the
vector

Z = Z(y) = ayl (vxd)) A ayz (Vx¢) = (_81¢1 (y>v _82¢1(y)7 1) . (1'3)

For simplicity, we carry over the discussion for the case of the paraboloid, thus

o1(y) =y + 3.

In this case, the transversality condition of {Z(y®), i = 1,2,3}, where y® is re-
stricted to some small disc €; C  (as needed for the trilinear L3-bound from [BCT])
amounts to non-collinearity of €2y, 29, Q3.

Discussion of the general situation (1.2) would require the introduction of the
Gauss map associated to the surface

(y1.y2) = (y1,v2, 61())
(see section 3).

2. Fix K (a large parameter).
Partition = (JQ4q, Q4 balls of size 1/K; yo € Qq. There are ~ K? values of a.
Write

Tf(z) =Y e [ / 9w a)=0a0)] £ () dy

o

= emve)(T, £)(x). (2.1)
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Note that
Velo(z,y) — ¢(x,y0)]| < 5 fory € Q.
Take a smooth rapidly decaying bump function  s.t. f(w) = 1 on [w € R3; |w| < 1].
Let ni(x) = %n(%) satisfying fx (w) = 1 for |w| < %.
Thus
Tof =Tuaf *nK

and

‘Taf(l')‘ < /}Taf(z)} "f]K(.’L‘ - z)‘dz.

Restrict = to a ball B(a, K) C R3. Set a = 0.
For x € B(0, K)

’Taf(x)’ < /’Taf(z)’{K(z)dz = Cu s (2.2)

where
/
r) = max ).
() = max In(e')
3. Denote ¢, = maxcy, = ¢o,. Let Ki < K be a second large parameter. We
distinguish several possibilities.

(3.1) Non-coplanar interaction.
There are a, 3,7 such that c,,cg, cy > K¢, and

Yo — Yl > |Ya — yy| > dist (¥, Yo + R(ys — va) ) > 10° 4. (3.1)

=(ya,yg)

Y

Y Yo

In this situation we use the trilinear theory from [BCT].
(3.2) Non-transverse interaction.
If |Yo — Ya.| > 1/K71, then ¢, < K~ %c,. Here we use rescaling (cf. [TVV]).
(3.3) Transverse coplanar interaction.
There is e with ca,, > K 4c, [Ya, — Yo,

> 1/K1
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Assuming (3.1) fails, it follows that, moreover,

K
Ca < K~ 4e,  if dist (yaaaya*vyoz**)) > 103?1 .

In this case we rely on the by now standard square function estimates going back to
A. Cordoba’s work [Co].

4. Assume (3.1)
For x € B(0,K), by (2.2), (1.1)

ITf(x)] < an < K%, < K6(0a0507)1/3.
(0%

Hence, for ¢ > 3
ITf()|" < |Tf(x)

< K [ [T 1) T 12T 1(22) G )G (22) o ) e

<K® S [1Baflea) a2l o= 2)C (1) (22)Ge ).
a,B,7(3.17)

The corresponding contribution is estimated using the trilinear bound from
[BCT]:

/ |Tofl(x —21)|Taf|(x — 22)|Ty f|(x — z3)dx < R°.C(K) < R%. (4.1)

Br

5. Assume (3.2). For z € B(0, K), estimate

/~ em(a:,y)f(y)dy‘ + Z Cor

Q7 \ya—ya*|>1/K1
<10 max}f}f(m)‘ + K%, (5.1)
T

|Tf(x)] < 10max

where Q = Q, is a partition of  in balls of size 1/K;.
Thus (5.1) implies for z € B(0, K)

~K? ~K?

T < C S T fe) + CE Y. [ [Tuflila - i)z, (52)
T=1 a=1
The corresponding contribution is at most

CZ;/BR I 17 + CK—Qq%:/BR T 1. (5.3)

At this point, we define ' by y = y + ¢/, and we use the (parabolic) rescaling

[ e -
ly=gl<p

‘/ et (a2t esl/ ) (g 4 of )y | = (5.4)
ly'|<p
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and
15.4) | o) < CP*p Y 1Qur
where we define

== T q .
Qr f}%” fllzaBr)

Substituting (5.5) in (5.3) gives the contribution (p = 1/K; and p = 1/K)

2 y-—2q+4 -2 2 yr—2q+4
CKY.K{ QY g, + CKT KK MQ%

and hence for the L%-norm

72(17%) —446
<CK,; Qr/rk, + CK = QRr/K -

6. Assume (3.3). Thus, denoting ¢ = ¢(ya,, Ya.. ), for z € B(a, R)

/ em(m,y)f(y)dy‘ < Z ’Taf(m)] < K2K ¢,
dist (y,€)>10

a4 K1 X
K dist (ya,£)>103 L

<K /‘Ta*f(a — 2)[¢k (2)dz.

Hence
~K?2

ei‘z’(x’y)f(y)dy‘q <K% Z /|Taf($ - z)‘qCK(z)dz,
a=1

/dist (y,0)>100 51
and by (5.5), the corresponding contribution is at most

2 o2 722 —2
K “KiKa QR/K<K QR/K

GAFA

(5.5)

(5.6)

(5.7)

(6.2)

(6.3)

Considering the partition Q = [J€, in balls of size 1/K; and fixing = € B(a, K),

there are clearly the following alternatives:

(6.4) |Tf(x)| < Cmax;|[g @) f(y)dyl;

(6.5) There are 7,7 such that dist (Q, Q) > 10%/K; and

1

ip(x,y) ip(z,y) R
[ e swaml | [ e 0] > i)
If (6.4), write
~K} 4 a11/q
ITf<w)!§C[Z [ e sy ] ~ (6.6)
=11/

and by (5.4), (5.5)

: i 20-3)
1(6.6)[| La(pr) < K7 -K{  Qr/r, < Ky Qr/K, -
Assume (6.5). Estimate further
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[ei¢<x7y>f<y>dy|s) Y SR @mH@|+ Y (T

Q,

QaCQ, QaCQr
dist (ya,¢) <103 51 dist (ya,£)>103 51
= (6.8) + (6.9),
and similarly for UQ ) ei¢’(l"vy)f(y)dy‘.
The contribution of (6.9) was evaluated in (6.1), (6.3).
Thus it remains to obtain a bound on
. /2 . /2
/ ’ Z em(x,ya)(Taf)(x)‘q ‘ Z ez¢>(z,ya)(Taf)(x) I dx
B(a.K) QaCQr QaCQ,
dist (ya,0)<103 51 dist (ya,£) <103 51
(6.10)
By Holder’s inequality, assuming ¢ < 4
. /4
(6.10) §K3(1_4)[/ |- 2 \---|2da:] . (6.11)
B(a,K)
Consider
/ |- ]2
B(a,K)
< X / T, fToy fTo J Tog f - 000007000020 g (6.12)
Qory oy cpna B
Qall 7Qa’2CQ‘r’mA

where A = {y € B(0,1);dist (y,¢) < 103%}.
Rewriting
¢(5L'7 yal) - ¢(x, yaz) - ¢(:U> ya’l) + ¢(x, yag)
= ((@1,22); You = Yoo = Yo, +Yag) T 23(01(ar) — 1 (Yae) — D1(Yay) + $1(¥ay))

we see that in (6.12) we may restrict the summation to those quadruples
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(a1, g, o), o) for which
|ya1 — Yoo — yo/l + yo/2| S % ) (613)
|91 (Yar) — 1Y) — 01(Yar) + D1 (War)| S % (6.13")

S K-
Let £ =b+ Rv (jv| = 1) and |ya, — (b + t;v)| < 10351, Yoy — (b + )| < 10351,
Recall from (6.5) that

b=t —t < 2 -t > O
1 205|141 2] = Kl’ 1 Kl
Hence (6.13), (6.13’) imply by the preceding
t —to — ) +th| S CEL, (6.14)
BB () + ()] < o (6.14)

and we obtain from the separation property that

2

|(t1+t2) — () +15)| S C% : (6.14")

K2 K
Hence ’tl - t2‘7 ‘tll - t/2’ < 0717 thus ’yoq - yaQ‘v ‘ya’l - ya’Q‘ < CTI
Consequently,

612) S K5 Y (Tuf) (@) [*| (T £) () P (6.15)

Quc.na B
Q. CQINA

and

(6.10),(6.11)§K3(1*%)K12‘JK3‘1/4[ 3 ci}w[ 3 ci,]q/4

QaCO-NA Qo CQNA

(&-1)
< k3K <§) ’ [ch] (6.16)

1

Summing over the balls B(a, K) implies an estimate

3

3 11 3 341 53
e q(ZHT Map)" <K K12 Qnyic (6.17)
Collecting contributions (4. 1) (5 7), (6.7), (6.3), (6.17) implies that

2(1-3 341
QR/K1 + K *Qpr/x + K K3 Qr/x»  (6.18)

and hence an appropriate choice of K, K shows that

Qr < R for ¢ > 3. (6.19)

REMARK. The use of different scales in previous analysis (and even more so in
section 3) is reminiscent of the ‘induction on scales’ approach in [Wo2| and [T1],

Qr S CE)R + K,
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although the present argument is considerably simpler. In particular, it suffices to
take K, K1 to be large constants, rather than R-dependent (i.e. R°-factors), though
this point is inessential.

7. One may also consider the hyperbolic case, for instance

P(x,y) = T1y1 + T2y2 + T3Y1Y2 - (7.1)

The hyperbolic case was studied by Vargas in [V], adapting the bilinear method.
She proved the same estimates in the hyperbolic case that Tao proved in the elliptic
case — in particular that the restriction operator is bounded from L into LP for
p > 10/3. Our method gives nearly the same estimate, losing a factor of R°.

The preceding may be repeated verbatim, except for the analysis of (6.13"). The
condition becomes (v + v3 = 1)

K,
K 9
and the case where v or vy is small has to be treated separately.

Suppose |v2| < 1/K;. Let Q = UISSSKl ws be a partition in horizontal stripes of
width 1/K;. Recalling (6.1)—(6.3), for x € B(a, R), the only significant contribution
to T f(x) is given by

[or Jua| |6 — 83 — (#1)* + (#1)*| S C (7.2)

4 ‘ a1/q
2 max / ewvy)f(y)dy] < [Z / e fy)dy } 7 (73)
since £ = b+ tv = b+ tey +0(1/K7) by assumption on v.
The contribution of (7.3) is at most
K / ) f(y)dy : (7.4)
w L4(Br)

where w = [0,1] x [0,1/K]].
A rescaling (z,y) — (wl,leg,leg;leg;yl, %yQ) shows that

_1+%
< Kl QR )
Li1(BR)

[ e s)ay

143
which in (6.18) gives an extra term K; “Qg.

3 Higher Dimensional Restriction Estimates

The method presented in section 2 easily generalizes to arbitrary dimension, con-
sidering the Fourier restriction/extension problem for a smooth, compact hyper-
surface S in R™ with positive definite second fundamental form. For x € S, denote
2 € S1 the normal vector at the point z and let ~ : S~ — § be the Gauss
map. Thus 7 = 1.

In this section, we establish Theorem 1’, implying in turn Theorem 1 by the
‘e-removal lemma’ presented in the Appendix.
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1. Let Uy,...,U, C S be small caps such that [z} A--- Az | > ¢ for z; € U;.
Let M be large and D; C U; (1 < i < n) discrete sets of ﬁ—separated points.
Let By C R™ be a ball of radius M. Then, for ¢ = %

iz |1 e . q/2n
£ S wt@es” < [T X later] ™ (1)

M =1 geD i=1 €€D;

Proof. This is just a discretized version of Theorem 1.16 in [BCT] as our assumption
on Uy, ..., U, ensures the required transversality condition (see the discussion at the
beginning of section 5).
We can assume Bj; centered at 0. Introduce functions g; on U; defined by
{gxo =a(§) if¢—¢ <, E€D,

1.2
gi(¢) =0 otherwise , (1.2)

(c>0 a small constant). One may then replaceg% a(§)e™E by ¢ M [ gi(¢)e™ <o (dC)
€D;
if x e BM. Hence

/B a(€)

M ;—1 CED

/n
! dx

n

< M(n—l)q/
Bm }_11:

1 L /2n
[BC (n—1) q+aH ||g7, ’L2(U) q—i—aH |: Z |a(£)|2:|q 2 '

i=1 &€D;

q/n

/S G(Q)e%o(de)|  dz (1.3)

Since JEBJVI refers to the average, (1.1) follows, since ¢ = %

2. Let S C R” be as above and 2 < m < n. Let V be an m-dimensional subspace
of R", Py,..., P, € 5 such that

Pl,...,PL,eV and |P[A---AP.|>c, (2.1)

and Uy,..., U, C S sufficiently small neighborhoods of Py, ..., Pp,.

Let M be large and D; C U; (1 < i < m) discrete sets of ﬁ—separated points

¢ € S such that dist (', V) < ¢/M. Let g; € L>®(U;)(1 < i < m). Then, letting
q= n%mla
q/m

dz

]{BM ﬁl ;;i (/<£<c/M gi(C)em'CU(dO)
] /<g<;, Gi(Q)e o (dC) r/m}q.

< {f T2
By j=1Leep,

Proof. Performing a rotation, we may assume V = [ey,...,ey] and denote V the

image of V' NS~ under the Gauss map. Let again By be centered at 0. For each
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¢ € U, D; there is by assumption some EesSnv, 1€ — é| < c¢/M. Write
[ a@etotag =t [ e Ot @3)
[C—&l<e/M [¢(—&l<e/M

Since in the second factor of (2.3), [¢ — | = o(1/M), we may view it as a constant
a(§) on By C R™.
Thus we need to estimate

][{mzemﬁ ’q/m}d (2.4)

i=1 £€D;

Writing x = (u,v) € BZ(\T) X B(nfm) (2.4) may be bounded by

a/m
max ][ {H\ 3 et (¢ \ }d (2.5)
veB(P~™ JJBUM U oD,
with a,(§) = ei”'éa(@. )
Since S has positive definite second fundamental form, 7, (SNV) C V =
[e1,...,em] is a hypersurface in V' with same property and the normal vector at

Tm(§) = (€) € V. Since (2.1), application of (1.1) with n replaced by m and D; by
{mm&; & € D;} gives the estimate on (2.5)

m

< [1[ 3 laor] "™

i=1 &€D;
and (2.2) follows.

3. Essential use is made of scaling.

with g € L>(S), |g| < 1 and with S as specified in the beginning of section 3.
Parametrize S (locally) as

Denote Qg) a bound on

/ 9(€)e o (de)
S

LP(BR)

&=ui (1<i<n-1),
) ) 5 (3.1)
En=yi++yn+O(P),
with y taken in a small neighborhood of 0.
Let U, be a p-cap on S and evaluate
| ste<atae
Up L?(Br)
Thus in (3.1) we restrict y to a ball B(a,p) C R"~! and evaluate
/ g(y)em v+ v+ P+ 0] gy, (3.2)
Blay) Lo(Br)
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A shift y — y — a and a change of variables 2} = z; + 2,(2a; +---) (1 < i < n)
permits to set a = 0. Rescale y = py’ to obtain

n—1

p

/ g(py')ellPrrvittpen—y, y+p*en(y P+e0(y 1)) g/
B(0,1)

LP(BR)

and a further rescaling in z, 2} = pz; (1 <i<n—1), 2, = p*x,, gives

—1—(n+1)/p

o / ( g(py/)ei[waya+--~+x;,1y;,1+x;<|y'\2+po<|y'|3>>1dyf
0,1)

LP(B,r) (3.3)
< pn—l—(n-f'l)/PQ;(ﬁ%

4. Let g € L™(5),|g| <1 and consider for x € Bp

/S 9()e™Eo(de) (4.1)

Let
R>K,>K, 1> ->K,;

be suitably chosen.
Start decomposing S = |J,, Ua(1/Ky) in caps of size 1/K, and write

(1) =% / e, A7) = Y cal)

Fixing x, there are 2 possibilities:

(4.2) There are aj, g, ..., a, such that
oy ()]s -+ [Can ()] >K;”m3x‘ca(m)‘ (4.3)
and
1A NGl > e(Ky)  for & € Ua, (4.4)

(4.5) The negation of (4.2), which implies that there is an (n — 1)-dim subspace
V,—1 such that

|ca(2)] < K, " max|eq(z)| if dist (Un, V1) Z KL
If (4.2), clearly by (4.3)
n 1/n
‘/ Jeit o ‘ Kt max‘ca(xﬂ < K2t [H|Caz(x)|]
i=1

and

/22(4.2)

p/n

[at@e=sotag)| < myeny Z | 11

0117 70471 R =1

/ 9() ™o (de)
U, i(1/Kn)

(4.6)
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In view of (4.4), the [BCT]-estimate applies to each (4.6) term. Thus

n 2
[ seeous)| &< cim)r. (1.7)
Br =11/ Va;1/Kn)
Assuming )
n
P2 (4.8)
we see that

(4.6) < C(K,)R°® (4.9)

(here and in the sequel, C'(K) refers to some power of K).
Next consider the case (4.5). Thus

[(4.1)] <

g(ﬁ)em'ga(dﬁ)‘ + KL max

n «

[ | ot
dist (&,Vp_1)<1/K,, Ua(1/Kn)

= (4.10) + (4.11),

where V,,_; depends on x.

Note that, using the argument explained earlier in section 1, we may view
lca(z)| as essentially constant on balls of size K, (literally speaking, this is of
course incorrect and what was done is a replacement of |c,(z)| by a majorant
lcal * my, 1 (@) = %n(%) and 7 a suitable bump function — we do not repeat
these technicalities here.)

Thus the bound (4.10) + (4.11) may be considered valid on B(zx, K,), with a
same linear space V1.

The contribution of (4.11) to Hfg(ﬁ)e”'fa(dg)Hp is bounded by

1 o1 =1\
(| [ stgemsous ) skl ()
o 11/ Ua 4.12)

L\ 0w 1w
- (K> Onjr, < g, 9%
Consider the term (4.10). Proceeding similarly, write for x € B(z, K,,)

/ ~ 9(€)e*Eo(de)
dist (&,Va—1)S %

(4.13)
'L:E£ _
= 9(¢) (d§) = ) cq
Z/a m[dlst\g V1)< } Za:
We distinguish the cases:
(4.14) There are ay,...,a,—1 such that

n— n —(n—1 n—

‘c( 1)(:15)‘ ‘can ?( )‘ > Kn—(l )moz}x}c(()[ 1)(ac)| (4.15)

and

1
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(4.17) Negation of (4.14), implying that there is an (n—2)-dim subspace V,,_2 C V;,_1
(depending on x) such that
1

n—1

e V@) < 1, max el D @) for dist (Ua, Vo) 2

This space V,,_s can then again be taken the same on a K, _i-neighborhood

of x.
We analyze the contribution of (4.14). By (4.15)
L
(4.13)] < K27 3[1‘[\&” Dz } (4.18)
and hence
P
ix.£
. g(§)e™ o (dg
B(z,Kn) [ilst(& V1)< ( ) ( )

z satisfies (4.14)
2

%
p(2n 3) i
<K alz ]i {U

-1
/ 1 e
----- an—1 7,7 )Nldist (§,Va-1)S %]
(4.16)
(4.19)
We use the bound (2.2) to estimate the individual integrals
= | =
£ O <a(ac) |}
B(z,Kn) Ui (= )NMdist (&, V1)< 1]
2(n—1
with ¢ — (”_2) . (4.20)

Thus m=n—1,V =V,_1 and R is the center of Uy, (1/Ky,—1). Let M = K, and
D; the centers of a cover of Uy, (7, —) by caps Uy (1/K ).
By (2.2) we get an estimate

(4.20) < KEC(Kp1 {]{B(“{n H[Z

, 215 ) 4
/ g(f)em%(ds)H } (4.21)
Ua(1/Ky)

where in S " the sum is over those a such that Us(1/Ky) C Uq,(1/Ky,-1) and
Us(1/K,) N Vy—q # ¢. Clearly
2:| 1/2}(]

(4.21) < KZC(Kn—I){]é(LKn) [ >

Ua(1/Kn)N\Vp_1%¢

/ 9(€)eEo(de)
Ua(1/Kn)

(4.22)
If 2 )
n —
> -~ = 4.23
- n—2 ¢ (4.23)
the contribution of (4.15) may be estimated replacing p by ¢ = 2(:__21), and using

the [BCT] bound (4.7) with n replaced by n — 1 and K,, by K,_;. This gives a
bound R°.



GAFA BOUNDS ON OSCILLATORY INTEGRAL OPERATORS 1255

Thus we assume
2(n—1)

P (4.24)
Then
21/2
@wﬂ”<c«nlkff [ > / gwémd@)}
I 1K)V Ve ER)
4.95)
Note that Uy (1/K,) N V,_1 # ¢ for ~ K2 values of .
Hence, by Holder’s inequality, the integrand in (4.25) is at most
(n-2(3-1) - nye
w7V ot | (1.26)
a MUa(1/Kn)

where « is unrestricted in the a-summation. Substituting (4.26) in (4.25) gives

@m<cmﬁm&%@”%f b:/ g@W%M)]
B(z,Kyn) L5 1JU(1//Kn)

and integrating over Bg permits to bound the (4.14)-contribution by

(n—2)(L—1)4e . p 1/p
etk S| [ ot SNTES
Ua(1/Kn) LP(BR)
Invoking again the rescaling inequality (3.3), this gives
(n=2)(3— )+ 25— (n—1)+ 1 +e 22— Gte
C(Kn-1)Kn Qr/k, = C(Kn-1)EKn" * (4.28)
Taking K, sufficiently large compared with K,_1, we see that the (4.14)-contri-
bution is taken care of if either p > (n721) or
p>2+21. (4.29)

Thus we impose

2@—1)%n+%>‘ (4.30)

> mi ,

P o < n—2 n

Next we need to consider the contribution of (4.17).
The analysis is analogous to the preceding, replacing n — 1 by n — 2 and K,

by K,,—1. More precisely, if

2(n—2)
<— 3 (4.31)
the local estimate (4.25) becomes
1/2
][ [ > / g(&)e' ™ a(de) } (4.32)
B(z,Kpn-1) Ua(1/Kn—1)

Ua 1/Kn 1)0‘/n 275¢'

and Uy (1/Kp—1) N Voo # ¢ for ~ K” 7 values of a.



1256 J. BOURGAIN AND L. GUTH GAFA

This leads to the condition on p

. (2(n—2) 2(n+3)
> , . 4.33
pmin (1 )
The continuation of the process is clear.
Eventually we see that the exponent p needs to satisfy

. ko 2n—k+1
<k<n. .
p>2m1n{k_1,2n_k_1} forall2<k<n (4.34)

Hence we obtain

Theorem 1'. Qg) < R? provided

dn + 3
>2 if n =
p22,—5 ifn 0 (mod3),
2 1
p> :jl ifn=1 (mod3),
4n+1) .
>——2 ifn=2 .
p2~ — ifn (mod 3)

4 Improving Upon the Exponent in the 3D Restriction Problem

We consider the case of the paraboloid (though the argument generalizes).

Going back to the analysis in section 2, the main idea is to collect the contri-
butions obtained at different scales, rather than performing an induction on scale
argument. This will allow us to bring into play also T. Wolff’s %—bound for the
Kakeya maximal function (see [Wol]).

1. Representation at scale 1. Fix large parameters K > K; > 1

fi = f|B(a“%)

Recalling the analysis in section 2, we have

TH<CW)  max  (TFLTRlITRD + max |75

non-collinear dist (L/’E//)>%1 €L’ €L’
+ max IT(f1B(a1/K1))|
= (1.1) + (1.2) + (1.3).
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Here £/, L" C L are separated segments of a ‘line’ L.

L
K

Since 14
1/2
[][ <1-2>4} <cm) (X IrnP) "
B(a,K) i€l
we may write

(12 = o (S rs?) "

1€L

1/4
(f r¢|4) < (K1)
B(a,K)

and ¢ constant on balls of radius 1.

with

1257

In what follows, we identify small discs C 2 and the corresponding caps C S
obtained as image under the map y + (y1,%2, y? +¥3), which are both denoted by 7.

2. Representation of T'f, (by rescaling). Let 7 be a d-cap and rescale.

Up to linear transformation of the form
wll =2 +a1x3,
x'2 = T9 + agx3,
xé =3,

and reduction to scale 1 by transformation

r) =z,
xh = dx9,
xh = 6%x3,
we obtain
1
0
L1, X2
T3
B E—
1
82

Applying at unit scale the representation from subsection 1 of this section and

scaling back, we obtain on the (% X % X %)—box



1258 J. BOURGAIN AND L. GUTH

>

T1,7T2,T3non-collinear

S|

1

2
+or max ( > |Tf7'i|2> where 7; is a %—cap
T, €L

Y=
=

+ max |Tfr]
T/CT6/K1—cap

Given a d-cap T, denote 7 the polar set

On every K7-box B, ¢, satisfies
1
ﬁzfﬁ
ot
—3.0" / C(07 2, 07 ek, 672 ah)t da! dahydarly
(a,K)

< C(Kl

and ¢, is essentially constant on 7-boxes.

1 1 1
IT f7|<C(K) max ITfr|3|Tfr2|3.|Tfrs|3

GAFA

(2.4)

3. Iteration. Apply the decomposition (2.1)—(2.3) to each T'f,, in (2.2) and T'f,/

n (2.3).

Considering T'f;,, let ¢., be the corresponding factor appearing in (2.2).
Thus ¢, is constant on 7:-boxes and {5 gbﬁi < CO(K,)if B is a K7i-box.

Let B’ be a K7;-box and subdivide B’ as

:UBA
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. o
with B/, 7;-boxes. Then

4,4 4 14 '
[, ot~ Slolml' [ 0% (3.1)

Note that 7; is an [% X % X Ig—;]—box in direction &;-normal at 7;. Let & be any
normal for 7. Thus £(£,&) < § and K7 is contained in [2% X 2% X 2552]—box in
direction &. It follows that 7; may be partitioned in K7-boxes B and hence by (2.4)

ot <mpx f ot < C(1). (3.2)
B!, B B
Substituting (3.2) in (3.1) gives

) [, =t [ ot < ousp. (33

Note also that in (2.2) £ consists of at most K %—dises. Iteration of (2.1)-(2.3),
where we terminate the process for (2.1) and continue for (2.2), gives a representation

T/ <
1/3 1/3 1/3)2] 1/
R max max | 3 (0T o V2T fr, 2T 1, [117)?] (3.4)
1>6>-L &
VR TEES
/2
+ max [Z 6-|Tf.)) } (3.5)
1/‘F TEE
where
&s consists of at most 1/9 disjoint d-caps 7, (3.6)
T1, T2, T3 C T are ﬁ—size and non-collinear, (3.7)
4 log1/é log C(K1) o
][ ¢; < C(Kp) ek < R ek <« R°if Bisa 7-box. (3.8)
Fix dyadic 1 > 6 > 1/ V'R and consider
971/2
mec | - (6r T |2 [T 1|2 (T 17, |2)°] (3.9)
TEES

with & and 7, 1, T3 as above.
In what follows, we will make several estimates on (3.9) considering various
norms.

4. We assume |f| < 1. By rescaling, for 7, 7,73 C 7 as in (3.7),

/ T fr | T | T fr| < 62 / Tgu,| 1 Tw, | Tows]. (4.1)

Br Bsr

with |g| < 1 and Uy, Us,Us C By of size ~ 1/K and not collinear.
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GAFA
Hence, from [BCT]
| 1ol ol T, | < B (1.2)
Bsr
and
| AL < SR (4.3)
Br
By (3.6) and Holder
1/2
S (Gl AT f 2T £ 2]
T€ES
1/6 3 1/3
< 15| D2 ST o LT oo T
~1/6 3 1/3
<6 VSIS BT oI fr T | (4.4)

where in (4.4) 7 ranges over a partition in d-discs (note that (4.4) does not depend
on & anymore).

We obtain

1/3
69 s <57 [ STIT Il T]]

.. . o . o
Consider a partition of Br in 7-boxes B. Since |T'f.,| are ~ constant on 7;-boxes
hence on each B,

(4.5)

/dﬁ!Tfn T frol 1T frol = Y (1T frs| T fr Tng\)\B</B ¢?—>

B

=S| [wrlirnies) £ o

B L/B B
(38)
2 r / (T for||T fr | 1T £+
Br
4.3
03 pes (4.6)
Therefore

1(3.9)[| 13y < RE6/6 (4.7)
which is our first bound.
5. Take 3 <p<4.

By Holder again

1/2
—ID&X[Z ¢7—|Tf”r1 1/3|TfT2|1/3|Tf ‘1/3):|
TEES

1 27

1_1 /
(5 [ (T fr, | AT fro 1T )
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implying

L »1 /P
60 < () [ [ onrsalimselirsan?]

As in (4.6)

/B ST fo | IT o 1T 7/

» p/3
Lo Al o]

<R [ / T fr 1T fr, r-|Tngr] 406D
Br
< RE§PP—4
by (3.8), (4.3) and since ||Tfr, |lco < 62
Substituting (5.3) in (5.2) gives

R332 ()7 070 = o

3
2

3o

Hence
19 1r(pr) < R forp> 2 =pq.

Returning to (5.1), let 0 < A < 1 be a parameter and denote

=|Tfx ’1/3-’Tf72’1/3-’Tf73’1/3 and  g- ) = ng[QTNAcSQ} :

Then by (4.3)

/ [gral? < (A6%)P 3 / (gr-2)% < REAP~352P—4
BR BR

and

1/po
2 po/2 € 1*i_ ey L
{/BRr%ax[Z(qﬁTgm)} } < R°X P = REATO.

s TEES

Let 1 < p < 0o be another parameter and decompose each ¢, as

Z ¢r,  Where

1 dyadic
Orn = Orli )
br1 = Orlip, <1
If B is a 7-box, (3.8) implies for p > 1

][¢Tu < 4+p0][B¢;1_ < R€M72/3'

Hence, instead of (5.8), we obtain

po/2) M/Po _
{/B rr}gaX[ > (%ugm)z] } < RENV10 715,
R

0 TEES

1261

(5.3)

(5.4)

(5.5)

(5.10)

(5.11)
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Next, we perform a different type of estimate. Clearly

max [ > (brugra) }1/2 (ZQT A>1/2 (5.12)

s TEES

with 7 ranging over a partition in d-caps.
We apply the usual procedure to bound (5.12) by a Kakeya maximal function.
Writing
|Tf7'i‘ S |Tf7-i| * (6417".)

we have
3
4 1/3 4q
) 5 [ {gwm*w 1)) )6 - 2)a:

_ / w(2)(6*1) (z — 2)dz, (5.13)
and

#a(@) £ 6" [ (@Plzam) (g - 2)dz. (5.14)
Further,

1

2 3

W 1iy>agse S /w
/BR [WZASZ] ~ Y 52

< % / { / [ﬁ Tf (o — zi)]d:v} [ﬁ(aﬁg_i)(zi)} Az dzpdzs
i=1 i=1
< REATL (5.15)
Hence, from (5.14), (5.15), we obtain a representation
gir < RSN [10 ~ p)Polay). (5.16)
From (5.16) and convexity
L R [P DRHEES) e

3/10

— REAU2),5 [/ [Z 1o(z — yr rmda:] (5.17)

for some choice of {y,}-points in R3.

At this point we can invoke the L?/2-bound for the R?-Kakeya maximal function.
In its dual formulation, we have

1>

where T is a translate of a tube of width x and length 1 in direction v € & C So,
where & consists of k-separated points.

(1 3+
I < (%)? (5.18)
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Rescaling by a factor 62 and applying (5.18) with x = §, it follows

19
H — )|, <IF (5.19)
Hence
(5.17) < REX™V/2u61/10, (5.20)
which is our final estimate.
Summarizing (4.7), (5.11), (5.20), we have
1/2
2 es—1/6
ma r < R%6 5.21
e [0 o
and
1/2
2 e so\1/10, —1/5 y—1/2 <1/10
| mae | ; (G20’ |, € B MO O ATt 10)
TECS
< RE§Y/O0 (5.22)
Let
s
0
Interpolating between (5.12), (5.22), it follows that
||(3‘4)HL‘1(BR) < R°. (523)
6. Remains to bound |[[(3.5)||,.
Estimate
211/2 1/6 3
[ e’ L, =S TP (6.1)
TEE (Br)

where in the second sum, 7 ranges over a full position in 1/v/R-caps.
Since |T'f-| S 1/R, (3.8) implies that
(6.1) < Riz e, (6.2)
On the other hand, using the decomposition (5.9), we obtain the following esti-

mates on
|

max [Z (¢T,M’Tf7'|)2i| 1/2‘

YVE " g

(6.3)

iy
Using (5.10), we get

(6.3) < (VR 2 ro <Z||¢ru|Tfr|| L9 )7

4

11y 1 4
< (\/E) AT ,ufERPO (VR)#o < RS, (6.4)
Using the bound ¢, , < @ and the inequality

712 % 5 [ IT0P0) 1560 - v)dy (6.5)
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and

/B Tf <1 (6.6)

for 7 C S a \F -cap, we obtain similarly to (5.17)

'y
M 1/2
<&l X1t =90 ]
T Br
O LRk = updie (6.7)
Hence, from (6.4), (6.7)
(6.3) < R°min(u 5, uR m) < R 120 (6.8)
Interpolation between (6.1), (6.8) implies
13:5) || pa(my) < R (6.9)
Hence, we proved
Theorem 2. 3
HTfHLq(BR < R® forq> > Cfl1 <1 (6.10)

(implying Theorem 2).

7. One can check how the preceding argument improves if one had the optimal
Kakeya maximal function bound at disposal, thus

[Mslls—s < (3)° . (7.1)
Recall (5.11)
5/3 3/10

{ / max [ Z(@,ugT,A)?] } < RENY10, 710, (7.2)

Br & TEES

Next, apply (5.17) with py = 3

1/2
2
[ DT P
32 Y3

< REATV2y [/ [21 ] dm} < RN V2. (7.3)

For the (3.5) contribution, recall (6.3), (6.4)

|2

< Rep Yo, (7.4)

max [ (-7 )]

YVR "rcg

10/3
Ligg)
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and using (6.5), (6.6), (7.1)
Il e, < Bon (7.5)

Interpolation between (7.2), (7.3) and (7.4), (7.5) gives
36
ITfllLa By < R for ¢ > o= 3,27... and |f| < 1. (7.6)

This leads to an improved Theorem 2 with 3% replaced by %

8. The exponent 31% from Theorem 2 may be improved further by refining the
argument presented in subsections 4—6 of this section in order to obtain a better
dependence on the parameters A and pu.

First, note that if in (4.6) we replace ¢, by ¢, (4.7) becomes

| e [ S (a2 1 0T 1 2]

TEES

< RE§TVO,713 (8.1)

L3(Bg)

The effect of the parameter A\ in (5.20) can be improved by using Wolff’s X-ray
transform inequality [Wo3] rather than the Kakeya maximal function bound. Recall
that

HXgHLéO/g < C€||g||5/2’5 foralle >0, (8.2)

(L3°)
if g is supported by B(0,1) and where for £ = z + Re, e € S@), z € [e]*, we denote
(¥)ea) = [ 1. (53)

Dualizing (8.2), it follows that if {7/} are unit tubes of width ¢ centered at 0 and
with d-separated directions, then

‘Z/"?a o (x— z)dz

provided suppn, C B(0,1).
We have to bound

{/BR [Z(qﬁw%d)z} 5/3}3/10

T

<& [Z 62||nau1°/7} (8.4)
5/3

3/10

5/3
< M{Z/ (ZQZA> } (8.5)
B Qﬂ T
where {Qg} denotes a partition of Bp in boxes of size §72. With 2/ = 6%z, 2/ = §°z,
(5.14) = 62 /(w21[w>)\521)(522/)1622(:6/ — 2

= /?77(2/)152g($’ —2Nd?. (8.6)
Thus, from (8.4), (8.6)
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>0
-

/
< *—6[252”777“22/039 L

<o 5 = Av[|(Wlps ) (6772

L5/3(Bs_2)
20/7 ]7/10

L20/9(B1)
7 7/10
<« AU[HWAHi%/g ] / (8.7)
where wy = wl,-)s2] depends on 7.
Hence, clearly
E 10/3 3/10
(8.5) < pd~ 15+ max [ZHWHB{)/Q Qﬂ)] . (8.8)
Interpolating between the bounds
mglx ||w)\||L2/3(QB) S (A6%)7? mﬁax ||W||L2 (Qp) ~ S (A7)
and 13
(Z Hmllis(%)) < R (by (4.3))
B
it follows that
(8.8) < REpuA~1/251/10, (8.9)

Using (8.9) as a substitute for (5.20) and interpolating between (5.11), (8.9) and
(8.1) gives the estimate
56
17"
Further improvement of the exponent may be achieved by exploiting the better
distributional properties of the functions ¢,, namely

]im o |* < REp1/2 (8.11)

p6—2

1(3.4)[lq < B® for ¢ = (8.10)

if B is a 7-box (recall that 7 is a X %X %-box) and Q,s5-2 is a pd—2-ball with

0 < p <1 (as follows from the discussion in the beginning of this section).

This property permits indeed the use of the better estimate for sets satisfying a
‘two-ends condition’, given by the main lemma in Wolff’s Kakeya maximal function
bound [Wol, Lem. 3.1].

5 The Variable Coefficient Case

We consider Hormander type oscillatory integral operators of the form

(7)) = / AV f(y)dy (5.1)

with real analytic phase function 1 of the form



GAFA BOUNDS ON OSCILLATORY INTEGRAL OPERATORS 1267

U(z,y) = 21y + -+ za-1ya-1 + za((Ay,y) + O(lyl*)) + O(lzPlyf?)  (5.2)

and (Ay,y) a non-degenerate quadratic form.

Here z (resp. y) are restricted to a neighborhood of 0 € R? (resp. 0 € R%~!). In
order to bring (5.1) in the format considered earlier, rescale x — x/\ to obtain a
phase function

¢($7 y) =x1y1 + -+ 23-1Yq-1 + $d(<Ay7 y> + O(|y|3)) + )‘qbll (%a y) (53)
and ¢, at least quadratic in both z,y. Thus (5.1) becomes

(Tf)(x) = / 9w f(y)dy (5.4)

with z restricted to |x| < o(A). This formulation appears as a perturbation of the
restriction problem and preceding analysis can be generalized to this setting.

First recall the [BCT] result in the variable coefficient case (see [BCT, Th.6.2]
which treats the d-linear case, but generalizes to lower levels of multi-linearity as
formulated in [BCT, (40)] for ¢ linear in z).

Thuslet 1 <k <d and

T = [ e fay 1 <i<h) 655
with ¢; as in (5.3). We assume the transversality condition
}Zl(a:,y(l)) Ao A Zk(a:,y(k))| > ¢ forall z and y¥) € U;, (5.6)
where
Z(x,y) = 0y, (V) A By (V) - (5.7)
Then

k 1/k k 1/k
[(Tlmsl) | < (H 1512 53)
=1 q 1

with ¢ = kQ—fl and x restricted |x| < o(|)\|).

Note that in the restriction problem, Z(z,y) = Z(y) and (5.6) amounts to
transversality of the normal vectors at the corresponding hypersurface S which is
the graph of d¢/dxg.

It turns out that the \*-factor may be removed in (5.8) at the cost of increasing ¢
to g1 > 7=7. Thus, as proven in Lemma A.3 in the Appendix, under the assumptions
(5.5)—(5.7) 7 one has

(fres)”

Using (5.8') instead of (5.8) in section 2 and section 3 to bound global multilinear
contributions, will eliminate the R°-factors (cf. section 3, (4.7) and (4.9) for in-
stance), without the need for an e-removal at the end (note that the K°-factors
coming from a local application in section 3, (1.1) and (2.2) are harmless).

k 1/k ok /
< CQI H HfZHQ for q1 > m (58)
1

q1
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REMARK. We do not claim removal of the A*-factor in Theorem 6.2 in [BCT], but
only in its present application to the operators T; given by (5.5).

Returning to the analysis from section 2, section 3, also some adjustment is
needed with respect to the parabolic rescaling argument that we discuss next.

Note that if we restrict |y| < % and rescale, letting y = %; xy =Ko, . xq1 =
Kz!, | and x4 = K%z, we obtain
/
@) (L) gy wh / < X < 2 5.9
[ g (%) where fatloddal < o < g (659
and

1
¢ y) =2yl + Tl gy <(Ay’7y’> - KO(Iy’I3)>
K/ Kz, | K2,
+A¢V ( A17"'7 Ad 1’ A d;i’) ) (5'10)

with 2’ subject to the restrictions (5.9).
Comparing with (5.4), we see that one needs to consider the more general setting
of operators

(Tf)(x) = /ei(f’(m’y)f(y)dy restricting |z1|, ..., |r4-1| < R1 and |z4| < R (5.11)

(R < Rp), and

€T Td—1 X
qb(z,y) =n1y+-- '+xd—1yd—1+xd(<Ay7y>+0(|y|3)) +R¢V <R117 R 2 lad;y>

(here we use that ¢, is at least quadratic in y).

It has to be shown that (5.8") remains valid. It turns out that the issue can be
reduced to the R = Ry case. We give the details. Let ¢ > k27k-1

Partition the region

Q= |zl |za1l < Ra] x [Jza < R] = |J Qs

s<Ri/R

into R-cubes, and write

/Q<lf[ |Tifz‘)q/kdx= Z/Q <ﬁ |Tifz“>q/kda:. (5.13)

Partition the y-domain Q € R%! in cubes Q, of size ~ 1/R centered at y, and
write

(T3 1) Zezwya)[ f(y)eilPen)—otz, ya)ldy]
Restricting z € Qs, the factors | ] are approximatively constant

Cm—/ fily il (@y)— wwya)]dy
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where 7 is the center of Qs. For |z| < R

|T fl T+ Z in(2,Ya) Z¢ 7ya) ’

with 72, ya) = 92 -+ 2 y) — (2, o). Henco, defining
gi(y) = ci,aew’(j’y‘”) for y € Qq,

/m(z,y) ()dy‘

a/k

we have

|T; fi|(Z + z) ~ R4!

From (5.8),

k a/k k
/ [H\Tz‘le(:HZ)] <cm<d—1>(ﬂ||giu2>
B(O,R) Ly i
E o, () 1/21 q/k
< CR™SY [H(Zm,ay?) /]q/
1 o
a(d—1) k@ o
<or*S{IIX| [ feeay
1 o Qa

Since T is any point in ()5, we obtain
2:| 1/2}q/k

e

1 a

/ fi(y)ew(‘”’y)dy

o

Summing over s gives

d a/k ad=1) 4 B , 274q/2k
/[H‘Efz’] <CR =z ~ /H[Z/ fi<y)ez¢(x,y)dy }
Q 1 Q 1 @ Qo
Note that
2
) @) dy
y x xq 2
< R. max fi(y)el[mlyl+"'+xd—1yd—1+R¢V(1T117"'7 %11, R,y)}dy d:El
lzq|<R
Sk [ AP
Qa

using standard orthogonality considerations.
Also there is the trivial bound

4 1/2
)W,y)dy’ < |12 ( / mr?)
Qq
d ) ) 1/2
<R (/ ﬁ)
Qa

1269

2:| 1/2}(]/’6

(5.14)

(5.15)

dxgy

(5.16)
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implying

2
fily)e? @yl < RV £)13. (5.17)

Qo

>

«

From (5.15), (5.16), (5.17) and Hélder’s inequality, it follows that
k

1/k
515) < o5t T -5 2 g |

1

k 1/k
<c(TT) (5.18)
1

as claimed.

We also observe that at suitable local scale, the phase function ¢(x,y) given
by (5.12) may be linearized in z, reducing to the restriction setting. Let x =
a+ z € B(a, p) and write

(b(m?y) = ¢(a7y) + ¢(Z,3/) + Q(Z’y) ) (519)

denoting

P(z,y) = 2151 + -+ + 2a-19a—1 + 2a((Ay, y) + 0(|y[*))

R/, a aq a aq
Y ' Pv 777; 8;1: v 7,7; 5 520
+R1<Z,V 10) <R1 Ry>>+zd N0 (R1 Ry ( )

with = (2/,24) and where
‘Q(z,y)’ =o0(1) provided p = o(\/E) . (5.21)

Since €2 does not oscillate on B(a, p), it may be ignored in the phase function.
A suitable coordinate change in y brings 1) in the form

UY(z,y) = 2191 + -+ + 2a—1Ya—1 + za((A'y, y) + O(ly[*)) (5.22)

with A" a perturbation of A, hence A’ non-degenerate (and positive definite if A is
positive definite).

Using previous considerations, it is essentially straightforward to carry out the
analysis from section 2 and section 3 in the setting (5.11), (5.12), assuming again that
A is positive definite and using (5.8) to bound the global multilinear contributions.

Hence, we obtain

Theorem 3. Consider the operator (5.1) with v as in (5.2) and A positive definite.
Then

1T fllz < CoA~ 7] fll (5.23)
provided
4d + 3 g
>24d—3 ifd =0 (mod3),
2d 41 L
> ifd =1 (mod3),
4(d+1)

5 1 ifd=2 (mod3).



GAFA BOUNDS ON OSCILLATORY INTEGRAL OPERATORS 1271

In particular, for d = 3, we obtain the condition p > 10/3. Interestingly, it turns
out that this is the optimal exponent (as we will explain in the next section).
Without assuming A positive definite, it is well-known that the condition

2(d+1)
> - .24
Pz =i (5.24)
may be optimal range of validity for the inequality (5.19), when d is odd (cf. [B]).

It was shown also in [Bo2] that for d even, there is some p(d) < 2(;:“11) such that

1T flle S AP F e (5.25)
The following statement makes this more precise.

Theorem 4. Consider the operator (5.1) with ¢ as in (5.2) and A non-degenerate.
For d even, one has the inequality
2(d + 2)

IT5f ey, < CoA Pl f oo for p> ==

(5.26)

(the exponent ﬂdfjm was already known to be optimal).

Proof (sketch). We consider the setting (5.11), (5.12). Define the integer
_d
k=g5+1.
Thus the condition on the exponent ¢ in (5.8") becomes ¢ > 2(%2).
Following the procedure from section 2 and section 3, we fix a large parameter
K and restrict x to a K-ball Bx = B(a, K). Subdividing the y-domain €2 in balls
Q, of size 1/K and considering the operators

Tuf)@) = [ p(y)y
we consider the following two alternatives.
Case 1. On Bk, we may estimate
ITf| < C(K)[Ta, f| (5.27)
for some ai,...,ax such that (5.6) holds for yb e Qayy--- Ly e Qq,, (with con-
stant ¢ ~ 1/K).
Case 2. Failure of Case 1. This implies that on By
TS| Tuf| + max T, f) (5.28)
acA

where (J,c 4 Q is contained in an ~ +-neighborhood of the (k — 2)-manifold, ob-
tained by requiring Z(a,y) given by (5.7) to belong to some (k —1)-dim linear space.

In particular,
#A < KF2 (5.29)
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In Case 1, write on By

1/k
ITf| < C(K Z (H ]Talfo . (5.30)
(5.6) holds

The collected contribution may then be estimated using the k-linear bound and gives
the estimate
< (C(K). (5.31)

In Case 2, we proceed more crudely than in section 3 (note that lower-dimensional
restriction of the y-variable may lead to degenerate phase functions if the quadratic
form (Ay,y) is not assumed definite.)

From (5.28)

(f,m)" < (1,

= (5.32) + (5.33) .

) ()

Estimate

(5.32)7 < [][ ’
Bk ' acA

~ [Z |Taf|2} [ Z |Toéf@q_2 (using simple orthogonality)

a€cA acA

< ’A‘P%Jr(qf?)(l*%) Z T f]1.

«

| [Zimn]”

a€cA

Recalling (5.29)
1/q

(5.32) < K420 (Z f |Taf|q> (5.34)
« Bg

(that also captures (5.33)).
Thus the collected contribution over the By is bounded by

1/
K(k 2) 1—7 <ZHT fHQ> i

< KF DD s | T f - (5.35)
[e%
Rescaling gives the estimate
d d d
< KEDU=DHE-dDrEE ol i, (5.36)

8

VK2

(denoting le)ﬂ a bound on T : L™ — fo,|<R17|$d|<R given by (5.11)).
2(d+2)
d

Since ¢ > , this concludes the argument.
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6 Some Examples

We present in this section an example for n = 3 that will illustrate the optimality
of the exponent 10/3 in Theorem 3. It will also explain the differences between the
elliptic and hyperbolic cases.

Consider the following phase function

d(z,y) = —m1y1 — T2y + 3T3YT + 23Y1y2 + (23 + 23)Y5 (6.1)
First analyze the [BCT] transversality condition. Thus
Vid = (—y1,—y2, 5 (47 + 93) + 2x30192 + 32303)
0y, Vo = (=1,0,y1 + 223y2) ,
{ 0y, Vo = (0,—1, 42 + 2w3y1 + 33y2) ,
Z(®)(y, ) = 0y, Vad A Dy, Vs = (y1 + 232, yo + 2351 + 323y, 1)

» ~(a ()

where A = A, = (2953 1+3m§) is a perturbation of identity.

Concerning condition (40) in [BCT], if one fixes x and restrict y = (y1,y2) to
non-collinear discs Uy, Us, Us C R2, clearly

det (Z(8)(y™, 2), Z(¢) (¥, 2), Z(¢) (P, 2)) #0
for 4 c V.

Next, consider the Kakeya type sets associated with (6.1).
Oy, ¢ = —x1 + 391 + 36%92 )
Oy = —3 + a3y1 + (23 + 73)y2
and )
T1 = Y13 + Y223,
I’y is parametrized by L= g vts 5
Ty = Y123 + y2(v3 + 75) .
If we shift I'y by (y2,0,0), the tubes
T1 = Y123 + yzx?), + Y2
zo = Y123 + yo (3 + 3)

are contained in the surface
S:xirs =x9.

Thus again one gets 2D-compression, similar to the hyperbolic example
Y(x,y) = —z1y1 — T2y2 + 223y1Y2 + wgy% . (6.5)
See also [W].
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We try to exploit this compression as well as possible to make the oscillatory
integral

[ e sy (6.6

(with an appropriate f) large.
At this stage, there seems to be quite a difference between (6.1) and (6.5). For
(6.5), just take

Fly) = e (6.7)
Then
/ei/\w(%y)f(y)dy :/ @i/\[(yl+$3y2)2—($1y1+x2y2)]dy (6.8)
loc

and restricting = to a %—neighborhood of S
(6.8) ~ / ei/\[(ywzsyz)Lm(y1+x3y2)]dy‘
loc

Setting u = y1 + x3ys, stationary phase implies

1
(6:8)] ~ ==

1 /1\1/4q 1\3/q
1(6.8)1 2 ~ ﬁ(x) s(3) foraza.

In the elliptic case, this type of construction seems impossible.

But one can make the following one, which will explain where the condition
g > 10/3 comes from.

Instead of (6.7), take in (6.6)

2N
fly) = E 051[%7%1@2)6 ot (6.9)
s<VAA

where o5, = £1 and ¢ > 0 is a small constant.

Hence
(66) = Z 03{/ . 61)\[¢($,y)+\%yl}dy} . (610)

s<VA U SN

and hence

Denoting R the region
1
R= [a?3 ~1 and |za—z23] =0 <ﬁ)] , (6.11)

write

/1()C|(6.6)|qu2/R](6.10)Wd:z. (6.12)

Averaging the right side of (6.12) over signs o5 = £1, we clearly obtain

. . 2y q/2
/{ Z / Mt Izl g, } dz . (6.13)
R S _

ste
sV VA SVRSUR
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Since
1 v\’ T123—x2\ 2 1[a2 T173—T2)?
O(a,y) = gas| (1 +asys — )+ (g + D) 2 o1, (@ws—aa)T)
2 T3 x3 2| x3 T3
we have
S 1 z1 s 112 s Ti1w3—79)\ 2
ToY)T =YL= 503 +r3yo——+—=— | t|\ypo——F—+—| |+n(x,8).
o) T [<y1 o \fASU:s) (y VA T3 > ] 77(( ))
6.14

Therefore, from definition of R

(6.13) N/R{ >

s<VA

Stationary phase shows that for |z1| = o(z3) and s = o(V/A), the inner integral
in (6.15) is O(1/\).
Hence

s 1

i A _T 2
/ 612963(1/1+x3y2 13+\5\13) dy
s s+c
U <yz<

VA

2y q/2
} dz . (6.15)

3q 3q+2

by (6.11), and
3,1
16.6)llq 2 (5)* 2. (6.16)
Clearly (6.1) can only hold provided ¢ > 10/3.

7 Curved Kakeya Estimates

1. Let’s begin by describing curved Kakeya problems in R"™. We have a collection of
tubes 7;. Each tube T; is the -neighborhood of a curve I'; in the unit ball in R™. The
goal of the curved Kakeya problem is to assume some geometric information about
the tubes T; and use it to prove estimates for the L” norms of ), x1, and/or for
the volume of the union of tubes UT;. Either kind of estimate is a way of measuring
how much the tubes T; overlap.

Let § > 0 be a small number.

We assume that each curve has C2 norm < 1, and that each curve is an algebraic
curve of degree < 1. We assume that each curve is contained in the unit ball. (Le.,
I'; is the restriction of an algebraic curve to the unit ball.)

We define T; to be the d-neighborhood of I';. At each point z € T;, we can
approximately define the tangent direction to the tube 7T; at . Namely, pick any
point 2/ € I';NB(x, §) and define v;(x) to be the unit tangent vector to I'; at a’. Since
I'; has C%2-norm < 1, choosing different points 2’ in B(z,d) will lead to an ambiguity
of size < 0. So the function v;(x) is well-defined up to O(J) on the tube Tj.

2. Assuming the I'; algebraic, we prove the following slightly stronger version of
the multilinear Kakeya estimate for curved tubes due to [BCT]. The next statement
deals with the 3-linear setting in R* (for simplicity), but can be generalized to k-
linear in R™.



1276 J. BOURGAIN AND L. GUTH GAFA

Theorem 6. Suppose I'; are algebraic curves restricted to the unit 4-ball with
degree < 1 and C? norm < 1. Let T; denote the §-neighborhood of I';. Define
approximate tangent vectors v;(x) for x € T; as above. Suppose that the number of
tubes T; is N. Then the following estimate holds:

N N N 1/2
[ S Sanbnuan]gowe e
i=1 k=1

j=1

Choosing the curves I'; in the subspace [e1, €2, e3] implies immediately the same
statement in R3 with 6% replaced by 4% in (2.1).

Since we may repeat tubes T;, we obtain also the weighted version from Theo-
rem 6.

The proof of the multilinear estimate follows the Dvir polynomial method, in-
troduced for problems over finite fields in [D]. The polynomial method was applied
to multilinear Kakeya problems in R™ in [G], and we will use results from there.

We will build an algebraic hypersurface Z of controlled degree which is con-
centrated where the tubes T; overlap heavily, and we will study the intersections
between Z and the curves I';.

Recall the definition of directed volume Vg(v) := [ |v - N|dvolg, where N de-
notes the normal vector to S. We need a curved version of the cylinder estimate,
Lemma 2.1 in [G].

LEMMA 2.2. If Z is an algebraic surface in R* of degree D, and if I'; is a curve of
degree d, and if @), are disjoint cubes of side length ~ § which cover T;, and if x,, is
the center point of QQ,, then the following inequality holds:

> 6 Vanga (vilza)) S dD. (2.3)

Proof. The idea of the proof is to interpret 6 3Vznq, (vi(74)) in a nice way: this
quantity is roughly the average number of intersections of Z N @, with a translation
of T'; by a random vector v of length < §. The total number of intersections of Z
with (almost every) translate of I'; is at most dD by Bezout’s theorem.

The errors caused by v;(z) varying by ~ § as x varies in @, contribute about
6D per cube and so at most D to the final answer.

In the paper [G], tubes had thickness 1. Our tubes have thickness §, so it’s
convenient to re-normalize certain quantities. If Q C R?* is a cube of side length §,
then

Vino () = 5_3VZ["|Q(’U) ) (2.4)
We recall the notion of ‘visibility’ that plays a crucial role in [G].
The visibility of ZNQ measures the directed volume of ZNQ) in various directions,
and if there is even one direction where Z N (@ has low directed volume, the visibility
goes down a lot. The renormalized visibility has the following definition.

Vis™*Z N Q] := Vol ({v such that [v] <1 and V75 (v) < 1})71. (2.5)
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As in [G], one needs to introduce modified versions Vis and V of Vis and V,
obtained by a suitable averaging over Z. They have all good properties of the
originals and moreover depend continuously on Z. See [G] for details.

Next, we state a key result from [G, §5, p. 14], in our renormalized setting.

LEMMA 2.6. Consider the standard §-lattice in R*. Let M be a function from the
set of 4-cubes Q) in this lattice to Z U{o}. Then there is an algebraic hypersurface
of degree D such that

Vis*ZNQ] > M(Q) forall Q, (2.7)

and

D<C’[ZM ]1/4 (2.8)

Let Q, be a set of §-cubes that cover the unit 4-ball. For each cube, define
F(Qa) = Z lv; A v A V| -
T;, T}, and T}, intersect Qa
Here v;, v;, vy are evaluated at x,, the center of Q.
LEMMA 2.9. The sum Y., 6*F(Qq)"Y? < d3/264N3/2.

The sum on the left-hand side is very close to the integral over the 4-ball we
want to estimate

1/2
/ [Z XT; ZXT ZXTkIUZ Avj A ka] 254 )2, (2.10)
7=1

We compare our discrete sum and the integral below. First we prove the lemma.

Proof. We construct a surface of degree < D (for a large D) so that for all a

Vis'™ (20 Q] > D'F(Q0)*[ 3 Q)] (2.11)

(We can use any D, but we need D big enough so that the RHS is at least 1 for
all a.)
The existence of Z follows indeed from Lemma 2.6, taking for M (Q,) the RHS
of (2.11).
We show that
[ZF 1/2] < dDN (2.12)

which is equivalent with (2.9). Write using (2.11).
2/3 _
D[S F(Qa)"] " 30 FQu) Vis ™ (Qu) D
= Z [ “Wis™(Qq) Z |vi N vj A vk(xa)|

T;,T;, Ty, meet Qq

}1/3

(2.13 )
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LINEAR ALGEBRA LEMMA. For any three vectors v;,v;, vy, the following inequality
holds
Vis™[Z N Qallvi Avj Avg| S DV ghg, (vi)V

Vim0, W)V z00. (Vr) (2.14)
Proof. We abbreviate V', ZmQa by V and Vis™ by Vis.

We use the following facts. The function V maps R?* to R. It is non-negative. It
scales by the formula V(Av) = AV (v) for any A > 0 and v € R%. Tt is convex. And
finally |v| < V(v) < D|v| (where the lower bound is ensured by enlarging Z with
~ 1/¢ hyperplanes.)

Now Vis is defined as Vol{v € B* | V(v) < 1}71. So we have to prove that

Vol{v € BV (v) < 1} 2 |vi Ao A Ok | DMV (0) TV () TV (wg) T (2.15)

Let vg9 be a unit vector perpendicular to the plane spanned by v;,vj,v;. Let
eop = vo/D. Then V(ep) < 1. Also, let e; := v;/V(v;), so that V(e;) = 1. Define
ej, e similarly. Since V' (v) > |v], it follows that |e;| < 1. Since V is convex, V < 1 on
the convex hull of the eight points e, -e;, £e;, >-e;. This convex hull lies in B*. Its
volume is approximately |eg Ae; Aej Aeg|. Since eq is perpendicular to the other vec-
tors, this wedge is equal to |eq||e;AejAer| = D™ HviAvj Avg |V (v;) 71V (v;) 1V () 71,
proving (2.15).

From (2.14)

Y[ Y Ve, Vi, () Vi, ()
[e% T; 7T]' ST, meet Qq

}1/3

N
= > Vi) =) Y. Vin.(w).
a  T; meets Qq =1 Qq meets T;
By the cylinder estimate, the last line is bounded < NdD as required.
This proves Lemma 2.9.
Finally, we return to the integral and show that the error in our discrete approx-
imation is not too big:

/ [ZXT Z;XT Z:XTk\vZ ) Avj(z) Avg(z )@1/2(193

N N N 1/2
} dx

->/, [ananmewkal

=1

< Z/ |v7, ) Awj(x) A vk(x)ﬂ 1/2dx

o T;,T; TkmeetQa

< Z/ [vi(za) Avj(za) A vk(:ca)u i + Error (2.16)

o ;T Tk meet Qo

where
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1/2
Error < Z/ ZXT X7, XTk‘Ul A v]](ﬂ

i,5,k

y 1/2 1/2
< §1/2 . .
$#2(fy Srmnlecnoiar) ([, Tan )

1/2
o N2 (/34 ZXTiXij /\vj\dz> . (2.17)
17]

By Lemma 2.9, the first term in (2.16) is bounded by C.5*d%/2N3/2,

In (2.17) we encounter a 2-linear version of our original 3-linear integral.
This can be estimated by a much easier argument in the same spirit.
We show that

/34 XTiXTj‘Uz’ VAN Uj| < 0(54d2. (2.18)

Hence (2.17) < CN3/25%d and this completes the proof of Theorem 8.
It remains to justify (2.18). Thus

LEMMA 2.19. Suppose that I'y and I'y are degree d algebraic curves in B* and C?
curves of norm < 1, and T; are § tubes around T;.
Then

/B4 XT) XTs ‘vl () A v2($)’da: < d*5t. (2.19)

Proof (sketch). (This is an easier version of the 3-linear estimate (2.1)).

Cut the unit ball into § cubes Q.

Pick D alarge degree. Choose Z a degree D hypersurface so that V;;Q (x) > |z
and

Vi ren[ZﬁQa >D ’Ul/\vg a:a [Z‘Ul/\vg a;a } 1. (2.20)

~

Now our integral is roughly
5t Z o1 Ava(za)|- (2.21)
QaCTiNT,

The error in this approximation is § Vol(T3 N T») < dé* which is not larger than
the main term.
It suffices to prove

> o Avg| S P (2.22)

[0}

Manipulating (2.20), we see that

Z lvg Awvg| < D74 {ZVisren[Z N Qu]"?|vr A 2}2]1/2}2
« «

(by a linear algebra lemma like the one above)

[Z Vren 1/2Vren( )1/2} 2
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< D—z(ZVren(vl)> (Zvren(UQ)) '

Now the first term in parentheses is essentially the average number of intersec-
tions between Z and T'; after translating I'; by a random vector of length < ¢, and
so it has size at most dD by Bezout’s theorem. (Compare the cylinder estimate
above.) The same applies to the second term. So the whole expression is bounded
< d2.

3. Application to curved Kakeya sets. Again we restrict ourselves to n =4
but the result generalize to even dimension n (the exponent 3/2 in Theorem 7 below
is then replaced by 1+ %)

Let the curves {I';} be as specified in the beginning of this section. We also make
an ‘angle assumption’ for pairs of curves, as follows.

The index set {i} is given a geometric structure. For each curve i, we associate
a point g; in B"~!(1). We assume that the points y; are -separated. We make the
following crucial geometric assumption. If a point x lies in T; and in T}, then the
angle between v;(x) and v;(x) is 2 |y; — y;|. This assumption prevents too many
near-tangencies in the overlaps of the tubes.

Theorem 7. Under the hypotheses above, for all p > 3/2,
Dot

Hence, any curved Kakeya set in R* (defined from algebraic curves of controlled
degree and controlled C* norm) has Minkowski dimension at least 3. (We will
indicate later on in this section how to generalize this last claim to C*°-curves.)

< §5—3+4/p, (3.1)
p

Examples (cf. [Bo2]) show that the statement in Theorem 7 is best possible.

The proof of Theorem 7 uses an inductive argument, where we assume that a
good estimate holds for a partial sums Zyi c small bal XT; and then we prove that a
good estimate holds for a partial sum on y; in a larger ball.

Theorem 7'. Let T; obey the hypotheses from Theorem 7 . Suppose that p > 3/2.
Suppose that p is a scale in the range 6 < p < 1. Let B, denote any ball of radius
p in B3(1). Then the following estimate holds:

|5

yi€B)y

4 1
<5, (3.2)
p

When p =1, Theorem 7’ implies Theorem 7. When p = §, Theorem 7’ is trivial.
We will prove Theorem 7’ by induction on p. So we are allowed to assume that
Theorem 7’ holds for all p < p/2. In other words, we know

| 3 x|, < aomsrimpme (33)
y;€B5 P

In this equation « is a large constant that we will choose later. Assuming (3.3),
we will prove that the same estimate holds for balls of radius p, with the same
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constant . In other words, we will prove

H > XTiH < ag TP r, (3.4)
yi€By p

Once we have proven (3.4), the inductive argument shows that Theorem 7’ holds
for all p, and we are done. The idea of the proof is as follows. We cover B, with
smaller balls, and then write Zyie B, as a sum of contributions from the smaller
balls. To bound the LP norm of this sum, we use a combination of two tools. First,
(3.3) bounds the LP norms of the contributions from each smaller ball. By itself this
is not enough, but it shows that, for (3.4) to fail, we need to have points where many
smaller balls are contributing. The size of this effect is controlled by the multilinear
estimate.

Let K be a large constant to be determined later. We cover B, by K? smaller
balls, each of radius at most 10p/ K. We call each of these smaller balls a “clump”.
Hence our set of tubes is divided into ~ K3 clumps.

We divide B4 into two regions, depending on how the tubes through z are divided
among the clumps. We call a point € B* “narrow” if there exist < 10*K clumps
which contain half of the tubes through the point . We call  “broad” if it is not
narrow. Let N C B* be the set of narrow points, and N¢ C B* the set of broad
points.

Our inductive hypothesis directly controls szie B, XTi

LP(N)®

LEMMA 3.5. Let p > 3/2. Assuming (3.3), and assuming that K = K(p) is
sufficiently large, the following estimate holds:

/ [ > XTi]pdx < (1/2)aPs*=3pp3rL, (3.6)
Narrow vi€B,

More explicitly, we say that K is sufficiently large if [2 - 107]PK ~2PT3 < 1/2.
Notice that this condition depends only on p.

Proof. Fix z € Narrow. We divide the sum }_ B, XT; (x) into clumps:

K3
Soaw@<d [ > )] (3.7)
Yi€B, J=1 " y;€ clump(j)

Now since x is narrow, the sum on the right-hand side is controlled by the sum
from only 10K clumps. In other words, we can pick a set C(z) of at most 10*K

clumps so that
B7<2 Y [ 3 XTi(x)}. (3.8)

JEC(z)  yi€ clump(j)
Now by Holder’s inequality, this last sum is dominated by

(3.8)§2[ Z( S XTi(x))pr/p[1o4K]"TTI.

JEC(z)  yi€ clump(j)
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Putting together the string of inequalities we just proved, we see that for each
x € Narrow,

K3
(> a@] = 2zpot st Y (Y @)
yi€B, J=1 ;€ clump(j)

Now integrating over the narrow set, we get

[P SR PEETED of M SRR LR

yi€B, ¥ € clump(j)

But by induction (3.3), the integral involving each smaller clump in (3.9) is

controlled
P
/ ( > XTZ-(H«“)) dr < P53 (10p/ K)3P~1,
B4

yi € clump(j)
Plugging this estimate into (3.8), we get
P
/ [ Z XT; (x)] dx < 2P[10YK]P~LK3aP4 =3P (10p/ K )3P~ L, (3.10)
Narrow )
y:€B)p
Grouping terms in the right-hand side, we get
< [2-10% - 103)P K 2P T3 P51=3P 3P~ 1,
We choose K = K (p) sufficiently large so that
[2-107)PK 23 < 1/2.

Since p > 3/2, we can choose K sufficiently large to make this inequality hold.
This proves Lemma 3.5.

At this point we fix K = K(p).

Next we have to control the contribution from the broad points in B*. We do
this using the multilinear estimate.

LEMMA 3.11. Let Broad C B* denote the set of broad points.

/B ) ZXT’ < C(K)§~Y2p7/2, (3.12)

yi€B,

Proof. Let x € B* be a broad point. The broadness of x leads to the following
estimate:

‘ > Xn-(l‘)‘gép K)> (@) Y xy (@) Y xr (@) |vi(@) Avg () Avg ()]

yi€Byp A= y; €8y Yy€EB)
(3.13)
This holds because most triples of tubes through a broad point lie in clumps that
fail to be coplanar, and so we have |v;(z) A vj(z) A vg(x)| > p?/C(K).
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Taking the square root of (3.13) and integrating, we get

3/2
/ Z XT;
Broad vi€B,
1/2
<C(K / [ Z X ( Z Xy ( Z X1, (%) |vi () Avj (@ )/\Uk(l‘)|:| dz.
Yi€Bp yj€Bp ykE€EB)

(3.14)

But the right-hand side is controlled by the multilinear estimate. The number
of points y; € B, is < 100[p/d]>. According to Theorem 6, the right-hand side is

bounded above by
(3.14) Sic p~ 10" [p/3]°% = 571272,

proving Lemma 3.11.

The estimate in Lemma 3.11 controls the L?/2 norm of xT1; on the broad set.
There is an obvious estimate for the L norm, and by combining them we can
estimate the LP norm for our choice of p > 3/2.

We clearly have the L*>° bound

sup| 3 x| £ o' (3.15)
Y, €B,

Since our p > 3/2, we see that

/Broad Broad Z

Applying Lemma 3.11 to bound the last integral, we see that

/B ) S XT’ dz < C(K)p~ 1543, (3.16)

Y: €8y

3/2
dx .

viE€B,

Now we choose « large enough that C(K) < (1/2)aP. (So « depends on K
and p.) Now we know that

/ S ‘ dz < (1/2)aP PP 1543, (3.17)
Broad viE€B,
and (3.6), (3.17) imply (3.4).
This concludes the proof of Theorem 7' and hence Theorem 7.

4. Estimates for C* curves. We can prove estimates for C*-curved Kakeya
sets by approximating the C* curves using polynomials. This idea was suggested
to us by Alex Nabutovsky. He referred us to Jackson’s theorem in approximation
theory and related results.

The results in this section look far from optimal, but we wanted to show that
something can be done for non-algebraic curves as well with these methods.
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Jackson-Type Theorem. If f : [0,1] — R has C* norm 1, then we can approxi-
mate f by a degree d polynomial P so that

|f(@) = P(z)| S d=% forallz €[0,1]. (4.1)
In particular, we may approximate a C* curve I'; by a degree d algebraic curve
with the same d-tube and with d < §—1/*.

REMARK. This algebraic curve will be just the graph of a degree d polynomial.
There are many more algebraic curves and so one may hope for a better estimate,
but it would take some more sophisticated approximation theory.

Tracking the dependence on degree in Theorem 7, the following estimate is ob-
tained.

Theorem 7”. Under the hypotheses in section 3, for all p > 3/2,
>
i

Hence we get the following estimate for C* curves I'; with k& > 2 obeying the
angle condition:

< @323+, (4.2)
p

Theorem 8. Under the hypotheses above, for all p > 3/2,
S

In particular, for C'*° curves we have essentially the same estimate that we had
for algebraic curves.

An immediate consequence of Theorem 8 is the following result on the Minkowski
dimension of curved Kakeya sets.

<p 6T (4.3)
p

Theorem 9. Any curved Kakeya set in 4D associated to C'°°-curves obeying the
angle condition, has Minkowski dimension at least 3.

The method described in section 7 can be generalized to higher dimensions. In
particular, for n even, smooth curved Kakeya sets in R have Minkowski dimension
at least 5 + 1. This statement, which in some sense is the companion to Theorem 4,
is the sharp version of a phenomenon first observed in [Bo2|. Note that for n odd,

n+1

(algebraic) curved Kakeya sets may have Minkowski dimension “5= (cf. [Bo2]).

8 Further Comments

It is not quite clear at this point what is the exact potential of the method introduced
in this paper (when the optimal result is not attained) and we have not tried to push
the techniques to their limit. In particular, further improvements in Theorem 2 are
not out of the question and one could also explore if the more refined strategy used to
obtain Theorem 2 in 3D has a higher-dimensional counterpart (possibly improving
upon Theorem 1).
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Returning to inequality (5.8") in section 5, we present next an alternative proof
for n = 3 of the following statement (which suffices for the application to Theorem 3
when n = 3).

PROPOSITION 8.1. Under the transversality assumption (5.6), (5.7) in section 5 one
has the 3-linear estimate in 3D

3
[177)

i=1

_9 2 10
<A [l for g >
3

’Lq/ i=1 3

where the operators T )(\i) are given by (5.1), (5.2) with positive definite quadratic
form and the phase functions are assumed algebraic of bounded degree.

Proposition 8.1 is weaker then (5.8") in section 5, but may be obtained directly
without the need for an e-removal lemma; hence this argument may have some
interest.

Returning to the argument in [BCT] (which is similar to the one in [Bol]) there
are basically two steps, that will be suitably modified.

1. The first step in the approach involves the ‘intermediate scale’ |z| < 1/v/\.
At this scale, as explained in (5.19)—(5.23) in section 5, the problem may be
linearized in x. This allows us to derive a trilinear bound from the bilinear
2 x 2 — 4 estimate for ¢ > Z(dfjl) = 13—0 due to [T1] in the restriction theory
rather than relying on a bootstrap. We point out that the linear result from
[T1] for the paraboloid and, more generally, smooth hypersurfaces with pos-
itive definite second fundamental form, may fail without this last hypothesis
(for instance for a hyperbolic paraboloid, cf. [V]), if there are no additional
assumptions.

2. At the second stage of the argument, the issue is the 3-linear Kakeya estimate
(in the curved case), which is Proposition 6.8 in [BCT]. Here another factor
A® enters into their argument. However, Theorem 6 of the paper may be used,
since it immediately implies (by lowering the dimension from R* to R3).

PROPOSITION 8.3. Denoting {7;} d-neighborhoods of a family {I';} of smooth alge-
braic curves of degree < 1 in B(0,1) C R? and v; the tangent vector at a given point
p € I';, one has

1/2 1/2 1/2 1/2
J I Nmmanmnnlvnesnnd] < ca (SN (X ll) (X m)
ig.k
Proof of Proposition 8.1. Rescaling x — x/\, we obtain the phase function
é(z,y) = Ap (F,y) where [z] = o()).

Partition the y-domain 2 into boxes €, of size 1/ VA centered at points y,. Write
for y € Q,

gb(x, y) = ¢(x7 ya) + <Vy(;5(l‘, yoz)>o()‘|y - ya|2)
where the last term may be dropped.
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Tofa) = [ Tsemdr) fy)ay, (5.4
and write ‘
z) =Y V)T, f)(x). 8.5)
Next, introduce a variable z € B(O ﬁ) writing
T+ 2) ~ 3T T )(e). (8.6)
Returning to (8.2), write
q/3 5 3 ' q/3
/ [H I7C fz} ~ A2 / [T@T9f) @+ 2) de  (8.7)
BOA) L=y B0 ;21 La/3(|z|<V/N)

with TO) f;(z 4 z) replaced by (8.6).

: 1/2 1/2 1/2
Estimate || [T, Hq/3 < || P Hq/zH [li—23 Hq/ZH [lizs, /2"
Denoting
77(2’ y) = ¢(x + z, y) - ¢($7 y) (1" ﬁxed) )
we bound
/ ‘Z in(2,ya) T(l)fl)( )’qﬂ‘ Z in(z, ?JB)( f2)( )‘q/de. (8.8)
B(0,V/) 3
Define functions g1, g2 by
gi(y) = "EVN(TD 1) (2)  for y € Qo (8.9)
and similarly for gs.
Clearly
. a/2 q/2
(8.8) ~ A / "=V gy (y)dy / =) gy (y) dy‘ (8.10)
B(0,VX)

Since, following (5.19)-(5.22) in section 5, 1 has the form
- 2
) = s+ () +O) +0 (115102 ) +o (B« s

the last term in (8.11) may be dropped for |z| < V/A. Hence 7(z,y) may be viewed
as linear in z, of the form

2191 + 2292 + 23(A'y, y) + O(‘Z| \y!3) 8.12)

with A’ positive definite.
Applying the bilinear 2 x 2 — ¢/2 bound from [T1], it follows that

2
(8.10) S A9 g1 |2l g2]1&/

~ N2 ST ) @) " >I@P ) @) v (8.13)
Z 5
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From (8.13), the following bound on (8.7) is obtained

Az(a-3) / OM{H[Z‘ (TD £;) (x ]q/G}dx. (8.14)

The next step is to capture the factors in (8.14) by curved Kakeya maximal functions.
From definition of Ty,

Tofl?(2) = | fal* (Vyd(z,4a))  where fo = fla, - (8.15)

Let b be a standard bump function on R?~!. Then | fa|2 may be recovered by an
average of translates b(%) with averaging weight A\ ~1[| fo|/3.
Denoting

) = fialll (i=1,2,3)
satisfying

> =113, (8.16)

we obtain, therefore,

ST ) @) S A 1217 (Vyo(2, o) = a)) 1), , (8.17)

«

where c((x)y >0,>, c V = c((x) and

> ch, =1£ill3 - (8.18)

a,v

Substituting (8.17) in (8.14), one gets

. 3 r () . . q/6
A3 b(A~3 W) — Ean))ed | Ly
/BM{HLV( (Vo) = €an))ell|

_§ 3 (4 @ i q/6
:Az/B(OJ){H[chb(A 2(Vy¢()\x,ya)—§a7,,))] }d:p. (8.19)

i=1"a,v

We may now apply Proposition 8.3. In the present trilinear setting, |v; Av; Avg| > ¢

and hence s .
I1 [ZA@ : @] < e [Zpg‘) ] , (8.20)
=1l s Li/? =1 s

where 0 = 1/2 and the tubes 7 are of the form

ATV oAz, y) — €] < ATH2 (8.21)
Interpolation of (8.20) with the obvious L>*-bound gives, for r > 1/2,

3 [Z Agi)XTu)} < co+ ﬁ [Z\)\gl)” : (8.22)
=1 s © e i=1 s
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Application of (8.22) to (8.19) with r = £ > 2 implies, by (8.18)

3
(8.7), (8.14), (8.19) < C’>\3/2(\%)3 1150 $.93)
i=1

and in view of the initial rescaling, (8.2) follows.

Appendix: Epsilon Removal Lemmas.

We consider first the restriction (or extension) problem.

What follows is basically a modification of Theorem 1.2 in [T2] on deriving
global restriction estimates from local ones. A significant difference is that instead
of considering bounds of the type (y > 0)

A1) 1oy S BNl )
for f € LP(R™),supp f C Bg, we start from a local inequality of the form
H,ﬂSHLl(dO_) SJR,YH.]C”LP(BR)' (2)

Compared with the argument in [T2], this will require additional involvement of the
Maurey—Nikishin factorization theorem.

LEMMA A.1. Assuming 1 <p <2,0<~vy <1 and (2). Then

1l sllzr(aoy S 1 Fllpy » (3)
for f € LPL(R™) and
1 1 C
> 4
pr - p logl/y @
In particular, if (1) holds for arbitrary small v > 0, the global inequality (3) will
hold for any p; < p.
We start by dualizing (2), implying that the operator
T : L(S,do) — LP (Bg) : ¢ — @6|p, (pf - Ll)
p [e—
satisfies || T'|| < R". Hence, from the theory of absolutely summary operators, fixing
any r > p’ > 2, there is a probability measure p on S, such that

180l v 5y S Bl (ap) - (5)

There is no harm in assuming dyu/do > 1/2.

We first enforce some smoothness for the density. Let 7: S — S be any diffeo-
morphism that is %—close to the identity. Then, for |z| < R, a change of variables
gives

—

(ponolz) = / o (7(6))e(.£)o(de)
= /ap(ﬁ’)e(:cﬂ'1(5/))A(§/)J(d:z/) where |1 — A| < %
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~ [(@o)€ela)ata) )

1
ro{y 1 3 ™)

g1
where (7) is obtained by Taylor expansion of e(x.(r~'(¢/) — &) and [u;(¢)] <
(R|T1(¢") — ¢'])7 < 1 by assumption on 7. Hence

1
+ Z il I T(Ajp)

=17

/ (Ahy0)(€)e(a€ ) (de!)

)

IT(por)| <|T(pA)

and applying (5)
HT(90 © T)HLP/(BR) S RWH@HLT(d,u) .

1

Replacing ¢ by ¢ o 77", we obtain

ITelly S RVleom M nr@w = RVel e ()

with g, = (771).4[u]. Averaging over T as above allows us to smoothen out  at scale
1/R and replace p by a probability measure ¢/ on S, u < o and dy'/do = p > 1/2
with p smooth at scale 1/R. Thus we have

150 gy < B0 ra (8)

and dualizing R
1£o7 18]l 1ot gy < RISl i supp f € Br. (8)

In what precedes, we fixed R > 1. Note that p depends on R.
Following [T2], define a finite collection of balls {B(as, R)}Y_; in R™ as ‘sparse’
if, for a # o/,

|aa — aar| > (NR)® (9)

(C some constant to specify).
Let now supp f C U, B(aa, R), i.e.

N
/= Zfa(x —aq,) with supp fo C Bg.
a=1

Hence,

and, since ||¢|1 =1,

1715 110y < [|[ - elaa-)da@] 77 )

. 1
L (do) ( O)

Note that by our construction of p, the function g, = fa.pfl/ "|s is smooth at scale
1/R. The sparsity of {a,} allows us then to estimate

/ /T’
| oy S halan) ™ (1)

L™ (d

N

Z e(aa-£)ga(§)

1
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This is basically Lemma 3.2 in [T2] and we include the argument for completeness
sake.

Establish (11) by interpolation.

More precisely, the claim will follow from an inequality for 1 < s < 2

‘ <Z leallzs (g ) ) (12)

where {¢q} are arbitrary functions in L*(.S, do), ~ denotes a well-behaved extension
operator from L*(S) — L*(R") (take for instance the harmonic extension) and Py

N

> e(aa-)(@a * Piyr)(€)ls

1

Ls(da)

is an }%-approximate identity.
For s = 1, (12) is trivial from triangle inequality and since |[(p* P /g)[s]l1 S [l#]l1-
For s = 2, we obtain for the square of the left side of (12)

ZH%HQ +

aFa!
and show that the contribution of the off-diagonal is small.
Denoting ®, = @q* P /g, we may assume supp ¢, C Bp so that clearly, invoking
the decay of & and the fact that |aq — an/| > R

‘/ — 00/)-§) o (§) P (§)o(dS)

1 R"
S — Pallt 6ol S —71!\¢a||2 a2
|00 — au| "2 |aq — aw| 2
Rn
S ——= leall2llea2-
|a _aa|

[ ellan = ) €) (7o x PO T Pyml(©otde)| . (13

Consequently, the second term in (13) is bounded by the first, provided
max 3 <
a'Za |G aa/] T
This will be ensured if we require, for o # o/,
n+1 2n
o — ao| > Nn(n—l)Rn2_1’ (14)

as implied by (9) for C large enough. Then (12) will hold for s = 2 and hence for
1 < s < 2. Thus we proved (11).

Application of (11) with g, = fa.p /7

|s and invoking (8') implies that

A N / 1/’/‘/ 1 1
115l iy S B (Do Mally ) S RONT 2 1l (15)
)
a=1

(recall that r > p’ is arbitrary).

Thus inequality (15) holds provided supp f is contained in a sparse collection of
N balls of radius R.

The next ingredient is the following covering lemma (Lemma 3.3) from [T2].
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LEMMA A.2. Suppose E C R" is a finite union of 1-cubes and take 0 < 6 < 1. Then
there exist O(3|E|°) sparse collections of balls that cover E, such that the balls in

each collection have radius at most O( |E]Cl/6).

Of course the number of balls in each collection is trivially bounded by |E|.
Assume supp f C F and apply Lemma A.2 to F (assume a union of 1-cubes).

Hence,
Ec |J | B(aRy
JSFIEP ac;

with R; < ]E\Cl/(S and {B(a, R;); a € £;} sparse for each j; #& < N = |E|.
Writing f = f;, fj = f’U . BlaRy) application of inequality (15) to each f;
ac j L]

implies

N 1/8 L/_l
1150l 100y S SEIC N3 £l (16)
Taking § ~ ﬁ and r < p’ + m, we conclude that
N c
15l ae) o BT 71 a7
Let p1 < p and f € LPL(R"™), ||f|lp, < 1, which we assume constant on c-cubes
(c~1).

Decompose in level sets
f= Zf‘[rkflg\szfk] - ka
k>0

with supp fr = E, E; a union of Nj c-cubes and 2~ kp1 <1
From (17)

; og 1 kBl +E2L -1
1Felsll oy S N7 W fillp S 2Rt e Y,

and, therefore, R
Hf|SHL1(do) <Oy, (18)

provided
¢ _n

— <
log1/v P
which amounts to condition (4).

Arguing like in [T2], we showed that (18) holds for any function f € LP*(R") of
the form f =3 ¢ Aclp(ee) with 3 [A¢P* <1 and £ a (shifted) 1-lattice. Taking

¢ > 0 a sufficiently small constant as to ensure that 1/3(:) is positive on S, it follows

that
H [Z Age(:c.g)} ‘s‘ L1(do) < C(Z ‘)‘5‘1)1)1/101- (20)

el
Another averaging over translates £ of the Z"-lattice gives (3).
This completes the proof of Lemma A.1.
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Next, we prove the upsilon-removal lemma in the variable coefficient multilinear
case. Recall the setting.
Consider T and in (1.4), (1.5) with fixed, large A and define

(Tf)(x) = / 9w f(y)dy (21)
with
Oz, y) = z1y1 + + Tp1Yn—1 + 20 ((Ay, ) + O(Jy*)) + Aoy (%, y) (22)

as in section 5, where || = o(\), |y| = o(1) and A non-degenerate.
Let 2 <k <mnand U,...,U fixed balls in y-space satisfying the transversality
condition (5.6). For j = 1,...k, denote

Tif = /U D f(y)dy. (23)

Clearly the [BCT] result implies that if 1 < R < o(\), then

k 1/k k 1/k
] (H |ijj|) < RE(H Hfjb) (24)
j=1
2k

j=1
with ¢ = ;=5 and Br = B(0, R). This statement is also easily seen to imply (24)
with Bg = B(a, R) any R-ball with |a| = o(\).

Our aim is to remove the R°-factor at the cost of increasing slightly the expo-

nent ¢q. Thus:

Li(Br)

LEMMA A.3. Under the above assumptions and taking q; > kz—_kl, we have an

inequality . .
1/k 1/k
H (H |ijj|) < Cutn (H Hfj|!2> . (25)
j=1 ! i=1

(Note that we do not claim removal of the A\*-factor in Theorem 6.2 from [BCT], as
the context of our Lemma A.3 is more restrictive, since the Tj-operators are given
by (22), (23).)
Let || [l = 1 and F = (TT3|7;/;])
Let E C R? be obtained as the union of a sparse collection of R-balls B (aa, R),
laa| = o(A) with e =1,..., N. We will show that

1Fellq < CR". (26)

q

1/k

Using Lemma A.2, this will imply that for £/ C R™ any finite union of 1-cubes we
have s
|Flelly < §Cel B+, (27)

with § > 0 a parameter. Hence, for all € < 0,
1F]erllq < CZLE'F, (28)

from where one easily deduces that ||F||,, < Cy, for ¢ > q.
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Let E = |J B(aq, R) be as above and fix a. Write for x € B(aq, R)

(Tf)(a) = [ eloem=olaom (660 f(y)) wy(4)dy (29)

with w; a smooth localization on Uj.
Denoting g(y) = e@=¥) f(y),

20) = [ | [ eteten-senioi, ghayacerde. (30

Since |Vy[o(z,y) — ¢(an,y)]| S |2 — aa| S R, we may clearly replace in (30) the
function g by Pr,g = (gan)V, denoting 7, (2) = n(z/R1) where 0 <7 < 1lisa
smooth bump function with 1(0) = 1, and taking say

R; = 100NR. (31)

The remaining contribution to (30) will then indeed by L°°-bounded by
O((NR)~=“).
Defining

fo = 0 Py (000 )

we can thus replace T'f by T f, on B(aa, R). Note that |f; .| < |f;] | AR Nr,| may
clearly be assumed supported by U;.

Estimate
IF1E1E = 3 IF | s ml?
1/kq
=2 H (H ’Tj(fm”) ‘ L9(B(aa,R)) +o(1)
a J
2Cere Y (TLale)” + o)
a

< CeR™miax [ 3 [ fjall3] + o(1). (32)

Since ¢ > 2,

(S 1s00) " < (S 0sa13)™” = (ln s 5115 RAET

To bound (33), take functions {¢,} such that supp ¢, € B(0, Ry) and 3, [|¢all2 = 1
and evaluate

1.6 < [ e, 1 (34)
For the off-diagonal terms « # 3
(el e )gg)| = ‘ / ei“‘)(“a’”¢<“ﬁ’y”<¢acﬂ><y>dy‘ . (35)

where
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dla,y)—d(d,y) = (am—a))yr + - + (ag—1—ay_1)ya—1+(aq — az) ((Ay, y)+O(|y|*))
+ A [qbu (;y) — by (iyﬂ

‘Vy[qb(a’y) - ¢(a,7y)]‘ 2 |CL - CL,|

satisfies either

or
‘det D;[gb(a,y) — ¢(d, Z/)H 2 la— a,‘n_l-

Hence, recalling the sparsity assumption |a, — ag| > (NR)® > Ry, it follows that

S 2 e _
(34) S laa — agl =7 [ICallt IGsll £ RYHNR)™Callz lIGsll2 (36)

Therefore, (34) < 2(>° ||CQH%)1/2 < 2 and (33) is bounded. Inequality (26) now
follows from (32), completing the proof of Lemma A.3.
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